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Many of the intriguing properties of bilayer graphene (BLG) are related to interlayer electronic coupling.
Since this coupling is sensitive to an applied electric field perpendicular to the layers, we develop a strategy
for determining interlayer coupling by decomposing the total electric dipole polarizability, which measures
the response of electrons to applied fields, into site-specific contributions and consequently the intralayer and
interlayer components. The interlayer polarizability is evaluated from field-induced electron density variations
computed with a first-principles approach for twisted BLG quantum dots (QDs). Changes in interlayer polariz-
ability dominate the polarizability variation with twist angle. In addition to the well-recognized strong coupling
in the Bernal stackings, enhanced coupling is revealed for the structures at small and size-dependent twist angles
when AB stacking first appears in the outermost shell of the QD. The values of these magic angles depend on the
QD size. This paper not only provides an approach for measuring interlayer coupling strength but also indicates
the existence of strong interlayer coupling even at small twist angles, which could be important for understanding
the properties of twisted BLG.
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I. INTRODUCTION

Graphene and graphene quantum dots (GQDs) have good
potential for use in quantum information applications ow-
ing to their weak spin-orbit, hyperfine interaction and long
expected spin lifetime [1–4]. These applications, however,
rely on a controlled confinement and density of electrons
and holes [5–11]. Carrier confinement has been realized in
bilayer graphene (BLG) quantum dots (QDs) with opened
band gaps [6,7]. Moreover, the band gaps can be further tuned
by applying an external electric field perpendicular to the
graphene planes [6–11,12–19]. The barrier to interlayer elec-
tron tunneling is then tunable to localize a specified number of
electrons/holes, which is one of the platforms for spin qubits
[8–10]. The direction and strength of the applied electric
field has great influence on the interlayer coupling and con-
sequently on the tunnel barrier. Modulation of the interlayer
coupling strength is an effective way to tune the confinement
of carriers in the BLG-based devices.

In addition to applied electric fields, interlayer stacking
order has also been used to tune the interlayer coupling in
BLG. Sagar et al. [20] identified strong interlayer coupling
in the full-AB (Bernal) stacking in BLG, which is, how-
ever, decoupled in the misoriented stacking, accompanied
by a dramatic resistance increase in scanning photocurrent
microscopy measurements. Significant interlayer conductance
was observed in turbostratic graphene, which was attributed
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to phonon scattering processes [21]. The interlayer contact
conductance is twist angle dependent owing to the overall
contribution of local interfacial carrier density and tunneling
barrier [22]. Abnormal conductivity in low-angle twisted BLG
(TBG) was observed and attributed to the reduction in average
carrier density [23]. Therefore, interlayer stacking provides an
additional degree of freedom to tune the interlayer interaction.
While most concerns focused on the AB stacking that requires
a large twist angle, on the other hand, a variety of intriguing
properties including superconductivity [24,25], correlated in-
sulators [26], and van Hove singularities [27,28] have been
reported for BLG at small twist angles. Rotations between the
two layers lead to various stacking patterns that are responsi-
ble for these phenomena not observed in untwisted BLG.

Since external field and interlayer twist have been sep-
arately used to tune the interlayer interaction of BLG, it
is expected that even better control could be reached by
their combination. Advances in experimental techniques make
it possible to grow multilayer graphene with singe-layer
precision [29], to carve two-dimensional graphene into zero-
dimensional QDs [30,31], to apply an external electric field
in a gated hexagonal boron nitride (hBN)-BLG-hBN het-
erostructure device [32,33], and to twist one of the layers at
a specified angle [34]. In almost all the advances in BLG and
its QDs, interlayer interaction plays a key role in their intrigu-
ing properties. While interlayer coupling is clearly important,
quantitative measures of its strength are lacking, especially in
cases involving external fields.

Polarizability, measuring the response of electrons to an
external field, is clearly an appropriate quantity for exploring
the field-induced response of BLG. The challenge is how to
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FIG. 1. (a) Monolayer graphene quantum dot (QD) with three shells. (b) Twisted bilayer graphene (TBG) QD with a twisting angle of θ .
(c) 〈α〉, (d) αxx , and (e) αzz vs twist angle using CAM-B3LYP/6–31G(d,p) (in green), ωB97XD/6–31++G(d,p) (in red), and CAM-B3LYP/6–
31++G(d,p) (in blue). (f) αzz/N computed with CAM-B3LYP/6–31G(d,p). N is the number of atoms in the QD.

define the contribution to the polarizability from interlayer
interactions. In this paper, a first-principles, site-specific po-
larizability method is used to evaluate interlayer polarizability
in TBG QDs and to study its variation with twist angle. Our
results confirm the previously reported [20–28] strong inter-
layer coupling, which occurs either in AB-stacked QDs or
moiré superlattices in TBG, and reveal that strong coupling
also occurs in the finite-sized QD structures at small, size-
dependent twist angles.

II. METHODS

The TBG QD model consists of two layers parallel to the
xy plane with a separation of 0.334 nm [35–37]. Four models,
TBG144, TBG240, TBG360, and TBG504 of 1.24. 1.73, 2.22, and
2.71 nm in diameter, respectively, are constructed with their
carbon atoms grouped into 3–6 shells [see Fig. 1(a)], respec-
tively. The monolayer QD consisting of 54 carbon atoms and

18 terminal hydrogen atoms that was previously characterized
in experiments [38] forms one layer of TBG144. Relative to the
fixed lower layer, the upper layer of the QD is rotated about
one of the C atoms in the central six-membered ring by an
angle θ [see Fig. 1(b)]. Rotations about the hexagonal centers
are also studied for the four systems.

These structures are then studied within a density func-
tional theory framework using the GAUSSIAN16 package [39].
The functionals CAM-B3LYP [40] and ωB97XD [41], includ-
ing long-range and van der Waals (vdW) corrections are used,
which are pivotal for an appropriate description of the inter-
layer coupling in vdW heterojunctions. These two functionals
are used respectively with the standard basis sets 6–31G(d,p)
and 6–31++G(d,p) [42] augmented by one s-type diffuse
function on hydrogen atoms and one p-type diffuse function
on carbon atoms. The polarizability is computed with a finite
field (FF) method [43] based on the total and atomic dipole
moments. The atomic dipole moments and net charges are
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evaluated with a Hirshfield partitioning approach [44,45]. The
applied field in the FF approach is set to 0.001 a.u., a strength
that provides numerical stability while avoiding contamina-
tion from higher-order contributions to the polarizability.

III. RESULTS AND DISCUSSION

The relative energy of the QD structures varies with twist
angle. Taking the TBG144 as an example, the full-AA stacking
at θ = 0◦ has the highest energy, which decreases rapidly
with the twist angle, and reaches the lowest point in the
full-AB stacking at θ = 60◦, as illustrated in Fig. S1 in the
Supplemental Material [46]. Figure 1(c) shows the varia-
tion of the isotropic polarizability 〈α〉 = (αxx + αyy + αzz )/3
of TBG144 with rotation. The functionals CAM-B3LYP and
ωB97XD, including long-range and vdW corrections, pro-
duce similar results when the 6–31++G(d,p) basis set is
employed. Excluding diffuse basis functions reduces the cal-
culated polarizability but gives the same trend. Here, 〈α〉 has
its minimum at θ = 0◦ and increases steadily with the rota-
tion. Moreover, all components, αxx and αzz increase when
θ departs from 0° [see Figs. 1(d) and 1(e)], but their rates
of increase are very different. Note that αyy ≈ αxx due to
symmetry. Only a small relative increase of ∼2% is noted for
αxx, while αzz increases by ∼5%. Similar variations in αzz are
noted in Fig. 1(f) for the three larger TBGN. The enhanced
αzz hints that electron rearrangement in the z direction is more
significantly affected by the applied field. Rotations about the
hexagonal centers produce similar variations, as presented in
Fig. S2 in the Supplemental Material [46]. Moreover, similar
αzz variations are obtained if one uses the equilibrium inter-
layer distances for each twist angle instead of the fixed one
(0.334 nm; see Fig. S3 in the Supplemental Material [46]).

Here, αzz increases rapidly at small θ and reaches the
first local maximum at ∼16◦, 11°, 8°, and 6.8° (θp) for the
four models, respectively. Thereafter, αzz remains close to
the maximum value until θ nears 60°. As indicated by αzz,
the interlayer coupling is weakest at θ = 0◦ but enhanced
upon rotation. Such rotation-dependent properties have been
reported for TBG in many studies, including superconduc-
tivity at θ = 1.1 ◦ [24], van Hove singularities at 0.79° [28],
pseudo-Landau levels at 0.48° [47], and higher-order topo-
logical insulators at large commensurate angles [48]. All
these angle-dependent properties are correlated to specific
moiré patterns that correspond to different interlayer stack-
ings. While magic angles in infinite TBG have been attributed
to their flat low-energy bands and strong electron correlation
[24–26], it remains unclear how the magic angles for those
αzz maxima occur in finite-sized QDs. We explore the twist-
angle-dependent interlayer coupling below by extracting the
interlayer polarizability from the total polarizability.

Polarization in the z direction has two origins, intralayer
and interlayer [see Fig. 2(a)]. The intralayer part comes from
electron redistribution between the upper and lower sides
of each layer separately. The interlayer part involves elec-
tron transfer between them. We developed a polarizability
partitioning scheme [49] that decomposes the total polariz-
ability into site-specific contributions, making it possible to
distinguish the intralayer and interlayer counterparts of the
polarizability. This scheme has been used to study the evo-

FIG. 2. (a) Diagram of intralayer and interlayer polarizability. Fz

denotes the applied field in the z direction. (b) αzz and its dipole and
charge-transfer parts of twisted bilayer graphene TBG144.

lution of dielectric behavior in atomic clusters [50–52]. The
QD is divided into upper and lower parts with respect to the
xy plane. One has

αzz = αP
zz,U + αP

zz,L + αQ
zz, (1)

where αP
zz and αQ

zz denote intralayer and interlayer polariz-
ability, respectively, and U and L denote the upper and lower
layers, respectively. The intralayer and interlayer polarizabil-
ity are evaluated by

α
P(Q)
zz,U (L) = d

[∑
i∈U (L) μ

P(Q)
i,z

]
dFz

∣∣∣∣∣
Fz→0

, (2)

where

μP
i,z =

∫ (
rz − r0

i,z

)
wi(r)ρ(r)dr, (3)

wi(r) = ρ0
i (r)∑

i ρ
0
i (r)

, (4)

and

μ
Q
i,z = r0

i,zqi = r0
i,z

∫
wi(r)ρ(r)dr, (5)

where ρ(r) is the electron density at r, r0
i is the location

of atom i, and qi is the net atomic charge. The electron
density is decomposed into atomic contributions using a Hir-
shfield approach [44,45], in which the density is partitioned
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FIG. 3. (a) Atomic γ value of twisted bilayer graphene (TBG) quantum dots (QDs) at θ = 0◦, θp, and 60°. (b) Predicted α
Q
zz of TBG as a

function of twisting angle. mout is the number of shells in AB stacking.

according to a weight factor (wi) evaluated from the premolec-
ular density ρ0

i (r), of individual atoms.
The computed site-specific components, αQ

zz and αP
zz, of

TBG144 are presented in Fig. 2(b). Here, αP
zz varies by ∼1%,

while αQ
zz has large relative variations of ∼25% as θ rotates

from 0° to 60°. Because of this, αzz follows the same pattern
of variation as αQ

zz. Here, αQ
zz increases rapidly at small θ ,

reaches its first peak at 16°, drops slightly, and then increases
gradually until reaching the next peak at 58°.

The interlayer polarizability clearly depends strongly on
the twist angle, which alters the relative locations of carbon
atoms between the two layers. All carbon atoms are in an AA
stacking pattern in which every atom in the top layer is right
above an atom in the bottom layer at θ = 0◦. All atoms in one
layer except the central one on the rotation axis are displaced
relative to the atoms in the other layer when the rotation
starts. At θp = 16◦, 11°, 8°, and 6.8°, some carbon atoms
in the outermost shells are roughly above the center of six-
membered rings in the opposite layer, respectively, which is
referred to as the AB stacking pattern. At θ = 60◦, the atoms
in all shells are found in the AB pattern. For the other angles,
the atoms in the two layers are in intermediate stacking be-
tween AA and AB. The fluctuations in interlayer conductance
and transport between 0° and 60° have been characterized
in previous experiments and computations [22,23,53,54]. Our
calculations address the fluctuations in interlayer polarizabil-
ity, and the number of peaks increases with QD size. The
relative importance of these three patterns (AA, AB, and their
intermediate stackings) varies with increasing θ , contributing
differently to interlayer polarizability. The maximum αQ

zz ap-
pears in the Bernal structure near θ = 60◦. It is apparent that
the enhanced interlayer polarizability is related to AB stacking
in the twisted structures. Authors of some studies [20–22]
have recognized the strong interlayer coupling in the Bernal
stacking of graphene QDs but claimed a weaker coupling in
the other misoriented structures.

Equations (2)–(5) allow us to decompose the interlayer
polarization into atomic contributions. Since μ

Q
i,z is coordinate

dependent, we define γ = δqi/δFz, which denotes the vari-
ation of the net atomic charge induced by an external field.
Here, γ is then the decisive term in αQ

zz and used to measure
the atomic contribution to interlayer polarizability. The atomic

γ values at selected angles (0°, θp, and 60°) of TBG144 and
TBG360 are presented in Fig. 3(a). Atoms in the same/different
shells have similar/different γ values. Similar trends are noted
for the other rotation angles. Here, γ tends to increase from
the inner to the outer shell, its magnitude varies in a similar
way with the rotation angle in each shell. The γ variations
indicate that two factors influence the magnitude of γ , the
distance of the atom from the center, and its stacking pattern
relative to the six-membered ring in the other layer. Atoms
closer to the AB pattern and/or atoms in the outer shells tend
to possess larger γ values. In the QD model, the atoms near
the edge are terminated by H atoms. This is likely to affect
the specific value of γ for atoms in the outer shell, but we do
not expect these changes to significantly change the picture
described here.

The changing γ values for atoms from inner to outer shells
indicate a dependence of their displacements upon rotation,
which clearly correspond to deviations from the AA struc-
ture. The atoms farther from the central atom have larger
displacements and approach closer to AB stacking within a
moiré period. The mixing of AA, AB, and their intermediate
stackings makes the γ dependence on the stacking pattern
complex. Figure 3(a) depicts the γ variations for atoms at
different locations. The γ values are small and similar for the
innermost atoms but become large for the outermost atoms
and increase with the TBG size. However, one may expect that
the γ value becomes steady for large-sized systems in which
the electron accumulation at the QD edge through intralayer
conjugation paths, namely, the edge effect [55], reaches its
limit. Assuming all atoms in the outermost shells are of γAB

and all the other atoms of γAA in a moiré period, the interlayer
polarizability is derived as

〈
α

Q
zz
〉 = 1

Ntot

⎛
⎝ k∑

j=1

NjγAAr j,z +
m∑

j=k+1

NjγABr j,z

⎞
⎠, (6)

where j is the shell number, and m = 1 + 1/
√

8(1 − cosθ ) is
the number of shells in a periodic moiré pattern at a twist angle
of θ . Here, Nj = 12 j−6 is the number of atoms in shell j, and
Ntot = �Nj . Also, k and (m–k) are numbers of shells in which
all atoms are of γAA and γAB, respectively. Further, r j,z is the
z coordinate of the atoms.
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FIG. 4. (a) The computed γav vs twist angle. (b) Variation of γav with quantum dot (QD) diameter. The fitted lines are γav =
0.0451 D + 0.146, R2 = 0.999 for the Bernal structures (in red), and γav = 0.0404 D + 0.137, R2 = 0.991 for the structures at θ = θp (in blue).
(c) Correlation of QD size with twist angle and full width at half maximum (FWHM) of the first peak in αzz. (d) The minimum diameter (D,
in blue) of twisted bilayer graphene (TBG) QDs with enhanced polarizability at varying twist angles. L (in red) is the corresponding moiré
period.

Bulk TBG contains periodic moiré lattices with an equal
mix of AA and AB stackings, while in its QD, the AA/AB
ratio varies with the twist angle. Although some rules [56]
were suggested to distinguish AA and AB stackings mor-
phologically, it remains an open question as to how many
shells can be considered as AB stackings. We assume that the
outermost shell and its nearest neighbor are in AB stacking, as
shown in Fig. 3(b). The AA structure at θ = 0◦ has the lowest

value. An enhanced α
Q
zz is obtained when θ departs from 0°.

A small θ leads to a long moiré period in which a small

portion of atoms is in AB stacking, resulting in small α
Q
zz. We

show below that the angle corresponding to the first peak of
interlayer polarizability varies with QD size. The AB portion
increases with θ , and their contribution increases gradually,

leading to enhanced α
Q
zz values at large θ . When one more shell

is considered as AB stacking, the increase in α
Q
zz is further

promoted, as shown in Fig. 3(b).
Figure 1(f) and Eq. (6) not only depict the enhanced in-

terlayer polarizability in TBG QDs but also correlate the QD
size with twist angle at which the enhanced polarizability first
occurs. Figure 4(a) displays the averaged γav of all atoms for
the four models with varying θ , which vary in the same pat-
terns with αzz shown in Fig. 1(f), verifying again the decisive
role of γav in interlayer polarizability. The first peak occurs
at a smaller angle for a larger-sized structure. Among the
four structures, the peak height increases with size because
of the significant edge effect [55] in small-sized systems.

Figure 4(b) indicates a nearly linear increase of γav with QD
diameter. Since the interlayer separation is fixed, this implies
that the polarizability is predicted to increase linearly with QD
volume, as is seen in other atomic clusters [57]. The enhanced
γav is more significant in small-sized QDs. The first peak of
TBG144 is comparable in height with that of the corresponding
Bernal structure, while the height of the first peak of TBG504

becomes lower than its Bernal stacking. Fitting these first
peaks to Gaussians, one has the first peaks at 15.3°, 10.6°,
8.4°, and 6.7° for the four QDs, respectively. In another way,
since the first peak occurs at the angle where AB stacking first
appears in the outermost layer, the diameter of the QD (D) and
its corresponding twist angle for the first peak can be related
as

D = d

sin
(

θ
2

) , (7)

where d is the C-C bond length. Using Eq. (7), the twist angle
at which the first peak appears for the four QD models can
then be estimated as 13.2°, 9.4°, 7.3°, and 6.0°, matching well
with the Gaussian-fit angles, as shown in Fig. 4(c). It is ap-
parent that a better agreement can be reached for larger-sized
QDs.

Furthermore, the Gaussian-fit full width at half maximum
(FWHM) of the first peaks exhibit good correlation with QD
size, as shown in Fig. 4(c). In fact, a small 	θ leads to
large displacements of outermost atoms in a large-sized QD,
and vice versa. The QD size, twist angle, and FWHM are
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interdependent at the first peak of interlayer polarizability.
Therefore, it becomes possible to predict the minimum twist
angle required for enhanced interlayer polarizability at a given
QD size or vice versa. For example, a minimum twist angle of
about 0.54° would be predicted for a QD of 30 nm in diameter,
and a QD diameter of ∼16.3 nm would be predicted for an
observed θp = 1◦. Figure 4(d) highlights the angle at which
the first polarizability peak occurs for the QD with a specified
size. All four models studied here find their positions on the
curve. The size-angle dependence has also been noted for two
graphene flakes [58], a quasiparallelogram with averaged axis
of 1.13 nm in length. Strong interlayer coupling was predicted
at θ = 15◦, matching well with the angle of 14.1° predicted
using Eq. (7). In fact, the QD size D is related to the moiré
period L as L = √

3/2D. Figure 4(d) shows the correlation of
L and D at magic angles where enhanced interlayer polariz-
ability is found. This reveals the direct correlation between the
interlayer polarizability and the formation of a moiré pattern
in TBG QDs.

IV. SUMMARY

In summary, we compute the interpolarizability and in-
trapolarizability in TBG QDs and demonstrate that there are
significant changes in the polarizability as a function of twist
angle, dominated by variations in interlayer polarizability,
while intralayer polarizability is essentially unchanged. A
quantity γav is defined from interlayer polarizability and used

to measure the interlayer coupling strength. In addition to the
large γav values in the Bernal stackings, enhanced γav are
characterized at small twist angles. These findings indicate
an important fact that strong interlayer coupling in TBG QDs
occurs not only in the well-recognized Bernal stackings with
a large twist angle but also in the structures with small twist
angles. Moreover, γav varies with the structural interplay be-
tween AA and AB stackings, and its maxima depend on the
appearance of AB stackings and consequently on the size of
the sample. An empirical model is proposed to describe the
γav variations. However, it remains a challenge to deduce an
accurate model that reflects the γav variations with interlayer
twist, interlayer stacking, and QD size. A correlation between
the smallest twist angle and the minimum size for observing
polarizability enhancement in finite-sized TBG is derived and
verified by the computations with QD models.

In this paper, we develop an approach for the effective mea-
surement of interlayer coupling strength, which is necessary
for the precise control of interlayer charge flow in multi-
layer graphene. This paper also suggests further exploration
on the correlation of interlayer metallicity/dielectricity with
other properties enhanced by the formation of moiré pattern
in TBG.
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