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The alternating current (ac) Josephson effect in a time-independent spatially inhomogeneous setting is mani-
fested by the occurrence of Josephson oscillations—periodic macroscopic phase-induced collective motions of
the quantum condensate. So far, this phenomenon was observed at cryogenic temperatures in superconductors, in
superfluid helium, and in Bose-Einstein condensates (BECs) of trapped atoms. Here, we report on the discovery
of the ac Josephson effect in a magnon BEC carried by a room-temperature ferrimagnetic film. The BEC is
formed in a parametrically populated magnon gas in the spatial vicinity of a magnetic trench created by a dc
electric current. The appearance of the Josephson effect is manifested by oscillations of the magnon BEC density
in the trench, caused by a coherent phase shift between this BEC and the BEC in the nearby regions. Our findings
advance the physics of room-temperature macroscopic quantum phenomena and will allow for their application

for data processing in magnon spintronics devices.
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I. INTRODUCTION

The alternating current (ac) Josephson effect [1] is well-
known as a rapidly oscillating current that appears between
two weakly coupled superconductors subject to an external
dc voltage. Soon after the first experimental proof of princi-
ple was made [2], the Josephson effect was used in various
applications such as voltage standards, ultrasensitive mag-
netic field sensors, and quantum computing [3-5]. It was
intensively studied in various configurations [6,7]. A similar
behavior has been observed in bosonic systems such as Bose-
Einstein condensates (BECs) in superfluid *He [8-12], “He
[13], in weakly interacting atomic Bose gases [14—18], and in
exciton-polariton condensates [19-22]. Recently, magnon su-
percurrents were observed in room-temperature ferrimagnetic
films [23] and the existence of the related magnon Josephson
effect was theoretically predicted [24-28].

In this paper, we present the experimental discovery
and a theoretical analysis of Josephson oscillations in a
room-temperature yttrium iron garnet [29] (Y3FesO1,, YIG)
ferrimagnetic film, by exploring the spatiotemporal dynamics
of a magnon BEC [30] prepared by microwave parametric
pumping [31-33].

In general, ac Josephson oscillations appear in a system of
two connected BECs with different energies, and this differ-
ence sets the oscillation frequency. In the well-known scenario
of two BECs formed by Cooper pairs in superconductors
which are weakly linked via a tunneling barrier between them,
this energy difference is determined by the electric field’s
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potential difference across the barrier. The tunneling barrier
preserves the potential difference and, at the same time, en-
sures a current flow between the superconductors.

In the case of a magnon BEC, the energy of magnons de-
pends on the bias magnetic field. Thus, to observe the magnon
ac Josephson oscillations, it is sufficient to create a magnetic
field inhomogeneity to obtain the energy difference between
two BECs, leaving them under well-chosen conditions with a
reduced coupling between them. Such a magnetic field inho-
mogeneity can be prepared without any tunneling barrier. This
can be realized, for instance, conveniently by an electric wire
positioned across a magnetic sample and carrying a dc electric
current. It produces locally a magnetic field and thus creates
areas containing BECs with different energies. Our paper ex-
plores such a setting. Of course, this in no way negates the
possibility of implementing the magnon Josephson effect in
its canonical form, with a tunneling barrier, as proposed, for
instance, in Refs. [24-28].

II. EXPERIMENT
A. Idea of experiment

In our experiments, we take into account two facts:

(1) The magnon frequency spectrum in an in-plane mag-
netized magnetic film has two equivalent minima wmyi, =
w(£q,,;,) at symmetric values of the wave vector. Therefore,
the magnon BEC consists of two components, named, sub-
sequently, +¢-BEC and —g-BEC, localized in the g-space
around +¢,,;, and —q,;,, respectively, see Fig. 1.

(i1) Using a space-inhomogeneous pumping mechanism by
a microstrip antenna shown in Fig. 2(a), we can populate
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FIG. 1. Spectrum of the fundamental magnon mode in a 5.1-
pm-thick YIG film magnetized in plane by a bias magnetic field
H = 1520 0e, shown for the wave vector ¢ || H (lower part of the
spectrum, blue and green curves), for ¢ L H (upper part, magenta
curves), and also for several intermediate directions of wave vectors
(grey curves). The orange arrows illustrate the magnon injection pro-
cess by means of parallel parametric pumping. The horizontal black
arrows illustrate scattering of the pumped magnons into secondary
magnon states. The blue and green dotted arrows symbolize the
flow of thermalizing magnons to the bottom of the spectrum. The
blue and green dots indicate the positions of the frequency minima
Omin(+Gnin) aNd Omin(—¢,,) occupied by the +¢g- and —g-BECs of
magnons.

+4-BECs such that their densities in the physical space, N (x)
and N_(x), become different. Using Brillouin light scattering
(BLS) spectroscopy [see Fig. 2(a) and Appendix], we show
that the central zone of the sample [under the microstrip,
see Fig. 2(b)] is populated almost equally N, (x) >~ N_(x) =~
Neenter while in the left zone N'ft > Nfﬂ and in the right zone
N > Noe,

The central idea of our experiment is to create a spa-
tially inhomogeneous potential energy profile for condensed
magnons by subjecting the magnetic film to a time-
independent space-inhomogeneous magnetic field k(x) added
to the uniform bias magnetic field H.

Since in our experiment the magnetic field k(x) is induced
by a dc electric current flowing through the pump microstrip
[see Fig. 2(a)], this energy profile has—depending on the
polarity of the current—the shape of a trench or ridge across
the microstrip. This profile is extended along the microstrip.
The potential energy profile (in frequency units)

Qx) ~ yhe(x) = Qo f(x), ey

calculated for our experimental conditions in the direction
perpendicular to the microstrip, is shown in Fig. 2(b) for the
trench case. In Eq. (1), y is the gyromagnetic ratio, f(x) is
the normalized energy profile, defined such that f(0) =1,
and frequency €2y is the profile magnitude: 2y > O for the
ridge and 2y < O for the trench. In our experiment, |2y| =
27 - 1.6 - 10°I rad/s, if the value [ is the dc current measured
in milliampere (see Appendix).

In such a configuration, for each of the condensates, +g-
BEC and —¢-BEC, we create two Josephson junctions, which
are located between the central zone and the two side zones.
The difference in the potential energies leads to the phase

shift between different spatial parts of the same magnon con-
densate (—g-BEC or 4-¢-BEC): at the bottom of the trench
and in the side zones of the sample. This phase shift propels
ac magnon supercurrents between the central zone and the
left and right zones. We detect these ac supercurrents as the
Josephson oscillations of the +¢-BECs and —g-BECs occu-
pations in the middle of the trench [see Figs. 2(c) and 2(e)].
As seen in Fig. 2(d), there are no oscillations when a potential
ridge is created in the central zone instead of the trench.

B. Experimental setup

Magnons are parametrically pumped [32,33] in an in-plane
magnetized 5-um-thick YIG film grown on a gadolinium
gallium garnet (GGG) substrate. During pumping, microwave
photons with frequency w, decay into two magnons with
frequency w,/2 and wave vectors +q, mainly with ¢ L H
[34,35], see Fig. 1.

As a result of multiple intermagnon elastic scattering
events with two input and two output magnons, the para-
metrically pumped magnons thermalize, populating the lower
energy states. This process leads to an increase in the chemical
potential of the magnon gas. When the value of the chemical
potential reaches the bottom of the magnon spectrum, coher-
ent magnon condensates, i.e., the —g-BEC and the +¢g-BEC
are formed there [30]. Note also that the thermalization pro-
cess involves isotropization of the wave-vector directions and,
consequently, leads to the appearance of magnons that have
wave-vector components parallel to the magnetic field H. An
increase in the number of such magnons allows the formation
of BECs with +¢,.... || H.

A schematic view of the experiment is shown in Fig. 2(a).
Microwave pulses with the frequency w,/(27) = 13 GHz and
a duration of 7, =300ns feed a 50-pum-wide microstrip,
inducing a microwave pumping field. The microstrip is fab-
ricated on a dielectric substrate, and its end is connected to
the ground plate on the backside of the substrate, creating an
electrical shortcut in the electric circuit. The YIG-film sample
is positioned on top of the microstrip.

Unlike in our previous work, where the magnon supercur-
rent was induced by a thermal inhomogeneity in a hot laser
spot [23,36], in this paper we used the dc electric current for
producing a time-independent inhomogeneous magnetic field
h(x).

To detect the magnons from the bottom of the spectrum,
conventional wave-vector- and time-resolved BLS spec-
troscopy was used [34,37,38]. The BEC-related BLS signal
was detected around wp, (see Fig. 1). The value of an incident
angle of the laser light was adjusted to detect the magnons of
wave numbers £¢ni,. For more details on the experimental
methods, see Appendix.

C. Experimental results

Figure 3 shows profiles N, (x) of the +¢-BEC (solid black
lines) and N_(x) of the —g-BEC (dashed red lines) obtained
by scanning the BLS signal in X direction, perpendicular to
the microstrip. We see that these BECs are separated in space:
the +-g-BEC is mostly concentrated in the right (blue colored)
zone of the sample, while the —g-BEC—in the left (green
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FIG. 2. Experimental setup and Josephson oscillations. (a) Sketch of the experimental setup. A YIG film magnetized in plane by a magnetic
field H is placed on top of a 50-um-wide microstrip. The red and orange branches represent the circuits for the generation of dc and microwave
currents. The red arrows illustrate the magnetic field # induced by a dc current. The green part describes a tool for optical detection of magnons
by means of Brillouin light scattering (BLS) spectroscopy. A pulse generator triggers dc and microwave generation, and synchronizes the
time-resolved BLS analysis. (b) The calculated profile of a potential trench — f(x) controlling the energy of BECs in different zones of the
sample. The bidirectional dashed arrows indicate two alternating magnon supercurrents related to the oscillations of +g-BEC (black arrow) and
—g-BEC (red arrow) densities N{**" and N**™*', observed in the central zone of the potential trench. Panels (c)—(e) present the BLS intensity
in the central zone, which is proportional to the magnon density at the bottom of spin-wave spectrum, versus time. (c) Josephson oscillations
in two systems, +¢-BEC (black line) and —g-BEC (red line). Time intervals 1-4 in (c) mark: 1—the time, when magnons are excited by
parametric pumping, 2—the time interval during which the BEC forms, 3—the time interval during which the first oscillation appears, and
4—the rest of the observation time. Panels (d) and (e) present the summarized dynamics of two BEC systems (N 4 N"") for different
bias dc currents: (d) Potential ridge formed by dc currents from 0 to +500 mA. (e) Potential trench formed by dc currents from 0 to —500 mA.

colored) sample zone. As expected from the physical view-
point, the amplitudes and spatial distribution of these compo-
nents in our experiments are indeed almost mirror-symmetric
with respect to the x = 0 line.

To understand why +¢-BECs and —g-BECs are mostly
localized on different sides of the antenna, recall that at the
initial stage of their thermalization, parametrically pumped
magnons scatter to spectral positions with wave vectors g, ori-
ented at arbitrary angles relative to the bias magnetic field H.
The two horizontal arrows show an example of such scattering
events in Fig. 1. One observes that the secondary magnons
with w(q,) = ws/2 > wmin have a rather large group velocity
vy (g,) = dw(q)/dqy, which is positive for g, , > 0 and nega-
tive for g5, < 0. Therefore, during the further thermalization
and condensation processes, the magnons with g5, > 0 are
traveling to the right of the antenna, while the magnons with
gs.x < 0 move to the left. As a result, the +¢-BECs and —g-
BECs are formed separated and localized at different antenna
sides, as shown in Fig. 3.

In the geometry of our experiment, this spatial separation
of the two magnon BECs is a robust and very general phe-
nomenon that takes place in a wide range of pumping powers
and in the range of H from about 1500 Oe to about 2100 Oe.

To see how the spatial separation of the £¢-BECs N (x, 1)
develops during the time of observation, in Fig. 3 we present
the profiles N, (x, ¢) and N_(x, t) (by solid and dashed lines,
respectively) for four characteristic time intervals of the

magnon evolution, in four rows: the interval (1) covers the
duration of the pumping [Figs. 3(a) and 3(b)], during interval
(2) the BEC peaks are formed [Figs. 3(c) and 3(d)], the in-
terval (3) corresponds to the time around the first oscillation
peak [Figs. 3(e) and 3(f)], and the period (4) covers the rest
of the magnon lifetime [Figs. 3(g) and 3(h)]. The evolution
of the BEC’s spatial distributions for different magnetic field
profiles is shown for two spatial arrangements: the potential
ridge with a height €(/(27) of about 80 MHz (column A)
and the potential trench of the same depth (column B). These
frequency values correspond to the dc currents / = 500 mA.

First, we see that during active pumping [row (1), Figs. 3(a)
and 3(b)] the spatial distributions of both the +¢-BEC and
—g-BEC are practically the same for the magnetic ridge and
the trench scenario. This results from the action of a very
intensive pumping microwave magnetic field, which shakes
the entire magnon frequency spectrum with an amplitude of
about 500 MHz. This frequency shift corresponds to a mi-
crowave current amplitude of 3.22 A at a pumping power
of 400 W. In addition, the interaction of a vast number of
parametric magnons with the bottom magnons causes inelas-
tic scattering of the latter over the spectrum. These effects
prevent the formation of a coherent BEC state [39] and, thus,
of any supercurrent-related magnon dynamics during this time
interval [36,40-42].

The +¢-BEC and —g-BEC spatial distributions shown in
column A in Fig. 3 do not change after the pumping is turned
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FIG. 3. Time dependence of spatial magnon distributions in dif-
ferent potential profiles. Distribution of magnons perpendicular to
the antenna. Rows 1-4 show integrated data over different time in-
tervals of the time-resolved measurement data, as shown in Fig. 2(c).
The intensity of the +¢-BEC- and —g-BEC are shown by black solid
and red dashed lines, respectively. The difference in the intensities
of these condensates refers to the difference in the efficiency of
the Stokes and anti-Stokes scattering processes (see Appendix). The
first column (A) shows data for the magnetic ridge with the applied
current / = 500 mA, while the second column (B) corresponds to
the magnetic trench with the applied current / = —500 mA. Note the
change in the BLS intensity scale.

off. This is because the high magnetic ridge practically blocks
the exchange of the BEC densities between the left and right
zones, pushing condensed magnons away from the central
zone [43].

A completely different time evolution of the peaks is seen
for the magnetic trench (Fig. 3, column B). Immediately after
switching off the pumping, and still during the condensation
process, the central zone becomes more populated compared
to the magnetic ridge scenario discussed above. As the time
progresses, the effect becomes even stronger. Such a behavior
is quite expected: due to the lower magnon energy in the
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FIG. 4. Magnon frequency shift in the middle of the central zone
of a potential profile. The center frequencies (found by a Gaussian fit)
of the measured magnon spectra near +¢,;, (black lines and squares)
and —¢gmin (red lines and dots) are shown as a function of the applied
bias current /.

trench, the gaseous magnons fall into the trench populating
the BEC states in the central zone.

The presence of the BECs in the trench and their absence in
the ridge area is confirmed by the results of our BLS measure-
ments of the magnon frequency in the central zone shown in
Fig. 4. During the BEC formation (blue part of the figure), the
magnon frequency in the central zone depends almost linearly
on the applied dc current. Later (yellow part of the figure),
this dependence remains only for negative currents, which
correspond to the case of the potential trench. No significant
frequency shift is observed in the case of the potential ridge
created by a positive dc current.

This behavior is quite expected. Indeed, our BLS setup has
a spatial sensitivity of the order of the central zone width. In
the case of the potential ridge, the BEC escapes the central
zone. Therefore, the BLS measurements in the ridge center
detect BEC magnons only at the ridge edges. This explains
why the increase in the measured frequency in the yellow zone
(time intervals 3 and 4) with a positive current is so small.

On the contrary, in the case of the trench, the fully formed
BEC falls further toward the trench bottom and causes a
further decrease of the BEC frequency in the yellow zone at
negative currents. Some differences in the +g- and —g-BEC
frequencies may be due to the incomplete symmetry of the
experimental settings.

The possibility for the BEC to be present in the central zone
is a necessary condition for the development of the Josephson
oscillations, expressed in the periodic flow of magnons into
the central zone and back into the right and left zones of
the sample as symbolically shown in Fig. 2(b) by the red
and black dotted double arrows. The resulting oscillations of
the BEC density, measured in the middle of the central zone
(x = 0), are clearly visible in Fig. 2(c).

Note that the +¢-BECs oscillate similarly. This allows
us to ignore in the following analysis the difference in their
behavior and to consider only the sum of these components
Ncenler(t) — NJcrenter(t) + Nienter(t).
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FIG. 5. Determination of Josephson oscillation frequencies. (a),
(b) Time dependencies of the BLS intensity measured for various
negative dc currents are shown after noise filtering and attenuation
compensation. (a) The BLS intensity increases with the increase in
current from —400 mA to —560 mA in 20 mA steps. (b) The BLS
intensity decreases with the increase in current from —560 mA to
—700mA in 20mA steps. (c) Time positions of the first (black
squares) and the second (red circles) oscillation peaks. Grey triangles
mark the beginning of the coherent BEC motion after the pumping
pulse is switched off. (d) Frequency of the Josephson oscillations
(blue triangles) versus applied current in the strip. Vertical bars
show 95% confidence intervals. The measurement error increases
for the smallest and highest currents due to the reduced amplitude
of the Josephson oscillations. The solid red line is a linear fit by the
weighted least squares.

Figures 2(d) and 2(e) show the time evolution of N®"'(z)
for the spatially homogeneous geometry (/ = 0 mA) and for
the ridge and the trench geometries, respectively. As expected,
the Josephson oscillations are observed only in the trench
geometry.

Figure 2(e) shows the time evolution of N°"¢(¢) for the
trench geometry with different depths of the trench. We see
that the period of the oscillations becomes smaller with the
deepening of the trench. To characterize this effect quantita-
tively, we have determined the explicit time positions of the
first and the second peaks, 7; and 1, [see Figs. 5(a) and 5(b)],
for different depths of the trench and plotted them as black

squares and red circle dots in Fig. 5(c). In this figure, grey
triangles indicate the zero moment of time, when the pumping
pulse is switched off. Starting from this moment, the BEC’s
coherency is established [42], triggering the supercurrent BEC
motion [36]. Notably, the time interval t; between the zero
moment of time and the first Josephson oscillation peak is
very close to the time interval between the second and the first
oscillation peaks 7, — 71. The frequency of the oscillations
was calculated as the mean value of inverted time intervals
1/71, 1/(r2 — 71) and 2/7,. It is shown by blue squares in
Fig. 5(d). We see that the experimentally found frequency of
the oscillations 2050 linearly increases with the trench depth
|€20| with the slope Rexp &~ 0.023.

A naive dimensional reasoning results in Qgig ~ Qp, i.€.,
Rexp should be of the order of unity, which is not the case. We
rationalize the observation in the following Sec. III using the
solution of the Gross-Pitaevskii equation (GPE) [44,45].

It is worth noting that the oscillation character of the BEC
evolution naturally explains the redistribution of the BEC
population between the left and right zones over time: for
instance, in Fig. 3(b) most of the 4¢-BEC is localized in
the right zone, while at a much later time, in Fig. 3(h), the
populations in the left and right zones are about the same.
This is because during the first half of the Josephson period,
the right-BEC supercurrent is mostly flowing from the right to
the central zone, while during the second half of the period it
is flowing from the center zone to the left and right zones,
although not necessarily by the same amount. As a result,
after several Josephson periods, the occupations of the right
and the left BECs in the left and right sample zones tend to
equilibrium, as indeed observed. As expected, no such equi-
libration occurs for the scenario of a potential ridge (Fig. 3,
column A).

It should be noted that in the process of evolution, the
density of the condensate decreases and eventually becomes
comparable with the thermal noise value. The interaction
between the magnon BEC and the gaseous magnons is not
considered in our scenario.

III. JOSEPHSON OSCILLATIONS AND
THEIR DISCUSSION

In this section, we analyze the dynamics of the magnon
condensate in the framework of the GPE, traditionally used to
describe BECs [44,45].

A. Analytical background

To formulate the GPEs for the magnon BECs, we recall
the Holstein-Primakoff transformation in quantum mechan-
ics [46],

Sy =S, +iS, = iv2s (1 —a'a/25)a,
S =S8, —iS, =hv2sa'(1 —a'a/25)"?, (2)
S, = h(s — a*a),

which defines the spin operators S, S, in terms of the bo-
son creation and annihilation operators, ¢ and a, effectively
truncating their infinite-dimensional Fock space to the finite-
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dimensional subspaces. Its classical analog

M. (r,t) = M, + iM, = B\/y(2M, — yB*B),
M_(r,1) = M, — iM, = M*, 3)
M,(r,t) = My — yB*B,

represents the magnetization vector M(r,t) in terms of the
canonical variables, the complex spin-wave amplitudes B(r, t)
and B*(r,t), which are the classical analogs of a and at,
see, e.g., Eq. (3.4.8) in Ref. [32]. Here, M, is the saturation
magnetization in the absence of the spin waves and * denotes
complex conjugation.

To obtain a simplified description of two narrow packets
of magnons around ¢ = £¢, and w; = Wix, We consider for
simplicity only one spatial dimension x and introduce so-
called slow-envelope variables,

d
Bu(r. 1) = expliomint) / B, explity + o) 250, ()

where B,(t) is the Fourier transform of B(x, ). Then, using
the standard procedure (see, e.g., Sec. 1.5.1. in [47]), one
derives from the canonical equations of motion for B, (t),

dB,(1) . .
7 = wyB,(t) + interaction terms, (@)

two coupled one-dimensional GPEs for the +¢-BECs with
wave functions By (x, t) in the external potential Q(x) [given
by Eq. (D]:

i

0B [ % P L ow
i— = -==— X
ot 2 0x2
+TIBL + SIB — iT|Bs. ©)

Here T is the amplitude of the self-interaction, S is the
cross-interaction amplitude between +¢- and —g-BECs [48],
and o/, = 3%*w(q)/(9q,)* for ¢ = £q,;,. In our experiments
!~ 0.7cm?/s. T is the damping frequency.

Introducing new variables that compensate the time decay,

Ci(x,t) = Bi(x,t)exp(l't), @)

we obtain from Eq. (6):

e[ 4 ow
i— =1 - — X
ot 2 ox?

+[T|C)* + SICx*] exp(—ZFt)}Ci. (®)

In the linear approximation (7 =S = 0), the evolution
of the two BECs B (x, t) decomposes into two independent
processes: the evolution of the stationary condensates C (x, t)
according to Egs. (8) and their exponential decay according
to Eq. (7). In our experiments, the nonlinearity is small and
can be peacefully neglected. Indeed, in the whole range of
the used magnetic fields, T < |S| [48]. Moreover, the depth
|20] of the trench for the currents |/| > 400 mA is above
2m - 64 MHz, while the maximal nonlinear frequency shift (at
the moment of switching off the pumping) Q4+ = S|B+|*> ~
2m -9MHz <« || and decays by about two orders of mag-
nitude during the observation time.

Therefore, we can follow the evolution of the stationary
BECs C..(x, t) by experimentally observing the decaying con-
densates B (x,t), provided that the sensitivity of the BLS
system is high enough to observe their evolution during the
later stage of the decay.

B. Numerical analysis of the magnon Josephson oscillations

To clarify the evolution of the BECs, we numerically
solved Eq. (8) with parameter values close to the experimental
ones, taking symmetric initial conditions shown by the dashed
blue lines in Fig. 6(a). To be able to observe a longer evolution
of the BEC densities than that observed in the experiment, we
put I' = 0. For simplicity, we assume that C,. = C_ =C.

To suppress variations of the BEC density |C(x, ¢)|> with
a spatial scale of the order of the BEC coherence length
~3 pum [36], which cannot be resolved in our experiments, we
smoothed the obtained density profiles with a sliding Gaus-
sian filter exp[—(x — x0)?/(20%)]. Its dispersion ¢ = 13 um
matches the diameter of the BLS laser spot. Examples of
the smoothed density profiles |C(x,t)|? are shown in Figs.
6(al)—6(a4) for I = 500 mA, corresponding to a trench depth
of 80 MHz.

To characterize the BEC evolution in the central zone,
we integrated |C(x,¢)> with the same Gaussian weight
exp[—x?/(20%)] and yield N(t) = |C(0, t)|2. The evolution
of N(t) after some transient time is shown in Fig. 6(b). We
clearly see almost periodic variations of N(¢). Here, we have
marked four characteristic moments in time, two of which
(t; and #3) correspond to times when N(¢) approaches local
maxima, and the other two (#, and #4) correspond to times with
local minima of N(¢). The BEC density profiles shown in Figs.
6(al)—6(a4) correspond to these instants.

For times #; and z3, we see pronounced maxima of |C(x, t)|?
in the central zone, while the profiles shown in Figs. 6(a2) and
6(a4) for times #, and #4 show pronounced dips in this zone.
Note that GPE conserves the total number of magnons. This
means that the area under the red colored profiles on all panels
is the same and is equal to the area under the blue dotted lines
indicating the initial conditions. In other words, the entire
evolution of the system is an almost periodic redistribution
of the magnon BEC density between the central and the side
zones, which we interpret as the Josephson oscillations.

To find the frequency of these oscillations, we performed a
Fourier analysis of N(z). An example of the frequency power
spectrum is shown in the inset in Fig. 6(b). It has a sharp
peak indicated by the vertical red line. The frequency of this
peak corresponds to the mean period of the time dependence
in Fig. 6(b). The dependence of the frequency of this peak
on the depth of the trench is shown in Fig. 6(c). As in the
experiment, the numerically found oscillation frequency Q05
depends linearly on the trench depth |2].

The slope of the linear dependence in Fig. 6(c) is Ryum ~
0.0125. Recall that the experimentally found slope Reyp is
about 0.023. Both slopes are much less than unity, although
Rexp > Ryum. The difference in the frequency of oscillations
in the experiment and in the numerical analysis can be caused
both by the influence of gaseous magnons, not considered in
our numerical analysis, and by the fact that we solved the
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FIG. 6. Numerical solutions of Eq. (8) with parameters and initial conditions taken from the experiment. The data in panels (al)—(a4) and
(b) were obtained for a trench depth of 80 MHz, corresponding to a bias current / = —500 mA. The solid red lines in panels (al)—(a4) show
the spatial distribution of the BEC density |C(x, ¢)|* for four consecutive moments of time, marked by circles in panel (b). The dotted blue
lines indicate the initial BEC distribution at zero moment of time. For a better comparison with the experimental data, the BEC distributions
were smoothed by a Gaussian filter with a width matching the diameter of the focal spot of the probing laser beam. The vertical dashed lines
and shaded colored areas mark the potential trench and different areas of the sample, similar to Figs. 1(b) and 3. Panel (b) plots the BEC
density |C(0, #)|? in the trench as a function of time. The inset displays the corresponding Fourier spectrum. The dominant spectral peak with a
frequency of 2.5 MHz is marked with a dashed red line. Panel (c) shows the dependence of the Josephson frequency 0% on the trench depth
|€2]. The error-bar values refer to the widths of the corresponding Fourier spectral lines.

one-dimensional GPE Eq. (8), which greatly simplifies the
description of the real physical system.

Given the aforementioned simplifications of the analytical
description of the problem, we consider the achieved semi-
quantitative agreement between experiment and calculations
to be quite acceptable.

C. Analytical model of the Josephson oscillations

To rationalize analytically the Josephson oscillations ob-
served in experiment and numerical simulations in a manner
similar to the description of the traditional Josephson junc-
tion, we neglect the spatial dependence of the magnetic field
h in the left, right, and central zones and introduce bound-
ary zones, in which the magnetic field varies linearly. These
boundary zones play the role of the Josephson junctions. As
we notice, at first glance, the frequency of the Josephson
oscillations of the supercurrent through the junction should
be equal to the magnetic trench depth €2¢. However, this is not
true for the wide trench studied in our paper.

Let the half width of the trench A exceed the half width
of the BEC packet, Ay (if the BEC packet is split into left
and right parts [as, e.g., in Fig. 6(a2)], Ay refers to the
half widths of these parts separately). Then, the potential en-
ergy profile Q(x) = Qo f(x) inside the BEC packet centered
around position x( can be approximated by a Taylor expansion

Q(x) = Qxo) + 6Q2(x),
8Qx) = (x — x0)Q0 f1(x0).

(9a)
(9b)

Here, f](xo) = % |, Substituting Eq. (9) into the symmet-
ric (C+ = C_ = () dissipation-less linear version of Eq. (8),
we get

aC " 32
— = — XX~ 9C
i o [ Y o + Q(xp) +8§2(x)}C. (9¢)
After substitution,
C(x,t) = D(x,t)exp[—i2(xp)t] 9d)

in Eq. (9¢), the term 2(x() disappears and we get the equation

" 2
,8D_{ o’ 9 (10)

e (SSZ(x)}D.
Here, instead of the trench profile 2(x) in Eq. (6), the role
of the characteristic frequency is played by the frequency
variation over the BEC packet §Q2(x).

Equation (10) has an infinite set of integrals of motion,
which cardinally narrows its phase space to the surface of a
multidimensional torus. In qualitative analysis, it can be re-
duced to a limit cycle, which prime period is clearly visible in
Fig. 6(b). In real space, the evolution of the system can be sim-
plified to periodic oscillations of two BEC packets located on
the left and right sides of the trench toward its center and back.
The motion of the packets can be qualitatively represented as
a set of consecutive partial shifts of each of them by their
half-widths with some change in their shape. Accordingly, the
total period of these oscillations 7 is estimated as the sum
of times ¢; of the partial shifts, each of which depends on the
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initial position of the package center x;. According to Eq. (10),
t; is estimated as 277 /5S2(x;).

The package shift from the position x; = xpax farthest from
the trench center gives the greatest contribution .4 (x;) to the
oscillation period T, estimating T from below: fmay (x;) S T
Taking into account that the difference x — x; in the expres-
sion Eq. (9b) for §Q(x) is of the order of Ay, this allows
us to estimate from above the frequency of the Josephson
oscillation in our model as

Q™ = QuR™, R™ < Apee £l (Xmax), (11)

instead of Q.

To find the ratio R™¢ between the expected oscillation
frequency 2m°¢ and the trench depth €2, we determine the
BEC peak positions in Fig. 3 xpax =~ 70 um. Then, using
the potential profile in Fig. 2(b), we calculate f(xXmax) =
0.0014 um~!. Taking Ay 2~ 25 um, we estimate R™ to be
about 0.035. This value is essentially smaller than unity and
quite close to the experimentally found ratio Rex, A~ 0.023. We
consider this agreement as support of the suggested simple
analytical scenario of the Josephson oscillations.

IV. SUMMARY

The discovery of ac Josephson oscillations in the sys-
tem of two room-temperature magnon condensates opens the
path for a better understanding of the underlying physics
of this phenomenon. For instance, the observation of these
oscillations clearly demonstrates the ability of the magnon
supercurrent to accumulate phase shifts multiple times larger
than 27, what was sometimes questioned before [49,50].
Furthermore, we identify several directions where further
research is needed. The first one is the study of the evo-
lution of the BEC spatial profiles N(x, ¢) for the case of a
time-dependent magnetic trench/ridge, which can be achieved
by applying time-dependent dc currents. Second, it will be
especially interesting to realize a conventional superconduc-
tor geometry (see, e.g., Ref. [26]), considering two weakly
coupled magnon systems with a controlled BEC phase shift
between them.

The numerical solutions of the GPE Eq. (8), supported
by the simple analytical scenario, describes the main ob-
served phenomena and explains the discovered Josephson
oscillations as a consequence of the potential energy dif-
ference between the BECs in the induced magnetic trench
and in nearby regions. Nevertheless, the achieved level of
understanding of the open physical phenomenon still requires
further elaboration and detailing. For example, one needs to
account for the interactions of the bottom gaseous magnons
with the BEC magnons by formulating a model analogous to
the two-fluid model of superfluid helium [51].

We believe that these findings will pave the way to various
engineering applications in spatially inhomogeneous setups,
such as information processing in perspective magnon Spin-
tronic devices [26,52-56].
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APPENDIX: EXPERIMENTAL METHODS

1. Sample

The YIG (Y3FesOj;) [29] sample is 3.5 mm long and
5 mm wide. The single-crystal YIG film [57] of 5.1 um thick-
ness has been grown in the (111) crystallographic plane on
a 500-pum-thick GGG (Gd3Gas0j,) substrate by liquid-phase
epitaxy at the Department of Crystal Physics and Technology
of the Scientific Research Company Electron-Carat (Lviv,
Ukraine). To ensure a uniform reflectivity of the probing
light from the sample under investigation, regardless of the
underlying reflectivity of any kind of microstrip structure or
its substrate material, a dielectric mirror has been sputtered
onto the YIG-film surface. The mirror itself consists of several
silicon and titanium oxide layers with a total thickness of
approximately 1 pum.

2. Experimental setup: Details

A sketch of the experimental setup is shown in Fig. 2(a). It
consists of microwave, dc, and optical parts.

The microwave part is used as the source for the pump-
ing pulses. It includes a microwave generator and a power
amplifier connected to a microstrip pumping circuit through
a bias tee. In the presented experiments, the pulse duration
is 300 ns, the pulse repetition rate is 3 kHz, and the carrier
frequency is 13 GHz. The 50-um-wide grounded microstrip
line, fabricated on top of a dielectric substrate (RT/duroid
6010), is used to induce the pumping microwave magnetic
field. The multilayer sample comprising a dielectric mirror,
a YIG film, and a GGG substrate is placed on top of the
microstrip so the dielectric mirror faces the microstrip near its
grounded end in the region of the maximum microwave mag-
netic field. Here, a microstrip pump resonator, conventionally
used in magnon BEC experiments [23,30], is replaced by a
grounded microstrip to transmit both microwave and pulsed
dc currents. Since the quality factor of such a microstrip is
unity, the applied microwave pumping power Pouyp required
to reach the threshold of the Bose—Einstein condensation is
tens of times higher than in resonator experiments. It is about
400 W. To ensure that no undesirable heating effects affect
the measurements, we used sufficiently short pump pulses
separated by a long time interval used to relax the sample.
It allows for enough time for the pumped magnons to decay
and for the generated heat to dissipate into the surrounding
space.

The dc part, which is decoupled from the microwave circuit
by a bias tee, feeds the microstrip with a pulsed dc current (the
pulse duration is 5 us and the pulse repetition rate is 3 kHz)
in the range of £700 mA to create the positive or negative
magnetic profiles of different depths in the pumping area. This
current is pulsed to reduce any disturbing additional heat load.
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The relative frequency shift of the bottom frequency wp;, cal-
culated for the longitudinal component %, of the dc magnetic
field created by the microstrip at a distance d = 1 um (equal
to the thickness of the sputtered mirror) is shown in Fig. 2(b).
To calculate this magnetic field, we assumed a uniform current
distribution in a rectangular microstrip cross section of 50 um
width and 17 um height [58].

The optical part [Fig. 2(a)] is used for the probing of the
magnon BEC by means of BLS spectroscopy. Its main parts
are the probing green laser (single-mode, 532 nm wavelength)
and a multipath tandem Fabry—Pérot interferometer. The prob-
ing beam of power 0.5 mW is focused onto the sample surface
into a focal spot of about 50 um in diameter. The scattered
light is directed to a multipass tandem Fabry—Pérot inter-
ferometer [59—61] for frequency selection with resolution of
100 MHz. A single photon counting avalanche diode detector
is placed at the output of the interferometer. The output of the
detector is then connected to a counter module synchronized
with a sequence of microwave pulses. Every time the detector
registers a photon, this event is recorded with a time stamp
to a database that collects the number of photons ensuring a
time resolution of 250 ps. The frequency of the interferom-
eter transmission is also recorded, thus providing frequency
information for each detected photon.

The small power of the probing light of 0.5 mW and the
low electrical resistance of the current-conducting microstrip
of 0.3 ohm in combination with the chosen pulsed regimes for
microwave and dc currents ensure a rather small heat depo-
sition to the YIG sample (the calculated temperature increase
does not exceed 0.15 K) and, thus, a negligible contribution
of heating effects to the observed phenomena. This fact is
confirmed by the BEC dynamics shown in Fig. 2(d), where
no heat influence (e.g., in the form of enhanced BEC decay
reported in Refs. [23,36,41,42]) is observed throughout the
entire range of applied dc currents.

Spatially resolved probing of the magnon dynamics is
performed by the controlled displacement of the sample
using a precise linear positioning stage. The entire stage
is placed directly between the poles of the electromag-
net, ensuring high field uniformity and stability. The setup
allows for space-resolved measurements of the magnon
dynamics in the YIG film across the current-conducting mi-
crostrip as shown in Fig. 2. The scanning step value is set
to 20 pum.

3. Frequency- and wave-vector-selective Brillouin light
scattering spectroscopy

BLS can be understood as a change in the frequency w,
and wave vector g, of photons when they annihilate or create
quanta of magnetic collective excitations, namely, magnons.
In our case, a probing laser light beam illuminates the YIG-
film sample at a certain incident angle © laying in the (X,Z)
plane. To detect the inelastically scattered photons, they need
to travel the same path back [see Fig. 2(a)]. This can happen
according to the following scheme. The out-of-plane wave
vector of the incident photon is inverted due to its reflec-
tion from a dielectric mirror deposited on the semitransparent

YIG film. The inversion of the in-plane photon’s wave vec-
tor is possible if the photon creates an in-plane magnon
with the frequency w, and wave number g, = 2¢g, sin(®)
(Stokes process: the frequency of the scattered photon is
=, — wp), or if an in-plane magnon with the opposite
wave number g, = —2¢, sin(®) transfers its momentum to
the incident photon and is annihilated (anti-Stokes process:
o = o, + op). The frequency of the inelastically scattered
photons is then analyzed by a Fabry—Pérot interferometer
and the intensities of the Stokes and anti-Stokes spectral
peaks are related to the densities of magnons with different
sign in their wave numbers g,, namely, +¢@min and —gmin in
our case. Note that due to the contribution to the scattering
of both linear and quadratic coefficients of magneto-optical
coupling, there is a difference in the Stokes and anti-Stokes
scattering intensities depending on the polarization direction
of the light electric field relative to the H magnetic field [62].
In our experiment, this leads to a consistently lower mea-
sured BLS intensity af the —g-BEC compared to the +g-BEC
(see Fig. 3).

4. Processing of experimental data

To obtain the dependencies of the Josephson oscillation’s
frequency on the magnitude of the dc current, the following
experimental data processing was performed. The first step
was to reduce the noise level in the raw experimental data,
which are exemplarily presented in Figs. 2(c) and 2(e). A
bilateral frequency filter, based on the combination of two
Gauss filters, was applied to reach this goal. This type of
filtering provides edge-preserving noise-reducing smoothing
[63]. Secondly, the decay compensation was performed to
avoid the artificial shifting of maxima (Josephson peaks) on
experimentally acquired BLS waveforms [o< |B|? in Eq. (4)]
toward shorter times. For this compensation, we used the
decay constant I' = 2.5 MHz defined from the decrease of the
BLS signal measured for /j. = 0. The obtained waveforms,
which are proportional to |C+|? in Eq. (7 a), are shown in
Figs. 5(a) and 5(b).

The next step was to determine the time positions 7; and
7, of the first and the second Josephson peaks [see Figs. 5(a)
and 5(b)] relative to the moment when the pumping was
turned off and the BEC began to move. First, each of the peaks
was cropped from the bottom at half of its height to reduce the
distortion of the peak shapes due to the overlapping with other
peaks. Afterward, the peak time positions were calculated
as the first moments of the functions representing the upper
peak parts divided by the respective zero moments of these
functions. This approach significantly increases the immunity
of the obtained results to noise-induced random variations in
the peak shapes.

The frequency of the Josephson oscillations for the given
dc current was calculated as the mean value of inverted time
intervals 1/7, 1/(t, — 71), and 2/7,. Considering the increase
of the measurement error for the lowest and largest dc cur-
rents, the linear fit of the frequency dependence [red line in
Fig. 5(d)] was calculated using the weighted least-squares
method.
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