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Twisted two-dimensional bilayers exhibit many intriguing physical phenomena through interlayer twisting
and coupling. Manipulating the “twisted angle” between the two evanescently coupled layers enables the hy-
bridization of polaritons, and the dispersion engineering of polaritons in these structures can be well controlled.
In this paper, we study the near-field radiative heat transfer (NFRHT) between two nanoparticles in the presence
of a bilayered hyperbolic metasurface, which is modeled as two arrays of graphene strips (GSs) in parallel. We
prove that the topological transition of the surface state under different twisted angles [from open (hyperbolic) to
closed (elliptical) contours] has significant effect on NFRHT between nanoparticles. When both the integral and
interlayer twisted angles are adjusted to proper values, the bilayered GS can canalize the energy transmission
channel of the nanoparticles, hence significantly amplifying the NFRHT. A modulation factor beyond five orders
of magnitude is achieved. We also demonstrate that, when the nanoparticles are arranged in different directions
along the twisted bilayered system, NFRHT between nanoparticles can be strongly enhanced or inhibited.
By changing the chemical potential and filling factor of the twisted bilayered GS, NFRHT can be effectively
modulated. This paper reveals a hybridization effect of polaritons on NFRHT between nanoparticles, giving a
degree of freedom (twisted angle) for controlling the heat transfer at the nanoscale with potential for effective
energy management.
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I. INTRODUCTION

The contribution of photon heat tunneling can amplify
near-field radiative heat transfer (NFRHT) by several orders
of magnitude compared with the blackbody limit governed by
the Stefan-Boltzmann law [1–4], especially when the surface
supports both surface phonon polaritons and surface plas-
mon polaritons (SPPs) [5–7]. The enhancement and further
regulation of NFRHT opens the door to various applications
like thermal rectifiers [8], thermal information memory [9],
and near-field thermophotovoltaics [10]. Moreover, the devel-
opment of fabrication of metamaterials results in extensive
studies of the coupling of surface polaritons for NFRHT be-
tween metamaterials in theory, such as hyperbolic polaritons
[11], magnetoplasmon polaritons [12], ellipse polaritons [13],
and nonreciprocal polaritons [14]. Continuous efforts have
been devoted to dominate photon tunneling and modulate
NFRHT.

Merging the concept of bulk hyperbolic metamaterials
and ultrathin metasurfaces has recently led to hyperbolic
and extremely anisotropic σ -near-zero uniaxial metasurfaces
[15–17]. In Ref. [17], authors analyzed the properties of topo-
logical transitions and the associated dramatic enhancement
of light-matter interactions, allowing extreme confinement,
easy access, processing, and radiation in dynamically re-
configurable directions. Recently, thanks to the pioneering
work of Hu et al. [18,19], the hybridization of polaritons
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has been successfully realized in bilayer or heterobilayered
[two-dimensional (2D)] materials, in which one layer rotates
relative to the other, resulting in fine control of the dispersion
engineering of the polaritons. Polaritons in the bilayered sys-
tem are allowed to propagate in both layers and then couple
strongly with each other to form hybridized polariton modes
[20,21]. In this way, electromagnetic wave dynamics inside
the bilayers, which is governed by the isofrequency contour
topology, can be tailored by adjusting the twist angles. Since
the hybridization effect of polaritons can greatly change the
optical performance of the system [22,23], i.e., altering the in-
plane polariton propagations, we expect that the hybridization
of polaritons can affect NFRHT.

A remarkable theoretical effort in this domain has been
devoted to the study of the heat exchange between two or more
nanoparticles [24–28]. The reduced particle size allows one to
perform dipole approximation, where each particle is assumed
to be a point source and interacts with the substrate [29–34].
The calculation can be simplified under this assumption. It has
been shown that locating a metasurface near two nanoparticles
can introduce a channel of propagating surface waves to assist
the heat transfer [29–36]. The deterioration of thermal photon
transport is delayed, especially at a long distance.

Inspired by the hybridization of polaritons, we use a
twisted hyperbolic system, which supports the hybridization
of hyperbolic SPPs (HSPPs), to modulate NFRHT between
two nanoparticles. Specifically, we considered bilayered iden-
tical graphene strips (GS) separated by a dielectric spacer with
a finite thickness. The effective medium theory (EMT) [17,37]
based on the electrostatic method can be used to realize the
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homogenization of these metasurfaces in the subwavelength
approximation (the period is much smaller than the wave-
length L � λ). It is shown that GS can support hyperbolic
polaritons under appropriate structural parameters. Remark-
ably, we theoretically explored the topological transition of
the polaritonic isofrequency curves from an open hyperbola-
like curve to a closed circumferencelike one, giving rise to
strongly directional and diffractionless propagation of hybrid
HSPPs—canalization regime—along one specific in-plane di-
rection and theoretically study the influence of this behavior
on NFRHT between nanoparticles.

This paper is organized as follows. In Sec. II, we introduce
the geometry of our system, provide the Green’s function (GF)
in the presence of the twisted bilayered structure, and give
the expression of the heat transfer coefficient between two
nanoparticles. In. Sec. III, we discuss the optical properties of
twisted bilayered GS and show the phenomenon of topologi-
cal transformation as the interlayer twisted angle increases. In
Sec. IV, we exhibit the modulation of heat transfer between
nanoparticles by modifying the interlayer twisted angle. GF
in the wave vector space and the local density of states in the
spatial space at different interlayer twisted angles are adopted
to understand the underlying physics of the results. In Sec. V,
the coupling strength of nanoparticles along different direc-
tions of the hybrid HSPPs is discussed, and the canalization
of energy transmission induced by the twisted bilayered GS is
studied. Section VI is dedicated to the effects of the filling
factors and the chemical potential. Finally, we give some
concluding remarks in Sec. VII.

II. THEORETICAL ASPECTS

Let us consider a system composed of two nanoparticles
(p1 and p2) and a bilayered identical periodic GS as shown
in Fig. 1(a). The two nanoparticles with radius R are located
above the GS with a particle-GS distance of dZ. The inter-
particle distance between the two nanoparticles is dP. When
dP > 3R and dZ > 4R, we can model dielectric nanoparticles
as simple radiating electric dipoles [11,38]. The GS in each
layer of the bilayered GS has a width of W and an air gap of G
separating adjacent strips. We define bilayered GSs from top
to bottom as GS1 and GS2, separated by a dielectric spacer
with a thickness of dG. Here, α and β are defined perpendicu-
lar to strip directions of the GS1 and the GS2, respectively. We
define α as parallel to the x axis unless otherwise mentioned.
When we twist the GS2 with respect to GS1 by an interlayer
twisted angle of ϕL from 0 ° in Fig. 1(b) to 90 ° in Fig. 1(c),
one can expect that the optical properties of the bilayered GS
can be modulated, hence the NFRHT between nanoparticles.
We assume that the two nanoparticles are always placed along
the α axis unless otherwise mentioned. For simplicity, we as-
sume the background and spacer materials to be vacuum, viz.,
εd = 1. In addition to the theoretical study, we give a possi-
ble experimental realization of our configuration. The system
discussed in this paper consists of the particle and surface;
we thus can draw the experience from NFRHT measurements
between sphere and flat plate which are well researched con-
figurations [7,39–43]. For instance, Narayanaswamy et al.
[42], Shen et al. [7], and Rousseau et al. [43] separately
developed sensitive techniques to measure NFRHT between a

FIG. 1. Schematic of near-field heat transfer between two
nanoparticles (p1 and p2) separated by an interparticle distance of
dP above the bilayered system. The twisted bilayered system is com-
posed of two identical graphene strips (GSs; GS1 and GS2), where W
and G are the strip width and air gap distance, respectively. GS1 and
GS2 are separated by a thin dielectric spacer with a thickness of dG

and a dielectric constant of εd . dZ is the particle-GS distance for the
two nanoparticles. (b) Top view of the particle-GS structure without
twist. (c) Top view of the twisted particle-GS system at an interlayer
twisted angle ϕL of with respect to the α axis.

microsphere and a substrate using the bimaterial atomic force
microscope (AFM) cantilever. We thus could follow their
ideas to develop an experimental setup for our configuration.
The nanoparticles could be attached separately to the tips of
biomaterial AFM cantilevers with ultraviolet (UV) adhesive.
The base of the cantilever, the graphene sheets, the other
particle, and the rest of the apparatus are approximately at
the ambient temperature. Then a laser beam with a weak
laser power is focused on p1 to produce a tiny temperature
increment. The bimaterial cantilever for p2 bends because of a
temperature increase caused by heat transfer between the two
particles. This bending signal is detected interferometrically
using a laser that is focused on the rear side of the cantilever
and then is converted into heat transfer distance curves. In ad-
dition, we notice that the twisted bilayered GS can be realized
experimentally by moiré nanolithography [44–46], which has
the following procedures: First, we can apply multiple UV
exposures through transparent photomasks at different angular
offsets. It enables the massive production of subwavelength
lattices. Interference lithography can also be used to fabricate
moiré patterns without using photomasks, based on interfer-
ence patterns between two or more coherent laser beams for
one-dimensional and 2D moiré patterns.

We note that, by using the experimental methods given
above, p1 and p2 as well as the bilayered structure could be
kept at fixed temperatures T1, T2, and TS , respectively. We
assume that, except for p1 whose temperature is T + �T ,
the temperature of the entire system is fixed at tempera-
ture T (T2 = TS = T ). Under this assumption, p2 only has
energy exchange with p1. When the temperature difference
�T between two nanoparticles tends to zero, the heat transfer
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coefficient h between the two nanoparticles can be deter-
mined. This is the quantity we discuss in this paper, especially
focusing on how the presence of a twisted bilayered GS affects
its change. We noticed that, due to the temperature difference
between p1 and the substrate, p1 will also exchange part of
the heat with the twisted bilayered structure, but this heat
transfer will not affect the energy transferred from p1 to p2.
Therefore, in this paper, the bilayered GS purely acts as a
boundary condition that can directly change the way of heat
exchange between particles in vacuum.

The main point of this paper is to investigate the energy
exchange between the two nanoparticles, and thus, the heat
transfer between bilayered GS and the nanoparticles is not
discussed here. A radiative heat transfer conductance (HTC)
is defined to quantitatively evaluate the heat flux, which can
be expressed in terms of the GF as [33]

h = 4
∫ +∞

0

dω

2π
h̄ωk4

0n′(ω, T )χ2Tr(GG†), (1)

where k0 = ω/c is the wave vector in vacuum and χ (ω) =
Im[α(ω)]−k3

0 |α(ω)|2/6π denotes the electric polarizability of
the particle. In the limit R � δ (where δ is the skin depth of
the given material), the electric polarizabilities of the nanopar-
ticles α are given by the well-known Clausius-Mossotti form
[34,47]: α(ω) = 4πR3{[ε(ω) − 1]/[ε(ω) + 2]}, where ε(ω)
is the dielectric function of the nanoparticles, n′(ω, T ) de-
notes the derivative with respect to T of the Bose-Einstein
distribution n(ω, T ) = [exp(h̄ω/kBT ) − 1]−1 and † denotes
the conjugate transpose. Here, G denotes the dyadic Green’s
tensor of the full system, which is written in terms of Green’s
tensor as G = (I−k4

0α1α2GGT )−1G. It was reported that as-
sistance of surface wave propagation causes a significant
amplification of radiative heat transfer at distances ranging
from near to far field. Note that the two nanoparticles in-
vestigated in Refs. [28,30,32–34] were placed on the same
side of the plate, indicating that heat transfer amplification is
attributed to surface waves reflected from the plate, where the
interface acts as a wave guide. In this case, the interface reflec-
tion contribution plays a significant role in the heat transfer
between nanoparticles. In the presence of a vacuum-material
interface, the GF can be written as [48]

G = G0 + GR, (2)

where G represents the contributions of the vacuum and
the scattering part, accounting for direct particle-particle and
particle-interface-particle channels, respectively. The scatter-
ing part depends on the interface reflections and goes to zero
in the absence of the interface. In the infrared range, the effect
of multireflection between the nanoparticles and the interface
can be neglected. This is due to the existence of a radiative
saturation mechanism for near-field heat exchange in many-
body systems. This saturation arises because of thermalization
of the interacting bodies when the separation dZ between the
nanoparticles and interface is reduced. This mechanism has
been discussed in detail in Ref. [49]. The vacuum contribution
to the GF is given by

G0 = eik0dP

4πk2
0dP

3

⎛
⎝a 0 0

0 b 0
0 0 b

⎞
⎠, (3)

where a = 2−2ik0dP, and b = k2
0d2

P + ik0dP − 1.

The reflecting contribution of the multilayer metasurfaces
to the electric-electric GF GR,EE can be written as [50,51]

GR,EE (ri, r j, ω)

= i

8π2

∫ ∞

−∞
dkx

∫ ∞

−∞
(rssMss+rpsMps + rspMsp + rppMpp)

× exp{i[kx(xi−x j )+ky(yi−y j )]} exp
(
ikz

∣∣dzi+dzj

∣∣)dky,

(4)

where the elements of the matrices M along with the reflection
coefficient in Eq. (4) are given as

Mss = 1

kzk2
ρ

⎛
⎜⎝

k2
y −kxky 0

−kxky k2
x 0

0 0 0

⎞
⎟⎠,

Mpp = kz

k2
0k2

ρ

⎛
⎜⎜⎜⎜⎝

−k2
x −kxky − kxk2

ρ

kz

−kxky −k2
y − kyk2

ρ

kz

kxk2
ρ

kz

kyk2
ρ

kz

k4
ρ

k2
z

⎞
⎟⎟⎟⎟⎠,

Msp = 1

k0k2
ρ

⎛
⎜⎜⎜⎝

−kxky −k2
y − kyk2

ρ

kz

k2
x kxky

kxk2
ρ

kz

0 0 0

⎞
⎟⎟⎟⎠,

Mps = 1

k0k2
ρ

⎛
⎜⎜⎝

kxky −k2
x 0

k2
y −kxky 0

− kyk2
ρ

kz

kxk2
ρ

kz
0

⎞
⎟⎟⎠, (5)

where kρ =
√

k2
x + k2

y and kz =
√

k2
0−k2

x − k2
y are the lateral

and vertical wave vectors, respectively. Here, rab (a, b = s, p)
is the Fresnel reflection coefficient, representing that an in-
coming a-polarized plane wave turns out to be an outgoing
b-polarized wave. The reflection matrix R is a 2 × 2 matrix in
the polarization representation having the form

Rm=
[

rss rsp

rps rpp

]
. (6)

In this paper, the reflection matrix can be obtained using a
modified 4 × 4 transfer matrix method. The details are given
in the Appendix.

III. OPTICAL PROPERTIES OF THE BILAYERED
HYPERBOLIC METASURFACE

We choose nanoparticles made of silicon carbide (SiC),
which is a typical polar dielectric material. The dielectric
function is described using the Drude-Lorentz model [52]:

ε(ω) = ε∞
ω2

L − ω2 − i�ω

ω2
T − ω2 − i�ω

, (7)

with high-frequency dielectric constant ε∞ = 6.7, longitu-
dinal optical frequency ωL = 1.83 × 1014 rad/s, transverse
optical frequency ωT = 1.49 × 1014 rad/s, and damping � =
8.97 × 1011 rad/s. From the electric polarizability, we obtain
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FIG. 2. Effective optical conductivity of graphene strip (GS)
for different filling factors. Here, the unit of the surface con-
ductivity is millisiemens (mS). The orange-shaded region denotes
where sgn(Im[σ eff

xx ]) �= sgn(Im[σ eff
yy ]), where hyperbolic graphene

plasmons are supported.

a SiC nanoparticle resonance ωres corresponding to the condi-
tion ε(ω) + 2 = 0, which gives ωres = 1.756 × 1014 rad/s.

The optical conductivity of the GS can be analytically
obtained using a well-known EMT as [17]

σeff =
[
σ eff

xx 0
0 σ eff

yy

]
=

[ PσGσC
W σC+GσG

0
0 W

P σG

]
, (8)

where σC = −iωε0P/(π ln{csc[0.5π (1− f )]}) is an equiv-
alent conductivity associated with the near-field coupling
between adjacent strips obtained using an electrostatic ap-
proach. Here, P is the grating period equal to W + G, and
f is the filling factor of the grating defined as W/P. This
theory is valid when the strip periodicity P is far less than
the wavelength of the plasmons, i.e., P � λSPPs (∼10 μm at
room temperature). In addition, we note that the accuracy of
the EMT might decrease when the nanoparticles are in the
very near field of the GS. Thus, to guarantee the validity of
the EMT for our calculations, the particle-GS distance dZ

should be several times greater than the strip periodicity. As
detailed in Ref. [11], for P = 20 nm, the EMA predicts the
real heat flux well when dZ � 60 nm. Here, σG is the optical
conductivity of the graphene sheet, and it is given by the well-
known random phase approximation. Following Refs. [53,54],
σG includes the contributions from both the intraband and
interband transitions, i.e., σG = σD + σI, respectively:

σD = i

ω + i
τ

2e2kBT

π h̄2 ln

(
2 cosh

μ

2kBT

)
,

σI = e2

4h̄

[
G

(
h̄ω

2

)
+ i

4h̄ω

π

∫ ∞

0

G(ξ ) − G
(

h̄ω
2

)
(h̄ω)2 − 4ξ 2

dξ

]
. (9)

where G(ξ ) = sinh(ξ/kBT )/[cosh(μ/kBT ) + cosh(ξ/kBT )].
Here, e is the electron charge, h̄ is the reduced Planck con-
stant, μ is the chemical potential of GS, τ is the relaxation
time and is fixed at 10−13 s for all the calculations, kB is the
Boltzmann constant, and ω is the angular frequency. Figure 2
shows the imaginary part of the conductivity of GS at μ =
0.5 eV. The topology of the proposed structure may range

from open (hyperbolic) to closed (elliptical) as a function of
its geometrical parameters and graphene characteristics, as
revealed in Eq. (8). In the hyperbolic regime ( f < 0.936),
GS behaves as a metal (Im[σ eff

yy ] > 0) along one direction
and as a dielectric (Im[σ eff

xx ] < 0) along the orthogonal one.
The hyperbolic dispersion exhibited by GS in the hyperbolic
region forces the HSPPs to propagate in the collimated direc-
tion. In turn, this feature provides an opportunity to adjust the
evanescent coupling between two closely spaced GS. When
both conductivity components have positive imaginary parts
( f > 0.936), i.e., Im[σ eff

xx ] > 0 and Im[σ eff
yy ] > 0, elliptical

anisotropic (0.936 < f < 1.0) and circular isotropic ( f = 1.0)
topologies can be achieved, thus supporting the induction
surface for plasmon propagation in all directions. In this case,
the energy is mainly focused in the direction with the lower
imaginary conductivity component.

To provide further insight into the optical characteris-
tics of the twisted bilayered GS, Figs. 3(b)–3(e) show the
imaginary part of the TM reflection coefficient, viz., Im[rpp]
at the nanoparticle resonance frequency of ωres = 1.756 ×
1014 rad/s for the twisted bilayered structure with the inter-
layer twisted angles ϕL 0 °, 30 °, 60 °, and 90 °. The parameters
of the GS are set as f = 0.5, dG = 10 nm, and μ = 0.5 eV.
For comparison, we also show the case with bilayered un-
patterned graphene sheets by setting f = 1, as depicted in
Fig. 3(a). The dispersion relation curves obtained by Eq. (A8)
are also denoted in the contour. We can see that the dis-
persion curves match well with the resonance region in the
rpp contour. This means that the hybrid SPP dispersion re-
lations for the twisted bilayered system are well predicted
by the reflection coefficients. When ϕL is 0 °, we noticed
that the hybrid HSPPs associated with GS1 and GS2 can
interact with each other, resulting in two dispersion curves
in a higher wave vector region (symmetric dispersion) and
a smaller wave vector region (antisymmetric dispersion). As
ϕL increases, the contour of the reflection coefficient exhibits
from an open hyperbolalike to a closed circumferencelike
pattern, experiencing a topological transition. The change
of the hybrid HSPP propagation is attributed to polaritonic
coupling between GS1 and GS2 in the twisted stack, giving
rise to polaritonic propagation regimes, in comparison with
monolayer GS. Note that, when f = 1, rpp exhibits a circular
topology, which indicates the isotropic propagation of SPPs
in the bilayered graphene sheets, as shown in Fig. 3(a). Based
on the above discussion, we can expect that the topology
transition effect generated by an interlayer twist would have
a great impact on NFRHT between the two nanoparticles.

IV. EFFECT OF HYBRID HSPPs ON HEAT TRANSFER
BETWEEN NANOPARTICLES

To explore the effect of hybrid HSPPs on heat transfer
at different interlayer twisted angles, in Fig. 4, we calculate
the total HTC h as a function of interlayer twisted angle
at a temperature of 300 K. The curves with different colors
represent the result for different filling factors. The parameters
of the bilayered GS are the same as Fig. 3. We place two
nanoparticles at 60 nm above GS1, and the nanoparticles are
placed along the α axis with a large interparticle distance of
dP = 1 μm between them.
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FIG. 3. Twist-induced topological transition of hyperbolic surface plasmon polaritons (HSPPs). (a)–(e) The upper panel shows the formed
twisted fringe patterns of the twisted bilayered system. The bottom panel shows the corresponding contours of the imaginary part of the
reflection coefficient, viz., Im[rpp], in the wave vector space at a frequency of ωres = 1.756 × 1014 rad/s. The parameters are set as dG = 10 nm,
μ = 0.5 eV, W = 10 nm, f = 0.5, and εd = 1.

We can see that, in most cases, compared with the vacuum
case, the presence of GS significantly amplifies h between
nanoparticles, but in most cases, it is smaller than that in the
presence of the bilayered unpatterned graphene sheets, which
is shown by the orange dot-and-dash line in Fig. 4. We em-
phasize that when two nanoparticles are brought in proximity
to the surface, due to the excitation of hybrid HSPPs, the
amplification in h is mainly due to the enhancement of the
electromagnetic field on the GS. The hybrid HSPPs propagate
along the surface and couple with the free-space propagat-
ing waves emitted by the nanoparticles, thus providing an

FIG. 4. Total normalized heat transfer conductance (HTC) h with
respect to the interlayer twisted angle ϕL for different filling factors
f . Normalization factor is the total HTC h0 between nanoparticles
without surface. The gray and orange dash-dot lines correspond to
results in the case of vacuum and bilayered unpatterned graphene
sheets. The SiC nanoparticles with an interparticle distance of dP =
1 μm are placed at a particle-surface distance of dZ = 60 nm above
the twisted bilayered graphene strip (GS). The chemical potential of
the GS is fixed at 0.5 eV.

additional channel for energy transmission between nanopar-
ticles. In addition, we noted that HTC is smaller than that
in vacuum when ϕL is at specific angles. This is because
the bilayered GS can couple and guide the free-space waves
emitted by nanoparticles, and the propagation direction of
free-space waves can be effectively controlled through an in-
terlayer twist. When the direction of nanoparticle arrangement
does not match with the direction of free-space waves, HTC
will be suppressed, even less than that in the case of vacuum
[38].

Note that the total HTC is the integration of the spectral
HTC by the relation of h = ∫ ∞

0 h(ω)dω. Figure 5(a) gives the
spectral HTC h(ωres) at the nanoparticle resonance of ωres =
1.756 × 1014 rad/s for the geometries, as shown in Fig. 1(a).
We see that the trends of h(ωres) are almost the same as those
for the total HTC. The distributions of the spectral HTC h(ω)
vs the frequency and the interlayer twist of GS2 are presented
in Figs. 5(b) and 5(c), respectively. It is observed that the
brightest regions emerge at the nanoparticle resonance for all
cases, which indicates that the HTC for SiC nanoparticles is
dominated at the nanoparticle resonance. This is consistent
with the results of previous work [30,31]. Moreover, we see
that with increasing interlayer twisted angle, h(ω) shows a
higher value around resonance frequency ranges. In a larger
range of ϕL, spectral HTC for the case of bilayered unpat-
terned graphene sheets is larger than that of the bilayered GS.
With further increasing ϕL to a value approaching 90 °, the
value and range of the bright region of h(ω) above the bilay-
ered GS are larger than that above the bilayered unpatterned
graphene sheets, as shown in Figs. 5(b) and 5(c), which makes
the HTC for the case of GS larger than that of unpatterned
graphene sheets, as depicted in Fig. 5(a). To focus on the
physical phenomenon and save the computation resources, we
only calculate the spectral HTC at ωres in the following.

Figure 5 shows that, when the interlayer twisted angle is
small, i.e., 0 °, h(ωres) increases as the filling factor increases.
To further understand this phenomenon, we plot the dispersion
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FIG. 5. (a) The spectral normalized heat transfer conductance (HTC) h(ωres ) at ωres = 1.756 × 1014 rad/s with respect to the interlayer
twisted angle ϕL for different filling factors f , normalized by the spectral HTC h(ωres )0 between nanoparticles without surface. The distributions
of the spectral HTC vs the frequency and the interlayer twist for (b) the bilayered unpatterned graphene sheets and (c) the bilayered graphene
strip (GS).

curve of the bilayered GS at different filling factors without
twist (ϕL = 0◦) in Figs. 6(a) and 6(b). We notice that, when
f < 0.936, the dispersion curve presents a hyperbolic topol-
ogy (open), and as f increases, the large contrast between
Im[σ eff

xx ] and Im[σ eff
yy ] makes the propagation of hybrid HSPPs

more directional, and the symmetrical dispersion shrinks in
the range of the wave vector. When f is low, the propagation
distance of the large wave vector supported by symmetrical
dispersion is very short, which makes it quickly dissipate.
As f increases, the range of the wave vector supported by
symmetrical dispersion decreases so that it can support heat

FIG. 6. The dispersion relations of the twisted bilayered
graphene strip (GS) for different filling factors in the wave vector
space at the interlayer twisted angle of (a) and (b) ϕL = 0◦ and (c)
and (d) ϕL = 90◦ at ωres = 1.756 × 1014 rad/s. The parameters are
dG = 10 nm, μ = 0.5 eV, W = 10 nm, f = 0.5, and εd = 1.

transfer between nanoparticles. This explains that, in the
absence of an interlayer twist, the h(ωres) of nanoparticles
increases as f increases, as observed in Fig. 5. When f >

0.936, since sgn(Im[σ eff
xx ]) = sgn(Im[σ eff

yy ]), the dispersion
curves present an elliptical topology (closed); especially when
f = 1.0, a circular topology is achieved. When f < 0.936,
as the filling factors increase, the contrast between Im[σ eff

xx ]
and Im[σ eff

yy ] increases, and the collimation and canalization
of energy transmission become stronger. Since the nanoparti-
cles are arranged perpendicular to the canalization direction,
the heat transfer enhancement between the nanoparticles is
negligible. When f > 0.936, especially when f = 1.0, the
bilayered system supports the propagation of hybrid SPPs
along the nanoparticle direction. At this time, the energy trans-
mission between the two particles is significantly enhanced,
which also explains the phenomenon that the h(ωres) reaches
the maximum value as f = 1.0. When ϕL is large, especially
at 90 °, h(ωres) shows nearly four orders of magnitude en-
hancement compared with the case without a surface and
even exceeds that of the case with the bilayered graphene
sheets, as shown in Fig. 5. This can also be understood by
the dispersion relationships obtained by Eq. (A8) as indicated
in Figs. 6(c) and 6(d). It is shown that the dispersion curve
shows a closed circumferencelike topology, which means that
the propagation direction of hybrid HSPPs is no longer limited
to the y direction, indicating a channel for the propagation of
SPPs. Like that of the nontwisting case, when f increases,
the system can support larger wave vector propagation, which
gives rise to the increase in h(ωres), as shown in Fig. 5.

To illustrate the modulation effect of hybrid HSPPs
induced by an interlayer twist on NFRHT between nanoparti-
cles, two kinds of contours maps are shown in Figs. 7(a)–7(j)
at ωres. Figures 7(a)–7(e) show the real part of the reflected
GF Re[GR (1, 1)] in the wave vector space in the case with
the bilayered unpatterned graphene sheets or GS with inter-
layer twisted angles of 0 °, 30 °, 60 °, and 90 °, respectively.
We observe that hybrid HSPPs are excited exactly at the
dispersion curves. In the isotropic elliptical case (Fig. 7(a),
Im[σ eff

xx ] = Im[σ eff
yy ]), the hybrid SPPs equally propagate in

all directions along the surface, while in the hyperbolic case
(Fig. 7(b), Im[σ eff

yy ] � Im[σ eff
xx ]), energy is strongly confined
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FIG. 7. (a)–(e) Wave vector contours of the real part of the first component of the reflected Green’s function (GF) Re[GR(1, 1)] for the
case with unpatterned bilayered graphene sheets and bilayered graphene strips (GSs) at different interlayer twisted angles. Black dashed lines
represent the polariton wave vectors, and red solid lines denote the group velocity directions. (f)–(j) Spatial contours of the electric field
energy density Ue at dZ = 60 nm corresponding to the cases in (a)–(e) at ωres = 1.756 × 1014 rad/s. In the upper panel, the blue dashed lines
correspond to the isofrequency curves. For the bottom panel, the temperatures of the left and right nanoparticles are kept at 300 and 0 K,
respectively. The green dashed arrow indicates the direction of maximum energy density. The parameters for these plots are dG = 10 nm,
μ = 0.5 eV, f = 0.5, and εd = 1.0.

in specific directions. It has also clearly explained the topo-
logical transformation brought by the bilayered GS and the
interlayer twist, thereby changing the propagation character-
istics of the hybrid HSPPs, which confirms our qualitative
discussions above.

Here, we adopt the graphical method from Refs. [19,38]
to plot the directions of the group velocities (	vg = ∇	kω) in
Figs. 7(a)–7(e). The black dashed lines represent the polariton
wave vectors, while the red solid lines denote the directions
of the group velocity. We notice that the direction of the
group velocity coincides with the direction of the strongest
energy transfer of the nanoparticles, viz., the direction of the
green dashed arrow in Figs. 7(f)–7(j). This is consistent with
Refs. [19,38]. One can expect to have a large HTC when the
interparticle axis is aligned with the direction of the group
velocity. We observe that, for the bilayered graphene and the
bilayered GS system with an interlayer twisted angle of 90 °,
the direction of group velocity is the same as the interpar-
ticle axis, thus greatly enhancing the heat transfer between
the nanoparticles. For bilayered graphene sheets, the group
velocity direction is distributed in all directions, while for
the bilayered GS with an interlayer twisted angle of 90 °,
the group velocity is mainly distributed along two orthogonal
directions, as shown by the red solid arrow in Fig. 7(e). This
makes the energy transmission path of p1 tightly bunched in
two directions, resulting in the heat transfer between nanopar-
ticles at this time larger than that of the bilayered graphene
sheets. For the bilayered GS at interlayer twisted angles such
as 0 ° and 30 °, the enhancement of heat transfer between
nanoparticles is not obvious because the group velocity di-
rection does not match the interparticle axis. In addition,
the different directions of group velocities lead to the strong
transmission of energy along multiple directions. Near the
interlayer twisted angle of ϕL = 60◦, hybrid HSPPs are highly

collimated, directive and diffractionless, as expected in the
canalization regime with nearly fixed group velocity direc-
tions. Canalization supported by such band structure opens
exciting opportunities for radiative energy transfer and en-
hanced local density of states.

Figures 7(f)–7(j) display the spatial distributions of
the radiated electric field energy density obtained from
[32]: Ue(r,ω) = (2ε2

0/πω)
∑

j χ j�(ω, Tj )Tr[Qr jQ∗
r j], where

Qr j = ω2μ0(Gr j
0 + Gr j

R )G and �(ω, Tj ) = h̄ωn(ω, T ) is the
mean energy of the Planck oscillator at temperature T. We
see that the case with the bilayered unpatterned graphene
sheets exhibits much more homogeneous and evenly distribute
energy in all directions, as sketched in Fig. 7(f). However, the
presence of bilayered GS greatly modifies the energy distri-
bution in the physical space, thus showing a unique inhomo-
geneity. In the case of bilayered GS without a twist, the higher
energy density tends to be distributed along the green arrow, as
shown in Fig. 7(g), which coincides with the direction of the
bright band of GF in Fig. 7(b). We see that the energy emitted
by p1 is limited to some specific directions, which indicates
that the collimation and channelization of energy transmission
can be achieved by the bilayered GS. Owing to the mismatch
between the connecting line between nanoparticles and the
energy transmission direction, few SPPs directly make contri-
bution to the heat transfer between the two nanoparticles. As a
result, the enhancement of h(ωres) between the nanoparticles
is weak. The above findings indicate that, for the bilayered
GS, the particle energy is not transmitted most strongly along
the strip direction but at a small angle. This direction corre-
sponds to the bright area in the GF contour. This finding is
consistent with the results in Refs. [18,19]. As the interlayer
twisted angle increases, we notice that the angle between
the green arrows gradually decreases. Especially for ϕL =
60◦, the isofrequency curve of the hybrid HSPPs undergoes
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FIG. 8. (a) The spectral normalized heat transfer conductance (HTC) h(ωres ) with respect to the interparticle distance dP for different
interlayer twisted angle ϕL. (b) The spectral HTC h(ωres ) with respect to the interlayer twisted angle ϕL for different particle-interface distance
dZ. The normalization factor is the spectral HTC h(ωres )0 between nanoparticles without surface. The parameters for these plots are dG =
10 nm, μ = 0.5 eV, f = 0.5, ω = ωres, and εd = 1.0.

a topological transition. The propagation of hybrid HSPPs
is strongly guided (canalization regime) along a specific
direction without geometric spreading, and the energy trans-
mission channel of p1 is extremely limited, showing complete
collimation and unidirectional canalization, as depicted in
Fig. 7(i). However, since the energy transmission direction is
not aligned with the x axis, the h(ωres) between p1 and p2 is
still relatively small, while compared with a smaller interlayer
twisted angle, i.e., 0 ° and 30 °, more energy is transferred to
the p2 for ϕL = 60◦. When the interlayer twisted angle is fur-
ther increased, viz., 90 °, GS1 and GS2 are arranged orthogo-
nally. We observe that the canalization effect of energy trans-
mission disappears, and a direct propagation of the hybrid
HSPPs along the x axis is established, hence a large energy
density distributed along the x axis. These physics give an in-
terpretation for the effect of the topological transition induced
by the interlayer twist on h(ωres) between nanoparticles, as
shown in Fig. 5. The topology transition of the hybrid HSPPs
can entail a dramatic increase in the local density of states.
Nevertheless, due to the weak coupling SPPs between adja-
cent GS with a small filling factor, this enhancement of h(ωres)
cannot be achieved at any twisted angle, i.e., f = 0.2 in Fig. 5.

We now address the question of the dependence of the HTC
on the distances. We stress that there are two distances in
our configuration, viz., the interparticle distance dP and the
particle-surface distance dZ. It is expected that the first dis-
tance dP is a relevant parameter to highlight the propagation
characteristics of the hybrid HSPPs along the surface. Since
the surface waves are evanescent waves with amplitudes de-
creasing away from the interface on a scale of one wavelength,
we thus expect that the dependence of the second distance
dZ could be used to elucidate the tunneling effects in our
configuration.

The results of h(ωres) with respect to the first distance dP

are presented in Fig. 8(a). We plot the normalized h(ωres)
[where normalized factor is the h(ωres) between the two
nanoparticles without the surface] as a function of dP. The
nonmonotonous characteristics are observed in these curves,
indicating that a maximum HTC can be obtained at a spe-
cific interparticle distance. For instance, h(ωres) reaches a

maximum value at dP = 1.70 μm for ϕL = 90◦ and at dP =
0.36 μm for ϕL = 60◦.

Now we turn our attention to elucidate the effect of the
second distance dZ. Figure 8(b) shows the normalized spectral
HTC at ωres. We see that an enhancement of more than three
orders of magnitude is achieved in the near field. As dZ in-
creases from near to far field, due to the decreasing amplitude
of the tunneling evanescent waves, the heat fluxes converge
to the one in the absence of the surface. The enhancement or
suppression of heat transfer provided by the bilayered GS is
negligible in the far field.

We adopt the propagation length and decay length to
interpret the above trends observed in Fig. 8. The propaga-
tion length of the hybrid HSPPs, viz., L = 1/Im(K ), can be
comparable with one or several wavelengths. Here, K is the
resonant parallel wave vector, determined by the dispersion
relations of the surface. Based on the physical meaning of
L, we can thus expect that, in the range of dP < L, the
hybrid HSPPs excited by p1 could propagate to the position
below p2 with a big amplitude, subsequently tunneling into
it. However, we can expect that, since the supported hybrid
HSPPs are anisotropic, the propagation length of the SPPs
supported by the bilayered GS varies with the directions. We
find L by calculating the dispersion relations of the bilayered
GS. In Fig. 9(a), we give the definition of the propagation
direction of the hybrid HSPPs excited φPL directional wave.
The results at ωres for the bilayered twisted system at different
directions φPL are presented in Fig. 9(b). Not surprisingly, we
see that the propagation length is valid only at a limited range
of directions. A comparison between Figs. 8(a) and 9(b) gives
the fact that the maximum HTC at an interparticle distance dP

can be approximately consistent with the propagation length
of the hybrid HSPPs modes. For instance, for ϕL = 90◦, the
polariton propagation length along the interparticle axis is
1.61 μm. We thus observe a peak value at dP ≈ 1.70 μm on
the curve for ϕL = 90◦, as shown in Fig. 8(a), while interpret-
ing the trend as shown in Fig. 8(b), we plot in Fig. 9(c) the
SPP decay length δ = 1/Im(kz ) at ωres in the direction per-
pendicular to the bilayered system in the vacuum. We see that
the decay length curves exhibit the same trends as those of the
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FIG. 9. (a) Definition of the propagation direction of the hybrid hyperbolic surface plasmon polaritons (HSPPs) excited at an angle of ϕPL.
(b) Propagation length of the hybrid HSPPs along the surface at ωres calculated from L = 1/Im(K ) in different directions. (c) Decay length
of the hybrid HSPPs along the z direction at ωres calculated from δ = 1/Im(kz ) in different directions. The parameters for these plots are
dG = 10 nm, μ = 0.5 eV, f = 0.5, and εd = 1.0.

propagation lengths in Fig. 9(b). Thus, as shown in Fig. 8(b),
when ϕL = 90◦ and dZ is small, the heat transfer between
nanoparticles shows a significant enhancement. However,
when dZ increases to a larger value, i.e., dZ = 100 nm, the heat
transfer enhancement of nanoparticles is negligible.

V. COMBINED EFFECT OF INTERLAYER TWIST
AND INTEGRAL TWIST

Up to now, we have discussed only the case that the α

axis is coincident with the x axis. We note that, under dif-
ferent arrangement directions of the bilayered GS, due to the
anisotropic SPPs induced by the hybrid HSPPs, the interaction
between the nanoparticles and the bilayered GS exhibits a
huge difference. We can thus expect that a significant impact
on NFRHT between the nanoparticles can be achieved. As
shown in Fig. 10, we keep the positions of the nanoparticles
unchanged while we do two kinds of rotation operations on
the bilayered GS. We give the GS1 a twisted angle ϕB with
respect to the x axis, which we name the integral twisted angle
of the bilayered GS, and then rotate the GS2 relative to GS1 at
an interlayer twisted angle of ϕL. The other parameters are the
same as those used in Fig. 10. We define the modulation ratio
as η(φ) = h(ω)φ/h(ω)0, which is a parameter for measuring
modulation effect. It has been found that, when two nanopar-
ticles are placed on monolayer graphene with a magnetic field
applied on it, the HTC between nanoparticles can be regulated
within a range of two orders of magnitude [35]. In addition,
when the nanoparticles are placed on the hBN plate, the HTC
between the nanoparticles can be regulated within a range of
more than three orders of magnitude by twisting the optical
axis of the hBN [38].

In Fig. 11, we show the ratio η between the spectral
conductance h(ωres) of the configuration in the presence of
bilayered GS and the one in the presence of bilayered unpat-
terned graphene sheets with different interlayer twisted angle
ϕL (0 °–90 °) and integral twisted angle ϕB (0 °–180 °) at an
interparticle distance of 0.5 or 1.0 μm. The green dashed
line corresponds to the maximum η for different ϕL. We

notice that, under different interlayer twist conditions, the
maximum value of η appears near an integral twisted angle of
60 °. Moreover, we also find that, under the combined effect
of interlayer and integral twist conditions, the coupling of
nanoparticles with hybrid HSPPs in different directions shows
huge differences. The heat transfer between nanoparticles can
be regulated within a range of five orders of magnitude and
can be either higher or much lower than that of the bilayered
unpatterned graphene sheets. We also notice that, with the
increase of the interparticle distance, the enhancement range
of the hybrid HSPPs on the nanoparticles is more significant.

To interpret the underlying physics of the effect of the
combined twist on NFRHT between nanoparticles, we show

FIG. 10. Schematic of near-field radiative heat transfer (NFRHT)
between two nanoparticles separated by an interparticle distance of
dP above the twisted bilayered system. ϕB and ϕL denote the integral
twisted angle of the bilayered graphene strip (GS) relative to the
two nanoparticles, and the interlayer twisted angle of GS2 relative
to GS1, respectively. The twist of the GS is executed clockwise. The
connecting line between nanoparticles p1−p2 is aligned with the x
axis.
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FIG. 11. The ratio between the spectral conductance h(ωres ) of the configuration in the presence of bilayered graphene strip (GS) and the
one in the presence of bilayered graphene as a function of integral twisted angle ϕB and interlayer twisted angle ϕL at an interparticle distance
of (a) 0.5 μm and (b) 1.0 μm. The green dashed line corresponds to the maximum spectral conductance at different ϕB and ϕL. The parameters
are set as dZ = 60 nm, dG = 10 nm, μ = 0.5 eV, f = 0.5, and εd = 1.

in Figs. 12(a)–12(h) the spatial distributions of the electric
field energy density for several cases with different twisted
arrangements of (ϕL, ϕB). The strongest transmission along
the two specific directions is shown by the green arrow in the
Fig. 12. We first consider the case where there is no interlayer
twist (ϕL = 0◦), which means that GS1 and GS2 twist syn-
chronously with respect to the nanoparticles. We see that the
energy transmission path presents a hyperbolic topology. With
the increase of the ϕB, the direction of high energy density
gradually approaches the particle arrangement direction and
almost coincides with the line of p1−p2 at ϕB = 60◦, where
the energy density of p2 reaches its peak. As ϕB further in-
creases, the green arrow direction will move away from the
line of p1−p2; hence, a decrease in the energy density of

p2 is observed. This is consistent with the results shown in
Fig. 11. For the case of ϕL = 60◦ in the lower panel of Fig. 12,
we observe that the energy transmission channel is extremely
confined, showing complete collimation and unidirectional
canalization. The strongest energy is directed toward one spe-
cific direction denoted by the green arrow. When ϕB = 0◦, the
energy canalization direction does not match the connecting
line p1−p2. With the increase of ϕB, the canalization direction
and the connecting line p1−p2 get closer. Especially when
the green arrow is aligned with the x axis at ϕB = 60◦, the
energy density of p2 reaches the maximum. We can thus
conclude that the combination of interlayer twist and integral
twist of the GS can make the energy transmission converge in
a specific direction to achieve the canalization of the energy

FIG. 12. The spatial contours of the electric field energy density Ue of the bilayered graphene strip (GS) at ωres = 1.756 × 1014 rad/s under
different interlayer twisted angles and integral twisted angles, viz., (ϕL, ϕB). The parameters are set as dZ = 60 nm, dG = 10 nm, μ = 0.5 eV,
f = 0.5, and εd = 1.
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FIG. 13. The ratio between the spectral conductance h(ωres ) of
the configuration in the presence of bilayered graphene strip (GS)
and the one in the presence of bilayered graphene as a function of
the filling factor f and the chemical potential μ of the bilayered GS
at an interparticle distance of 1.0 μm. The parameters are set as ϕL =
ϕB = 60◦, dZ = 60 nm, dG = 10 nm, and εd = 1.

transmission. Based on this fact, we can then flexibly enhance
or suppress NFRHT between nanoparticles.

VI. EFFECT OF CHEMICAL POTENTIAL

It is well known that the chemical potential μ is an ad-
justable parameter allowing us to tune the optical properties of
GS actively. There are several ways to modulate the chemical
potential, such as using gates that can be placed far away
from the grating system so as not to affect heat transfer or
using nitric acid for chemical doping [55,56]. We expect
that, by modulating μ of the GS, the NFRHT between the
nanoparticles will be affected effectively. In the following cal-
culations, the twisted angles of GS are chosen as (ϕL, ϕB) =
(60◦, 60◦), and the other parameters are the same as those used
in Fig. 5.

To visualize the influence of μ, we plot the contour map
of η as a function of μ and f in Fig. 13. We see that, with a
small value of f , the influence of μ on h(ωres) is negligible.
When f is large, viz., 0.1< f < 0.936, we observe that, as μ

increases, the η climbs and reaches the maximum value and
then decreases, and when f is ∼0.936, there is an abruption
of h(ωres). This is because when f > 0.936, the optical con-
ductivity of GS has a sudden change, as shown in Fig. 2, and
the propagation characteristics of hybrid HSPPs on it change
greatly.

Figure 14 shows the real part of the first part of the GF
and dispersion relations with a filling factor of 0.5 for dif-
ferent chemical potentials. We can see that, in the case of a
small chemical potential of μ = 0.2 eV, the value of GF is
much smaller than that of a large chemical potential. Under
the condition of a large chemical potential, as the chemical
potential further increases, the dispersion curves dominated
by the antisymmetric dispersion shrink inward and support
low-k modes, which also leads to the decrease of h(ωres).

VII. CONCLUSIONS

This paper presented the modification of NFRHT between
two nanoparticles when a twisted bilayered GS system sup-
porting hybrid HSPPs is placed nearby. The role of the
propagation of hybrid HSPPs supported on a twisted bilayered
structure composed of two GS on the heat transfer between
nanoparticles is identified. As the interlayer twisted angle
between the two GS increases, the surface state of the twisted
bilayered system gradually changes from an open (hyperbolic)
profile to a closed (elliptical) profile. With the emergence
of the topological transformation of the hybrid HSPPs, the
surface state becomes more intensive, leading to an enhance-
ment in the NFRHT between the nanoparticles. Especially
when the interlayer twisted angle is 60 °, the hybridization of
the HSPPs enables a complete collimation and unidirectional
canalization of the energy transmission. By introducing an in-
tegral twisted angle of the bilayered GS, the strong anisotropy
of surface plasmons propagating on twisted bilayered GS
has been uncovered, and the couple between the energy of
nanoparticles and hybrid HSPPs in different directions has
been noticed. Furthermore, with the combined modulation of
the interlayer and the integral twisted angles, five orders of
magnitude control of NFRHT between nanoparticles can be
achieved. Finally, we find that the chemical potential of the
GS can be adjusted to effectively modulate the heat transfer in
a large range. This paper represents a first step study of twisted

FIG. 14. Wave vector contours of the real part of the first component of the reflected Green’s function (GF) Re[GR (1, 1)] at a chemical
potential of (a) 0.2 eV, (b) 0.5 eV, (c) 0.7 eV, and (d) 1.0 eV. The blue dashed line corresponds to the dispersion relations of the hybrid
hyperbolic surface plasmon polaritons (HSPPs). The parameters are set as dG = 10 nm, dZ = 60 nm, and f = 0.5.
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physics-mediated energy exchange and provides a hybridiza-
tion effect of polaritons on NFRHT between nanoparticles.
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APPENDIX A: THE REFLECTION MATRIX OF THE
BILAYERED ANISOTROPIC METASURFACES

A generalized 4 × 4 T-matrix formalism for arbitrary
anisotropic 2D layers is adopted to obtain the reflection matrix
in our calculations. Let us firstly consider a single anisotropic
metasurface at the interface between two semi-infinite media
with refractive indexes of n1 = √

ε1μ1 and n2 = √
ε2μ2.

Within the homogenization approach, the electromagnetic
(EM) response of the metasurface, in general, can be
described by a fully populated conductivity tensor σ̂

′′
in the

wave vector space [37,54]:

σ̂
′′ =

(
σ ′′

xx σ ′′
xy

σ ′′
yx σ ′′

yy

)
= 1

k2

[
k2

x σxx + k2
y σyy + kxky(σxy + σyx ) k2

x σxy − k2
y σyx + kxky(σyy − σxx )

k2
x σyx − k2

y σxy + kxky(σyy − σxx ) k2
x σyy + k2

y σxx − kxky(σxy + σyx )

]
. (A1)

Under the combined effect of the interlayer twisted
angle ϕL and integral twisted angle ϕB, the anisotropic
conductivity with respect to the unit vector of kρ is

given by R′σ̂
′′
R, where R′ = [ cos(ϕL+ϕB ) sin(ϕL+ϕB )

− sin(ϕL+ϕB ) cos(ϕL+ϕB )
] and

R = [cos(ϕL+ϕB ) − sin(ϕL+ϕB )
sin(ϕL+ϕB ) cos(ϕL+ϕB )

]. Note that we do two kinds of

clockwise rotation operations on the bilayered GS while keep-
ing the position of the nanoparticles unchanged. Following
Refs. [57–59], let us write the EM fields of the s-polarized
transverse electric (TE) and p-polarized transverse magnetic
(TM) components of the EM wave separately and then mix
them with the nondiagonal response of the metasurface. The s
waves with the electric field perpendicular to the plane of inci-
dence possess the EM field components Es = {0, Ey, 0}, Hs =
{Hx, 0, Hz}. For the p waves, with the magnetic field perpen-
dicular to the plane of incidence, the EM field components are
Ep = {Ex, 0, Ez}, Hp = {0, Hy, 0}. Substituting the boundary
conditions of s and p waves at the metasurface, one obtains the
4 × 4 T-matrix, which gives the relation between all the elec-
tric field components in the media above and below the meta-
surface [60–62]:⎛
⎜⎜⎜⎝

H+
p1

H−
p1

E+
s1

E−
s1

⎞
⎟⎟⎟⎠ = T̂1→2

⎛
⎜⎜⎜⎝

H+
p2

H−
p2

E+
s2

E−
s2

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

T11 T12 T13 T14

T21 T22 T23 T24

T31 T32 T33 T34

T41 T42 T43 T44

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

H+
p2

H−
p2

E+
s2

E−
s2

⎞
⎟⎟⎟⎠.

(A2)

Here, the signs of + and − represent forward and backward
waves, respectively. Also, T̂1→2 can be defined as

T̂1→2 = 1

2

⎡
⎣ kz2

ε2

(
P++

12 P−+
12

P−−
12 P+−

12

) √
μ0
ε0

σ ′′
xy

(1 1
1 1

)
√

μ0
ε0

kz2μ1
kz1ε2

σ ′′
yx

( 1 −1
−1 1

)
μ1
kz1

(
S++

12 S−+
12

S−−
12 S+−

12

)
⎤
⎦, (A3)

where the p-wave components are

P++
12 = ε1

kz1
+ ε2

kz2
+ σ ′′

xx

ωε0
, P−+

12 = − ε1

kz1
+ ε2

kz2
− σ ′′

xx

ωε0
,

P−−
12 = − ε1

kz1
+ ε2

kz2
+ σ ′′

xx

ωε0
, P+−

12 = ε1

kz1
+ ε2

kz2
− σ ′′

xx

ωε0
,

(A4)

and the s-wave components are given by

S++
12 = kz1

μ1
+ kz2

μ2
+ ωμ0σ

′′
yy, S−+

12 = kz1

μ1
− kz2

μ2
+ ωμ0σ

′′
yy,

S−−
12 = kz1

μ1
− kz2

μ2
− ωμ0σ

′′
yy, S+−

12 = kz1

μ1
+ kz2

μ2
− ωμ0σ

′′
yy.

(A5)

For the monolayer anisotropic metasurface, the reflection
matrix Rm is defined and expressed in terms of the T-matrix
elements as follows [63]:

rpp = T21T33 − T23T31

T11T33 − T13T31
, rps = T41T33 − T43T31

T11T33 − T13T31
,

rsp = T11T23 − T13T21

T11T33 − T13T31
, rss = T11T43 − T13T41

T11T33 − T13T31
. (A6)

The formalism developed above can be easily general-
ized for an arbitrary number of layers by multiplying the
T-matrices corresponding to each layer. For a bilayered meta-
surface with an effective conductivity tensor of σ̂ ′′

i (i = 1, 2),
the total T-matrix is given by T̂1→N=T̂1→2T̂d1 T̂2→3, where
T̂2→3 is obtained from T̂1→2 by replacing media ε1,2 with
ε2,3 T̂d1 is the T matrix for a wave propagating through the
interlayers (media between two adjacent 2D layers) with a
corresponding thickness of dG:

T̂d1 =

⎛
⎜⎜⎝

e−ikz1dG 0 0 0
0 eikz1dG 0 0
0 0 e−ikz1dG 0
0 0 0 eikz1dG

⎞
⎟⎟⎠. (A7)

The dispersion of coupled hybrid HSPPs can be obtained
as zeros of the denominator of the reflection coefficients:

T11T33 − T13T31 = 0. (A8)

The T-matrix allows us to obtain all necessary characteris-
tics (the reflection and the dispersion relation) using general
Eqs. (A2)–(A7).
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