PHYSICAL REVIEW B 104, 125123 (2021)

Fluctuation effects at the onset of 2k density wave order with two pairs of hot spots
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We analyze quantum fluctuation effects at the onset of charge or spin-density wave order in two-dimensional
metals with an incommensurate nesting (2kr) wave vector connecting two pairs of hot spots on the Fermi
surface. We first compute the momentum and frequency dependence of the fermion self-energy near the hot
spots to leading order in a perturbation expansion (one loop). Non-Fermi liquid behavior with a linear (in
energy) quasiparticle decay rate and a logarithmically vanishing quasiparticle weight is obtained. The momentum
dependence of the self-energy entails only finite renormalizations of the Fermi velocity and the Fermi-surface
curvature at the hot spots. The perturbative one-loop result is not self-consistent and casts doubt on the stability of

the 2kr quantum critical point. We construct a self-consistent solution of the one-loop equations with self-energy
feedback, where the quantum critical point is stabilized rather than being destroyed by fluctuations, while the
non-Fermi liquid behavior as found in the perturbative one-loop calculation is confirmed.
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I. INTRODUCTION

Quantum critical fluctuations at the onset of charge or
spin-density wave order in two-dimensional metals destroy
Fermi-liquid behavior and lead to unconventional dependen-
cies on temperature and other control parameters [1]. The
theory of such systems is difficult due to a complex interplay
of the critical order parameter fluctuations and the gapless
excitations of the electrons. A purely bosonic order parameter
theory as developed by Hertz [2] and Millis [3] may describe
some features, but it is not generally applicable since the
electronic excitations lead to singular interactions of the order
parameter fluctuations [4—6]. Secondary instabilities gener-
ated by the fluctuations, especially pairing instabilities, are
almost unavoidable and further complicate the analysis.

The most intensively studied case is the quantum critical
point (QCP) at the onset of Néel-type antiferromagnetic order
[7]. Non-Fermi-liquid behavior is obtained already at leading
order in perturbation theory, but new features appear at higher
orders [8]. Impressive analytical [9] and numerical [10] efforts
have led to substantial progress, but a complete theory of this
important universality class has not yet been constructed.

A special and particularly intricate situation arises when
the density wave vector is a nesting vector of the Fermi sur-
face, that is, when it connects Fermi points with antiparallel
Fermi velocities [11]. Charge and spin-correlation functions
exhibit a singularity at such wave vectors due to an enhanced
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phase space for low-energy particle-hole excitations. In inver-
sion symmetric crystals with a valence band dispersion e,
nesting vectors Q are determined by the condition €g+G)2 =
€r, where G is zero or a reciprocal lattice vector, and € is the
Fermi energy. Since nesting vectors in isotropic continuum
systems are determined by the Fermi-surface radius kr via the
simple relation |Q| = 2kr, we refer to nesting vectors also as
“2kr vectors”.

Nesting singularities are particularly pronounced in metals
with reduced spatial dimensionality. Charge and spin suscep-
tibilities in low-dimensional metals exhibit peaks at nesting
vectors, so that these vectors are natural charge or spin-density
wave vectors. For example, the ground state of the two-
dimensional Hubbard model undergoes a continuous quantum
phase transition into a spin-density wave state with a wave
vector satisfying the nesting condition, at least within mean-
field theory [12,13]. Also d-wave bond charge order generated
by antiferromagnetic fluctuations in spin-fermion models for
cuprates [14,15] occurs naturally with nesting wave vectors
[16,17].

Quantum criticality in a two-dimensional metal at the onset
of density wave order with a nesting wave vector was first ana-
lyzed by Altshuler ez al. [18]. They obtained non-Fermi-liquid
power laws for the electron self-energy and the susceptibility
for the special case where the wave vector Q is not only a
nesting vector, but also half a reciprocal lattice vector. Later it
was shown that due to additional umklapp processes Landau
quasiparticles actually survive, albeit with an enhanced decay
rate, for the particular case where Q is the antiferromagnetic
wave vector (1, ) [19,20]. For generic, that is, incommen-
surate [21] nesting vectors instead, Altshuler et al. [18] found
strong infrared divergences in two-loop contributions to the
susceptibility and concluded that the order-parameter fluc-
tuations destroy the QCP, replacing the second-order by a
first-order phase transition.
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The analysis of non-Fermi-liquid behavior at the onset of
charge and spin-density wave order with an incommensurate
nesting vector in two-dimensional metals was initiated more
recently. The fermion self-energy was calculated to first order
(one loop) in the order parameter fluctuation propagator [22].
The fluctuation propagator was computed from a one-loop
approximation with bare particle-hole bubbles. A breakdown
of Landau Fermi-liquid theory was obtained at kot spots on
the Fermi surface, that is, Fermi points connected by the
ordering wave vector Q. Two qualitatively distinct cases arise
according to the number of hot spots connected by Q.

In the simplest case, Q connects only a single pair of
hot spots, and points typically in a high-symmetry direction
(axial or diagonal). The frequency dependence of the one-loop
fermion self-energy at the hot spots follows a power law with
an exponent % in this case [22]. The decay rate of fermionic
excitations is thus larger than their excitation energy in the
low energy limit. The momentum dependence yields a sin-
gular renormalization of the Fermi velocity and a flattening
of the Fermi surface near the hot spots [23]. An important
issue is the self-consistency of these results, or whether the
non-Fermi-liquid self-energy destroys the 2kr density wave
QCP, since it has a tendency to wipe out the 2kr peak in
the density wave susceptibility. It was shown that the 2kp
QCP can survive only with the assistance of a sufficiently
strong Fermi surface flattening around the hot spots [23].
This scenario was subsequently supported by a systematic €
expansion around the critical dimension d. = 5/2, at least to
leading order in € [24].

In the second case, the density wave vector Q connects two
pairs of hot spots. The Fermi velocities are collinear within
each pair, but not between the pairs. In Fig. 1 we show various
possible geometries, with Fermi surfaces and hot spot pairs on
the left, and the lines of all nesting vectors Q satisfying the
condition €4+G)/2 = €F on the right. These lines are obtained
by backfolding the line consisting of all doubled Fermi wave
vectors 2Kk into the first Brillouin zone. Wave vectors Q con-
necting two pairs of hot spots correspond to crossing points
of the lines of nesting vectors. The geometry in the top row
of Fig. 1 is realized by the spin-density wave QCP in the two-
dimensional Hubbard model, while the d-wave bond charge
order instability mentioned above provides an example for the
geometry in the second row. In the former case there is no
competing instability on the mean-field level, and fluctuation
induced pairing may set in only as a secondary instability at a
low energy scale. On the other hand, the d-wave bond charge
instability discovered by Metlitski and Sachdev [14] competes
with d-wave pairing on equal footing. For two hot spot pairs,
the imaginary part of the one-loop self-energy at the hot spots
was found to be a linear function of frequency, with a distinct
prefactor for positive and negative frequencies [22]. Hence,
the decay rate of fermionic excitations is proportional to their
excitation energy, implying a marginal breakdown of Fermi-
liquid theory.

In this paper we extend the analysis of fluctuation effects
at the onset of 2kr density wave order with two pairs of
hot spots. Our aim is not to establish the existence of a
2kp density wave QCP in a specific microscopic model, but
rather to investigate its universal properties under the assump-
tion that the density wave instability is not competing with
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FIG. 1. Left: Fermi surfaces with two pairs of hot spots con-
nected by a density wave vector Q. Right: Lines of nesting vectors
and their crossing point corresponding to Q in the left panel. Top:
Q = (;r, Q) with an incommensurate y-component Q. Center: Di-
agonal wave vector Q = (Q, Q) with incommensurate Q. Bottom:
Wave vector Q with two distinct incommensurate components.

other instabilities at comparable energy scales. We compute
the frequency dependence of the one-loop self-energy on the
imaginary frequency axis and show that the results are consis-
tent with the real frequency self-energy obtained previously
[22]. We also compute the momentum dependence near the
hot spots. Unlike the case of a single hot spot pair, [23] the
momentum dependence of the self-energy entails only a finite
renormalization of the Fermi velocity, and the renormalized
Fermi surface maintains a finite curvature at the hot spots.
The perturbative one-loop results are not self-consistent.
Incorporating the one-loop self-energy in the fermion prop-
agator can lead to a shift of the peak in the susceptibility
away from the nesting vector, which spoils the 2kz quantum
critical point. To include the self-energy feedback self-
consistently, we explore two distinct routes. First, we compute
the fluctuation propagator and the fermion self-energy from a
renormalization group flow. Due to a peculiar cutoff depen-
dence of the fermion self-energy, the self-energy feedback is
incomplete in this approach and the shift of the susceptibil-
ity peak persists. Second, we obtain a fully self-consistent
solution by solving the coupled integral equations for the
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particle-hole bubble and the fermion self-energy with self-
energy feedback. Here the peak at the nesting vector survives.

The paper is structured as follows. In Sec. II we derive the
order parameter susceptibility and effective interaction at the
quantum critical point in one-loop approximation with bare
fermion propagators. In Sec. III we evaluate the frequency and
momentum dependence of the one-loop fermion self-energy
near the hot spots. In Sec. IV we show that the perturbative
one-loop results are not self-consistent. In Sec. V we discuss
our renormalization group analysis of the quantum critical
point, and in Sec. VI we present the self-consistent solution
of the one-loop equations with self-energy feedback. A con-
clusion in Sec. VII closes the article.

II. RPA SUSCEPTIBILITY AND
EFFECTIVE INTERACTION

We consider a one-band system of interacting fermions
with a bare dispersion relation €. Our calculations are based
on the standard quantum many-body formalism with an imag-
inary frequency representation of dynamical quantities [25].
The bare fermion propagator is given by

1
iko — &’
where ko is the frequency variable, and & = ex — p is the
single-particle energy relative to the chemical potential 1. At
zero temperature the Matsubara frequency kg is a continuous
variable.

We assume that, in mean-field theory, the system un-
dergoes a charge or spin-density wave instability with an
incommensurate and nested (2kr) modulation vector Q at a
QCP, which can be reached by tuning a suitable parameter
such as electron density or interaction strength. We further
assume that on the mean-field level there is no competing
instability (such as pairing). Approaching the QCP from the
normal metallic regime, the instability is signalled by a di-
verging RPA susceptibility

Go(k, ko) = ey

x0(q, igo)

_—, )
1 + gx0(q, igo)

X (q9 16]0) =

where g < 0 is the coupling constant parametrizing the bare
interaction in the instability channel, and y is the bare sus-

ceptibility
d’k / dky 2 Golk. ik)
Q) )| 2x Nea2TONE T

x Go(k — q, iky — iqo). 3

x0(q,iqo) = — N

N is the spin multiplicity (N = 2 for spin-% fermions), and
fp is a form factor related to the internal structure of the
density-wave order parameter. For an order parameter with
s-wave symmetry, fp, is symmetric under rotations and reflec-
tions. In the following we assume f, = 1 for definiteness. A
generalization to form factors with other symmetries such as
d-wave symmetry is straightforward. Equation (2) holds also
for the spin susceptibility in the normal (symmetric) phase of
spin-rotation invariant systems, where all components of the
spin susceptibility are equal.

@ q @

q
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FIG. 2. Left: Normal and tangential momentum coordinates for
momenta near a density wave vector Q on the 2k line. Right:
Normal and tangential coordinates for momenta near Q at a crossing
point of two 2k lines.

The bare susceptibility xo(q, igyp) exhibits a square-root
singularity on the 2kr line defined by all 2kr vectors in ¢
space. To parametrize momenta near a 2kr momentum Q,
we introduce relative coordinates normal and tangential to the
2kp line at Q, which we denote by g, and g, respectively (see
Fig. 2). For momenta near Q and low frequencies, the bare
susceptibility can be expanded as [18,22]

x0(q, igo) = x0(Q, 0) — Nlah(eq, q0) —beq —cql, (4)

where a and b are positive constants, c¢ is a real constant, and

h(eq 90) = \/eq + igo + v/eq — iq0 = V2,[ €2 + G + eq.

&)
The energy-momentum relation eq is given by
2
q;
= vpg, + -, 6
¢q = Vrgr + - (6)

where vp is the Fermi velocity at the hot spots on the
Fermi surface kg connected by Q, and m parametrizes the
Fermi-surface curvature at these points (mvg is the radius of
curvature). Hence, eq/vr is the oriented distance of g from the
2kp line. The prefactor of the square-root term is determined
by the Fermi velocity and curvature near kg as

o

Arvp’

(N

while the other constants b and ¢ receive contributions from
everywhere. For fermions with a parabolic dispersion in the
continuum and a constant form factor, » and ¢ vanish, as can
be seen from Stern’s exact analytic formula for g in this case
[26]. The constant ¢ vanishes also at high-symmetry points
for lattice fermions, especially if kg points along an axis or
a diagonal in the Brillouin zone. In this case a correction of
order q,2 may become relevant [23].

Throughout this paper we consider the case where the
ordering wave vector Q connects fwo pairs of hot spots kg
and £k} on the Fermi surface. The wave vector Q is then
a crossing point of two 2kp lines, as shown in Fig. 1 (right
panel). Let g, and g, be the normal and tangential coordinates
relative to the first of the 2k lines as introduced above. The
normal and tangential coordinates relative to the second 2kg
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line, ¢ and g;, respectively, are related to the former by
q. = grcos + g, sin@,
q; = q; cosf — g, sin, (8)

where 0 is the angle between the Fermi-surface normal vec-
tors at ky and kj, which is also the angle between the two
2kp lines crossing at Q (see Fig. 2). The 2kr singularities on
these two 2kr lines need to be added, such that [22]

= %0(Q., 0) — Nla h(eq. 40)
+dh(y qo) —beq—cql. )

where ey and g, are defined relative to the first 2k line, while
€q = Vpq, + #qu is defined relative to the second 2kf line.
The last two terms in Eq. (9) describe the leading regular
momentum dependence near Q. We have chosen the variables
eq and ¢, to parametrize this dependence [27]. The hot spots
are often related by a point group symmetry of the lattice, as
in the first two examples in Fig. 1, so that vp = v, m = n?/,
and a = d'. The bare susceptibility exhibits a peak at Q if and
only if ¢6 > 0. In the following we assume that this is the
case.

At the QCP one has gxo(Q,0) = —1, so that the RPA
susceptibility assumes the singular form

g ' x0(Q, 0)
Nlah(eq, q0) + d'hley, qo) —beq — cqil
(10)

x0(4, iqo)

X(q’ lC]O) = -

To deal with the critical order parameter fluctuations, the
perturbation expansion has to be organized in powers of a
dynamical effective interaction. This arises naturally as a
boson propagator by decoupling the bare interaction in the
instability channel via a Hubbard-Stratonovich transformation
[2,3]. Alternatively it can be obtained by an RPA resummation
of particle-hole bubbles or ladders. In the simplest case of a
charge-density wave instability in a spinless fermion system,
the RPA effective interaction can be written as

. 8
D(q, iq0) = —F/—————- (1)
1+ gxo(q, iqo)
For a charge-density wave instability in a spin-% fermion sys-
tem, the effective interaction has the diagonal spin structure

Dcrl’(rz’maz (‘L lq0) = 8(71(71/80‘2(72D(q7 1510) (12)

where 01,0, (o], 0}) are the spin indices of the ingoing
(outgoing) fermions. For a spin-density wave, the effective
interaction acquires a nondiagonal spin structure. In a spin-
rotation invariant system of spin-% fermions, it can be written
as

Dal’az’alaz(qv 16]0) = TU]U]/ : Tazaz’ D(q, qu)v (13)
where T = (7%, 7, 77) is the vector formed by the three Pauli
matrices 7, t7, ¢ [28].

Expanding the bare susceptibility as in Eq. (9), the effective
interaction at the QCP assumes the asymptotic form
1

Nlah(eq, qo) + a'h(ey, go) — beq —cqil’
(14)

D(q, iqo) = —

It thus features the same singularity as the RPA susceptibility.
In case that the coupling g has a (regular) momentum depen-
dence for q near Q, the coefficients b and ¢ are not determined
by xo0(q, 0) only, but receive additional contributions from the
expansion of g~ (q) around Q.

III. ONE-LOOP FERMION SELF-ENERGY

To leading order in the effective interaction, the fermion
self-energy is given by the one-loop expression

dqo
zmmw——M/QW/ D(a. iqo)
X GO(k —q, lk() - lq())’ (15)

with M = 1 for a charge density and M = 3 for a spin-density
instability. We evaluate X(Kk, iky) for low frequencies &y and
momenta k near one of the hot spots, say ky. The dominant
contributions come from momentum transfers ¢ near Q, such
that k — q is situated near the antipodal hot spot —Kkp.

In our derivations we assume that the Fermi surface is
convex at the hot spots. Results for the case of a concave
Fermi surface follow from a simple particle-hole transfor-
mation. Using normal and tangential coordinates for k near
ky, we expand the dispersion relation to leading order as
&k = vrk, + 5.k7, and ék—q = —vp (ks — ) + 5, (ki — ¢
for q near Q.

Inserting Eq. (14) into Eq. (15), the one-loop self-energy is
thus given by the integral

M [d dq, (d
Sk, iko) = T / Qz/ q qo

2m

X
i%—m+ww—m—ﬁw—m2
1

X . (16)
ah(eq, qo) + a'h(ey, qo) —beq — cq;

Note that we have not yet introduced an ultraviolet cutoff for
the momentum integral. We will do so at a later stage of the
evaluation, whenever needed.

A. Frequency dependence at hot spot

For finite frequencies (ky # 0) the self-energy is complex.
The imaginary part of the integral in Eq. (16) diverges loga-
rithmically for large momenta, such that an ultraviolet cutoff
is needed. In the low-frequency limit, the imaginary part of
the self-energy at a hot spot can be computed analytically (see
Appendix A), and behaves as

M k() al

In — + O(ko), a7

Im Xk, iko) = - o

where
o = 8mwvp|c], (18)

and A is an ultraviolet momentum cutoff. In the evaluation

of ImX(kp, iko), a cutoff limiting the geometric mean of |eg|
2 . .

and ¢g; /4m turned out to be sufficient and convenient (see

Appendix A). Other choices of a cutoff would merely amount

to a different factor in the argument of the logarithm.
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FIG. 3. The function R(«).

Subtracting the zero frequency constant, the real part of the
self-energy is finite, that is, it does not require any ultraviolet
cutoff. A simple rescaling of variables yields

M kol
7N«

for kp — 0, where R(«) is a real function depending only
on the parameter «. The function R(«) is given by a double
integral, which does not seem to be elementary [see Eq. (A15)
in Appendix A]. However, we could show analytically that
R(a) — 1 for ¢ — oo. In Fig. 3 we plot R(«) as obtained
from a numerical integration of Eq. (A15).

The leading low-frequency behavior of the one-loop self-
energy, Eqs. (17) and (19), exhibits a remarkable cancellation.
Although the tangential momentum dependence of & and the
corresponding Fermi-surface curvature were crucial in deriv-
ing these results, the mass m, which determines the curvature
radius, drops out. Moreover, the parameters characterizing the
fermion dispersion near kj, do not appear in the asymptotic
expressions.

In Ref. [22] the one-loop self-energy was evaluated on the
real frequency axis. The result obtained in that paper can be
written in the following form [29]

ReX(ky, ikp) — X(ky,0) = — R(a) (19)

) M
ImX(ky, w +i0%) = —NC%(a)|w|, (20)

where s,, is the sign of w, and

1 o'} ~
S d
C. (@) :9;/ d(b/ T;Im[\/(Z(b— Dy + 07 — 7
0 0

+ V5o — 0t — & +av/R] . Q21

For large «, these coefficients have the simple form Cy =
(% — %)1 and C_ = (% + %)é We can relate these results

for the one-loop self-energy to our results on the imaginary

frequency axis by using the Kramers-Kronig-type relation for

the self-energy in the complex frequency plane

1 /OO ImX(ky, @ +i0™)
w

X(ky,z) =—— d
T J o z—w

, (22)

where z is an arbitrary complex number (but not real), and
we have dropped the momentum argument. Inserting the real-

frequency behavior (20), one finds

M
ReX(ky, iko) — X(ky, 0) = = [Cy(a) — C_(a)]lko|. (23)

2N
For large «, this implies ReX(ky, ikg) — X(ky,0) =
— A |ko| in agreement with Eq. (19). For z= ik,

the imaginary part of the integral in Eq. (22) diverges
logarithmically. Restricting the frequency integration by an
ultraviolet cutoff |w| < A, one obtains

) M A
Im (k. iko) = = — [Co(@) + C-(@)] ko In ot O(ko).
24

This is consistent with Eq. (17) if Cy(a) + C_(a) = é In
Ref. [22] this latter relation was reported only for the limit
o > 1, while it is actually true for any «. Note that the
momentum cutoff A in Eq. (17) is not equivalent to the
frequency cutoff A,. Comparing Eqs. (17) and (24) suggests
that a momentum cutoff A corresponds to a frequency cutoff
A, = aA. Anyway, numerical prefactors such as o in the
argument of the logarithm can also be absorbed in the sub-
leading correction of order k.

The above results have been derived for the case where
the Fermi surface is convex at the hot spots. For a concave
Fermi surface, Eq. (17) for ImX(ky, iky) remains the same, in
Eq. (19) for ReX(ky, ikg) — X(ky, 0) there is a sign change
(from minus to plus) on the right-hand side, and the expres-
sions for C; («) and C_(«) in Eq. (21) are exchanged.

The logarithm in Eq. (17) implies a logarithmic diver-
gence in the one-loop contribution to the inverse quasi-
particle weight, Z =1 — dX(ky, iko)/(diko) ~ In( A/|ko|)
[30]. Hence, Landau quasiparticles do not seem to exist at the
hot spots. Moreover, the self-energy exhibits an anomalous
real part proportional to |ky|. This contribution is directly
related to the asymmetry of the real frequency self-energy
with respect to a sign change of w.

An asymmetric real frequency dependence of the imagi-
nary part of the self-energy on the Fermi surface, and the
related large real part of the Matsubara self-energy, is unusual.
Interestingly, a similar asymmetry, albeit with a nonlinear
power law, has been obtained for the (momentum indepen-
dent) self-energy of the complex Sachdev-Ye-Kitaev (SYK)
model [31,32] and, most recently, also for the Yukawa-SYK
model [33].

B. Momentum dependence near hot spot

We now discuss the momentum dependence of the one-
loop self-energy near the hot spot ky at zero frequency, which
we denote by X(k,, k;), where k. and k, are the normal and
tangential momentum coordinates, respectively, relative to the
hot spot, and the frequency argument has been dropped. The
leading normal momentum dependence for small &, has the
form

M
X(ky, 0) — 2(0,0) = N G (o) vrkr, (25)

where a, 1 (o) are positive numbers depending on o and on
the sign of &,. The derivation of this result and an expression
for a, 1+ () in the form of a two-fold integral is provided in
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FIG. 4. The coefficients a, ; and a,,_ as a function of the parameter «. On the right we plot «za, 1. to show the behavior for large «.

Appendix A. No ultraviolet cutoff is needed here. In Fig. 4
we show the dependence of a, () on o. One can see that
ay_(a) > a,4(a) for all @. For small «, one finds a, ~
const and @, ~ log(1/a), while for large o both coefficients
ay+ are of order log(«)/a. Due to the positive sign of a, +(«),
the self-energy enhances the bare Fermi velocity of the sys-
tem. The enhancement is stronger for k, < O than for &k, > 0,
leading to a kink in the dispersion relation at the hot spot. The
above results have been derived for a convex Fermi surface.
For a concave Fermi surface one obtains the same results with
a4 (a) and a,_ (o) exchanged.

The leading fangential momentum dependence for small &,
has the form

(0, k) — £(0,0) = %a,(a),//\/mk, +0(k}), (26)

where a;() is a dimensionless function of «, and A is an
ultraviolet cutoff on eq and go. The derivation of this result
is provided in Appendix A. The linear k; dependence of the
self-energy entails a tilt of the Fermi surface at the hot spot.
A deformation of the Fermi surface due to interactions is a
generic phenomenon, not restricted to critical behavior. Since
the hot spots and their antipodes on the Fermi surface are
related by point group symmetries, the tilt does not spoil the
2kr nesting condition of collinear Fermi velocities. Hence, the
critical behavior is not affected by this tilt.

To analyze the contribution of order ktz, we have evaluated
the second tangential momentum derivative of the self-energy
8,5 %(0, k;) at k; = 0. Applying this derivative to Eq. (16) and
pulling it under the integral leads to an ill-defined expression
due to multiple poles for zero frequency and momenta on the
Fermi surface. The singularity can be regularized by intro-
ducing an infrared frequency cutoff Ag. Qualitatively, this
regularization corresponds to a finite temperature 7', since the
lowest fermionic Matsubara frequencies are given by £ T
for T > 0. The resulting integral is convergent for any k;,
including k, = 0, and it does not require any ultraviolet cut-
off. A numerical evaluation of the integral shows that the
regularized integral converges to a finite number even in the
limit Ajg — O (taken after integration). Hence, there is only
a finite renormalization of the quadratic k, dependence of
the fermionic dispersion. The mass m and the Fermi-surface
curvature thus remain finite.

IV. SELF-CONSISTENCY CHECK

The self-energy obtained from the perturbative one-loop
calculation modifies the fermion propagator substantially at
the hot spots. Since the effective interaction D and the fermion
self-energy were computed with bare fermion propagators,
we need to check whether the results remain qualitatively the
same when the bare propagator is replaced by the interacting
propagator with the non-Fermi-liquid form

1

Gk, iky) = - =
Z(ko)iko + Z'|ko| — &k

27

for low frequencies kyp and momenta k near a hot spot. From
the Dyson equation G = Gal — X and Egs. (17) and (19)
one can read off the renormalization factors

M aA
Z(ko) =1+ % In @, (28)
M
7 = — R(a). 29
g K@) (29)

The dispersion relation £ in Eq. (27) has a renormalized
Fermi velocity following from the momentum dependence of
the self-energy in Eq. (25),

B M
Ury, = VF + s, VF (30)

with a distinct renormalization for momenta inside and out-
side the Fermi surface, and a renormalized mass 7.

Equation (27) describes the frequency dependence for
ko — 0 only for hot spot momenta. For momenta near a
hot spot the frequency dependence is the same only above a
momentum-dependent crossover scale, below which Fermi-
liquid behavior with a large finite Z and a vanishing Z’ is
recovered. The crossover scale is of order k, in the normal
direction, and of order k? in the tangential direction. Approx-
imating the fermion propagator by Eq. (27) in quantities that
involve momentum integrals of G(k, iko) will lead to quan-
titative errors, but it is not expected to affect the qualitative
behavior.

In a self-consistent one-loop calculation, the effective in-
teraction D is still given by the RPA form

8

—_—— 31
1 — gll(q, iqo) Gh

D(q, iqo) =
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0.015 -
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FIG. 5. Singular part of the static particle-hole bubble I1(q, 0)
as a function of ey as obtained from fermion propagators with Z
factors resulting from the frequency dependence of the one-loop
self-energy. The various curves correspond to distinct choices of Z’,
while Z = 2/ is fixed. The UV cutoff A has been set to one. The
other parameters are N = m = vp = 1.

as in Eq. (11), where the particle-hole bubble

T1(q. igo) N/ K /dk(’c(k iko) G(k— q, iko— iqo)
q, 190 a2 ] 22 » 1Ko q, tko— 190),
(32)

is now being computed with the interacting propagator G
instead of the bare one. Vertex corrections do not play an
important role here, since there are no singular one-loop ver-
tex corrections for incommensurate density waves [18]. For
ordering wave vectors distinct from half a reciprocal lattice
vector, there is no coalescence of divergences of propagators
in the vertex correction.

To extract the leading momentum and frequency depen-
dence of I1(q, igg) for momenta near Q and low frequencies,
we expand the dispersion £ to linear order in k. and to
quadratic order in k; as previously. We first discard the (fi-
nite) renormalizations of the dispersion and replace & by the
bare dispersion &, focusing thus on the changes imposed by
the frequency dependence of the self-energy. The momentum
integrals in Eq. (32) can then be computed analytically. In
Appendix B we derive the result

8T1(q. iqo) = TI(q. igo) — TI(Q, 0)

__ym [ 1©(ko — qo) — O(—ko)|
= — 0
4 vp V—eq + {ko} + {ko — qo}
_ ﬂ} (33)
V2{ko} '

where {ko} = Z(kg)iky + Z’|ko|. For a numerical evaluation of
the frequency integral in Eq. (33), we extend Eq. (27) to large
frequencies by the ansatz Z(ky) = 1+ Z1n (1 + A/|ko|) and
Z'=7'/(1 + |ko|/A), where Z and Z' are constants, and A
is an arbitrary ultraviolet cutoff. In this way the propagator
has the correct large frequency asymptotics G ~ (iky)~! for
ko — o00. Equations (28) and (29) imply that the ratio Z'/Z is
given by R(«). In Fig. 5 we plot the static (gg = 0) particle-
hole bubble 8I1(q, 0) as a function of eq for Z =2/ and
various choices of Z'. One can see that 8T1(q, 0) exhibits a
peak at q = Q only if Z’ > 1. Since the behavior for small
eq is determined by low-frequency contributions, the criterion

611(q, 0)
01f
— o = 10.
a=1
0.05}
a=20.1
) — a=001
0.1 ~0.05 0.05 01

FIG. 6. Singular part of the static particle-hole bubble IT(q, 0)
as a function of ¢, at g, = 0 as obtained from fermion propagators
with renormalizations resulting from the momentum and frequency
dependence of the one-loop self-energy. The various curves corre-
spond to distinct choices of the parameter «. The other parameters
areM =N =m=vr = 1.

for a peak is independent of the choice of A and depends only
on the ratio Z'/Z. Hence, a peak is obtained if and only if
this ratio is larger than 7 /2. However, the perturbative result
yields Z'/Z = R(«), which is smaller than one. The one-loop
fermion self-energy computed with bare propagators thus re-
moves the peak in the particle-hole bubble at the nesting
vector, and thus the corresponding peak in the susceptibility
and in the effective interaction D. The 2kr quantum critical
point seems thus spoiled by the self-energy feedback, and the
perturbative calculation is not even qualitatively consistent.

We now analyze the effect of the Fermi-velocity renor-
malization (30) generated by the momentum dependence of
the self-energy. Although this is a finite renormalization, it
leads to a qualitative change since the renormalization fac-
tors differ for particles inside and outside the Fermi sea. We
compute 8I1(q, igp) for momenta near Q and low frequencies
as previously, but now with the renormalized Fermi velocity
as obtained from the one-loop self-energy. We still ignore the
finite renormalization of the mass. In this case only the k; inte-
gration in Eq. (32) can be performed analytically by residues,
but the remaining two integrals can be easily carried out nu-
merically. In Fig. 6 we show the resulting static particle-hole
bubble §I1(q, 0) as a function of g, for various choices of the
parameter «. The Z factors in the fermion propagators assume
the «-dependent values described by Egs. (28) and (29) at
low frequencies. The renormalized Fermi velocity is given by
Eq. (30) for all momenta. One can see that that I1(q, 0) now
exhibits a sharp peak at Q for sufficiently large values of «.
The peak at Q is again destroyed for small «, but this time
due to a change of slope for positive g,. The critical value for
the stability of the peak at Q is o, & 0.03. Note that this value
depends on the choice of M and N. For M = 1 and N = 2 we
find @, & 1. In any case, the Fermi velocity renormalization
with a larger renormalization factor for particles inside the
Fermi sea helps in stabilizing the QCP with a nested wave
vector. Indeed, taking only the Fermi-velocity renormalization
into account, and ignoring the frequency dependence of the
self-energy, we found that the peak at Q is stabilized for any
choice of .
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While the QCP seems stabilized at least for sufficiently
large «, the one-loop self-energy feedback leads to a steeper,
nonlinear momentum dependence of Il(q,0) for negative
gr. This, in turn, reduces the singular contributions to the
self-energy, so that the perturbative one-loop result with bare
propagators is not self-consistent anyway.

In the following two sections we try to incorporate the
self-energy feedback self-consistently, first by a renormal-
ization group flow, and then by a self-consistent solution of
the coupled integral equations for the particle-hole bubble
and the fermion self-energy. In both sections we focus on
the frequency dependence of the self-energy, discarding its
momentum dependence for simplicity.

V. RENORMALIZATION GROUP ANALYSIS

A systematic way of dealing with low-energy singu-
larities and the corresponding divergences in perturbation
theory is provided by the renormalization group, where self-
consistency can in principle be achieved by solving a set of
flow equations, that is, ordinary differential equations, instead
of solving nonlinear integral equations. In this section we
derive and solve a flow equation for the fermion self-energy
with self-energy feedback on the right-hand side, and we
compare the results to those from perturbation theory. To
access the full frequency dependence of the self-energy, we
use a functional renormalization group (fRG) framework [34].
Flow equations based on the fRG have already been applied to
other quantum critical points in two-dimensional interacting
fermion systems, for example, at the onset of nematic [35]
and (non-nested) antiferromagnetic [36] order in metals, and
at the onset of superfluidity in semimetals [37].

A. Flow equation

To capture order parameter fluctuation effects efficiently,
it is convenient to decouple the two-fermion interaction by
introducing a bosonic order parameter field via a Hubbard-
Stratonovich transformation [38,39]. The system is then
described by a coupled fermion-boson theory with a bare
fermion propagator Gy(k, iko) = [iko — &1, a bare boson
progagator Dy(q, iqy) = g, and a constant Yukawa interaction,
which couples the fermionic charge or spin density linearly to
the boson field. The bare Yukawa coupling is equal to one.

The fRG is based on a scale-by-scale evaluation of the
functional integral representing the partition function and cor-
relation functions of the system [34]. A flow is generated by
letting the bare propagator depend on a flow parameter A,
usually an infrared cutoff. The corresponding scale-dependent
effective action T'* interpolates smoothly between the bare
action of the system and the final effective action I' =
limp_o'®, from which the grand canonical potential, the
self-energy, and higher order vertex functions can be obtained.
The flow of I'* is governed by an exact functional flow
equation [40].

We impose a sharp frequency cutoff on the fermion propa-
gator, that is,

A Okl — A)
Gy (K, iky) = —iko e (34)

This suppresses all contributions to the functional integral at
the initial cutoff Ay = 0o, and it regularizes the Fermi-surface
singularity at ko = & = O until A — 0. No cutoff is needed
for the bare boson propagator Dy, since it is bounded, and also
the full boson propagator remains finite as long as A > 0.

The exact functional flow equation for T'* leads to an
infinite hierarchy of flow equations for the self-energies (for
fermions and bosons) and vertex functions of any order [34].
We truncate this hierarchy at the leading order, that is, we
keep only the self-energies and the Yukawa vertex. For in-
commensurate density waves, the Yukawa vertex receives no
singular contributions because of the absence of coalescent
divergences in the vertex correction [18]. Neglecting its flow
altogether does therefore not affect the qualitative behavior of
the self-energies. We thus fix the Yukawa coupling at its initial
value (one).

The scale-dependent self-energies are related to the full
and bare propagators by the usual Dyson equations, that is
G =[(G))™' — =] " and DA = [(Dy)™" — T*]~!, where
%A and IT* are the fermionic and bosonic self-energies,
respectively. The flow equation for the fermion self-energy
reads

T (K, iko)

dqo ) ) )
= / D pi(q. ige) S™ (k — q. iko — iqo).

(271 )?
(35)
where S is the single-scale propagator [34]
G (K, ik
gA (K, iky) = &
A T A=const
8(lkol — A
IS H
iko — & — T (k, iko)
The flow equation for the boson self-energy has the form
AT (q. iqo)
d’k [ dk
- N [ S5 k) Gk — g ko — i)
@n)2
+ G (k, iko) S* (k — q. iko — igo)]. (37)

These flow equations can be derived by inserting the trunca-
tion described above into the exact hierarchy of flow equations
[34]. Note that they have the same form as a A derivative
of the perturbative expressions Eqgs. (15) and (32), with full
and scale-dependent propagators, and the proviso that on the
right-hand sides the derivative acts only on the explicit cutoff
dependence of G*.

Due to the § function in the single-scale propagator S*,
the frequency integral in Eq. (35) can be easily carried out,
leading to

BAEA(k iko)
DA (q, iky — isA)
Ek_q — ZAK —q,isA)’

2 Z / 2m)? isA —
(33)

We focus on the frequency dependence of the self-energy
at a hot spot as described by the function X} (iky) =
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22Ky, iky) — £ (ky, 0). Neglecting the q dependence of
the self-energy on the right-hand side of the flow equation, and
absorbing the constant % (ky, 0) by a shift of the chemical
potential (keeping the Fermi surface fixed), we obtain the
simplified flow equation

A Xf; (iko)
M Z/ d*q D*(q, ikg — isA) — D*(q, —isA)
T2 ~J (

27 )? isA — &k, —q — Zf(isA)
(39

The singular contributions to the fermion self-energy are due
to momentum transfers q near Q. We therefore can use the
coordinates g, and ¢, as in the perturbative calculation, and ex-
pand &, _q = vrg, + ﬁq} An ultraviolet cutoff Ag restricts
the momentum integral to |g,| < Aq and |g,| < Ag.

To compute the boson self-energy IT*, we partition the
k-integration domain in Eq. (37) in regions close to the hot
spots ky and kj; (so that k — q is close to —ky and —kj,,
respectively), and regions far from the hot spots. The singular
part of IT# is entirely due to the former regions. We denote the
contribution from k near ky as IT% and the contribution from
k near K}, as I1%,. The total self-energy can thus be written as
N4 = Mj; + My, + M, where the last contribution comes
from momenta k far from ky and kj, and is regular even
for A — 0. For q near Q, the regular part can be expanded
to linear order in eq and ¢, as TI,(q, iqo) = M%,(Q, 0) —
N(b eq + c"qy). Its frequency dependence is irrelevant com-
pared to the singular terms.

The flow equations for 1% and T4, containing the singular
contributions can be simplified by expanding the dispersion &
around the hot spots. For example, for k near kg, we expand
& = vrk, + 5,k7 and &g = —vr(k, — ¢,) + 5, (k — g,
Inserting this expansion, the momentum integral in the flow
equation (37) is convergent without the need of an ultraviolet
cutoff. For a momentum-independent self-energy, the momen-
tum integral can be performed analytically. Extending the
integration region of &, and k; to infinity does not affect the
low-frequency behavior, and allows for an easy evaluation via
the residue theorem. The calculation is basically the same as
the one leading to Eq. (B2) in Appendix B, and yields

anTIR(q, igo)
=N Vm

dmvp

. |©(ko — qo) — O(—ko)|
V—eq + {ko} + ko — qo}

X [8(Jkol — A)O(lko — qol — A)

+ O(lko| — A)d(lko — gol — A)]

Vm 1
=N . (40
4mvp S:Xj;l V—eq+ {sA} + {s(A + |q0])} 0

where {ko} = iko — Zjj(ko). The flow equation for
I1%.(q, iqo) has the same form with eq replaced by eél.

For large A, the flow generates only smooth contributions.
Hence, we do not start the flow at Ay = oo, but rather at
some finite Ag. In the regular part of 1" we discard the con-
tributions from A < Ap and insert fixed (scale-independent)
parameters for I12_(Q, 0), »*, and c¢”. By this procedure

reg

we just miss some finite renormalizations. Hence, the scale-
dependent boson propagator has the final form

D*(q,igo) =[g"" — T};(q. iqo) — T}y (q, igo)
+Nbeg+cq)] (41)

where g7 = g7! — I1,,(Q, 0), and the flow of TT5(q, igo)
and l'[;},(q, iqo) is determined by Eq. (40). To tune to the
quantum critical point, the renormalized coupling g has to be
chosen such that

g = lim [[3(Q. 0) + IM;.(Q. 0)]. (42)

B. Results

We now show results for the fermion self-energy and the
boson propagator as obtained from a numerical solution of the
flow equations. We choose a fixed set of parameters M = N =
vp=vp=m=m'=1, and b=c =1/(8x). The angle 0
between the Fermi-surface normal vectors at ky and ki, is
chosen as 7 /2, such that g, = g, and g; = —q, [41]. For the
initial value of the frequency cutoff we choose Ay = 10, and
the momentum integrals for the fermion self-energy are cut
off by Aq = 1. Other choices of the cutoffs lead to the same
qualitative behavior.

The coupling constant g is tuned to the quantum criti-
cal point, that is, we try to choose it such that Eq. (42) is
satisfied at the end of the flow. However, it turns out that
the effective interaction diverges at a wave vector Q slightly
away from the nesting vector Q (see below). Hence, we show
results where limy_,o [D*(Q, 0)]7! = 0. The corresponding
coupling constant is g. = —1.00535. In Fig. 7 we show the
result for the fermion self-energy at a hot spot as a function of
frequency. We plot the ratio Xy (ko)/ko to reveal the deviations
from a linear frequency dependence. We also show the result
obtained from flow equations with bare fermion propagators,
that is, without fermion self-energy feedback (here the order-
ing wave vector remains Q), as well as the result from plain
one-loop perturbation theory. The latter can be obtained from
the flow equation for the fermion self-energy by neglecting the
self-energy feedback and by inserting the fully integrated bare
particle-hole bubble into the flow equation for the fermion
self-energy.

The perturbative result agrees with the asymptotic low-
frequency analysis presented in Sec. III. The real part of
Yy (ko) is linear in frequency at low frequencies, and the
imaginary part is proportional to kjlog ko, in agreement with
Egs. (17) and (19). For ky — O the ratio ReXy (ky)/ko tends
to a finite value near —0.2 in agreement with the asymp-
totic result —R(«)/(wa) = —0.209 for « = 8w vpc = 1. The
asymptotic behavior of the real part is approached rather
slowly, because subleading corrections to the leading low-
frequency behavior are suppressed only by a low power of
frequency.

The self-energy obtained from the flow equation (with
self-energy feedback) does not exhibit any simple scaling
behavior, neither at intermediate nor at the lowest accessible
frequencies. The imaginary part is only roughly proportional
to ko log ko, where the prefactor is significantly smaller than
in perturbation theory, and it starts decreasing for frequencies

125123-9



JACHYM SYKORA AND WALTER METZNER

PHYSICAL REVIEW B 104, 125123 (2021)

ko
10° 1w0* 1w0?* 10 10" 10
//
—0.2 [
RGEH
—04+t :
ko —— perturbation
—0.6 } fRG, no ¥
fRG
ko
0’ 1wt 107° 107* 107" 10°
1L
ImEH
ko ) —— perturbation
fRG, noX
-3
fRG

FIG. 7. Real (top) and imaginary (bottom) parts of the fermion
self-energy at a hot spot, divided by kj, as a function of the Matsubara
frequency ko. The result from the flow equations is compared to the
result from simplified flow equations without self-energy feedback,
and to the result from one-loop perturbation theory.

below ko~ 10~* instead of tending to a constant.
ReXpy (ky)/ko exhibits a pronounced frequency dependence
both at high and low frequencies. There is a minimum at
ko ~ 10™*. We have checked that the change of trends in both
real and imaginary parts at ko &~ 10~* is not an artifact of the
final infrared cutoff A = 1073 at which we have to stop the
flow before running into numerical instabilities.

Discarding the self-energy feedback on the right-hand side
of the flow equations has a significant effect on the fre-
quency dependence. Both real and imaginary parts of the
self-energy obtained from such a simplified flow are propor-
tional to kg logky over a wide frequency range down to the
lowest accessible frequencies. Hence, the change of trend at
ko ~ 10~* observed above is obviously due to the self-energy
feedback. In Fig. 8 we show the momentum dependence of
the inverse fluctuation propagator [D? (q, 0)]~! at three stages
of the flow (A = 10~%, 107, and A= 10~%) for qr = qr
as a function of g,. One can see that [D*/(q, 0)]~! vanishes
at a small negative value of g, = ¢, & —0.014, while it is
negative everywhere else. It is negative also for momenta with
qr # q; (not shown in the figure). The fluctuation propaga-
tor thus diverges at a wave vector Q # Q. The 2k QCP is
thus spoiled, and the low energy behavior will ultimately be
governed by a different universality class with a non-nested
ordering wave vector. Since the shift of the ordering wave
vector is very small, its effect on the fermion self-energy will

-1
DA (q,0)

0.002
A=10"1
— A=10"°

— A=10"% 0.001

\,_

—0.03 —0.02

ar

FIG. 8. Inverse fluctuation propagator [D”(q,0)]”! at three
stages of the flow for ¢, = ¢, as a function of ¢,. The data have been
obtained from the flow equations with self-energy feedback.

be visible only at very low frequencies. We do not explore
this in more detail, since there are reasons to believe that the
shift of Q is an artifact of the approximate flow equations, as
we will now explain. The real part of the self-energy exhibits
a very peculiar cutoff dependence. In Fig. 9 we show how
the self-energy evolves in the course of the flow. Im%} (iko)
converges to its final value (for A — 0) at a scale A of order
ko. By contrast, Re X} (iko) converges much slower, roughly at
scales A ~ 10™3ky. For A ~ ky the real part of the self-energy
is very far from lims_,o ReX}; (iko), it even has the opposite
sign.

ReX4 A =102
ko A=10"%
0. — A=10"
—02} —A=107
o4l — A=10"°
0 — A=10""
— A=10""
T34, A=107
Ok'o L A=107°
1107109107107 100 102 100 4 g
—0.2} -
—04l — A=10""°
0.6} — A=10"°
—08 —A=107
~1.
— A=10""

FIG. 9. Real (top) and imaginary (bottom) parts of the fermion
self-energy at a hot spot, divided by ko, as a function of the Matsubara
frequency ky. The results from the flow equation (with self-energy
feedback) are shown at various stages of the flow.
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On the right-hand side of the flow equations the self-energy
is evaluated for frequencies at or near A. Hence, the real part
of the self-energy inserted on the right-hand side of the flow
equations differs drastically from the real part of the final
self-energy (for A — 0), it even has the wrong sign. This
is a very unusual situation, and it seems that such a self-
energy feedback works against self-consistency rather than
implementing it. Choosing a smooth instead of a sharp cutoff
does not help. At present we do not know how to improve
the truncation of the exact fRG flow equation to avoid this
problem.

VI. SELF-CONSISTENT SOLUTION

We now present a self-consistent solution of the cou-
pled one-loop equations for the fermion and boson self-
energies. Momentum dependencies will be approximated in
a similar spirit as in the previous section. We will also
introduce an infrared frequency cutoff A as in the fRG
approach. Here, this cutoff is not used for setting up dif-
ferential flow equations. It is merely a technical device to
achieve a self-consistent solution by iteration. We will see
that the 2kr nesting QCP persists in the self-consistent
solution.

A. Self-consistent equations

The self-consistent one-loop equations are given by

Sk, iky) = —M/ oy
dq
« / 0 D(q, ig0) Gk — g, iko — iqo). (43)

where G(k, ikg) is the full propagator, and Eq. (31) for the
effective interaction D(q, igo) with the particle-hole bubble
I1(q, igop) from Eq. (32). Together these equations form a cou-

J

pled set of nonlinear integral equations, which are very hard to
solve with the accuracy needed to resolve the low-frequency
behavior. We therefore focus on the momentum region near
the hot spots, and we simplify the equations by expanding the
momentum dependencies in close analogy to what we did in
the previous sections.

We define Xy (iko) = X(ky, ikg) — X(ky, 0), neglect the
q dependence of the self-energy on the right-hand side of
Eq. (43), and absorb the constant X(kgy, 0) by a shift of the
chemical potential. Introducing a sharp infrared frequency
cutoff A, we then obtain

. dkg ,
X8 (iko) = —M/ 2—7;’@)20(1{0)

d*q D’(q,i(ko — k}))) — D*(q, —ik{)
(2m)? A (iky)

]

(44)

lk() - EkH -q

where @AO (ko) =1 for A < |ko] < Ag and zero else. An
ultrav1olet momentum cutoff Aq restricts the momentum
integration to |g,| < Aq and |g;| < Aq. The dispersion is
expanded as previously around the hot spot, that is, &, _q =
VFqr + ﬁ%z .

The particle-hole bubble is again decomposed as I1 =
My + My + My, where the first two contributions come
from momenta close to kg and kJ,, respectively, and the last
(regular) contribution from momenta far from ky and kj,. For
q near Q, the regular part can be expanded to linear order
in eq and g, as M. (q, igo) = Mg (Q, 0) — N(beg + cq;). Its
frequency dependence is irrelevant compared to the singular
terms.

The singular contributions [Ty and Iy are computed by
expanding the dispersion around the hot spots and extending
the momentum integrals to infinity. Equation (B2) yields

1

M} (q, igo) = —

f /A° dko

1'[,/}, (q, igo) has the same form with eq replaced by e;. The
boson propagator D*(q, igo) is then given by Eq. (41) as in
the fRG approach.

It is instructive to compare the integral equations (44) and
(45) to the flow equations (39) and (40), respectively. The
latter could be obtained from the former by applying a A
derivative, which acts only on the integration boundary im-
posed by A on the right-hand side, not on the A-dependent
integrands.

We solve the coupled integral equations by reducing A
gradually from A to the smallest accessible values, and up-
dating the fermion self-energy at each step. Due to the gradual
adaption of the self-energy in this procedure a converged
solution can be achieved, while by a direct iteration without
infrared cutoff it is difficult to reach the self-consistent attrac-
tor. The frequency cutoff A is thus a useful device to obtain a
self-consistent solution. Ideally one would like to reduce it to

(45)

\/—€q+21k0+l|f]o| 54 (iko) — B4 (iko + ilqol)

(

zero at the end of the calculation. We managed to reduce it to
10~7! before running into numerical instabilities.

B. Results

We now show results for the fermion self-energy and the
fluctuation propagator as obtained from a numerical solution
of the self-consistent equations. We choose the same fixed
set of parameters as in the fRG calculation in the previous
section, that is, M =N=vp=m=1, 0 =n/2, and b=
¢ = 1/(8m) [41]. The ultraviolet cutoffs are also the same:

= 10 and A4 = 1. The coupling constant g is tuned to the
QCP, that is, it is chosen such that D (Q, 0) diverges for A —
0, but not earlier. The critical coupling is g. = —1.00338,
which differs only slightly from the critical coupling obtained
from the fRG. In Fig. 10 we show the self-consistent result
for the fermion self-energy at a hot spot as a function of
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FIG. 10. Real (top) and imaginary (bottom) parts of the fermion
self-energy at a hot spot, divided by ko, as a function of the Matsubara
frequency ky. The various curves represent self-consistent solutions
for various choices of the infrared cutoff A.

frequency, plotting the ratio Xy (kg)/ko, for various choices
of the infrared cutoff A. At first sight the results look similar
to the fRG results (see Fig. 9), except for the overall size of
the real part, which is smaller by a factor of four compared to
the self-energy obtained from the flow equations. The conver-
gence of 23 (ko) for fixed kg and A — 0 is again very slow
for the real part. However, in contrast to the fRG flow, the
self-energy feedback now involves all frequencies, not only
those near the scale A. Hence, in the limit A — 0, the cutoff
dependence of the feedback disappears.

The converged imaginary part ImX 4~ (ko) is proportional
to kologko in a broad frequency range ko < 1072, It is not
clear whether the decreasing slope at the lowest frequencies
(below ko =~ 107°) is exclusively due to the finite cutoff. The
real part ReX/ (ko) also seems proportional to ko log ko
in a certain frequency range, which is however limited to
frequencies above 1073, For each A, ReX} (ko)/ko exhibits
a minimum at a frequency kj(A) much larger than A. The
position of the minimum decreases with decreasing A, but the
ratio k5(A)/ A increases. Hence, it is not clear whether &j(A)
approaches zero or a finite value for A — 0. In other words,
we do not know whether the minimum of ReX 2 (ko)/ko per-
sists for A — 0. In view of the slow convergence of the
real part for A — 0, and our limitation to cutoffs A > 1077,
we believe that our results for the real part are converged
only for frequencies ky > 1073, while for the imaginary part
the results seem converged for ky > 107>, In Fig. 11 we
show the momentum dependence of the inverse fluctuation
propagator [D*(q, 0)]~! for ¢; = ¢, as a function of ¢,, for
various choices of the infrared cutoff A. One can see that a
well defined minimum is formed at g, = 0 for A — 0. The

-1
D*(q,0)
14-10" )
A=10""
43.107* .
A=107"°
4
200 g
—4
1-10 — A=10755
— A=10"T"

—0.003 —0.002 —0.001 0.

G

FIG. 11. Inverse fluctuation propagator [D*(q, 0)]~! for ¢, = g,
as a function of ¢, for small ¢, < 0. The various curves have been
obtained from a self-consistent solution for various choices of the
infrared cutoff A.

point ¢, = g, = 0 is a minimum with respect to deviations
in all directions. For ¢, = ¢; > 0 (not shown) the curves
are much steeper than for ¢, = ¢, < 0. Hence, the 2k QCP
with a nested ordering wave vector Q is stabilized by self-
consistently computed one-loop fluctuations. The slope of the
inverse fluctuation propagator as a function of g, increases for
small g, and small A. The data in Fig. 11 suggest that the slope
actually diverges for ¢,, A — 0. In any case it is dominated
by the hot spot contributions 1y and Iy to the fluctuation
propagator, while the regular contribution begq + cg; is com-
paratively small for small g,. Hence, it looks as if the latter
becomes irrelevant in the low-energy, low-momentum limit.
The self-consistent solution thus seems to exhibit a higher
degree of universality than the perturbative one-loop result,
since the asymptotic behavior is determined entirely by the
hot spot region, and the dependence on the parameters b and
¢ disappears.

VII. CONCLUSION

We have analyzed quantum fluctuation effects at the onset
of charge or spin-density wave order with an incommensurate
2kr wave vector Q in two-dimensional metals—for the case
where Q connects two pairs of hot spots on the Fermi surface.
This type of QCP is realized, for example, by the spin-density
wave instability of the Hubbard model at finite doping [12,13],
and by the onset of d-wave bond charge order generated
by antiferromagnetic fluctuations in spin-fermion models for
cuprates [14-16].

We first computed the effective fluctuation propagator and
the fermion self-energy at the QCP in a one-loop approxi-
mation without self-energy feedback. The marginal violation
of Fermi-liquid theory discovered in Ref. [22] was thereby
confirmed. As a function of the imaginary (Matsubara) fre-
quency ko, the real part of the self-energy at the hot spots
is proportional to |kg| for small &y, while the imaginary part
is proportional to |kg|log |ko|. This corresponds to an asym-
metric linear frequency dependence of the imaginary part
of the self-energy on the real frequency axis, with distinct
coefficients for positive and negative frequencies. A similar
asymmetric real frequency dependence of the self-energy,
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albeit with a nonlinear power-law, has also been obtained for
the complex SYK model [31,32] and for the Yukawa-SYK
model [33]. Unlike the case of the 2k QCP with a single
hot spot pair [23], the momentum dependence of the self-
energy at the hot spots leads only to finite renormalizations
of the Fermi velocity and the Fermi-surface curvature. The
Fermi velocity is enhanced by distinct renormalization fac-
tors for momenta inside and outside the Fermi sea, leading
to a kink in the renormalized fermion dispersion at the hot
spots.

Going beyond the leading order perturbation expansion we
found that the one-loop result computed with bare propagators
is not self-consistent. The particle-hole bubble with propa-
gators dressed by the one-loop self-energy differs strongly
from the bare particle-hole bubble. Taking only the singular
frequency dependence of the self-energy into account, the
peak of the particle-hole bubble at the 2ky vector Q is shifted
away from the 2k line to a generic incommensurate wave
vector. Hence, the QCP with a nested ordering wave vector,
which is naturally favored in mean-field theory, seems to be
spoiled by fluctuations. Including also the kink in the fermion
dispersion generated by the momentum dependence of the
self-energy, the peak remains pinned at the nesting vector at
least for some choices of parameters, but its shape in the vicin-
ity of Q always differs qualitatively from the peak of the bare
bubble.

We attempted to achieve self-consistency by performing
a one-loop functional renormalization group calculation with
self-energy feedback on the propagators. In this approach the
ordering vector again turned out to be shifted away from the
nesting vector Q, albeit only by a small amount. We believe
that this result is an artifact of the extremely slow convergence
of the fermion self-energy as a function of the flow parameter
(an infrared frequency cutoff), which prevents a proper feed-
back of the self-energy in the flow equations.

Obtaining a fully self-consistent solution of the coupled
one-loop integral equations with self-energy feedback and a
high resolution at low energies is numerically challenging.
Fortunately, the fRG calculation provided valuable hints on
how to expand around the singular points, and how to use
a slowly decreasing infrared cutoff as a technical device to
converge to a self-consistent solution. In this solution the
2kr QCP is not destroyed by fluctuations, at least for our
choice of parameters. The peak in the fluctuation propaga-
tor (and the susceptibility) is even getting more pronounced,
and its low-energy structure is determined exclusively by
low energy fluctuations in the hot spot region. While we
cannot reach arbitrarily low frequencies, we get converged
results over three frequency decades for the real part of the
fermion self-energy, and five decades for the imaginary part
(for imaginary frequencies). In that regime the real part is
close to the result from one-loop perturbation theory, while
the imaginary part follows the same |kg| log |ko| behavior, but
with a significantly reduced prefactor. The marginal violation
of Fermi-liquid theory with a logarithmically vanishing quasi-
particle weight obtained from the plain one-loop expansion is
thus confirmed by the self-consistent calculation. The results
on the imaginary frequency axis are consistent with a roughly
linear frequency dependence of the imaginary part of the
self-energy on the real frequency axis, with a steeper slope for

negative (positive) frequencies, if the Fermi surface is convex
(concave) at the hot spots.

In summary, we have established a new universality class
for quantum critical behavior in two-dimensional metals—
at the onset of density wave order with an incommensurate
nesting vector connecting two pairs of hot spots on the
Fermi surface. It is worthwhile to further explore the crit-
ical behavior at and near this QCP. While we could reach
rather low-energy scales by our numerical solution of the
self-consistent equations, one may try to extract the ultimate
low-energy behavior analytically. There are no relevant one-
loop vertex corrections, but the role of higher order (two loop
and beyond) corrections remains to be analyzed. One could
also extend the analysis to the quantum critical regime at finite
temperatures, look for secondary instabilities such as pairing,
and study transport properties.
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APPENDIX A: COMPUTATION OF ONE-LOOP
SELF-ENERGY

In this Appendix we derive the asymptotic results for
the fermion self-energy, starting from the one-loop integral
Eq. (16). To simplify the equations we set the global prefactor
M/N equal to one in the course of the derivation, and restore
it in the results presented in the main text.

1. Frequency dependence at hot spot

For k = ky, that is, at the hot spot, one has k, =k =0
and Eq. (16) reduces to

da; [ dgr [ dao
21 21 2w
1

(Ky, iky) = /

X L2
i(ko — qo) — Vrqr — 5,-4;
1
X /
ah(eq, q0) + a'h(eg, o) — beq — cq;

. (A

The form of the fermion propagator indicates the following
scaling of the integration variables in the low-frequency limit
k() — 0:

qo ~ ko, qr ~ ko, q: ~ +/lkol.

Hence, ¢,/q: < 1, such that e, ~ v sin6 g,. The contri-
butions to the denominator of the effective interaction in
Eq. (A1) thus scale as follows: ah(eq, o) ~ /lkol, beq ~
ko, cgi ~ «/Tkol, d'h(e, qo) ~ lko|"/* for sin6g, >0 and
a’h(eil, qo0) ~ lko|*/* for sinf g, < 0. Hence, contributions
from sin6 g, > 0 are subleading compared to the contribu-
tions from sin 6 g; < 0. In the latter region the largest terms
in the denominator are of order /]ko[, and the terms of higher
order in ko are negligible. Assuming 6 > 0O for definiteness,
and keeping only the leading terms, the self-energy can be

(A2)
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written as
dg, [d
Y(ky, iko) = / f 1 / 10
q,<0 27'[
1

—q? ah(eq, q0) — cq;
(A3)

l(ko — 610) —eq —

Note that we have expressed the kinetic energy in the fermion
propagator in terms of eq and ¢, instead of g, and g;. It is now
convenient to use eq as integration variable instead of g,. The
Jacobian for this substitution is 1/vg.

Introducing dimensionless variables via go = |ko|Go, eq =
lkoléq. and g, = «/4mlko|g,, and using a = \/m/(4wvF) one
obtains

Y(ky, iko)
1
di /dé /dqo. L
' a i(so — Go) — (q + G?)

ll
7 Ji<o
1

X T T ’
V(@ + @) + 2]’ —ad
where 59 = sgn(kp). The integrand depends only on a single
dimensionless parameter,

(A4)

o = 8w c. (AS)

We recall that ¢ needs to be positive to have a peak in the
susceptibility and effective interaction, if 6 > 0. For 6 < 0, ¢
needs to be negative and the self-energy has the same form
with ¢ = —8mvp ¢ = 8mvp|c|.

a. Imaginary part

The imaginary part of the integral in Eq. (A4) diverges
logarithmically. The divergence is due to contributions from
the regime &, < 0 with [&q] > |gol, where «/E[(Z’fl + q%)% +

1
éql” ~ 1gol/ |éq|%. The leading contribution to the imaginary
part of the self-energy can thus be written as

ImE(kH, lk())

k
_|°|/ f deq/dqo
G <0 2q<0

x %o = 5o (A6)

(Go — 50> + (24 + ¢ ) 1gol// |€q —ag

Introducing new momentum space variables x = a,/|8,4/G?

and y = &, + g7, and using

~ 1
Vl1eqldeqdg = 5—(1 - Y/VY* 4 4x? ja?)dxdy,
one finds

ImS(ky, iko)

Ikol / /
= d d dg
210 S e el V2 + 4x2/a2

go — So
X = 2 2
(Go — s0)* +y Iqo|+x

(AT)

(A8)

The second term in the bracket is odd in y and therefore
yields no contribution to the integral. The remaining integral
is elementary. The integrations over y and gy are convergent
(without any UV cutoff), yielding

|k0|
dx dgo | dy

Go — So
(610 —50)% +? |f]0| +x

. |k0|/ /d~ sgn(Jo — So)
2ra x>0 |670|+x

=—— dx In(1+x71h.
T

x>0

ImS(ky, ik) =

(A9)

The x integral diverges logarithmically for large x. Restricting

[|eq|q,2/(4m)]% by a UV cutoff A leads to a cutoff a A /|kg| for
the variable x. With this cutoff, the x integral yields

. ko | oA
ImX(ky, iky) = —— In — + O(kp) (A10)
Ta kol
for kg — 0.
b. Real part

To evaluate the real part of the self-energy at the hot spot,
ReX(ky, iko), we start from the expression (A4). The integral
for the real part diverges linearly in the ultraviolet regime.
To obtain a finite result one needs to subtract the self-energy
at ko = 0, which is given by the same expression with s
replaced by zero.

The §; integration can be carried out analytically by a
keyhole contour integration around the negative real axis. To
this end, we rewrite Eq. (A4) in the form

Y (ky, iko) = 'k"'/w/w /Ow ! !
ioiko) =5y | 4 [ ddo | 4G s g

(A11)
where
\/_
A= vV _Eq+i(50_q~0)» B = o 32 +qO+€q
(A12)
The contour integration yields
/0 P 1
—0 QI ~2 A2 qt B
In(A In(—A In(B
_ @ nA) B
2A(A—B) 2A(A+B) A?-B?

The real part of the self-energy at the hot spot can thus be
written as

L

ReX(ky, iky) = ——R( ), (A14)

where the function R(«) is given by the double integral

1
R(a):—;/déq/dqo

[ In(A)
X RE
2A(A — B)

In(—A) In(B)
2AA+B) A2 — ]
(A15)
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The remaining two integrations seem to be difficult to
handle analytically. However, a simple analytic result can be
obtained for the real part in the limit of large «. In this limit, B
in Eq. (A13) can be set to zero except in the argument of the
logarithm in the last term.

For B = 0, the real parts of the first two terms in Eq. (A13)
integrate to zero. To see this, we temporarily introduce ultra-
violet cutoffs A for the integration variables éq and go. The
&q integration of the first term yields

1A A In[\/—2q + i(s0 — G
_/ d%f 4z, Re [ et (so ~610)]
2 J_} A —&q +i(so — o)
G0 —sol
— d de
f qo/ T2 4 (Go — 50)* 2+ (Go — 0)?

A
—/ dgp arctan ——.
g0 — so

11 (s0)

(A16)

Obviously 7 (sg) diverges linearly for A — co. However, this
divergence is canceled upon subtracting 7;(0), corresponding
to the subtraction of the self-energy at ky = 0, and the dif-
ference I, (so) — 1;(0) even vanishes in the limit A — co. For
example, for so = 1 one finds

T A A
Il(l)—ll(O)z—/~ dgo arctan —
8 J& |Gol

x (A A
- = dgo arctan — ~ A7 — 0.
8 Ji-1 |Gol
(A17)

By the same reasoning, the second contribution I (sg) — L (0)
vanishes, too.
The real part of the third contribution has the form

> > V2 [
I = dg dég In| — 2+ G +e
3(50) /_Oo qO/_OO &q n(a €qt4qp+éq

x Re—
—i(so — o)

/dq()/ déq In

x < % + % > (A18)
g+ (o —s0)* & + (o +50)*

for large o Substituting go by u = §o/éq, and subtracting the
zero frequency constant yields

L(so) — 1(0)
_l/ Ju In («/1+u2+1)f .
2.) J1+u? -1 a

~2 52
q q 2
X + — .
(Eg—l—(uéq— 1)2 é§+(uéq+l)2 1+u2>
(A19)

e2+‘10+eq

ez+qo—eq

The integral over é; can be extended to the entire real axis
(with a compensation by a factor %), since the integrand is

symmetric in &q. The &y integration can then be easily evalu-
ated by the residue theorem, yielding

© e e 2
deg| = > st 5 > 7 2
0 eq+(ueq—1) eq+(ueq+1) 14+u
w —1
T—.
(u? + 1)?

The u integral can now be performed using an integration by
parts, yielding

(A20)

I3(s0) — 13(0) = — (A21)
Inserting this into Eq. (A11) we obtain
k
ReX(ky, iky) — X(ky,0) = _ kol (A22)
o

for large «.

2. Momentum dependence near hot spot

We now evaluate the momentum dependence of the self-
energy near the hot spot at zero frequency. The momentum is
parametrized by the normal and tangential coordinates relative
to the hot spot, k, and k;, respectively.

We first analyze the normal momentum dependence for
k; = 0, which we denote by X(k,, 0), where the frequency
argument has been dropped. Eq. (16) yields

Sk, 0) = /a’qt /a’qr dqo 1
h 21 —igo — vr(gr — ks) — 5-q?

X . (A23)
ah(eq, qo) + a’h(eq, q0) — beq — cq;

The form of the fermion propagator indicates the following
scaling of the integration variables in the limit k, — 0:

N

Following the same arguments as for the frequency depen-
dence, the expression (A23) can be approximated by

vl [ [ [
D [ aa [ae [aa
G:<0

1
sk, — ido — (éq + G7)
1

X 1 9
V(@ + %)+ — od
for small k,, where s, = sgn(k;), and « is the same as in
Eqg. (AS5). The dimensionless integration variables are defined
by qo = vrlk:| o, eq = v |kr|eq, and g; = /4mv |k,[ ;. The
g, integral can now be performed by a keyhole contour inte-
gration around the negative real axis, yielding

qo ~ krv qr ~ krv qr ~ (A24‘)

Xk, 0) =

X

(A25)

(ST

ky _ B
S(k,, 0) = ”;LOJ /deq/dqo
< In(A) In(-A)  In(B) >
“\2a4-B) " 24A+B)  AT-
(A26)
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where

— V2 [
A= /s — &q — iGo, B:7 V& +q5+eq. (A27)

After subtracting the constant ¥(0, 0), the remaining integra-
tions are convergent, that is, no ultraviolet cutoff is needed.
One thus obtains

X(kr, 0) = X(0,0) = ayq, (@) vrk;, (A28)

where a, 1 () are positive numbers depending only on « and
the sign of k.. An analytic evaluation of the remaining two
integrations in Eq. (A26) seems difficult, but a numerical
evaluation can be done with high accuracy.

We now turn to the fangential momentum dependence of
the self-energy for k, = 0. Eq. (16) yields

dg, (dq, (d
E(Ok,)_f Qtf q qo

X

m(% — K )?
1
X
ah(eq, qo) + a'h(eg, qo) — beq — cq;

—iqo — Vrq, —

. (A29)
The form of the fermion propagator indicates the following
scaling of the integration variables in the limit k, — 0:

qo ~ k. ar~ ks q ~ k. (A30)

Following the same arguments as for the frequency depen-
dence, the expression (A29) can be approximated by

2(0,k) = d67t déq d67()
G <0
X — — 5
ido + éq + (G: — 1)
1
X 1 T , (A31)
V2[@+ @2 +eq) —ag

for small k;, where s, = sgn(k;), and « is the same as in
Eq. (AS) The dimensionless integration variables are defined
by g0 = 4m do, eq = fm éq,and g; = |k g;. The g, integral can
again be performed by a keyhole contour integration around
the negative real axis, yielding

In(s; +A)
0. k) = deq (ZA( S+A B)
In(s; —A) In(B) (A32)
2A(A+B—s,) (s, —B)?—A?2)’
where

— V2 e
A = /—8éq — iqo, B=7 eﬁ—l—qé—i—eq. (A33)

The integral in Eq. (A32) remains ultraviolet divergent even
after subtracting (0, 0). Restricting eq and gy by an ultravi-
olet cutoff A, a numerical evaluation of the integrals yields

(0, k) — 2(0,0) = a,(a)/A/mk + O(k}),  (A34)

where a; (o) ~ log(e) for small o and a,(«) ~ log(a)/« for
large or. Note that a cutoff A on the variables eq and g entails
a cutoff A = ‘]‘(’,"A on the rescaled variables &g and Go. The
square-root-type UV divergence of the integral in Eq. (A32)
thus yields a factor proportional to ~/A /k;, which reduces the
nominally quadratic k; dependence of X(0, k;) — X(0,0) to a
linear dependence.

APPENDIX B: COMPUTATION OF PARTICLE-HOLE
BUBBLE

In the following we evaluate the particle-hole bubble
I1(q, iqp) defined in Eq. (32) with a propagator of the form
(27). Using radial and tangential momentum coordinates and
expanding the fermion dispersion yields

d’k dky 1
@2 )27 (ko) — vpke — 55
1

e —. (B1)
{ko — qo} + vr(k, — g,) — zi-

(q. igo) =N/

Here we have introduced the short-hand notation {ky} = ikg —
Yy (iky), where Xy (iko) = Z(Kpy, ikg) — X(Ky, 0). The &,
and k; integrations can be performed via the residue theorem,

dko dk;

2w 2w
O(—ko) — O(ko — q0)

I1(q. iq0) —N—

2 _
{ko} + {ko — qo} — vpg, — A2 — Gza)?
i [dk [ dk
- 2 2

» O (ko — go) — O(—ko)
Etl2E 4 eq — tho) + {ko — qo)

o m dko |©(ko — q0) — O(—ko)|
4 vF V—eq + {ko} + {ko — qo}
(B2)
Subtracting I1(Q, 0) one thus obtains
|©(ko — qo) — O(—ko)|

8TI(q, iqo) = —

vl | f

dko
V2tko} |

V—eq+

{ko} + {ko — qo}

(B3)

The remaining integral can be easily carried out numerically.

For the bare bubble one obtains the same expression with
{ko} = iko. The ko integration is then convergent (without UV
cutoff) and elementary, yielding the familiar singular contri-
bution

8T1y(q, igo) = Ni(\/eq + iqo + v/eq — iqo).

B4
dmvg (B4)

125123-16



FLUCTUATION EFFECTS AT THE ONSET OF ...

PHYSICAL REVIEW B 104, 125123 (2021)

[1] H. V. Lohneysen, A. Rosch, M. Vojta, and P. Woélfle, Fermi
liquid instabilities at magnetic quantum phase transitions, Rev.
Mod. Phys. 79, 1015 (2007).

[2] J. A. Hertz, Quantum critical phenomena, Phys. Rev. B 14, 1165
(1976).

[3] A.J. Millis, Effect of a nonzero temperature on quantum critical
points in itinerant fermion systems, Phys. Rev. B 48, 7183
(1993).

[4] D. Belitz, T. R. Kirkpatrick, and T. Vojta, First Order Transi-
tions and Multicritical Points in Weak Itinerant Ferromagnets,
Phys. Rev. Lett. 82, 4707 (1999).

[5] A. Abanov and A. V. Chubukov, Anomalous Scaling at the
Quantum Critical Point in Itinerant Antiferromagnets, Phys.
Rev. Lett. 93, 255702 (2004).

[6] S. C. Thier and W. Metzner, Singular order parameter interac-
tion at the nematic quantum critical point in two-dimensional
electron systems, Phys. Rev. B 84, 155133 (2011).

[7] A. Abanov, A. V. Chubukov, and J. Schmalian, Quantum crit-
ical theory of the spin-fermion model and its applications to
cuprates: Normal state analysis, Adv. Phys. 52, 119 (2003).

[8] M. A. Metlitski and S. Sachdev, Quantum phase transitions of
metals in two spatial dimensions. II. Spin density wave order,
Phys. Rev. B 82, 075128 (2010).

[9] S.-S. Lee, Recent developments in non-Fermi liquid theory,
Annu. Rev. Condens. Matter Phys. 9, 227 (2018).

[10] E. Berg, M. A. Metlitski, and S. Sachdev, Sign-problem-free
quantum Monte Carlo at the onset of antiferromagnetism in
metals, Science 338, 1606 (2012).

[11] This notion of nesting must not be confused with the stronger

condition of perfect nesting, where a momentum shift Q maps

extended Fermi surface pieces on top of each other. Perfect
nesting occurs only for special band structures and electron
densities.

H. J. Schulz, Incommensurate Antiferromagnetism in the Two-

Dimensional Hubbard Model, Phys. Rev. Lett. 64, 1445 (1990).

[13] P. A. Igoshev, M. A. Timirgazin, A. A. Katanin, A. K.
Arzhnikov, and V. Yu. Irkhin, Incommensurate magnetic order
and phase separation in the two-dimensional Hubbard model
with nearest- and next-nearest-neighbor hopping, Phys. Rev. B
81, 094407 (2010).

[14] M. A. Metlitski and S. Sachdev, Instabilities near the onset of
spin density wave order in metals, New J. Phys. 12, 105007
(2010).

[15] S. Sachdev and R. La Plata, Bond Order in Two-Dimensional
Metals with Antiferromagnetic Exchange Interactions, Phys.
Rev. Lett. 111, 027202 (2013).

[16] T. Holder and W. Metzner, Incommensurate nematic fluctu-
ations in two-dimensional metals, Phys. Rev. B 85, 165130
(2012).

[17] M. Punk, Nematic fluctuations and their wave vector in two-
dimensional metals, Phys. Rev. B 91, 115131 (2015).

[18] B. L. Altshuler, L. B. Ioffe, and A. J. Millis, Critical be-
havior of the T = 02kF density-wave phase transition in a
two-dimensional Fermi liquid, Phys. Rev. B 52, 5563 (1995).

[19] D. Bergeron, D. Chowdhury, M. Punk, S. Sachdev, and A.-
M. S. Tremblay, Breakdown of Fermi liquid behavior at the
(m, ) = 2kp spin-density wave quantum critical point: The
case of electron-doped cuprates, Phys. Rev. B 86, 155123
(2012).

[12

—

[20] Y. Wang and A. Chubukov, Quantum-critical pairing in
electron-doped cuprates, Phys. Rev. B 88, 024516 (2013).

[21] Commensurate wave vectors can be written as a linear combina-
tion of reciprocal lattice vectors with rational coefficients, while
incommensurate wave vectors cannot. Obviously there are in-
finitely many possible rational coefficients, but the quantitative
effects of commensurability decrease rapidly with the size of
their denominators.

[22] T. Holder and W. Metzner, Non-Fermi-liquid behavior at the on-
set of incommensurate 2k charge- or spin-density wave order
in two dimensions, Phys. Rev. B 90, 161106(R) (2014).

[23] J. Sykora, T. Holder, and W. Metzner, Fluctuation effects at
the onset of the 2kr density wave order with one pair of hot
spots in two-dimensional metals, Phys. Rev. B 97, 155159
(2018).

[24] J. Halbinger, D. Pimenov, and M. Punk, Incommensurate 2k
density wave quantum criticality in two-dimensional metals,
Phys. Rev. B 99, 195102 (2019).

[25] J. W. Negele and H. Orland, Quantum Many-Particle Systems
(Addison-Wesley, Reading, MA, 1987).

[26] F. Stern, Polarizability of a Two-Dimensional Electron Gas,
Phys. Rev. Lett. 18, 546 (1967).

[27] In Ref. [22] the regular contributions to x, were parametrized
by a sum of four terms involving normal and tangential co-
ordinates of both 2kr lines. Two of the terms are however
redundant, since two parameters are sufficient to capture the
leading (linear) momentum dependence.

[28] As illustrative examples, the structure of the effective interac-
tion is derived for a spinless fermion model and for the Hubbard
model in Ref. [23].

[29] Our parameter o corresponds to 2bin Ref. [22], and our angle 6
corresponds to the angle —¢. Moreover, ¢ was tacitly assumed
to be positive in Ref. [22].

[30] Our definition of Z follows the usual convention in quantum
field theory. In textbooks on Fermi liquid theory, however, the
quasi-particle weight itself (not its inverse) is frequently de-
noted by Z.

[31] A. Georges, O. Parcollet, and S. Sachdev, Quantum fluctuations
of a nearly critical Heisenberg spin glass, Phys. Rev. B 63,
134406 (2001).

[32] Y. Gu, A. Kitaev, S. Sachdev, and G. Tarnopolsky, Notes on
the complex Sachdev-Ye-Kitaev model, J. High Energy Phys.
02 (2020) 157.

[33] Y. Wang and A. V. Chubukov, Quantum phase transition int the
Yukawa-SYK model, Phys. Rev. Research 2, 033084 (2020).

[34] For a review on the fRG for interacting fermion systems, see
W. Metzner, M. Salmhofer, C. Honerkamp, V. Meden, and K.
Schonhammer, Functional renormalization group approach to
correlated fermion systems, Rev. Mod. Phys. 84, 299 (2012).

[35] C. Drukier, L. Bartosch, A. Isidori, and P. Kopietz, Functional
renormalization group approach to the Ising-nematic quantum
critical point of two-dimensional metals, Phys. Rev. B 85,
245120 (2012).

[36] S. A. Maier and P. Strack, Universality in antiferromagnetic
strange metals, Phys. Rev. B 93, 165114 (2016).

[37] B. Obert, S. Takei, and W. Metzner, Anomalous criticality
near semimetal-to-superfluid quantum phase transition in a two-
dimensional Dirac cone model, Ann. Phys. (Berlin) 523, 621
(2011).

125123-17


https://doi.org/10.1103/RevModPhys.79.1015
https://doi.org/10.1103/PhysRevB.14.1165
https://doi.org/10.1103/PhysRevB.48.7183
https://doi.org/10.1103/PhysRevLett.82.4707
https://doi.org/10.1103/PhysRevLett.93.255702
https://doi.org/10.1103/PhysRevB.84.155133
https://doi.org/10.1080/0001873021000057123
https://doi.org/10.1103/PhysRevB.82.075128
https://doi.org/10.1146/annurev-conmatphys-031016-025531
https://doi.org/10.1126/science.1227769
https://doi.org/10.1103/PhysRevLett.64.1445
https://doi.org/10.1103/PhysRevB.81.094407
https://doi.org/10.1088/1367-2630/12/10/105007
https://doi.org/10.1103/PhysRevLett.111.027202
https://doi.org/10.1103/PhysRevB.85.165130
https://doi.org/10.1103/PhysRevB.91.115131
https://doi.org/10.1103/PhysRevB.52.5563
https://doi.org/10.1103/PhysRevB.86.155123
https://doi.org/10.1103/PhysRevB.88.024516
https://doi.org/10.1103/PhysRevB.90.161106
https://doi.org/10.1103/PhysRevB.97.155159
https://doi.org/10.1103/PhysRevB.99.195102
https://doi.org/10.1103/PhysRevLett.18.546
https://doi.org/10.1103/PhysRevB.63.134406
https://doi.org/10.1007/JHEP02(2020)157
https://doi.org/10.1103/PhysRevResearch.2.033084
https://doi.org/10.1103/RevModPhys.84.299
https://doi.org/10.1103/PhysRevB.85.245120
https://doi.org/10.1103/PhysRevB.93.165114
https://doi.org/10.1002/andp.201100039

JACHYM SYKORA AND WALTER METZNER PHYSICAL REVIEW B 104, 125123 (2021)

[38] R. L. Stratonovich, On a method of calculating quan- [41] In the numerical solution of the flow equations from Sec. V,
tum distribution functions, Soviet Phys. Doklady 2, 416 and of the self-consistent integral equations from Sec. VI,
(1957). we actually parametrize the regular contributions to the in-

[39] J. Hubbard, Calculation of Partition Functions, Phys. Rev. Lett. verse fluctuation propagator as beq + b'e;, and choose b = b =
3, 77 (1959). 1/(8m). For 6 = 7 /2, this is equivalent to beq + cg, with b =

[40] C. Wetterich, Exact evolution equation for the effective poten- ¢ = 1/(8m) up to subleading corrections, since e; = ¢; + q*/4
tial, Phys. Lett. B 301, 90 (1993). for0 =n/2andvp =m = 1.

125123-18


https://doi.org/10.1103/PhysRevLett.3.77
https://doi.org/10.1016/0370-2693(93)90726-X

