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Collective excitations and quantum incompressibility in electron-hole bilayers
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We apply quantum continuum mechanics to the calculation of the excitation spectrum of a coupled electron-
hole bilayer. The theory expresses excitation energies in terms of ground-state intra- and interlayer pair
correlation functions, which are available from quantum Monte Carlo calculations. The final formulas for the
collective modes deduced from this approach coincide with the formulas obtained in the “quasilocalized particle
approximation” by Kalman et al. [G. Kalman, V. Valtchinov, and K. I. Golden, Phys. Rev. Lett. 82, 3124
(1999)], and likewise the theory predicts the existence of gapped excitations in the charged channel, with the gap
arising from electron-hole correlation. An immediate consequence of the gap is that the static density-density
response function of the charged channel vanishes as q2 for wave vector q → 0, rather than linearly in q, as
commonly expected. In this sense, the system is incompressible. This feature, which has no analog in the classical
electron-hole plasma, is consistent with the existence of an excitonic ground state and implies the existence of
a discontinuity in the chemical potential of electrons and holes when the numbers of electrons and holes are
equal. It should be experimentally observable by monitoring the densities of electrons and holes in response to
potentials that attempt to change these densities in opposite directions.
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I. INTRODUCTION

Two-dimensional electron-hole systems, in which elec-
trons and holes reside in well-separated layers of a semi-
conductor heterostructure (see Fig. 1), have received much
attention in recent years. Well separated means that tunneling
between the layers is negligible. Voltages Ve and Vh applied to
the electron (e) and hole (h) layers, respectively, can be used
to control the carrier densities in each layer. The attractive
interaction between electrons and holes creates a rich phase
diagram in which BCS pairing at high density, exciton, and
multiexciton formation at low density compete with the con-
ventional Fermi liquid phase.

Quantum Monte Carlo (QMC) calculations of the ground-
state wave function of this system have provided compelling
evidence for the existence of non-Fermi liquid states with
the formation of exciton and multiexciton complexes and the
appearance of off-diagonal long-range order at low densities
[1–6]. Experimental signatures of electron-hole pairing and
superfluidity have been seen in counterflow experiments at
high magnetic field [7,8] in multilayer structures of transition-
metal dichalcogenides [9–12], and are also expected to
emerge from Coulomb drag experiments [13] and in tunneling
experiments [14]. In this paper, we will use the available infor-
mation about the ground-state properties of the electron-hole
bilayer to achieve something that is presently beyond the reach
of QMC, namely, to predict the density fluctuation spectrum
and the transverse current fluctuation spectrum.

We will focus on symmetric electron-hole systems, mean-
ing that the densities and the effective masses of electrons
and holes are identical and the elementary excitations can be
classified as symmetric (electrons and holes moving in phase)
and antisymmetric (electrons and holes moving out of phase).

The excitation spectrum is largely determined by the char-
acter of the ground state. For example, in the Fermi liquid
phase, there are two types of excitations: single-particle exci-
tations out of the Fermi sea and collective modes (plasmons),
in which the electrons and the holes oscillate out of phase,
with a dispersion ∝ √

q, where q is the wave vector. In
principle, an acoustic plasmon mode could also exist, with
electrons and holes oscillating in phase, at sufficiently large
interlayer separation [15]. All these excitations are gapless.
The transverse current excitation spectrum is also gapless.

The situation is quite different in electron-hole paired
phases. A fundamental property of the paired ground state
is its rigidity with respect to perturbations that tend to shift
electron and hole densities in opposite directions. This can be
understood as follows. Adding (or removing) equal numbers
of electrons and holes in a small volume of the system can
be viewed as increasing (or decreasing) the number of bound
electron-hole pairs without breaking any bond. The sum of
the addition and removal energies of a pair is 2μ − 2μ = 0,
where μ is the chemical potential and 2μ is the energy of
a bound electron-hole pair: this is what we mean when we
say that this mode of excitation is gapless. In contrast, adding
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FIG. 1. Schematics of an electron-hole bilayer heterostructure.
The densities of electrons and holes are controlled by changing the
potentials of the electron and hole layers relative to the top and
bottom layers (gates).

an electron while removing one hole changes the energy
by −2μ + 2εe, where εe is the energy of a free (unbound)
electron. Similarly, removing an electron while adding a hole
changes the energy by −2μ + 2εh, where εh is the energy of
a free (unbound) hole. The sum of the addition and removal
energies is now 2(εe + εh − 2μ), which is twice the binding
energy of an electron-hole pair: hence, this mode of excitation
is gapped.

To calculate the excitation spectra of electron-hole bilay-
ers, we resort to quantum continuum mechanics (QCM—not
to be confused with QMC) for quantum electronic systems.
This theory was discussed in detail in Ref. [16]. It yields an
exact equation of motion (Eq. (15) in Ref. [16]) for the current
density in terms of a stress tensor field, which is, in princi-
ple, a functional of the current density itself. In the elastic
approximation (see Ref. [16]), the equation of motion for the
current is obtained by making an ansatz on the form of the
solution of the time-dependent Schrödinger equation, namely,
that the time-dependent wave function is obtained by applying
a time-dependent deformation to the ground-state wave func-
tion. Equivalently, one can say that the wave function remains
constant in an accelerated reference frame in which the den-
sity is constant and each infinitesimal volume element of the
system remains at rest. Under these assumptions, the equation
of motion for the current density can be expressed in terms
of ground-state properties, such as the momentum occupation
number and the pair distribution functions, which can be accu-
rately computed by QMC. This approach is justifiable only for
strongly interacting systems, whose dynamics is dominated by
collective motions of relatively large groups of electrons (the
volume elements of the fluid), while single-particle excita-
tions are negligible or absent. For example, 4He and electrons
in the lowest Landau level [17] are well described by this
method. Low-density electron liquids with strong Wigner
crystal-like correlations between the positions of the elec-
trons are expected to be well described too. Generally, the
method works well for collective modes. The single-particle
portion of the excitation spectrum, if present, is absorbed
in the collective mode spectrum in such a way that certain
spectral sum rules (f-sum rule, third moment sum rule) are
satisfied.

In this paper, we apply QCM to the calculation of the ex-
citation spectrum of an electron-hole bilayer. Remarkably, the
final expressions for the collective mode frequencies coincide

with the expressions that were obtained by Kalman et al.
[18] by using what they called the “quasi-localized particle
approximation” (QLCA). Thus, we can say that QCM offers
a way to formalize the physical assumptions underlying the
QLCA.

The most interesting result of the calculation is that the an-
tisymmetric sector of the spectrum is gapped. Thus, in contrast
to the Fermi liquid, where the antisymmetric mode (electrons
and holes oscillating with opposite phases) is gapless with
dispersion q1/2, the QCM (like the QLCA) predicts a finite fre-
quency ω(0)—the gap—in the q → 0 limit. The origin of the
gap in QCM is easily traced to correlations between electrons
and holes in opposite layers—the enhancement of the on-top
electron-hole pair distribution function geh(0) playing the key
role. The gap is present for arbitrarily small values of the
coupling parameter rs, (although its value tends to zero very
rapidly as rs → 0) and does not even require the presence of
BCS-like pairing between electrons and holes. This suggests
that the system is never a Fermi liquid—a conclusion that may
be formally correct for electron-hole bilayers.

The gap in the antisymmetric density excitation spectrum
of electron-electron bilayers was predicted in the classi-
cal (nondegenerate) regime [19] and was directly confirmed
by classical molecular dynamic simulation. No such direct
method is available for studying the dynamics of degenerate
electron-hole systems. A semianalytic study [20,21] within
the framework of QLCA (equivalent to the present approach)
was carried out for degenerate electron-electron bilayers, but
not for degenerate electron-hole bilayers.

There is an important difference between classical and
quantum (degenerate) systems. In the classical system, the
finite temperature effectively erases the most significant sig-
nature of the gap, namely, the rigidity (or incompressibility)
of the system with respect to actions that attempt to change
the densities of electrons and holes in opposite directions.
The classical fluctuation-dissipation theorem [22] directly ties
the density-density response function, which controls the re-
sponse to external potentials, to the static structure factor. The
latter vanishes linearly with q for the antisymmetric channel
in the q → 0 limit [23]. This indeed indicates a suppression
of the density response for small q, but its origin is quite
clear: It is the large electrostatic energy associated with adding
electrons to one layer and removing holes from the other.
In a realistic experimental setup, this charging energy will
be neutralized by additional charges occurring on the gates,
ultimately leaving us with a finite density response (that is
to say, the so-called proper density-density response function
[22], which does not vanish for q → 0).

In contrast to this, the density-density response function
of the gapped quantum system vanishes as q2 for q → 0.
The vanishing density response is not caused by the charging
energy, rather it reflects the energy cost of breaking bound
electron-hole pairs as explained above. This kind of rigidity
cannot be compensated by additional charges on the gates:
it is present in the proper density-density response function
itself.

Experimentally, rigidity would show up in measurements
of the electron and hole densities as functions of applied gate
voltages Ve and Vh. Starting from the symmetric situation
ne = nh, the application of potentials Ve and Vh, which tend
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to shift the electron and hole densities in opposite directions,
will have no effect on the densities until the potentials exceed
a threshold given by the gap [24].

This paper is organized as follows. In Sec. II and the
Appendix, we review the elastic approximation of QCM
and derive the formulas expressing the collective mode fre-
quencies in terms of the pair distribution function and the
kinetic energy of the ground state. We show that our for-
mulas coincide with those of the QLCA. In Sec. III, we
express the collective mode frequencies in terms of real-space
integrals over the pair correlation functions and provide a
simple formula, Eq. (18), expressing the gap in terms of the
electron-hole interaction potential and the pair distribution
function. In Sec. III A, we present and discuss the evalua-
tion of the real-space integrals with pair correlation functions
obtained from QMC, emphasizing the appearance of a gap
in the antisymmetric density (longitudinal current) and trans-
verse current channel. In Sec. III B, the same calculations are
performed with pair correlation functions obtained, at much
lower computational cost, from the solution of the BCS-like
mean field theory. The pair correlation functions obtained in
this manner are similar to the ones obtained in QMC, when
the latter are available, and allow us to explore the behavior of
the gap in a wider region of values of rs and d . In Sec. IV, we
discuss the antisymmetric density response function obtained
from QCM with the antisymmetric density response function
obtained from the BCS-like mean-field theory. Both response
functions are found to vanish in the long-wavelength limit,
implying incompressibility. The relation between the QCM
gap and the BCS gap is clarified. In Sec. V we present a
critical discussion of the elastic approximation vis-a-vis the
so-called Bijl-Feynman approximation [25] which produces a
spectrum consistent with the exact static structure factor but in
violation of the third moment sum rule. Section VI contains
a summary of our results for the excitation spectrum in the
elastic approximation and our outlook on theoretical work
going beyond the elastic approximation.

II. ELECTRON-HOLE BILAYER—MODEL AND ELASTIC
APPROXIMATION FOR COLLECTIVE MODES

We consider a homogeneous symmetric electron-hole bi-
layer with Hamiltonian

H =
∑
i,α

p2
iα

2m
+ 1

2

∑
i �= j

∑
α

φαα (|ri,α − r j,α|)

+
∑
i, j

∑
α,β �=α

φαβ (|ri,α − r j,β |), (1)

where the indices i and j run over the particles (either elec-
trons or holes) of which there are equal numbers distributed
with areal density n = ne = nh, and the indices α, β take
values in the set (e, h) where e stands for electrons and h for
holes. Thus ri,e and pi,e are the (two-dimensional) position
and momentum of the ith electron and similarly for holes.
The mass m is the same for electrons and holes. The electron-
electron and hole-hole interactions are

φee(r) = φhh(r) = e2

r
, (2)

and

φeh(r) = φhe(r) = − e2

√
r2 + d2

, (3)

where r is the distance between two electrons (holes) in the
same layer, d is the distance between the layers, and

√
r2 + d2

is the distance between an electron and a hole in opposite lay-
ers. e is the absolute value of the electron charge. The strength
of the Coulomb interaction is measured by the Wigner-Seitz
parameter

rs = 1√
nπa

, (4)

where a = h̄2/(me2) is the Bohr radius.
We refer the reader to Ref. ([16]) for a detailed discus-

sion of QCM and the elastic approximation. Here we only
use the final result, which is an equation of motion for the
displacement field u(r, t ), related to the current density by
j(r, t ) = n(r)u̇(r, t ) where n(r) is the ground-state density
and u̇(r, t ) is the time derivative of the displacement field, i.e.,
the velocity of the volume element. In the absence of external
fields, this equation of motion has the form (see Eq. (46) in
Ref. ([16])

mn(r)ü(r, t ) = − δE2[u]

δu(r, t )
, (5)

where E2[u] is a quadratic functional of the displacement
field, obtained by expanding the energy (kinetic plus poten-
tial) to second order in the displacement field. (We note in
passing that the system is assumed to have no net spin polar-
ization: each volume element contains equal numbers of up-
and down-spin particles, and they all follow the displacement
field u regardless of spin orientation).

The expression on the right-hand side of Eq. (5) is a gener-
alized force which, as shown in Ref. ([16]), can be expressed
in terms of the one-particle density matrix and the pair dis-
tribution function of the ground state. Equation (5) defines
a small-oscillation problem whose eigenfrequencies are the
excitation energies. For an isotropic system, such as a uniform
electron liquid, the longitudinal component of u yields the
density excitation spectrum, and the transverse component
yields the transverse current excitation spectrum. These ap-
proximate spectra consist of discrete excitation frequencies,
at variance with the exact spectra, which are continuous. Yet,
the spectral moments (first moment for the current fluctuation
spectrum, first and third moments for the density fluctuation
spectrum) can be shown to be exact, provided, of course, the
input ground state information is exact.

To apply the QCM formalism to the electron-hole bilayer,
we first generalize the formalism of Ref. ([16]) to a system
with several components in dimension D. This is done in
the Appendix. We then apply the formalism to a symmetric
electron-hole system in two dimensions. This involves two
displacement fields ue(r, t ) and uh(r, t ) for electrons and
holes, respectively. They are related to the electron and hole
current densities by jα (r, t ) = nu̇α (r, t ), where α = e or h,
and n is the uniform density of electrons or holes. Equation
(5) becomes a system of two coupled linear equations after
the replacement u → uα and the recognition that the energy
E2 is a quadratic functional of both ue and uh.
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We take advantage of the translational invariance of the
system (in the plane of the layers) by introducing the Fourier
transform of the displacement fields, ũα (q, ω), where q is the
wave vector and ω is the frequency. The equation of motion
takes the form

−mnω2ũα = −δT2[ũα]

δũα

− δW2[ũe, ũh]

δũα

, (6)

where T2 and W2 are, respectively, the kinetic and potential
parts of the energy functional. The functional derivatives on
the right-hand side of Eq. (6) are readily obtained from the
appropriate two-component generalization of Eqs. (53) and
(58) of Ref. ([16]). The formulas for the kinetic energy term
are greatly simplified by dropping all the terms that contain
the gradient of the ground-state density. The final expression
is

δT2[ũα]

δũα

= nt (n)[2q(q · ũα ) + q2ũα] + nh̄2q2

4m
q(q · ũα ),

(7)
with α = e, h, where nt (n) is the kinetic energy per unit
area of the interacting electron-hole system—a quantity well-
known from QMC calculations. Notice that this kinetic
force does not couple the displacement fields of different
species.

The calculation of the potential energy term is more com-
plex but the final result is quite simple:

δW2[ũe, ũh]

δũα

=
∑
β,ν

{−[Kαβ (q = 0)]μν ũαν (q)

+ [Kαβ (q)]μν ũβν (q)}, (8)

where α and β take values e or h, and μ and ν are cartesian in-
dices. The all-important kernel [Kαβ (q)]μν is calculated from
the structure factors of the ground state, Sαβ (q), as follows:

[Kαβ (q)]μν = n
∫

dq′

(2π )2
[Sαβ (|q − q′|) − δαβ]φ̃αβ (q′)q′

μq′
ν

+ n2qμqνφ̃αβ (q), (9)

where

Sαβ (q) = 1

N

∑
n,n′

〈eiq·(rn,α−rn′β )〉 − Nδq,0. (10)

〈...〉 denotes the ground state average and φ̃ee(q) = φ̃hh(q) =
2πe2

q , φ̃eh(q) = φ̃he(q) = − 2πe2

q e−qd . Notice that the structure
factors are expressible in terms of the Fourier transforms of
the pair distribution functions for species α and β [22]; we
will make use of this in the next section.

The symmetry of the problem (See = Shh, Seh = She)
allows us to decouple the equations of motion into
symmetric/antisymmetric channels denoted by + and −, re-
spectively, defined as follows:

ũ±(q, ω) = ũe(q, ω) ± ũh(q, ω). (11)

Furthermore, isotropy allows us to decouple the longitudinal
channel (ũ ‖ q), denoted by L, from the transverse chan-
nel (ũ ⊥ q), denoted by T . Thus we arrive at the following
explicit formulas for the frequencies of the longitudinal col-
lective modes:

ω2
L+(q) = 2πne2q

m
(1 − e−qd ) + q2

[
3t (n)

m
+ h̄2q2

4m2

]
+ 1

m

∫
dq′

(2π )2
[See(|q − q′|) − See(q′)]φ̃ee(q′)(q′ · q̂)2

+ 1

m

∫
dq′

(2π )2
[Seh(|q − q′|) − Seh(q′)]φ̃eh(q′)(q′ · q̂)2 (12)

and

ω2
L−(q) = 2πne2q

m

(
1 + e−qd

) + q2

[
3t (n)

m
+ h̄2q2

4m2

]
+ 1

m

∫
dq′

(2π )2
[See(|q − q′|) − See(q′)]φ̃ee(q′)(q′ · q̂)2

− 1

m

∫
dq′

(2π )2
[Seh(|q − q′|) + Seh(q′)]φ̃eh(q′)(q′ · q̂)2, (13)

where q̂ is the unit vector along q. Similarly, for the transverse collective modes, we may set q = qx̂ to obtain

ω2
T +(q) = q2 t (n)

m
+ 1

m

∫
dq′

(2π )2
[See(|q − q′|) − See(q′)]φ̃ee(q′)(q′

y)2

+ 1

m

∫
dq′

(2π )2
[Seh(|q − q′|) − Seh(q′)]φ̃eh(q′)(q′

y)2 (14)

and

ω2
T −(q) = q2 t (n)

m
+ 1

m

∫
dq′

(2π )2
[See(|q − q′|) − See(q′)]φ̃ee(q′)(q′

y)2

− 1

m

∫
dq′

(2π )2
[Seh(|q − q′|) + Seh(q′)]φ̃eh(q′)(q′

y)2. (15)

The main qualitative features of the spectrum are immediately
visible in these formulas. The symmetric channel spectrum

is gapless because the expressions [See(|q − q′|) − See(q′)]
and [Seh(|q − q′|) − Seh(q′)] in the integrals of Eqs. (12) and
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FIG. 2. Interlayer distance d = 0.3 a.u. Left panel: Longitudinal modes ωL−(q), ωL+(q). Right panel: Transverse modes ωT −(q), ωT +(q).
The noninteracting single-particle spectrum is shown for reference as a shaded region. Solid lines: Dispersion of the antisymmetric mode in
the quadriexcitonic (q) phase (red lines) and in the excitonic (e) phase (orange lines); dispersion of the symmetric mode in the quadriexcitonic
phase (green lines) and in the excitonic phase (blue lines). Dashed lines with the same color coding present the dispersion of the modes
calculated without the structure factor terms in Eqs. (12)–(15).

(14) vanish for q → 0. In contrast, the antisymmetric channel
spectrum, in which electrons and holes oscillate with opposite
phases in the two layers, is gapped because the expression
[Seh(|q − q′|) + Seh(q′)] in the integrand of Eqs. (13) and (15)
does not vanish for q → 0. The existence of electron-hole
correlation, described by the structure factor Seh(q) and the
associated pair distribution function geh(r) is fully responsible
for the emergence of the gap.

III. REAL-SPACE IMPLEMENTATION

We now calculate the frequency of the collective modes,
Eqs. (12)–(15), using real-space pair-correlation functions
geh(r) and gee(r) [6]. For example, the integral

I±
αβ (q) =

∫
dq′

(2π )2
[Sαβ (|q − q′|) ± Sαβ (q′)]φ̃αβ (q′)(q′ · q̂)2

(16)
can be rewritten as

I±
αβ (q) = 2πn

∫ ∞

0
drrhαβ (r)

{
1

2
[J0(qr) − J2(qr) ± 1]

×
[
φ′

αβ (r)

r
− φ′′

αβ (r)

]
− [J0(qr) ± 1]

φ′
αβ (r)

r

}
,

(17)

where hαβ (r) = gαβ (r) − 1 and Jn(qr) are Bessel functions of
order n.

Notice that the ± signs in Eq. (17) make the all-important
difference between the gapless spectrum in the symmetric
channel and the gapped one in the antisymmetric channel. The
square of the gap is given by

ω2(0) = − 1

m
I+
e,h(0) = n

m

∫
dr he,h(r)∇2φe,h(r), (18)

which (in Rydberg2) is given by the simple formula

ω2(0) = 8

r2
s

∫ ∞

0
drheh(r)r

2d2 − r2

(r2 + d2)5/2
, (19)

where r, d are in atomic units. This has the same value for the
longitudinal and the transverse mode.

A. Calculation with QMC pair correlation functions

In Figs 2–4, we plot the dispersion of the symmetric and
antisymmetric modes, longitudinal (left panels) and transverse
(right panels) obtained by evaluating the real-space integrals
Eq. (17) with QMC pair correlation functions. Results are
presented for rs = 4 and four different values of the interlayer

FIG. 3. Interlayer distance d = 0.5 a.u. Left panel: Longitudinal modes ωL−(q), ωL+(q). Right panel: Transverse modes ωT −(q), ωT +(q).
The noninteracting single-particle spectrum is shown for reference as a shaded region. Solid lines: Dispersion of the antisymmetric mode in
the excitonic (e) phase (orange lines) and in the plasma (pw) phase (red lines); dispersion of the symmetric mode in the excitonic phase (blue
lines) and in the plasma phase (green lines). Dashed lines with the same color coding present the dispersion of the modes calculated without
the structure factor terms in Eqs. (12)–(15).
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FIG. 4. Interlayer distances d = 1.0 a.u. and d = 1.4 a.u, plasma phase (pw). Left panel: Longitudinal modes ωL−(q), ωL+(q). Right
panel: Transverse modes ωT −(q), ωT +(q). The noninteracting single-particle spectrum is shown for reference as a shaded region. Solid
lines: Dispersion of the antisymmetric mode for interlayer distance d = 1.0 a.u. (red lines) and d = 1.4 a.u. (orange lines); dispersion of
the symmetric mode for interlayer distance d = 1.0 a.u. (green lines) and d = 1.4 a.u. (blue lines). Dashed lines with the same color coding
present the dispersion of the modes calculated without the structure factor terms in Eqs. (12)–(15).

distance d = 0.3 a.u., d = 0.5 a.u., d = 1.0 a.u., d = 1.4
a.u. Because the QMC calculations assumed two equivalent
valleys and two equivalent spin orientations in each layer, the
Fermi wave vector qF , which we use as the wave vector unit
in these figures, is related to the density by qF = √

πn.
It is evident that the asymmetric modes display a finite

gap for q → 0. Such a gap is largest at the smallest distance
considered (d = 0.3) and decreases for larger distances.

B. Calculation with BCS pair correlation functions

The QMC calculation of the pair correlation functions is
time-consuming and the results are available only for a few
values of rs and d . We achieve much greater flexibility by
resorting to the BCS-like mean-field theory of Refs. [26,27].
The crucial pair correlation function heh(r) in this approach is

FIG. 5. Plot of ω(0) vs d for different values of rs. ω(0) is calcu-
lated from Eq. (19) and the pair correlation function is obtained from
the self-consistent solution of the BCS mean-field theory, according
to Eq. (20), as explained in the text.

given by

hBCS
eh (r) =

∣∣∣∣1

n

∫ ∞

0

dkk

2π


(k)

E (k)
J0(kr)

∣∣∣∣
2

, (20)

where the BCS gap function 
(k) and the BCS quasipar-
ticle energy E (k) =

√
ξ (k)2 + 
(k)2 are obtained from the

self-consistent solution of the mean-field equations [26,27],
where the k dependence of the gap, as well as the in-plane
interaction, are taken into account.

heh(r) calculated in this manner is in quite good agree-
ment with the QMC result in the cases in which the latter is
available. More importantly, using hBCS

eh (r) in Eq. (19) we can
calculate ω(0) for a broad range of values of rs and d . The
results of the calculation are plotted in Fig. 5. A remarkable
feature of these results is that in the low-density limit, (rs →
∞) ω(0) approaches a finite limit, independent of rs. This is
physically expected since in this limit the system reduces to a
collection of well-separated bound electron-hole pairs and the
pair correlation function becomes

heh(r) = n−1|ψeh(r)|2, (21)

where ψeh(r) is the wave function of the bound state. In the
opposite limit of high density (rs → 0) and finite d , the BCS
gap goes to zero and so does ω(0).

Another interesting feature of the result is the logarith-
mic divergence of ω(0) in the limit of vanishing interlayer
separation (d → 0). Mathematically, this arises from the two-
dimensional integration of the Coulomb interaction, which
diverges at r = 0. This logarithmic divergence is likely to
be an artifact of the elastic approximation. This will become
more evident in the next section, where we relate ω(0) to
the long-wavelength behavior of the antisymmetric density
response function and hence to the incompressibility.

IV. ANTISYMMETRIC DENSITY RESPONSE AND
INCOMPRESSIBILITY

In this section, we focus on the longitudinal spectrum in the
antisymmetric channel. Unless otherwise indicated ωq will be
a shorthand for ωL−(q). Similarly, χ (q, ω) will be shorthand
for χL−(q, ω) ≡ χee(q, ω) − χeh(q, ω) and S(q) will be short-
hand for SL−(q) ≡ See(q) − Seh(q).
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It is well-known [16] that the elastic approximation for a
one-component system satisfies the so-called third moment
sum rule for the density fluctuation spectrum. In our two-
component system, the sum rule reads

− 2

π

∫ ∞

0
dωω3�mχ (q, ω) = M(q)q2, (22)

where M(q) (standing for ML−(q), as explained above) is
expressed in terms of the exact kinetic energy and structure
factors as [22,28]

M(q) = n

m

{
2πne2q

m
(1 + e−qd ) + q2

[
3t (n)

m
+ h̄2q2

4m2

]

+ 1

m

∫
dq′

(2π )2
[See(|q − q′|) − See(q′)]φ̃ee(q′)(q′ · q̂)2

− 1

m

∫
dq′

(2π )2
[Seh(|q − q′|) + Seh(q′)]

× φ̃eh(q′)(q′ · q̂)2

}
. (23)

On the other hand, a simple calculation starting from the
equation of motion for the antisymmetric longitudinal mode,
in the presence of external potentials acting on particles and
identifying −inq · uγ with the density change δnγ , allows the
calculation of the response function in the elastic approxima-
tion of QCM as

− 1

π
�mχQCM(q, ω) = nq2

2mωq
[δ(ω − ωq) − δ(ω + ωq)].

(24)
It is immediately verified that the QCM response in the elastic
approximation satisfies both the f -sum rule [22]

− 2

π

∫ ∞

0
dωω�mχQCM(q, ω) = nq2

m
, (25)

and the third moment sum rule

− 2

π

∫ ∞

0
dωω3�mχQCM(q, ω) = nq2

m
ω2

q = M(q)q2, (26)

as from Eqs. (13) and (22):

ωq =
√

mM(q)

n
. (27)

Notice that M(q) tends to a finite limit for q → 0, as discussed
above. This is a unique feature of the antisymmetric density
channel: in the symmetric density channel, the corresponding
quantity ML+(q) is known to vanish as q2 for q → 0.

These reassuring results help us understand why our for-
mulas for the collective mode frequencies coincide with those
of Kalman et al., obtained from the QLCA. Both theories
collapse the spectrum onto a single collective mode which sat-
isfies the third- and first-moment sum rules: these constraints
are strong enough to uniquely determine the frequencies.

Let us now consider the static density response, which is
given by the dispersion relation

χ (q, 0) = 2

π

∫ ∞

0
dω

�mχ (q, ω)

ω
(28)

(notice that this can be considered a negative-first-moment
sum rule). Use of Eq. (24) yields the static response in QCM:

χQCM(q, 0) = − nq2

mω2
q

. (29)

The existence of a finite gap (ωq → ω0 ≡ ω(0) > 0) for q →
0 immediately implies that χQCM(q, 0) vanishes as q2. We
emphasize that the vanishing of χQCM(q, 0) is stronger than
what would be expected from purely electrostatic consider-
ations, e.g., from the random phase approximation, if the
compressibility remained finite. Indeed, in the q → 0 limit,
the static response is related to the compressibility K− (in the
antisymmetric density channel) by the relation

χ (q, 0)
q→0→ − 1

vq− + 1
n2K−

, (30)

where vq− = 2πe2

q (1 + e−qd ) and

1

n2K−
= 2

∂2ε(n, δn−)

(∂δn−)2

∣∣∣∣
ne=nh=n

(31)

is twice the second derivative of the energy density with re-
spect to the imbalance density δn− = ne − nh evaluated at the
charge neutrality point. (Notice that ε in this formula is the
energy of a charge-neutral system, that is to say, we assume
that the charge imbalance associated with δn− is neutralized
by compensating background charges at zero energy cost.)
Now if K− were finite, then χ (q, 0) would vanish as q, due
to the divergence of vq− in the denominator of Eq. (30). But
we have seen that χ (q, 0) vanishes as q2: this can be recon-
ciled only if K− is zero. More pointedly, we could introduce
a q-dependent compressibility K−(q), whose inverse is the
second derivative of the energy with respect to the amplitude
of a density fluctuation of wave vector q. This q-dependent
compressibility, replacing K− in Eq. (30) would vanish as q2

in the q → 0 limit.
The QCM prediction of the existence of a gap ω(0) in the

uniform (non-BCS) plasma phase of the electron-hole liquid
is quite surprising: In this phase, one would expect to find a
gapless plasmon, dispersing as q1/2. On the other hand, the
existence of a gap is completely expected in the paired BCS
or excitonic phase because the formation of bound electron-
hole pairs prevents long-range charge separation. In Sec. III,
we used the BCS model as a practical tool to calculate pair
correlation functions to be fed into the QCM machinery. Now
we proceed to a more direct comparison between the physical
predictions of QCM and BCS-like mean field theory. In partic-
ular, we compare the antisymmetric density response obtained
in QCM [see Eq. (29)] with the same response calculated
within the BCS-like mean field theory.

We start from the observation that in the BCS-like theory
[26,27], the density response function in the antisymmetric
channel is given by

χ (q, 0) = −q2 gc

32π

∫ ∞

0
dkk

[ξ (k)
′(k) − ξ ′(k)
(k)]2

[
(k)2 + ξ (k)2]5/2
,

(32)
where gc is the number of fermionic components per layer
(here gc = 4) and the quantities ξ (k) and 
(k) here are per
particle, i.e., half of those in Ref. [26], which are per exciton
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FIG. 6. Plot of ω(0) as a function of distance d for rs = 20, 8
and 4, respectively, in (a)–(c). The solid red dots are calculated
from Eq. (19) using the pair correlation function obtained from the
self-consistent solution of the BCS mean field theory, according to
Eq. (20). The solid black squares are obtained using the pair corre-
lation functions from QMC simulations [6]. The open blue dots are
the values of ω(0) obtained from the direct comparison of Eqs. (32)
and (29).

(electron-hole pair). The prime denotes the derivative of a
function with respect to its own argument.

The static response of the excitonic state assumes a partic-
ularly transparent form in the low-density limit, whereby to
leading order in the density n it becomes

χ (q, 0) = −q2 gcn

32π |μ|
∫ ∞

0
dkk

[ψ̃ ′
eh(k)]2

1 + (ξk)2
. (33)

In the above formulas, |μ| and ψ̃eh(k) are, respectively,
half the binding energy of the isolated exciton and the
Fourier transform of its normalized wave function; also,
ξ 2 = h̄2/(2m|μ|). For zero interlayer distance, the wave func-
tion of the isolated exciton (μ = −h̄2/(2ma2

B)) is known in
closed form, ψ̃eh(k) = 2

√
2πaB/[1 + (kaB)2]3/2. The integral

in Eq. (33) can be readily performed and by comparison with
Eq. (29), one gets h̄ω(0) = 2

√
(20/9)Ry.

In the opposite limit of high density (small rs), there
is no known simplification of Eq. (32). However, we have
found that even at d = 0 the numerical solution with a fi-
nite gap function to the BCS equations [26] is lost for rs �
0.04, implying that the system turns to the normal state.
Thus, at least at the RPA level the static response becomes
linear in q, implying the disappearance of the gap, i.e.,
ω(0) = 0.

In Figs. 6 and 7, we show the values of ω(0) obtained
from the direct comparison of Eqs. (32) and (29) (blue curves)
versus the values of ω(0) obtained from Eq. (19) together with
the pair correlation function given by Eq. (20) (red curves).
In the following, the gap obtained from the BCS response
will be referred to as ωχ (0) and the one obtained from the

FIG. 7. Plot of ω(0) as a function of rs for various values of the
distance d . Solid red and blue lines are, respectively, for ωQCM(0)
and ωχ (0). The solid orange line is for ωBF(0), which is the q → 0
limit of the Bijl-Feynman frequency, Eq. (36), calculated with the
BCS structure factor of Eq. (37), as explained in Sec. V. The dashed
black line is ωQCM(0) for a system made of isolated excitons, with the
heh(r) from Eq. (21). The solid dark-green line is −2μ. (a)–(c) show
data for d = 1, 0.5 and d = 0.05, respectively.

QCM will be referred to as ωQCM(0). The agreement between
the two sets of values is generally quite good, particularly
for large rs and d . However, for small d , the QCM gap (red
curve) is much too large in comparison with the one from
the BCS response: this reflects the existence of an artificial
logarithmic divergence of ωQCM(0) for d → 0, as was pointed
out at the end of Sec. III. Interestingly, there are also regions
of parameter space (small rs, large d) in which the QCM gap
is smaller than the one from the BCS response, however, the
difference between the two estimations of the gap is quite
small in these regions.

Figure 7 shows the existence of a tight connection between
ω(0) and the exciton binding energy in the low density limit
and for large d . This is illustrated by the solid green line which
shows −2μ vs rs, with μ the chemical potential calculated
within BCS theory. As discussed in the introduction, the bind-
ing energy of an electron-hole pair is given by εe + εh − 2μ

where εe, εh are the energies of free (unbound) electrons and
holes, respectively. In the low-density limit εe and εh are the
energies of electrons and holes at the bottom of the respective
bands, which we take to be at zero energy. Thus −2μ is
the binding energy of the pair in this limit: indeed, we see
that it approaches ω(0) for large rs and d . This is important
because the exciton binding energy is a quantity that can be
determined experimentally by measuring the variations of the
densities of electrons and holes as we apply potentials Ve

and Vh which push them in opposite directions (see Fig. 1).
Incompressibility means that the system will resist the push
and remain balanced (ne = nh) in a range of potentials of order
εb due to the rigidity associated with electron-hole pairing, as
explained in the introduction. See Ref. [24] for details.
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V. DISCUSSION

The quantum continuum mechanics is a formally exact the-
ory of quantum dynamics[16], but the elastic approximation,
on which the present paper is based, makes the questionable
assumption that the time-dependent wave function is, at every
instant of time t , obtained by applying a deformation with
displacement field u(r, t ) to the ground-state wave function.
Under this assumption, the excitation spectrum is reduced
to a set of sharp normal modes, which describe collective
density and current oscillations. This collective description
of the dynamics is expected to be qualitatively correct in
strongly correlated systems, where the single-particle degrees
of freedom are effectively suppressed as the individual par-
ticles are enslaved to collective modes. In this section, we
briefly discuss some issues that arise in connection with the
approximate character of the theory.

One drawback of the elastic approximation becomes ev-
ident when we consider the fluctuation-dissipation theorem,
which actually takes the form of a zeroth-moment sum rule or
S-sum rule as follows:

− h̄

πn

∫ ∞

0
dω�mχ (q, ω) = S(q). (34)

As in the previous section, �mχ (q, ω) and S(q) denote the
spectral density and the structure factor in the antisymmet-
ric density-fluctuation channel. In general, the QCM formula
for the spectral function in the elastic approximation fails to
satisfy this sum rule, even as it satisfies the third-moment
sum rule exactly. For example, in the high-density degener-
ate plasma phase, where the random phase approximation is
valid, we know that the exact S(q) must tend to zero as q3/2

for q → 0. But even in that case, the elastic approximation
predicts a spectral gap, and hence S(q) ∝ q2 for q → 0, as we
can easily verify from our expression Eq. (24).

An approximation that satisfies the S-sum rule (but violates
the third-moment sum rule) is known as Bijl-Feynman (BF)
approximation [25] and yields the following formula for the
spectral function:

− 1

π
�mχBF(q, ω)

= n

h̄
S(q)[δ(ω − ωBF(q)) − δ(ω + ωBF(q)), (35)

with

ωBF(q) ≡ h̄q2

2mS(q)
, (36)

to satisfy the f-sum rule. In the uniform plasma phase (without
BCS pairing), S(q) vanishes as q3/2 for q → 0—a property
that reflects the electrostatic energy of long-range charge
density fluctuations. Thus, the BF dispersion of the uniform
plasma phase is necessarily gapless and goes as q1/2 for q →
0 as expected for the classical plasmon in two dimensions.
Similarly, if we consider the static density-density response
function χ (q, 0), obtained from Eq. (28), we see that the BF
approximation predicts χBF(q, 0) ∼ q ∼ 1/vq−. Comparison
with Eq. (30) shows that the antisymmetric compressibility
K− may vanish at most as qα with 0 � α < 1.

Compared to the BF approximation, the elastic approxima-
tion of QCM has two major advantages. First, it gives a richer

spectrum of collective modes, including both longitudinal and
transverse excitations. Second, it expresses the frequencies
of collective modes in terms of real space integrals, which
are dominated by the short-range part of the pair correlation
functions [see, for example, Eqs. (18) and (19)]. This is a
crucial advantage in practical applications, since the short-
range behavior of the pair correlation functions is more easily
accessible in QMC simulations and less sensitive to finite-size
effects than the small-q behavior of the structure factor, which
appears in the BF expression Eq. (36).

On the other hand, because of its collective character
the elastic approximation (equivalent to QLCA) predicts a
spectral gap at all densities, even in the limit of quantum
degenerate plasma where no gap is expected as discussed
above.

This problem is not too severe in the present study because
the electron-hole system is expected to spontaneously form
Cooper pairs—thus abandoning the normal degenerate plasma
phase—even at very high density. The antisymmetric structure
factor of the paired phase vanishes as q2, as one can easily
verify from BCS theory [26,27], yielding

S(q) = −q2 1

8πn

∫ ∞

0
dkk

[ξ (k)
′(k) − ξ ′(k)
(k)]2

[
(k)2 + ξ (k)2]2
, (37)

and this gives, via Eq. (36), a gapped dispersion ωBF(0) > 0,
which is compared with ωQCM(0) and ωχ (0) in Fig. 7. The
only issue here is that the elastic approximation overestimates
the gap, possibly by a large factor, as discussed in the previous
section. Otherwise, our results are qualitatively correct.

The prediction of a spectral gap is more problematic
in systems with purely repulsive interactions—for example,
electron-electron bilayers. In such systems, no Cooper pairs
are expected to form in the degenerate high-density limit, and
therefore the system should remain gapless. This contradicts
the prediction of the QCM in the elastic approximation. Nev-
ertheless, it is quite possible that a gap, qualitatively similar to
what QCM predicts, will appear when the density is lowered
below a certain critical value, at which the system enters a
strongly correlated phase. This scenario is strongly suggested
by the classical simulations of Ref. [19], which show the exis-
tence of a gapped out-of-phase mode in the strongly correlated
classical electron-electron system. We may expect that the gap
of the classical collective mode will manifest as a gap in the
excitation spectrum of the corresponding quantum system. If
this expectation is correct, then a quantum phase transition
must occur at some critical density, separating the gapless
phase on the high-density side from the gapful phase on the
low-density side. However, we find no evidence of such a
transition in the present theory.

One way to improve our treatment would be to modify the
elastic approximation in such a way that it satisfies both the
third-moment sum rule and the S-sum rule. How to do this in a
controlled manner remains an interesting question for further
study.

VI. SUMMARY AND OUTLOOK

Let us recapitulate our main findings.
(1) The elastic approximation of QCM, applied to electron-

hole bilayers, is equivalent to QLCA: this provides insight into
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the physical significance as well as the limits of validity of that
approximation.

(2) Like QLCA, the theory predicts a gapped collective
mode in the antisymmetric channel (i.e., when the carriers in
the two layers oscillate with opposite phases). The frequency
of this mode remains finite in the q → 0 limit and this finite
value, denoted by ω(0), is the gap.

(3) The gap is found to exist at all densities, even though it
becomes vanishingly small in the high-density limit as heh(r)
tends to 0 [see Eq. (19)]. For the electron-hole bilayer, this
prediction makes perfect physical sense. Indeed, the BCS
mean-field theory applied to this system predicts the forma-
tion of Cooper pairs of electrons and holes with exponentially
small binding energy at high density, evolving to exciton
pairs at low density. This is at variance with electron-electron
bilayers, where the ordinary Fermi liquid phase is expected to
be stable at high density.

(4) A direct consequence of the gap, which has no equiva-
lent in classical bilayers, is the incompressibility of the ground
state, by which we mean the vanishing of the static density
response function χ−(q) as q2 for q → 0. The suppression
of χ−(q) at small q is much stronger than the suppres-
sion expected from the RPA for a compressible electron
gas (χRPA(q) ∼ q), and reflects the finite binding energy of
electron-hole pairs.

(5) The values of ω(0) calculated from the electron-hole
pair distribution function of the QMC are in good agreement
with those obtained from the pair distribution function of the
BCS-like mean field theory. They are also in good agreement
with the values obtained by comparing the BCS density re-
sponse function with the density response function obtained
in QCM. However, in this case, the good agreement breaks
down in the limit of zero interlayer separation because QCM
predicts a logarithmic divergence of ω(0) for d → 0, which
would make the density response function vanishes faster than
q2 for q → 0.

(6) Our findings show that the QCM gap ω(0) calcu-
lated from a reliable set of pair distribution functions can be
meaningfully related to the binding energy of bound states
(excitons) for sufficiently large d and rs.

(7) Incompressibility implies that the chemical potential
of an electron has a discontinuous jump as a function of
electron density ne, when ne crosses the hole density nh. The
jump in chemical potential equals the binding energy and can
be measured experimentally by monitoring the electron and
hole densities or the capacitance as functions of the voltages
applied to the gates, as discussed in Ref. [12,24].

One drawback of our approach (QCM or QLCA) is that
it predicts a gap in the out-of-phase mode at all densities
even in systems with only repulsive interactions such as,
for example, the electron-electron bilayer. This is in conflict
with the expectation that such systems should be ordinary
Fermi liquids at high density. Physically, we do not expect
the elastic approximation to work well at high density be-
cause the excitation spectrum (in the antisymmetric channel)
becomes increasingly single-particle-like. On the other hand,
the low-density/strongly correlated limit should be described
correctly if we assume that the electrons in the two layers
freeze into two interlocking Wigner-crystal structures. In the
case of electron-hole bilayers, this correlated regime may set
in even at high density, due to the occurrence of the Cooper
instability. It has not been possible so far to formulate a cri-
terion to determine at what density, if any, the gap predicted
by the present theory would cease to be reliable. We speculate
that, with such criterion in hand, one could identify a quantum
phase transition between a gapless phase at high density and
a gapful one at low density.
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APPENDIX: ELASTIC APPROXIMATION FOR A MANY-COMPONENT SYSTEM

In this Appendix, we generalize the elastic treatment for a one-component system found in Gao et al. [16] to a generic
many-component system in dimension D. We start from the potential energy (see Eq. (55) of Ref. [16]) duly generalized to a
many-component system,

W [u] = 1

2

∑
α,β

∫
dr

∫
dr′ρ (2)

αβ (r, r′)φαβ (|r + uα (r) − r′ − uβ (r′|), (A1)

with φαβ (r) the interparticle potentials, ρ
(2)
αβ (r, r′) the two-body densities and uα (r) the displacement field of the species α.

Below we shall denote with uα;μ(r) the Cartesian component μ of the D−dimensional vector uα (r). Following Gao et al., we
expand the potential energy in powers of the displacement fields to second order, obtaining

W2[u] = −1

2

∑
α,β;μ,ν

1

2

∫
dr

∫
dr′[Kαβ (r, r′)]μν[uα;μ(r) − uβ;μ(r′)][uα;ν (r) − uβ;ν (r′)], (A2)

where

[Kαβ (r, r′)]μν = ρ
(2)
αβ (r, r′)

∂2φαβ (|r − r′|)
∂rμ∂r′

ν

. (A3)

In a homogeneous isotropic liquid,

ρ
(2)
αβ (r, r′) = ραρβgαβ (|r − r′|) = ρ

(2)
αβ (|r − r′|), (A4)
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and therefore

[Kαβ (r − r′)]μν = ρ
(2)
αβ (|r − r′|)∂

2φαβ (|r − r′|)
∂rμ∂r′

ν

. (A5)

We then use the definition of partial structure factors

Sαβ (q) = δαβ + √
ραρβ

∫
dr[gαβ (r) − 1] exp(iq · r), (A6)

or, equivalently,

Sαβ (q) = δαβ + √
ραρβ

∫
drgαβ (r) exp(iq · r) − (2π )D√

ραρβδ(q), (A7)

to get the Fourier transform of the two-body densities:

ρ
(2)
αβ (q) = √

ραρβ

[
Sαβ (q) − δαβ + (2π )D√

ραρβδ(q)
]
. (A8)

This yields, for the Fourier transform of [Kαβ (r)]μν ,

[Kαβ (q)]μν = √
ραρβ

∫
dq′

(2π )D
[Sαβ (|q − q′|) − δαβ + (2π )D√

ραρβδ(q − q′)]q′
μq′

νφ̃αβ (q′)

= √
ραρβ

∫
dq′

(2π )D
[Sαβ (|q − q′|) − δαβ]q′

μq′
νφ̃αβ (q′) + ραρβqμqνφ̃αβ (q). (A9)

To write the equation of motions for the displacement fields, we need

Xγ ;λ(q) =
∫

dr
∂W2[u]

∂uγ ;λ(r)
exp(iq · r). (A10)

From Eq. (A2), we get

∂W2[u]

∂uγ ;λ(r)
= −

∑
β;ν

∫
dr′Kγ β;λν (|r − r′|)[uγ ;ν (r) − uβ;ν (r′)], (A11)

which, combined with Eq. (A9), yields

Xγ ;λ(q) = −
∑
β;ν

{[Kγ β]λν (q = 0)uγ ;ν (q) − [Kγ β]λν (q)uβ;ν (q)} (A12)

=
∑
β;ν

[(
−√

ργ ρβ

∫
dq′

(2π )D
[Sγ β (q′) − δγβ]q′

λq′
νφ̃γ β (q′) − ργ ρβqλqνφ̃γ β (q)|q=0

)
uγ ;ν (q)

×
(√

ργ ρβ

∫
dq′

(2π )D
[Sγ β (|q − q′|) − δγβ]q′

λq′
νφ̃γ β (q′) + ργ ρβqλqνφ̃γ β (q)

)
uβ;ν (q)

]
. (A13)

For the kinetic energy term using Eqs. (27), (52), (53) of Ref. [16], we obtain for a homogeneous Fermion system in dimension
D,

Yγ ;λ(q) = ∂T 2[u]

∂uγ (q)
= 2

D
ργ t (ργ )[2qλ(q · uγ (q)) + q2uγ (q)] + ργ

4mγ

h̄2q2qλ(q·uγ (q)), (A14)

with mγ the mass and t (ργ ) the interacting kinetic energy per particle of the species γ . The equation of motion for the species γ

thus becomes

mγ ργ ω2(q)uγ (q) = Yγ (q) + Xγ (q), (A15)

with Yγ (q) and Xγ (q) vectors with Cartesian components Xγ ;λ(q) and Yγ ;λ(q), i.e.,

Xγ (q) =
∑

β

[(
−√

ργ ρβ

∫
dq′

(2π )D
[Sγ β (q′) − δγβ]φ̃γ β (q′)q′(q ·′ uγ (q)) − ργ ρβφ̃γβ (q0)q0(q0 · uγ (q)) |q0=0

)

+
(√

ργ ρβ

∫
dq′

(2π )D
[Sγ β (|q − q′|) − δγβ]φ̃γ β (q′)q′(q′ · uβ (q)) + ργ ρβφ̃γβ (q)q(q · uβ (q))

)]
(A16)

and

Yγ (q) = ∂T 2[u]

∂uγ (q)
= 2

D
ργ t (ργ )[2q(q · uγ (q)) + q2uγ (q)] + ργ

4mγ

h̄2q2q(q·uγ (q)). (A17)
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