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Importance of bulk excitations and coherent electron-photon-phonon scattering in photoemission
from PbTe(111): Ab initio theory with experimental comparisons
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This paper presents a fully ab initio many-body photoemission framework that includes coherent three-body
electron-photon-phonon scattering to predict the transverse momentum distributions and the mean transverse
energies (MTEs) of bulk photoelectrons from single-crystal photocathodes. The need to develop such a theory
stems from the lack of studies that provide complete understanding of the underlying fundamental processes
governing the transverse momentum distribution of photoelectrons emitted from single crystals. For example,
initial predictions based on density-functional theory calculations of effective electron masses suggested that the
(111) surface of PbTe would produce very small MTEs (�15 meV), whereas our experiments yielded MTEs
10 to 20 times larger than these predictions and also exhibited a lower photoemission threshold than predicted.
The ab initio framework presented in this paper correctly reproduces both the magnitude of the MTEs from
our measurements in PbTe(111) and the observed photoemission below the predicted threshold. Our results
show that both photoexcitations into states that propagate in the bulk of the material and coherent many-body
electron-photon-phonon scattering processes, which initial predictions ignored, play surprisingly important roles
in photoemission from PbTe(111). Finally, from the lessons learned, we recommend a procedure for rapid
computational screening of potential single-crystal photocathodes for applications in next-generation ultrafast
electron diffraction and x-ray free-electron lasers, which will enable significant advances in condensed matter
research.
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I. INTRODUCTION

Mean transverse energy (MTE), the average kinetic energy
of photoemitted electrons parallel to a photocathode surface,
is a key quantity that limits the brightness of state-of-the-art
laser-driven electron sources [1,2] used, for example, in ul-
trafast electron diffraction (UED) [3] and x-ray free-electron
lasers (XFELs) [1,4]. Reducing the MTE increases the elec-
tron beam brightness, which increases the spatial resolution
of UED [5–9] and the maximum lasing photon energy of
XFELs [5,8,10,11]. Increased electron beam brightness also
will enable more thorough and accurate studies of various
physical phenomena, including the ultrafast photoinduced
metal-insulator transition of VO2 [12] and ultrafast photocon-
version dynamics in rhodopsin [13].

In the absence of a comprehensive theory, early efforts
to reduce the mean transverse energy involve operating
photocathodes both at cryogenic temperatures and near the
photoemission threshold [14–16]. However, these condi-
tions result in very low quantum efficiency, the number of
emitted photoelectrons per incident laser photon, and thus
can lower the overall beam brightness despite the reduced
MTE [16]. To address this limitation, more recent efforts to
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lower the MTE without sacrificing quantum efficiency focus
on single-crystal photocathodes, which possess well-defined
band structures that can be exploited to produce low-MTE
electron beams [16]. Karkare et al. [8] presented one of the
first successful experimental attempts to reduce the MTE
using single-crystal photocathodes. They found that single-
crystal Ag(111) reduces MTEs below that of polycrystalline
Ag [17] and yields a significantly larger quantum efficiency
than a typical polycrystalline metal due to the high density of
states close to the Fermi level provided by a Shockley surface
state [8].

Despite the recent experimental progress with single-
crystal photocathodes, there are to date no fully ab initio
studies exploring the fundamental underlying physics and
predicting the resulting MTE. Early photocathode MTE
theory focused primarily on polycrystals or photocath-
odes with disordered surfaces and used semiempirical ap-
proaches [14,15,18–21]. Schroeder and Adhikari [22] do
consider single-crystal photocathodes, but calculate the MTE
by considering only electrons that originate from bulk states
near the Fermi level and treating them as free electrons.
Karkare et al. [2] developed a theoretical model that explains
their MTE measurements on Ag(111) [8] by using the nearly
free-electron model, a good approximation for only a lim-
ited number of metals [23]. Adhikari et al. [5], Schroeder
et al. [24], and Li and Schroeder [25] use the free-electron
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approximation informed with ab initio effective masses cal-
culated from density-functional theory (DFT), but neglect the
full band structure of the material. Finally, Li et al. [26] use the
full DFT band structure, but approximate the photoexcitation
transition rates as uniform instead of calculating them ab initio
from the appropriate transition matrix elements.

Beyond not being fully ab initio, most of the above single-
crystal MTE studies assume direct photoexcitation into states
that propagate only in vacuum. In reality, electrons also tran-
sition into states that both propagate in vacuum and extend
throughout the bulk of the material. Such transitions can be-
come the dominant process because, at typical operating laser
energies, laser photons penetrate many atomic layers beneath
the surface and can excite large numbers of electrons within
the bulk region. For example, in PbTe, at the laser energies of
interest (∼4–5 eV), photons have a characteristic absorption
depth of ∼200 Å [27], approximately 30 times the lattice
constant [28].

More recently, Camino et al. [29] did present a fully
ab initio treatment of such bulk excitation processes in sin-
gle crystals, but, due to a different focus, considered only
quantum efficiency rather than the momentum and energy
distributions of the emitted photoelectrons. They do consider
a full, ab initio band structure and electronic transitions into
states that propagate both in the material and in vacuum,
with the transition rates calculated appropriately from first
principles using Fermi’s golden rule. However, due to their
focus on quantum efficiency as opposed to MTE, Camino
et al. [29] do not consider many-body excitation processes
such as electron-phonon scattering, which can significantly
alter the momentum distribution of excited electrons [21].

Finally, a very recent work by Antoniuk et al. [30] con-
sidered bulk processes as well as intrinsic emittance (∝√

MTE, Ref. [9]) in PbTe(111) and other materials. This work
also neglected many-body processes such as electron-phonon
scattering. Although Antoniuk et al. found good agreement
between their calculations and the experimentally observed
emittances from PbTe(111), to obtain such agreement they
found it necessary to artificially scale the energies of the entire
conduction band structure of PbTe by a constant multiplicative
factor of ∼0.6.

Further progress in understanding the fundamentals of
photoelectron distributions and MTEs thus requires both
development of a new ab initio framework that considers
many-body processes such as electron-phonon scattering and
comparison with experiments exploring the full distributions
of emitted photoelectrons. This paper presents just such a
theory applicable to any single-crystal photocathode mate-
rial, as well as comparisons to detailed experiments which
measure not only the MTE but also the full distribution of
transverse electron momenta. Furthermore, as Sec. III ex-
plains, the theory presented here includes a treatment of
phonon effects on photoemission that goes beyond state-
of-the-art photoemission theories [31–34]. As a case study,
we consider single-crystal, semiconducting PbTe(111), find-
ing good agreement with experiment, and we explain the
significant discrepancies between our experimental measure-
ments and previous theoretical estimates [24,25]. We find that
consideration of electronic transitions into states that prop-
agate both in the material and in vacuum and inclusion of

FIG. 1. Bulk band structure of PbTe: valence bands (solid
curves), conduction bands (faint solid curves), high-symmetry path
�-L parallel to the [111] surface normal direction (shaded region),
valence band maximum (horizontal dashed line at 0), vacuum level
from Refs. [24,25] (horizontal dashed line at 4.2 eV), and vertical
transitions directly into states that propagate only in vacuum consid-
ered in Refs. [24,25] at a photon energy of 4.4 eV (vertical arrows).
Arrow thickness corresponds to the number of available transitions
and is proportional to both the density of states and the effective
mass.

coherent three-body electron-photon-phonon scattering to be
key in explaining the observed MTEs, and that such consider-
ation develops significant insight into the underlying physical
mechanisms.

II. PREVIOUS THEORIES VS EXPERIMENT

Motivated by the need for mean transverse energies below
10 meV for next-generation ultra-high-brightness applica-
tions [9], previous density-functional theory studies [24,25]
identified single-crystal, semiconducting PbTe(111) as capa-
ble of producing very low MTEs (�15 meV). These studies
attribute the low MTEs to the small transverse effective
masses associated with the valence band maximum of the
material, as well as the impact of these small masses on direct
transitions into states that propagate only in vacuum. Figure 1
illustrates such transitions for a photon energy of 4.4 eV,
∼0.2 eV above the calculated threshold from Refs. [24,25].
Due to the small transverse effective masses, there are very
few allowed transitions with small, nonzero transverse mo-
menta along the W-L, L-K, X-L, and L-U directions. In
contrast, there are a large number of transitions along �-L
due to the larger effective mass along this direction. Because
the �-L direction is parallel to the (111) surface normal,
the corresponding photoelectrons will have essentially zero
transverse momenta. These observations are what ultimately
led Refs. [24,25] to predict a very low MTE of �15 meV at
this photon energy.
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FIG. 2. Mean transverse energy (MTE) of photoelectrons emit-
ted from PbTe(111) as a function of laser photon energy: our
experimental results at room temperature (points with error bars) and
previous predictions [24,25] (thick curve), which are 10–20× smaller
than the observed MTEs and exhibit a higher threshold energy of
4.2 eV.

To explore the above predictions, we here measure the
MTEs of photoelectrons emitted from an atomically or-
dered Pb-terminated PbTe(111) surface. We first prepared
the surface by performing several cycles of ion bombard-
ment with 500-eV Ar+ ions followed by annealing to 260 ◦C
on a commercially purchased single-crystal PbTe(111) sub-
strate [35,36]. We continued these cycles until the surface
exhibited a sharp 1×1 hexagonal low-energy electron diffrac-
tion pattern and until Auger electron spectroscopy showed
no surface contaminants. The light source generating the
photoelectrons is a laser-based plasma lamp with a tunable
wavelength monochromator [37] and a spectral width of 2 nm
FWHM. The incident light is 35◦ off-normal and has a focused
spot diameter of ∼150 μm on the PbTe(111) surface. We then
accelerate the resulting photoelectron beam longitudinally to
several kilovolts through a flat fine-mesh anode, allowing the
beam to drift and expand from the effective point spot on the
PbTe(111) cathode under the transverse momenta of the pho-
toelectrons. We obtain the transverse momentum distribution
and MTE by measuring the size of the photoelectron beam
after the acceleration with the setup given in Ref. [38].

Figure 2 contrasts the MTE predictions from Refs. [24,25]
with our experimentally measured MTEs at room tempera-
ture. Our measured values are up to 20 times larger than
predicted. Moreover, unlike the predictions, our measure-
ments exhibit nonmonotonic behavior as a function of photon
energy, as well as photoemission below the predicted thresh-
old of 4.2 eV.

The significant discrepancies in magnitude and trend be-
tween our experimental MTEs and the predicted MTEs
suggest additional processes to be at work. For example, ex-
citations into states that not only propagate in vacuum but
also extend deep into the bulk of the material may impact
significantly the allowed transitions and affect the final dis-
tribution of emitted photoelectrons. Moreover, the observed
photoemission below the predicted threshold suggests the
presence of indirect photoexcitations, much like how indirect
excitations in semiconductors can occur below the direct band
gap. Therefore, coherent three-body electron-photon-phonon

scattering also may play an important role in photoemis-
sion from PbTe(111). To explore these possibilities we now
develop an ab initio framework capable of including these pro-
cesses and predicting the momentum and energy distributions
of the resulting photoelectrons.

III. FULLY AB INITIO APPROACH

To better explain our experimental observations of the
MTE of PbTe(111), new theory must be developed. As ob-
served in the previous section, such a theory not only must
account for direct photoexcitations into states that propagate
both in the material and in vacuum, but also must account for
coherent electron-photon-phonon scattering. We previously
reported in conference proceedings the results of calculations
accounting for the above effects [39]. However, those cal-
culations did not account for a number of other important
factors. First, the finite linewidths of the intermediate electron
states during the electron-photon-phonon scattering process
can impact significantly the indirect photoexcitation transition
rates and thus must be included in the calculations. Second,
an excited Bloch state in the material couples to not merely a
single outgoing plane-wave component in the vacuum, but to
all plane-wave components whose momenta along the surface
differ by reciprocal lattice vectors of the two-dimensional
surface lattice. Third, the laser light in the experiment may
not be of a single polarization, but may be unpolarized, as
in our experiments. Finally, as is well known, band gaps
calculated using semilocal density-functional theory can be
inaccurate and often can be corrected through the standard
so-called “scissors operator” [40,41], a procedure we had not
yet applied.

The following subsections lay out our final method for cal-
culating photoemission, transverse momentum distributions,
and MTEs. First, Sec. III A describes the overall framework
which we use to address all of the above issues and to
calculate the transverse momentum distributions and MTEs.
Sections III B, III C, and III D then give details, respec-
tively, of how we compute the photoexcitation transition rates,
of how we calculate the probabilities of transmission into
vacuum, and of the specific computational aspects of the un-
derlying calculations.

A. Overall framework

This section describes our general photoemission frame-
work, which is applicable to single-crystal metallic as well
as semiconducting photocathodes and is equivalent to the
one-step photoemission model [2,31–34,42–49] in the limit
“where the photoelectron escape depths are long” [43], cor-
responding to our present work which focuses on bulk
processes. Furthermore, our framework goes beyond existing
ab initio one-step photoemission theories because we also in-
clude coherent electron-photon-phonon scattering explicitly,
instead of implicitly through the optical potential method as
in Refs. [31,32,49], or through Debye-Waller–type theory as
in Refs. [33,34]. These other works make predictions that
agree well with net photocurrent experiments and with band
structures obtained from angle-resolved photoemission spec-
troscopy. However, the focus of our work here is specifically
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on the transverse momentum distributions of photoemitted
electrons. More accurate determination of these distributions
requires explicit consideration of the momenta and matrix
elements of the phonons that scatter the electrons, and thus
requires the more detailed accounting of phonon effects that
our method provides.

As described in previous sections, this work considers pho-
toelectrons that originate from states that propagate in and
are bound to the photocathode material and then transition
into higher-energy states that propagate both in the material
and in vacuum. Far from the surface of the material and deep
into the bulk, both these higher-energy states and the bound
states can be represented accurately as linear combinations of
pure bulk Bloch states. Because of this, the bulk Bloch basis
is an equivalent choice of basis for calculation of processes
occurring in the bulk of the material. Given our focus on bulk
photoexcitations, we thus choose the bulk Bloch basis as the
most computationally convenient for all of our calculations.

Figure 3 illustrates the photoemission processes that we
consider. First, a photon excites an electron from an occu-
pied bulk Bloch state at band b into a higher-energy bulk
Bloch state at band b′ through either direct photoexcitation
[Fig. 3(1a)], or phonon-mediated photoexcitation [Fig. 3(1b)],
during which the electron absorbs the photon while either
coherently absorbing or emitting a phonon. The higher-energy
bulk Bloch state involved in the transition is a component
of a coherent outgoing scattering state, which, deep into the
material or far out into the vacuum, respectively, can be
described as either a superposition of pure Bloch waves or
a superposition of plane waves. As Fig. 3(2) illustrates, on
the material side of the interface, the state will appear as a
combination of the excited Bloch state at bulk band b′ (which
will have a group velocity toward the surface if the electron is
ultimately to be emitted) and a set of reflected Bloch waves
due to interaction with the surface. Similarly, far into the
vacuum, the excited state will appear as a superposition of
outgoing transmitted plane waves. The phases of all of the
above superposed components must align at all points that are
equivalent by the two-dimensional translational symmetry of
the surface, and thus the crystal momentum component paral-
lel to the surface must be conserved [20]. Specifically, for each
plane-wave component |q〉 of the outgoing wave in the far
field of the vacuum, the parallel component of the wave vector
q must match the sum of the parallel component of the excited
Bloch state’s crystal momentum k f and a reciprocal lattice
vector Gs of the two-dimensional surface: q‖ = k f ‖ + Gs. As
Appendix A shows, for any three-dimensional bulk lattice and
any surface, the surface reciprocal lattice vectors Gs corre-
spond precisely to the projections G‖ onto the surface plane
of all of the reciprocal lattice vectors G of the bulk crystal,
allowing us to write

q‖ = k f ‖ + G‖. (1)

In addition to the parallel component of the momentum, the
total energy also must be conserved during surface transmis-
sion [20], so that the total kinetic energy T (q) of the outgoing
plane-wave component |q〉 is

T (q) = Ek f ,b′ − W, (2)

FIG. 3. Steps of the many-body coherent photoemission process,
including direct photoexcitation (1a) and phonon-mediated photoex-
citation (1b) into a bulk Bloch wave component of a state that
propagates both in the material and in vacuum, and finally trans-
mission of the said Bloch component into vacuum (2): incoming
photon of momentum K ≈ 0 and energy h̄� (dotted arrow), ab-
sorbed/emitted phonon of branch α, momentum kp, and energy h̄ω

(jagged line), resulting electron in Bloch band b′ with momentum
k or k ± kp (filled circle), resulting hole in Bloch band b with
momentum −k (open circle), and excited state with both material
and vacuum components, consisting of a Bloch wave in the far field
of the material traveling toward the surface (upward solid arrow
pointing away from the filled circle), a superposition of reflected
Bloch waves in the far field of the material (downward solid arrows),
and a superposition of plane waves in the far field of the vacuum
(upward solid arrows pointing away from the surface), each of which
has a momentum q = k‖ + G‖ + q⊥ or, if a phonon is involved,
q = (k ± kp)‖ + G‖ + q⊥.

where Ek f ,b′ is the energy of the excited bulk Bloch state
|k f , b′〉 relative to the same reference with which the work
function W is determined. Equations (1) and (2) then yield
the perpendicular component of the wave vector q,

q⊥(k f , b′, G‖) ≡
√

2meT
k f ,b′,G‖
⊥

h̄
, (3)

115132-4



IMPORTANCE OF BULK EXCITATIONS AND COHERENT … PHYSICAL REVIEW B 104, 115132 (2021)

where the kinetic energy in the direction perpendicular to the
surface is

T
k f ,b′,G‖
⊥ = Ek f ,b′ − W − h̄2

2me
|k f ‖ + G‖|2. (4)

With the above ingredients in place, the mean transverse
energy is then the weighted average of the transverse kinetic
energy of the plane-wave component |q(k f , b′, G‖)〉 over all
values of k f , b′, and G‖,

MTE(�) =
∑

k f ,b′,G‖ ν(�, k f , b′) t (k f , b′, G‖) T‖(k f ‖, G‖)∑
k f ,b′,G‖ ν(�, k f , b′) t (k f , b′, G‖)

,

(5)

where the terms in the above expression are defined as fol-
lows. First, at photon energy h̄� the photoexcitation transition
rate ν(�, k f , b′) includes transitions from all possible initial
bulk Bloch states to a particular excited bulk Bloch state
|k f , b′〉 at momentum k f and band b′. Second, t (k f , b′, G‖)
is the transmission probability for the excited bulk Bloch state
|k f , b′〉 to ultimately emerge as the plane wave |q(k f , b′, G‖)〉
in vacuum. Third, T‖(k f ‖, G‖) = (h̄2/2me)|k f ‖ + G‖|2 is the
transverse kinetic energy of the plane-wave component
|q(k f , b′, G‖)〉. The next subsections describe the calculation
of ν(�, k f , b′) and t (k f , b′, G‖), respectively.

Finally, we note that, from Eq. (5), it is apparent that the
transverse momentum distribution of the photoelectrons is
the transverse momentum k f ‖ + G‖ weighted by the product
ν(�, k f , b′) t (k f , b′, G‖).

B. Photoexcitation transition rates

At a particular crystal momentum k, a direct transition
vertically excites an electron into a higher-energy band at the
same k because at photon energies of interest (few eVs), the
photon momenta are ∼103 smaller than the typical electronic
crystal momenta. A phonon-mediated transition, however, ex-
cites an electron into a higher-energy state at a different crystal
momentum k′ �= k because, unlike photons, phonons can have
arbitrary crystal momenta.

Within the dipole approximation [50,51], first-order per-
turbation theory (Fermi’s golden rule) and second-order
perturbation theory give the following transition rates of the
direct photoexcitations and the phonon-mediated photoexci-
tations [52]

νk,b′←b
direct = 2π

h̄

e2

m2
e

( fk,b − fk,b′ )δ(Ek,b′ − Ek,b − h̄�)

× |(A · p)k,b′←b|2, (6)

νk′,b′←k,b
phonon = 2π

h̄

e2

m2
e

( fk,b − fk′,b′ )
∑
α±

{(
nk′−k,α + 1

2
∓ 1

2

)

× δ(Ek′,b′ − Ek,b − h̄� ∓ h̄ωk′−k,α )

×
∣∣∣∣∣
∑

m

(
gk′−k,α

k′,b′←k,m(A · p)k,m←b

Ek,m − Ek,b − h̄� + iηk,m

+ (A · p)k′,b′←mgk′−k,α
k′,m←k,b

Ek′,m − Ek,b ∓ h̄ωk′−k,α + iηk′,m

)∣∣∣∣∣
2}

, (7)

where the relevant quantities are defined as follows. The in-
dices b, b′, and α label the initial bulk band, excited bulk
band, and phonon branch, respectively, and the constants e
and me are the electron charge and vacuum electron mass.
The quantities f , E , n, ω, and �, respectively, are the elec-
tron Fermi occupancy, electron band energy, phonon Bose
occupancy, phonon frequency, and photon frequency, and
the ∓ sign labels phonon absorption or emission, respec-
tively. The matrix element (A · p)k, j←i ≡ 〈k, j|A · p|k, i〉 is
the electron-photon interaction matrix element, and gk′−k,α

k′, j←k,i
is the electron-phonon interaction matrix element between an
initial electronic state |k, i〉, a phonon of momentum k′ − k
and branch α, and a final electronic state |k′, j〉. Finally,
ηk,m is the electron linewidth of the intermediate state of the
phonon-mediated photoexcitation at a particular momentum k
and band m.

The electron linewidth ηk,m considered in this work is the
sum of the contributions to the imaginary part of the self-
energy from electron-electron and electron-phonon scattering
at the intermediate state |k, m〉,

ηk,m = Im 
e-e
k,m + Im 


e-ph
k,m , (8)

where Ref. [52] gives the expressions for Im 
e-e
k,m and

Im 

e-ph
k,m .

Choosing the Coulomb gauge (∇ · A = 0) [53] to quantize
the vector potential A reduces Eqs. (6) and (7) to

νk,b′←b
direct = 2π

h̄

e2

m2
e

|A0(�)|2( fk,b − fk,b′ )δ(Ek,b′ − Ek,b − h̄�)

× |ε̂(�) · pk,b′←b|2 (9)

and

νk′,b′←k,b
phonon = 2π

h̄

e2

m2
e

|A0(�)|2( fk,b − fk′,b′ )

×
∑
α±

{(
nk′−k,α + 1

2
∓ 1

2

)

× δ(Ek′,b′ − Ek,b − h̄� ∓ h̄ωk′−k,α )

×
∣∣∣∣∣ε̂(�) ·

∑
m

(
gk′−k,α

k′,b′←k,m pk,m←b

Ek,m − Ek,b − h̄� + iηk,m

+ pk′,b′←m gk′−k,α
k′,m←k,b

Ek′,m − Ek,b ∓ h̄ωk′−k,α + iηk′,m

)∣∣∣∣∣
2}

, (10)

where pk, j←i ≡ 〈k, j|p|k, i〉 is the momentum operator ma-
trix element and ε̂(�) is the polarization unit vector of the
photon with energy h̄� inside the bulk of the material. Finally,
A0(�) is the amplitude of the vector potential A at photon en-
ergy h̄�, which does not contribute to the final distribution of
photoelectrons because of the normalization factor in Eq. (5).

At a particular photon energy h̄�, depending on the polar-
ization of the incident laser photons in vacuum, the photons
inside the material can have multiple polarizations that sum
incoherently. Therefore, in general, the total rate ν(�, k f , b′)
of all transitions into an excited bulk Bloch state |k f , b′〉
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involving photons with energy h̄� is

ν(�, k f , b′) =
∑
ε̂(�)

a(ε̂(�)) {νd (�, k f , b′; ˆε(�))

+ νp(�, k f , b′; ˆε(�))}, (11)

where a(ε̂(�)) is the weight of the photons with an en-
ergy h̄� and a particular polarization ε̂(�) inside the
material, νd (�, k f , b′; ε̂(�)) ≡ ∑

b ν
k f ,b′←b
direct is the direct

transition rate (9) summed over all initial bands, and
νp(�, k f , b′; ε̂(�)) ≡ ∑

kb ν
k f ,b′←k,b
phonon is the phonon-mediated

transition rate (10) summed over all initial states.
Our experiments on PbTe(111) use unpolarized laser light

with an angle of incidence ≈35◦ and with an undetermined
azimuthal direction with respect to the underlying crystalline
axes. To deal with the latter uncertainty, we have considered
both of the two distinct high-symmetry incoming laser beam
directions along the surface, ±[11̄0] and ±[112̄], ultimately
finding very similar results. For any given incoming beam
direction there is a unique s-polarization direction and a p-
polarization direction inside the material determined by the
angle of refraction, which at the photon energies of interest
(∼4–5 eV) vary in our material between 40◦ and 70◦. We
find that for both of our considered incoming directions, the
corresponding s polarization and the three p polarizations we
have considered (corresponding to the refracted angles of 40◦,
60◦, and 70◦) all yield quantitatively similar results for the
MTE as a function of photon energy at the photon energies of
interest. Accordingly, for this work, we choose to focus on a
single, representative laser light in the material consisting of
an equal, incoherent mixture of an s polarization in the ±[11̄0]
direction and a p polarization corresponding to a refracted
angle of 60◦.

C. Surface transmission probability

Two conditions determine whether an electron in an ex-
cited bulk Bloch state transmits into vacuum. First, the
electron’s group velocity must be in the direction toward the
surface. Second, to avoid total internal reflection, the electron
must couple to the plane-wave components in the far field of
the vacuum that have positive kinetic energies in the direc-
tion perpendicular to the surface. As discussed in Sec. III A,
surface transmission conserves both the total energy and the
momentum component parallel to the surface [20], and thus it
is possible for the kinetic energy perpendicular to the surface
to become negative. With these considerations and including
the appropriate kinematic factors, the transmission probability
t (k f , b′, G‖) from the bulk Bloch state |k f , b′〉 to the vacuum
plane-wave component |q(k f , b′, G‖)〉 is then

t (k f , b′, G‖) = �
(
vk f ,b′

group · n̂
)
�

(
T

k f ,b′,G‖
⊥

)
× |Dk f ,b′,G‖ |2

[
(2/me) T

k f ,b′,G‖
⊥

]1/2

vk f ,b′
group · n̂

, (12)

where k f and b′, respectively, label the crystal momentum and
the band of the excited bulk Bloch state, and G‖ is the surface
projection of the vector G in the reciprocal bulk lattice. In the

above equation, �(x) is the Heaviside step function, Dk f ,b′,G‖
is the amplitude of the plane-wave component |q(k f , b′, G‖)〉
in vacuum, vk f ,b′

group ≡ (1/h̄)∇k f Ek f ,b′ is the group velocity of
the excited electron in the material, n̂ is the unit vector of the
surface normal (which is parallel to [111] in this work), and
T

k f ,b′,G‖
⊥ is given by Eq. (4). The fraction in the above equation

gives the appropriate kinematic factors as the ratio of the
perpendicular group velocity of the plane-wave component
|q(k f , b′, G‖)〉 in vacuum to the perpendicular group velocity
of the excited bulk Bloch state |k f , b′〉 in the material.

Previous ab initio one-step photoemission theories
have employed either the Korringa-Kohn-Rostoker
method [33,34,45] or k · p perturbation theory com-
bined with the extended linear augmented-plane-wave
method [31,32,46–49] to calculate exact excited scattering
states and extract Dk f ,b′,G‖ , the amplitude of the plane-wave
component |q(k f , b′, G‖)〉 in the far field of the vacuum. Such
theories require solving the three-dimensional Schrödinger’s
equation with a potential corresponding to a semi-infinite
slab of material and a semi-infinite slab of vacuum, which
would radically complicate our framework for including
coherent electron-phonon-photon processes. Due to our
focus on bulk processes, for simplicity here we have
considered instead approximating Dk f ,b′,G‖ in three different
ways:

|Dk f ,b′,G‖ |2 ≈
⎧⎨
⎩

| ∑G⊥ Ck f ,b′,G‖+G⊥|2, 13(a)
max{|Ck f ,b′,G‖+G⊥|2}G⊥ , 13(b)
|D|2, 13(c)

where D is a nonzero constant and Ck f ,b′,G is the ampli-
tude of the plane-wave component of the excited bulk Bloch
state associated with the reciprocal lattice vector G, so that
the bulk Bloch state |k f , b′〉 in real space is ψk f ,b′ (r) =∑

G Ck f ,b′,G exp [i(k f + G) · r]. The motivations for these ap-
proximations are as follows. Equation (13a) assumes that
the plane-wave component |q(k f , b′, G‖)〉 equals the super-
position of the plane-wave components of the excited Bloch
state |k f , b′〉 that have the same G‖. Equation (13b) assumes
that for each G‖, only the plane-wave component of |k f , b′〉
with the largest probability determines |q(k f , b′, G‖)〉. Lastly,
Eq. (13c) is the simple constant-amplitude approximation.

For PbTe(111), the above three approximations give quan-
titatively similar results for the MTE as a function of
photon energy at photon energies of interest (∼4–5 eV).
Also, we note that Ref. [30] reports a similar observation
where, for PbTe(111), the calculated emittances associ-
ated with bulk processes (∝√

MTE, Ref. [9]) at the same
photon energy range are not sensitive to the functional
forms of transmission probability considered there. These
two observations suggest that for bulk photoemission pro-
cesses in PbTe(111), the inclusion of exact excited scattering
states (such as time-reversed low-energy electron-diffraction
states [2,31–34,42–49]) would not affect the transmission
probabilities significantly. Given this and because our three
approximations give very similar results, we choose in this
work to use Eq. (13c), the simplest approximation of the
three we have considered, so that from here forward we
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use

t (k f , b′, G‖) ≈ �
(
vk f ,b′

group · n̂
)
�

(
T

k f ,b′,G‖
⊥

)
× |D|2

[
(2/me) T

k f ,b′,G‖
⊥

]1/2

vk f ,b′
group · n̂

. (14)

D. Computational details

Calculation of MTE [Eq. (5)] involves evaluating high-
dimensional sums over continuous set of crystal momenta
{k} using the Monte Carlo method. Here, we employ the the
Wannier interpolation method [54] to efficiently interpolate
the required quantities, such as electron linewidths and matrix
elements, for arbitrary values of k. This interpolation method
involves expressing such quantities in a maximally localized
Wannier basis formed by linear combinations of Bloch wave
functions [54,55], which requires calculation of the electronic
structure of the material.

To calculate the electronic structure of PbTe, we employ
the plane-wave density-functional theory (DFT) framework,
with the GGA-PBE exchange-correlation functional [56],
fully relativistic norm-conserving pseudopotentials [57] from
the SG15 library [58], and spin-orbit coupling as imple-
mented in the JDFTx software framework [59]. Similar to
Refs. [30,60,61], we have found that, without spin-orbit
coupling, using both nonrelativistic and scalar-relativistic
pseudopotentials for PbTe with GGA-PBE yields a band
gap that exceeds the experimental gap. Furthermore, as
Refs. [60,61] show, to acquire a band gap that does not exceed
the experimental gap, we must include spin-orbit coupling.
We indeed find that including spin-orbit coupling with fully
relativistic pseudopotentials yields a gap that underestimates
the experimental value and in alignment with values reported
in other works [60,61]. Therefore, in this work we have chosen
to include spin-orbit coupling using fully relativistic pseu-
dopotentials.

The calculations of the bulk electronic structure employ a
face-centered-cubic (fcc) primitive cell of PbTe, a plane-wave
cutoff of 20 Hartrees, a Brillouin zone sampling mesh of
6×6×6, and an optimized PbTe lattice constant of 6.57 Å
(within 2% from the experimental value [28]). To deal with
DFT band-gap underestimation arising from employing the
semilocal GGA-PBE functional, we scissor the conduction
band energies to match the experimental gap of 0.3 eV [62].
Using linear combinations of the bulk Bloch bands at ener-
gies from 4.8 eV below to 12.7 eV above the valence band
maximum, we generate a maximally localized Wannier ba-
sis set using a supercell of 6×6×6 fcc primitive cells. This
Wannier basis set reproduces the bulk band structure at the
energy range from 4.8 eV below to 5.7 eV above the valence
band maximum, which is sufficient to include all photoex-
citations with photon energies of interest (∼4–5 eV). The
determination of these Wannier functions and their use below
in determining linewidths, matrix elements, and MTEs are
all based on the implementation of JDFTx [59] described in
Ref. [52].

Because this work considers phonon-mediated photoexci-
tations, we also calculate the force matrix for bulk phonons
and the electron-phonon matrix elements of PbTe using a

modified version of the frozen phonon method, as imple-
mented in JDFTx [59], which allows calculations of phonons
at arbitrary wave vectors. These calculations use a supercell of
3×3×3 fcc primitive cells and DFT parameters corresponding
to those of the bulk electronic structure calculations described
above.

The phonon-mediated excitations also require calculation
of the electron linewidths [Eq. (8)] for all bulk elec-
tronic states. The methods of these calculations are detailed
elsewhere [52]. For this work, the calculation of the electron-
electron scattering contribution to the linewidth uses a
frequency grid resolution of 0.001 eV and a cutoff of ∼130 eV
for the dielectric matrices. The calculation of the electron-
phonon scattering contribution uses a fine wave-vector grid
of 168×168×168.

The surface transmission probability of a photoexcited
electron [Eq. (14)] depends on the work function of the ma-
terial surface. Although it is possible to calculate the work
function of PbTe(111) ab initio [24,25], the effective work
function in our experiments can be quite different due to
effects such as the surface condition of our sample and the
Schottky effect [15,25]. Because careful measurements of the
effective work function of our sample are not available, we
determine the effective work function by comparing our cal-
culated MTEs with our experimental MTEs. As Appendix B
shows, a work function of 4.05 eV (at the low end of the range
4.1–4.9 eV reported in the literature [24,25,63–65]) results in
the best agreement between our calculated and experimental
MTEs as functions of photon energy.

Finally, to determine the MTEs, this work uses ∼1.5×108

Monte Carlo samples of crystal momenta k to converge our
results in the photon energy range of interest (∼4–5 eV). To
enumerate the possible outgoing plane waves, we include the
G‖ vectors for the nearest neighbors of G‖ = 0, the origin of
the surface-projected reciprocal lattice. This range of G‖ is
sufficient to cover the transverse momenta measured in our
experiments.

IV. RESULTS AND DISCUSSION

A. Mean transverse energies

Figure 4 shows our experimental measurements and our
theoretical results for the mean transverse energy of photo-
electrons emitted from PbTe(111) as a function of laser photon
energy and compares them with the previous predictions from
Refs. [24,25]. Note that these latter predictions consider only
direct photoexcitations into states that propagate only in vac-
uum, whereas, as we have described in previous sections, our
calculations include both direct and phonon-mediated pho-
toexcitations into states that propagate both in the material
and in vacuum. We find that our results far better reproduce
the magnitude and general trends of the measured MTEs both
below and above the calculated direct threshold of 4.27 eV.
Although we do not reproduce the experimentally observed
dip centered at 4.9 eV, we do find a leveling off of the increase
in the MTE at similar energies. Section IV B explores this
discrepancy in more detail, showing that this feature is likely
due to photoexcitations into states that propagate only in vac-
uum. Also, we find that including only the direct excitations
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FIG. 4. Mean transverse energy (MTE) of photoelectrons emit-
ted from PbTe(111) as a function of laser photon energy at room
temperature: our experimental results (points with error bars), our
calculations including direct and phonon-mediated excitations (solid
curve), our calculations including solely direct excitations (dashed
curve), previous predictions [24,25] (thick curve with small MTE
values), and our calculated threshold of direct photoexcitation (ver-
tical dashed line). Compared to previous predictions, which are an
order of magnitude smaller, our calculations yield far better agree-
ment with our experiments.

reproduces relatively well the MTEs above the calculated
threshold, even though the indirect excitations above thresh-
old actually account for at least ∼45% of the total number
of emitted photoelectrons. Both the need to consider phonon-
mediated processes below the direct threshold and the
prevalence of such processes above threshold underscore the
importance of indirect transitions due to phonon effects in
photoemission from PbTe(111).

It is worth noting that Ref. [30] provides ab initio cal-
culations of intrinsic emittances (∝√

MTE, Ref. [9]) of
photoelectrons emitted from PbTe(111) that, over the same
photon energy range as in Fig. 4, seem to reproduce the
measured MTEs we report here and in Ref. [39] without
consideration of phonon-mediated photoexcitations or other
indirect processes. However, as mentioned in Sec. I, to obtain
such agreement, Ref. [30] artificially scales the energies of
the entire density-functional theory (DFT) conduction band
structure by a constant multiplicative factor of ∼0.6 to match
the calculated effective mass at the conduction band minimum
with the experimental value. Such a scaling significantly dis-
torts the energy scales of the conduction states that actually
participate in photoemission, which, due to the work function,
are ∼4 eV or more above the conduction band minimum prior
to scaling. For example, this scaling would reduce the pho-
ton energy corresponding to photoexcitations into the states
at our calculated direct threshold from 4.27 eV down to an
unreasonable value of ∼2.7 eV. For PbTe, given that the DFT
conduction band structure after a scissors operator and without
scaling agrees quite well with established many-body GW
calculations [66], the agreement with experiments found in
Ref. [30] appears to be fortuitous. On the other hand, here
we find that we can improve the agreement with our experi-
ments without the need for artificial scaling of the condition
band energies by including indirect, phonon-mediated bulk
photoexcitation processes.

FIG. 5. Calculated MTE as a function of laser photon energy:
with phonon effects at room temperature (solid curve), with phonon
effects at 30 K (downward triangles), without phonon effects (dashed
curve), and the threshold of direct photoexcitation (vertical dashed
line).

The significance of phonon effects in photoemission from
PbTe(111) suggests that operation at cryogenic temperatures
might reduce the MTEs. To explore such effects, Fig. 5 con-
trasts our room-temperature results with what we predict for
the MTEs at 30 K. Above the direct threshold of 4.27 eV,
the MTEs at 30 K are approximately equal to the MTEs at
room temperature as well as the MTEs due to direct processes
only, which are not affected significantly by temperature.
Below the direct threshold, we indeed predict a lowering
of the MTEs when operating at 30 K. However, unlike in
polycrystalline metallic photocathodes where the MTE is di-
rectly proportional to the thermal energy kBT near and below
threshold [14], for single-crystal PbTe(111) we find a more
complicated behavior and not nearly the expected factor of
10 reduction. Simply lowering the operating temperature of
single-crystal photocathodes is not guaranteed to provide a
significant reduction in the MTE.

Beyond not necessarily providing significant reduction in
MTE, lowering the photocathode temperature reduces the
number of phonons available for indirect photoexcitation pro-
cesses and thus may lower the quantum efficiency, thereby
actually reducing the overall beam brightness. Without lower-
ing of the photocathode temperature as a guaranteed method,
improving beam brightness from single-crystal photocathodes
will require materials whose band structures allow photoexci-
tations of electrons with low transverse momenta even at room
temperature. Discovery of such materials requires a deeper
understanding of the transverse momentum distributions of
emitted photoelectrons, which the next section explores.

B. Transverse momentum distributions

To further elucidate the photoemission process and to
explore the origin of the lack of the dip near 4.9 eV
in our predicted mean transverse energies (MTEs), we
now explore the detailed transverse momentum distribution
of the photoemitted electrons. This distribution is a two-
dimensional histogram of the transverse momenta k f ‖ + G‖
of all emitted photoelectrons in the plane parallel to the
surface. As discussed in Sec. III A, we can extract this
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FIG. 6. Transverse momentum distributions, normalized as probability densities, on the qxqy plane parallel to the (111) surface at four
different photon energies near and above the direct threshold: distributions including only direct excitations (top row), distributions including
both direct and phonon-mediated excitations (second row), fractions, in percents, of the probability densities that are due to direct excitations
(second row, “direct”), distributions including both direct and phonon-mediated excitations with Gaussian smearing of RMS width 0.1 Å−1

(third row), and experimentally measured distributions (bottom row). The overall sizes and the trends of the distributions are consistent with
the MTE data in Fig. 4.

histogram from our framework by taking the histogram
weights to equal the product of the photoexcitation transi-
tion rate ν(�, k f , b′) [Eq. (11)] and the surface transmission
probability t (k f , b′, G‖) [Eq. (14)]. Figure 6 shows the room-
temperature transverse momentum distributions at photon
energies near and above the direct threshold of 4.27 eV,
comparing the results from our calculations under various
approximations with our experimental results.

The first two rows of Fig. 6 compare the results from
considering the direct processes only with the results from
including also the indirect processes. As indicated in the
second row, although the indirect processes make a signifi-
cant contribution, neither the indirect nor the direct processes
completely dominate. Furthermore, we see that at the photon
energies considered, above 4.3 eV the transverse momentum

distributions from the direct-only processes are similar to the
distributions from the combined direct and indirect processes,
explaining why both the direct-only MTEs and the total MTEs
are approximately equal above the direct threshold (Fig. 5).
Finally, it is apparent from Fig. 6 that both the direct and
phonon-mediated photoexcitations result in photoelectrons
with primarily significant transverse momenta, thereby corre-
sponding to the large calculated MTEs of a few hundred meV
that we find above the direct threshold.

Figure 6 also compares our calculated distributions with
our experimental results shown on the bottom-most row. Note
that, unlike the calculated distributions on the second row, the
experimental distributions do not show the threefold symme-
try of the (111) surface of PbTe, but show nearly cylindrical
symmetry. We believe this is not due to polycrystallinity,
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because our sample shows a clear hexagonal pattern from
low-energy electron diffraction experiments. We also believe
that the smearing is not due to the detector resolution which is
0.01 Å−1, significantly smaller than the characteristic size of
the smearing which is on the order of 0.1 Å−1. The cylindrical
smearing is then likely due to other effects such as nonuniform
electric fields on the photocathode surface. Possible causes of
these fields include surface relaxations and reconstructions,
as well as small rough patches and atomic steps, all of which
have been experimentally observed on PbTe(111) [35,67].

To account for the observed cylindrical smearing effects in
a simplified way, the third row of Fig. 6 shows the results from
the second row convolved with a two-dimensional Gaussian of
RMS width 0.1 Å−1, which gives the best overall agreement
with the experimental distributions. The convolved distribu-
tions have similar sizes to the experimental distributions up
until 5.2 eV, where the convolved distribution is noticeably
larger than that observed experimentally, consistent with the
larger predicted MTE in Fig. 4.

Contributing to our overprediction of MTEs at high
photon energies is the fact that our convolved transverse mo-
mentum distributions remain somewhat “hollow” with low
contributions in the center, as contrasted with our measured
distributions which tend to be peaked at the center. One pos-
sible explanation for this difference is that our calculations
exclude contributions from the photoelectrons that transition
directly into states that propagate only in vacuum. As ex-
plained in Sec. II, among such electrons there are significant
contributions from transitions along the �-L direction with
zero transverse momenta, which would tend to fill in the dis-
tributions and lower the predicted MTE. We believe that future
work combining transitions into states that propagate both in
the material and in vacuum with transitions into states that
propagate only in vacuum will further improve the agreement
between theory and experiment. In particular, we expect that
doing this will reproduce the dip in MTE near 4.9 eV observed
in Sec. IV A.

The above future work requires reformulating our pho-
toemission theory in the geometry consisting of a material
half-space and a vacuum half-space, which will allow us to
include exact excited scattering states (such as time-reversed
low-energy electron-diffraction states [2,31–34,42–49]). Such
a formalism also will allow further improvements to our
theory, including corrections due to surface effects such as
surface relaxations, surface reconstructions, and rapid spatial
variations of the electromagnetic field of laser light inside
photocathode material [68–72].

V. COMPUTATIONAL SEARCH FOR LOW-MTE
SINGLE-CRYSTAL PHOTOCATHODES

The insights gained in the previous sections enable the de-
velopment of an efficient computational screening procedure
to search for single-crystal materials that yield photoelectrons
with low mean transverse energies. Such screening must con-
sider excitation into states that propagate both in the material
and in vacuum as well as excitation into states that propagate
only in vacuum, both of which must yield low MTEs. Refer-
ences [24,25] give an example of screening based on direct
excitations into states that propagate only in vacuum. The

remainder of this section focuses on important considerations
when screening based on excitations into states that propagate
both in the material and in vacuum.

For efficient screening, we suggest including at first only
direct photoexcitations, not only because these excitations
can contribute significantly to the MTEs, as in the case of
PbTe(111) (Sec. IV B), but also because they are signifi-
cantly less computationally demanding to evaluate. When
considering only the direct processes, it may be tempting to
use publicly available band structures of prospective photo-
cathode materials. Such band structures, however, generally
explore only the high-symmetry paths in the Brillouin zone,
which may result in failure to include important contributions
from photoexcitation processes occurring at low-symmetry
points. For example, Fig. 7(a) shows a bulk band structure
that typically might be found for PbTe in public databases (for
example, the Materials Project [73]) that show selected paths
between the high-symmetry points in the face-centered-cubic
Brillouin zone. We first eliminate the excited states that have
zero surface transmission probabilities due to negative perpen-
dicular kinetic energies or group velocities directed away from
the surface. The remaining possible vertical transitions then
indicate a direct threshold of 4.54 eV. In contrast, the actual
threshold, which we find by considering all possible transi-
tions in the Brillouin zone, is significantly lower, 4.27 eV
(Sec. IV A).

To further illustrate the importance of considering all
crystal momenta, Fig. 7(b) shows the transverse momentum
distribution at a photon energy of 4.54 eV, superposed on
the projection onto the surface plane of all high-symmetry
paths available in the band structure in Fig. 7(a). The direct
transitions along �-K shown in Fig. 7(a) correspond to the
cluster of points about halfway along the projected �,L-K path
in Fig. 7(b), which has two other copies due to symmetry as
indicated in the figure. There are, however, three additional
excitation pockets evident in Fig. 7(b) appearing at points that
do not correspond to any points in Fig. 7(a), which shows
no available transitions along any of the paths connecting �

or L to X or U. This example demonstrates how all crystal
momenta in the Brillouin zone must be considered to avoid
false conclusions about the performance of single-crystal pho-
tocathode materials.

VI. CONCLUSIONS

This work describes a fully ab initio many-body pho-
toemission framework that includes coherent three-body
electron-photon-phonon scattering for calculating the mean
transverse energy (MTE) of single-crystal photocathodes. The
framework uses the full bulk band structure of the material
under study calculated using density-functional theory. Our
framework also considers various physical processes relevant
to photoemission, such as direct photoexcitation and phonon-
mediated photoexcitation, whose transition rates we calculate
from first principles. We use our ab initio framework to study
the MTE and transverse momentum distribution from the
(111) surface of PbTe as functions of laser photon energy.
Our results explain the significant discrepancy between the
magnitude of the previous MTE predictions [24,25] and the
magnitude of our experimentally measured MTEs. Finally,
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FIG. 7. (a) Bulk band structure of PbTe: bands (solid curves), high-symmetry path �-L parallel to the [111] surface normal direction
(shaded region), valence band maximum (horizontal dashed line at 0), vacuum level (horizontal dashed line at 4.05 eV), conduction states
with zero surface transmission probabilities (×), direct transitions occurring along high-symmetry paths at the apparent direct threshold of
4.54 eV (vertical dashed arrows), and conduction states corresponding to these direct transitions (circles). The arrow-circle pairs are located
very close to each other, nearly halfway along �-K. (b) Transverse momentum distribution, normalized as probability density, including only
direct processes at 4.54 eV (square pixels), projection onto the (111) surface plane of high-symmetry paths available in (a) (straight lines), and
direct transitions depicted in (a) (square pixels highlighted by circles).

the lessons learned from this case study of PbTe(111) allow
us to recommend a computational screening procedure to find
low-MTE single-crystal materials based on the photoelectrons
that undergo direct photoexcitations.

Despite the good agreement between our calculated MTEs
and our experimentally measured MTEs from PbTe(111),
several discrepancies remain. First, our calculated transverse
momentum distributions show the threefold symmetry of the
PbTe(111) crystal surface, whereas our measured distributions
show nearly cylindrical symmetry. We attribute this differ-
ence to some combination of surface reconstructions and
relaxations, small rough patches, and atomic steps on the
single-crystal surface of PbTe(111). Second, our calculated
distributions tend to be hollow at the center, whereas our
measured distributions tend to be peaked at the center. This
difference is likely due to the contributions of the excited elec-
trons that transition into states that propagate only in vacuum,
which are not considered in this work and whose inclusion
would likely improve our agreement with experiment.

We here also consider the effects of temperature, and find
results suggesting that standard techniques such as lowering
the photocathode temperature do not necessarily reduce the
MTEs of single-crystal photocathodes. On the other hand,
computational screening of single-crystal materials remains
a viable pathway to produce photocathodes with low MTEs.
In performing the screening, it is important to consider pho-
toexcitations at all crystal momenta instead of only along
high-symmetry paths in the Brillouin zone, and to consider
transitions into states that propagate both in the material and
in vacuum as well as transitions into states that propagate
only in vacuum. Finally, once low-MTE candidates are iden-
tified, further computational studies using the approach we
introduce here should be carried out to determine whether
other processes, such as phonon-mediated photoexcitations,
significantly affect the MTEs.
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APPENDIX A: PROOF THAT {Gs} = {G‖}
Let R be a set containing all vectors R in a three-

dimensional Bravais lattice and let G be the set containing all
vectors G in the reciprocal lattice of R. By definition,

R · G ⊂ 2πZ, (A1)

where Z is the set of all integers and the dot product is defined
as the set containing all possible dot products between the
members of R and the members of G.

For any R and any surface with unit normal vector n̂, all
lattice vectors along the surface form a set Rs = {R ∈ R : R ·
n̂ = 0} ⊂ R. The set Rs corresponds to a two-dimensional
Bravais lattice because for any Rs1, Rs2 ∈ Rs, Rs1 + Rs2 ≡
R3 ∈ R and R3 · n̂ = 0, which imply that R3 ∈ Rs.

Let G‖ be the set of all vectors in G projected onto
the surface defined by the unit normal vector n̂: G‖ ≡ PG,
where the projection operator P = 1 − n̂n̂· applied to the
set G returns the set of the projections of all members of
G. The set G‖ forms a two-dimensional Bravais lattice be-
cause for any G‖1, G‖2 ∈ G‖, there exist G1, G2 ∈ G such that
G‖1+G‖2 =PG1 + PG2 = P(G1 + G2) = PG3 ∈ G‖, where
it is clear that G3 ≡ G1 + G2 is in G because G is a Bravais
lattice.
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Because Rs ⊂ R it follows from Eq. (A1) that Rs · G ⊂
2πZ. Moreover, because Rs · n̂ = 0, the perpendicular com-
ponents of all members of G do not affect the dot product
values, and thus we can replace G with G‖ so that

Rs · G‖ ⊂ 2πZ.

This means that each member of Rs is among those vectors
that always equal 2π times an integer when dotted with any
member of G‖. Thus,

Rs ⊂ G−1
‖ , (A2)

where G−1
‖ denotes the reciprocal lattice of G‖. Note that

because G‖ is a two-dimensional Bravais lattice on the surface
plane defined by the unit normal vector n̂, G−1

‖ is also a
two-dimensional Bravais lattice on the same surface plane,
and thus G−1

‖ · n̂ = 0.

We note further that because G−1
‖ · n̂ = 0, we can replace

G‖ with G in G−1
‖ · G‖ ⊂ 2πZ, yielding

G−1
‖ · G ⊂ 2πZ,

so that G−1
‖ ⊂ G−1 = R. Finally, because G−1

‖ ⊂ R and G−1
‖ ·

n̂ = 0, we find

G−1
‖ ⊂ Rs. (A3)

Taken together, Eqs. (A2) and (A3) now imply that Rs = G−1
‖ .

Finally, because both Rs and G−1
‖ are Bravais lattices, this also

means R−1
s = G‖, so that the set of all Gs reciprocal to the

surface lattice is indeed the same as the set of all G‖, as noted
in the main text.

APPENDIX B: CALCULATED MEAN TRANSVERSE
ENERGIES AT SEVERAL WORK FUNCTIONS

Figure 8 shows the MTE of photoelectrons emitted from
PbTe(111) as a function of laser photon energy from our

FIG. 8. Mean transverse energy (MTE) of photoelectrons emit-
ted from PbTe(111) as a function of laser photon energy at room
temperature: our experimental results (points with error bars), our
calculations including both direct and phonon-mediated excitations
using a work function of 4.05 eV (solid curve), 4.12 eV (dashed
curve), and 4.2 eV (dotted-dashed curve). All three work functions
yield curves with similar qualitative shapes, and 4.05 eV yields the
best agreement with our experiments.

measurements and from our calculations at three differ-
ent work functions: 4.05 eV (used in this work), 4.2 eV
(ab initio value from Refs. [24,25]), and an intermediate value
of 4.12 eV. We note that all three work functions yield re-
sults with qualitatively similar shapes: a small dip centered
at ∼0.05–0.1 eV above the work function, followed by an
increase in MTE for ∼0.3–0.4 eV and then a leveling off of
the increase. It is apparent that out of the three work functions,
4.05 eV yields calculated MTEs whose overall trends match
our experimental results best.

Finally, we note that for each work function, the calcu-
lated MTEs below the work function value correspond to the
photoexcitations from conduction states, which have small yet
nonzero occupancies at room temperature. The corresponding
photocurrents are thus relatively small: for each work func-
tion, the photocurrent ∼0.1 eV below the work function is
∼10−7 times the photocurrent at 5 eV.
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