PHYSICAL REVIEW B 104, 094522 (2021)

Specific heat and gap structure of a nematic superconductor: Application to FeSe

Kazi Ranjibul Islam,"" Jakob Boker,?” Ilya M. Eremin,> and Andrey V. Chubukov ®'
1School of Physics and Astrononty and William I. Fine Theoretical Physics Institute,
University of Minnesota, Minneapolis, Minnesota 55455, USA
2Institut fiir Theoretische Physik ITI, Ruhr-Universitit Bochum, 44801 Bochum, Germany

® (Received 24 June 2021; revised 8 September 2021; accepted 10 September 2021; published 27 September 2021)

We report the results of our in-depth analysis of spectroscopic and thermodynamic properties of a multiorbital

metal, like FeSe, which first develops a nematic order and then undergoes a transition into a superconducting
state, which coexists with nematicity. We analyze the angular dependence of the gap function and specific heat
C,(T) of such a nematic superconductor. We specifically address three issues: (i) the angular dependence of
the gap in light of the competition between the nematicity-induced s-d mixture and the orbital transmutation
of low-energy excitations in the nematic state, (ii) the effect of nematicity on the magnitude of the jump of the
specific heat C,(T') at T, and the temperature dependence of C,(T) below T., and (iii) a potential transition at
T., < T. from an s + d state to an s 4 ¢d state that breaks time-reversal symmetry. We consider two scenarios
for a nematic order: scenario A, in which this order develops between d. and d,, orbitals on hole and electron
pockets, and scenario B, in which there is an additional component of the nematic order for d,, fermions on the

two electron pockets.
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I. INTRODUCTION

Iron-based unconventional superconductors demonstrate
remarkable properties, which include multiorbital low-energy
electronic states and ubiquity of the nematic phase. A par-
ticularly interesting situation occurs when superconductivity
is preceded by the development of a nematic order that
breaks C4 lattice rotational symmetry down to C,. The most
prominent example of this so-called nematic superconductor
is FeSe, in which a nematic order develops at 7, ~ 90 K
at ambient pressure, while superconductivity develops at a
much lower T, ~ 9 K, out of a nematic state [1,2]. Nematic
superconductivity has been observed also in other Fe-based
materials, but there the difference between 7, and T, is much
smaller [3]. It has also been argued that in some cases a
nematic order does not exist in the normal state but is in-
duced by superconductivity. A candidate for such behavior
in the Fe-family is LiFeAs [4]; the same behavior has been
reported in twisted bilayer graphene [S] and in a doped
topological insulator R,BiySes; (R = Cu, Nb, and Sr) [6-9].
In this work, we focus on the theoretical analysis of the
spectroscopic and the thermodynamic properties of such a
nematic superconductor using the case of FeSe, where T, is
substantially larger than 7. The electronic structure of FeSe
in the tetragonal phase consists of two hole pockets, centered
around the I' point (the inner one and the outer one), and
electron pockets, centered around the X and the Y points
of the Brillouin zone, respectively [Fig. 1(a)]. Here, we use
the notation of the 1-Fe unit cell. The hole pockets and the
corresponding bands are composed of fermions from d,, and
dy, orbitals, the X-pocket/band is a mixture of d,, and d,,
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orbitals, and the Y -pocket/band is a mixture of d; and d., or-
bitals. Angle-resolved photoemission spectroscopy (ARPES)
studies revealed that in FeSe the inner-hole pocket is quite
small in the tetragonal phase and disappears in the presence of
a nematic order when the corresponding band sinks below the
Fermi level [12] [Fig. 1(b)]. The inner-hole band then does not
affect system behavior at low energies, and we neglect it in our
analysis. For the outer-hole pocket, the orbital content in the
tetragonal phase is predominantly d; along the k-direction
and d,, along the k,-direction.

We consider two scenarios for the nematic order, ®. In the
first (scenario A) we assume that @ splits the occupations of
d.; and d,; orbitals:

Dyopye = (dl.d: — d dy). (1

Furthermore, we follow earlier theoretical and experimental
studies [13—17], which showed that such ® changes sign be-
tween hole and electron pockets. We label © on the outer-hole
pocket as ®; and the one on the Y and the X electron pockets
as ®, (sgn ®, = —sgn P;). In the second scenario (scenario
B), we assume that in addition to @, ., nematicity gives rise to
a substantial difference between occupations of dy, fermions
on the Y and the X pockets [11,13,18,19]. The corresponding
nematic order parameter is then given by

Dy = (d] ydeyy — d yduyx). )

Scenario B was recently advanced in Ref. [11] as a way to
explain the thermal evolution of the band structure across the
tetragonal to orthorhombic transition as well as the fact that
ARPES and quasiparticle interference (QPI) measurements in
the nematic phase detect a peanut-shaped X pocket, but do not
see the Y pocket [20-25]. The argument here is that for large
enough &,,, the Y pocket disappears, as its bottom moves
above the Fermi level [Fig. 1(d)]. A similar behavior has been

©2021 American Physical Society
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FIG. 1. Fermi surface topology in 1-Fe unit cell of FeSe in the
tetragonal phase (a), (c) and the orthorhombic (nematic) phase (b),
(d). The Fermi surface evolution in (b) results from sign-changing
nematic order involving d, and d,, orbitals; in (d) it additionally in-
volves sizable nonlocal d,, nematic order. We refer to panels (b) and
(d) as “scenario A” and “scenario B,” respectively. The color code
follows the major orbital content. Fitting parameters for (a), (b) are
taken from Refs. [3,10], and those for (c), (d) are from Ref. [11].

obtained in monoclinic systems by allowing a nonzero interor-
bital d.-d,, and d,.-d,, nematicity [26]. Within scenario A, it
was argued [27] that the ¥ pocket is not observed, because
in the nematic phase it becomes predominantly d,, [the blue
ellipse in Fig. 1(b)], and these excitations are less coherent
than the ones for d,, and d,; fermions [28]. In this work, we
analyze the effect of nematicity on the superconducting state
within both scenarios. We discuss the angular dependence of
the superconducting gap, most notably on the hole pockets,
and the behavior on the specific heat C(T') at and below 7.

Multiorbital superconductivity in Fe-based materials in
the absence of a nematic order has been extensively stud-
ied by many groups [2,29-33]. A mixed orbital content of
low-energy excitations implies that the pairing interaction
necessarily has two orthogonal components: s-wave and d-
wave, even when the interaction is local in the orbital basis.
An s-wave interaction is attractive in the s™~ subchannel (the
sign of the gap on the hole pocket is opposite to that on
electron X and Y pockets), a d-wave interaction is attractive
in the d,»_> subchannel (the gap on the hole pocket scales as
cos 260, where 6 is the angle along the pocket, and it has four
nodes, while the gaps on the X and the Y pocket have opposite
sign). In both cases, the gaps on the X and Y pockets are sign-
preserving, but generally have minima at the points where
dy; (d,;) orbital content vanishes. These minima can become
nodes if dy, orbitals contribute to superconductivity [11].

The pairing interaction in the s-wave and the d-wave chan-
nels is expressed in terms of dressed interactions between
hole and electron pockets: intraorbital density-density inter-
action Uj,, and interorbital pair-hopping interactions Jj,, and

Jo (see Sec. III below). The terms U, and Jj, are enhanced
by magnetic fluctuations with momenta near (0, 7 ) and (i, 0)
(the distances between the centers of the I' and the X and
the Y pockets, respectively), and J,. is enhanced by magnetic
fluctuations with momentum (s, 7) (the distance between the
X and the Y pockets). We follow earlier works [34,35] and
assume that the dressed pairing interaction in the tetragonal
phase is somewhat stronger in the s™~ channel. This implies
that the pairing state without nematic order would be s*~.

Superconductivity in the presence of a small nematic or-
der @, , has been studied previously in Refs. [34-36]. The
expected outcome is that a nematic order mixes s-wave and d-
wave pairing channels, creating a mixed s + d state. A general
belief, coming from small @ , analysis, is that in such a state
the gap along the hole pocket is A,(0) = Ay + Ay cos?20,
where 6 is the angle along the pocket. The magnitude of
A, increases with &, and if one would extend the small ®
analysis to larger @, one would obtain that Aj;(6) develops a
deep minima and then accidental nodes. This reasoning has
been applied to explain ARPES and scanning tunneling mi-
croscopy (STM) data in FeSe [20,36,37]. We argue that this is
not necessarily the case because there is a second, competing
effect of nematicity. Namely, a nematic order changes the
orbital composition of the pockets (this phenomenon has been
termed orbital transmutation [17]). This leads to two effects.
First, the variable 6 gets renormalized and becomes dependent
on ®;. At large enough &, the dressed 6 (called ¢ later in the
paper) clusters near & /2, depending on the sign of ®;, and
the gap loses its angle dependence. Second, the ratio Ay /A,
becomes a nonlinear function of ®;,, and the ratio ®,/®,.
Furthermore, in some intervals of &;,/®, it remains below
1 even at large ®; values. This prevents the appearance of
the nodes even if the angular variation of the d-wave gap
component is still a sizable one.

Our goal is to understand what happens at intermediate
values of ®, relevant to FeSe, particularly whether there exists
the range of ®; and ®,/P,, where Aj, has nodes. We show
that this range exists, but is confined to near-equal interactions
in s-wave and d-wave channels. Nevertheless, even if the gap
does not have nodes, its angular variation follows the orbital
content of the hole pocket and undergoes a strong evolution
once the orbital content changes. For completeness, we also
consider the case when the d-wave interaction is stronger
than the one in the s*~ channel. In this case, the gap has
four nodes at small ®,, and no nodes at large ®; ., due to
orbital transmutation. We show that the transformation of the
nodal structure at intermediate @y, , is rather involved, and for
some ®,/P;, there exists an intermediate gap configuration
with eight nodes.

We next consider the behavior of the specific heat C,(T')
at and below T.. We analyze how the jump of C,(T") varies
with the type of nematic order and whether the jump primarily
comes from fermions from d; and d,, orbitals, or if there is
a sizable contribution from the d,, orbital. A similar issue has
been recently studied [38] for KFe;,As,. There, the d,, orbital
gives the dominant contribution to C,(7T") in the normal state
because of the large mass of d,, fermions, but contributes little
to the jump of C,(T) and also to the temperature dependence
of C,(T) in a wide temperature region below 7., because a
superconducting gap on this orbital is inversely proportional
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to its mass and is much smaller than the ones on d,, and d,,
orbitals. We analyze whether the same holds for FeSe, using
the values of quasiparticle masses, extracted from ARPES.
We find that the jump of the specific heat at 7, is smaller
than in BCS theory for the same number of pockets. For
the same reason as in KFe;As;, d,, fermions substantially
contribute to C,(7") in the normal state but little to the jump
of Cy,(T) at T,. We decompose AC, into contributions from
different pockets and show that the largest contribution comes
from fermions on a hole pocket in scenario A and from an
electron pocket in scenario B. We analyze how AC, evolves
with nematic order and again find a strong correlation with the
orbital transmutation.

Finally, we address the issue of a potential second transi-
tion to the new phase within the superconducting state. The
argument here is that in a situation when the attraction in
the dxz,yz channel is comparable to that in the st~ channel,
a biquadratic coupling between s- and d-order parameters
may turn the s + d pairing state into an s + ie”’d state (the
analog of a mixed s + id state in the absence of nematicity).
Such a state breaks Z, time-reversal symmetry, as the relative
factor can be either i or —i. Recent specific-heat measure-
ments, C,(T'), of FeSe [39—44] found an anomaly at 7 ~ 1 K,
which might indicate the emergence of s + ¢d order [35].
To verify the scenario, we vary the relative strength of the
pairing interactions in s-wave and d-wave channels, and we
analyze the Landau functional including both the bi-quadratic
couplings between s- and d-gap components and the effect
of orbital transmutation in the nematic phase. Although the
orbital transmutation shrinks the parameter range of the s +
ed state, a transition into an s + ed state below T, is still
possible.

The structure of the paper is the following. In the next
section, we briefly discuss the electronic structure of FeSe. In
Sec. IIT A, we obtain the pairing interaction within scenario A,
convert it into the band basis, and solve for the pairing gaps on
hole and electron pockets. In Sec. III B we analyze the angular
dependence of the gap on the hole pocket at various &, and
®;,/®,. In Sec. IIIC we study the temperature dependence
of the gap below T.. In Sec. IV we compute the jump of
the specific heat at 7, within both scenarios and compare
them to the available experimental data. We decompose the
jump into contributions from different orbitals and study their
relative strength. We also compute specific heat at T < T,. In
Sec. V we consider a putative transition into the s + ¢d state.
Finally, we present our conclusions in Sec. VI.

II. THE BAND HAMILTONIAN

As mentioned in the Introduction, we consider a two-
dimensional three-band/three-pocket model Hamiltonian
with a hole pocket, centered at the I' point of the BZ,
and two electron pockets, centered at X = (0,7) and Y =
(m,0) points of the Brillouin zone, respectively. For sim-
plicity, we neglect the effect of spin-orbit coupling on
the band dispersion. The hole pocket and the correspond-
ing hole band are composed of d,; and d, orbitals. The
X-pocket/band is composed of d,, and d,, orbitals, and
the Y-pocket/band is composed of d; and d,, orbitals.
We introduce two-component spinors Y = (dy., dyZ)T and

TABLE I. Band parameters for the hole pocket.

M 2my,)™! b
13.6 473 529

Vx/y = (dy/xz, dyy)", and we write the kinetic energy Hy as
Hy = Hr + Hx + Hy, 3

where each term is bilinear in spinors. For scenario A
we introduce the nematic order ® as the difference in the
occupation of d,; and d,, orbitals; see Eq. (1). We define ® on
the hole pocket as @, and on the electron pocket as ®,. The
latter is the difference in the occupation of the d,, orbital on
the ¥ pocket and the d,; orbital on the X pocket. For scenario
B we additionally introduce a second component of a nematic
order as the difference between occupations of d,, orbitals on
the Y and X pockets; see Eq. (2).

A. Hole pocket

The band Hamiltonian for the hole pocket Hr

is [17,34,45,46]
Hr = 1//T K bk2 26, (o}
= — — Jto — [ =k* cos 26, — T
r r| | 4n 2m;, 0 ) h h T3

—ck?sin 26,7 ] vr, 4

where 0, is the polar angle for momentum k, measured from
b

the k,-direction in the anticlockwise direction. We set ¢ = — o
which yields circular hole pockets in the tetragonal phase.
The parameters of Eq. (4) are listed in Table I, and they were
obtained in Refs. [3,10] from fitting to ARPES data for FeSe
at k, = w. Diagonalizing Eq. (4), we obtain two dispersions.
In the absence of nematicity, they give rise to the outer- and
the inner-hole pockets, Fig. 3(a). At a finite &, > u;, the
inner-hole pocket becomes very shallow and then disappears
as the corresponding dispersion sinks below the Fermi level.
For this reason, we neglect the inner-hole band in our analysis
of the low-energy physics.

The larger hole Fermi surface pocket survives at a finite ®;,
and becomes elliptical. The dispersion of the corresponding
band is

k2 k4
£y (K) = wy — gy +,/ P2 +bZZ — bk2®;, cos20,;  (5)

see Fig. 3(b). The band operator % is a linear combination of
fermionic operators from d,. and d, operators:

h = cos ¢hdyz + sin ¢hdxza (6)

where the momentum label (k) is implicit, and ¢y, is defined
via

bk; cos 20, — o,

cos2¢y, = (7

Jor+ P — b, cos 20,

At &, =0, ¢, =0, and d,; and d,, fermions contribute to
h with weights |(d,;|h)|* = cos® @), and |(d,.|h)|* = sin® Oy,
simply related by 7 /2 rotation. At a nonzero ®;, ¢, becomes
different from 6, and the weight of the two orbitals is no
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TABLE II. Band parameters for the electron pocket.
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FIG. 2. (a) Angular variation of cos2¢, along the hole Fermi
pocket for selected values of &, (b) the d,, orbital weight at 6, = 0
as a function of ®,,.

longer equal. At large &, cos2¢;, = —sgnd;,. Choosing for
definiteness ®;, > 0, we find that ¢, = 7 /2, hence the band
operator & in Eq. (6) becomes entirely d,., i.e., the hole pocket
becomes mono-orbital. This effect has been dubbed “orbital
transmutation” [17,46]. The angular variation of cos2¢;, on
the outer-hole pocket for intermediate values of &, is shown
in Fig. 2(a). At ®), = &, = bk /2 = wumyb, cos2¢, along
the k,-direction jumps discontinuously from +1 to —1 [orange
and green curves in Fig. 2(a)], and the orbital content jumps
from a pure d,, to a pure d,; [see Fig. 2(b)]. Because of that
jump, the angular average of cos2¢y, and cos® 2¢, along the
hole Fermi surface, viewed as a function of ®,, becomes non-
analytic at ®,. In addition, at ® > ., the number of nodes
of cos2¢;, on the Fermi surface increases from 4 to 8 [the
green curve in Fig. 2(a)]. We will show later that both features
affect the structure of the superconducting gap function. For
band parameters from Table I, . ~ 7.6 meV.

B. X and Y pockets

The electron pockets are described by the band Hamilto-
nian Hyy [17,34,45,46]

AV —ivgy
Hyyy =V | 0 ¥y ®)
/ X/Y iVyy A;(z/)y /
The diagonal elements are
an X LK% cos 20y )y + @ 9
X/Y_Z_ml_m_E COS 2Ux/y e )]
K? a
@ _ 312
AX/Y = 2—’n3 — M3 — ?k COoS 29X/y. (10)

Here, k is measured from X = (mr, 0) for the X pocket and
from Y = (0, =) for the Y pocket, and the upper (lower) sign
corresponds to the X (Y) pocket. 6y (0y) is the polar angle,
measured with respect to the &, () direction for the X (Y') elec-
tron pocket in the anticlockwise direction. @, is the electron
nematic order defined as &, = (d:z’ydxz,y — d;z’xdyz,xy We
choose @, < 0 (opposite in sign to ®;). The off-diagonal term
Vx/y is defined as

Vy (k, Ox) = ~/2vk sin Oy + %k3 sin Oy (sin” Oy + 3 cos” Oy )

— P2 13 Gin by cos 26, (11)

V2
Vy (k,0y) = —Vx(k, Oy). 12)

wi oz Cm)™ @2my)™' al a3 v pl P2

199 394 1.4 186 136

—403 —-122 —137 —-11.7

The band parameters of Eq. (8) are listed in Table II. We bor-
rowed the numbers from Refs. [3,10], where these parameters
have been extracted from ARPES data.

Diagonalizing Eq. (8) near the X point, we find that there is
a single band that crosses the Fermi level in both the tetragonal
and the orthorhombic phase; see Figs. 3(c) and 3(d). The same
holds near Y; see Figs. 3(e) and 3(f). We only consider these
bands and neglect the ones that are located fully below Ef.
The dispersions of the two relevant bands are

) @) ) @ \ 2
_ AX/Y +AX/Y AX/Y _AX/Y V2
EX/Y - f + T + X/Y>?
(13)
tetragonal orthorhombic
(@ 40 (b)
S s
(] o
£ g
> >
20 o0
2 2
m m
1205402 0 02 04 120 04-02 0 02 04
ky + ' = ky ky < T' — kg
(c) 40 (d)
T 0 N ¢
£ £
5 40 &
2 2
m -80 m
-120 04-02 0 02 04 120 04-02 0 02 04
ky + X — ke ky < X — kg
(e) 40 (H 40
2 0 2 0
£ g
& -40 & -40
& 2
o -80 m -80
-120 -120

04-02 0 02 04
ky Y — ky

-04-02 0 02 04
ky <Y — ky

FIG. 3. Scenario A: Calculated band dispersion of the 1-Fe unit
cell in tetragonal and orthorhombic phase, respectively, near (a), (b)
I, (¢), (d) X, and (e), (f) Y points of the BZ, respectively. Fitting
parameters are taken from Refs. [3,10].
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FIG. 4. The angular variation of orbital content |(d,.|ex) ? =
cos’ ¢y on the X pocket (a) and | (d,.|ey)|* = cos® ¢y on the Y pocket
(b) for a set of ®,.

and the band operators ex and ey, in terms of which Hy,y =
ko Ex/vr (K)ey y i ,€x/v ko, aTE

ex = — 1¢os Pxd,; + sin ¢xdy,, (14)
ey =icos ¢yd,; + sin ¢deya (15)
where
| Ay -8
cos?(¢x)y) = 3 1+ 2 . (16)

JE v,

The angular variation of the orbital d,./ content,
I(dyz/ﬂ|ex/y)|2 = cos? ¢x/v, on the Fermi surface is plotted
in Fig. 4. Because of C; symmetry in the tetragonal phase,
X and Y pockets have the same amount of dy, and d,; orbital
content (blue lines in Fig. 4). With increasing ®,, the X pocket
becomes more of d,, character and deforms into a peanut,
while the Y pocket becomes more of d,, character as its d,;
content decreases. For our band parameters, the X pocket
splits into two smaller pockets once |®,| > 19.9 meV (the
short axis of the peanut becomes zero). Below, we limit @,
to be smaller than this value.

III. SUPERCONDUCTIVITY

A. Pairing interaction

The pairing interaction for the model with local fermion-
fermion interaction in the band basis has been discussed
previously [34,35]. We include the following components of
the interaction Hamiltonian, relevant to the pairing: intraor-
bital density-density interaction between fermions on the hole
and electron pockets, Uy, and interorbital pair-hopping inter-
action between fermions on hole and electron pockets, J;,., and
between the two electron pockets, J,.. There are other pairing
interactions, i.e., a repulsion within each pocket, but we re-
strict our consideration to these three as they are enhanced
by magnetic fluctuations with momenta (0, 7 ), (7, 0), and
(7, 7). The interaction Hamiltonian reads

_ T T
Hyy = Uhe Z dﬂ,,kTd'u,fkid/i,—k'+QwidM,k'+QwT

kK,
e Y diadh o du ik
kK, u#v
T T
e D g kg, Bk i+
k. k', u#v
+Hec. a7

We consider only the pairing interaction involving d,, and
d,. fermions, i.e., we assume that u, v € {xz,yz}, and Q,; =
(0, ), Qy; = (i, 0). The restriction to dy, and d,, orbitals is
justified as d,,-fermions have a larger mass [38]. To convert
the interaction Hamiltonian, Eq. (17), from the orbital to the
band basis, we use

dyox = sin@p(K)hk, di; k., = cos ¢y (K)eyx, (18)
dy, x = cos pp(K)hk, dy kiq,. = cospx(Kexk.  (19)

Substituting these into Eq. (17), we obtain the pairing interac-
tion in the band basis,

Hpair = Z hlt,ThT—k,i X [Us(exquwex’pﬁ COS2 ¢x + €y,—p,l€Y,p.t COS2 ¢y) + Ud COS 2¢h (ex,,p,¢ex,p,T COS2 ¢x

k.p

—ey,—p,€y,p+ cos? Oy)] + Jee cos? ox cos? ¢ye;k4e;_k’¢ey,,pwey,p,T +H.c., (20)

where U = w and Uy = @ are s- and d-wave components of the pairing interaction between the hole and the electron

pockets. We use o = % to measure the relative strength of this part of the interaction in the s-wave and the d-wave channels.

B. Gap equation

We introduce the gap functions A, on the hole pocket and Ay and Ay on the electron pockets. The equations for Ay, Ay,
and Ay are obtained by solving a 3 x 3 matrix equation. We present the BCS gap equations in Appendix B, Egs. (B1)—(B3).

The solutions of these gap equations are

Ap = A+ Ay cos 22y, 21
Axy = Aj cos’ ox, (22)
Ay = Ay cos’ dy. (23)
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AtT ~ T, A; (i=1,...,4) are the solutions of the matrix equation:
Al 0 0 —Ny (cos* ¢x) —Ny (cos” ¢y) Ay
Ay 1 0 0 —Nya(cos* ¢y ) Nya{cos* ¢y) Ay ”
Az | = 3| =Nyl +acos2¢,)  —Nj(cos2¢y, + a cos’ 2¢y,) 0 —‘%Ny (cos* py) | | As (24)
Ay —Ni(l —acos2¢y)  —Nj(cos 2y, — o cos® 2¢;)  —3= Ny (cos* py) 0 Ay
[
Here A is the eigenvalue of the gap matrix defined as % = where A¢ = M For J,, = 0, the gap function is either

Us ln(%), (A) defines the angular average of A over the cor-
responding Fermi surface pocket, and Ny, Ny, and N, are
the densities of states for the X, ¥, and I'" pocket, respec-
tively. In Figs. 5(a)-5(c), we show the variation of (cos 2¢y,),
(cos? 2¢y), (cos* ¢y ), and (cos* ¢y) as a function of the ne-
matic order &, ,. We find that (cos 2¢) and (cos? 2¢;,) exhibit
a kink like nonanalyticity near ®, = ®.;. In the Appendix A
we show that the singularities (nonanalyticities) are x In(x)
and x? In(x), where x = ®;,/®., — 1. The densities of states
also depend on ®;, ., as we show in Fig. 5(d).

We numerically solve Eq. (24) and obtain 7, and find the
gap structure A = (Ay, Ay, Az, Ay) for the leading supercon-
ducting instability. In the tetragonal phase, Ny = Ny = N, and
(cos 2¢h) = (cos26;) = 0. Then s*-wave and d-wave pairing
channels are decoupled. The eigenvalues of the gap matrix,
Eq. (24), are

B 2
J J N,
by = ho| — 2 4 (—) +8—t | s)
Us Uy N,{cos” ¢x)
) Joo \ N,
A= ho| 2+ <ﬁ F4——a2|, (26)
Us U, N,.(cos™ ¢x)
@ o (b)
~ /gm
=y
g 03 ~, 0.5
| 03 Lo
0 &, 15 25 0 &, 15 25
Dy Dy
© 1 (d)
s o8 .
¥y a
§ 0.5
03
0 5 10 15 20 0 5 10 15

|(I>e| th

FIG. 5. Variation of the angular average of (a) (cos2¢,),
(b) {cos?2¢y), and (c) (cos? ¢x) and (cos’ ¢y) on the hole and the
electron pockets with the nematic order ®,, .. The inset in (b) shows
the zoom-in view of (cos®2¢;) near ®.. The nonanalyticity is at
®. ~ 7.6 meV. (d) Variations of the density of state (DOS) on
different pockets with ®,.

s-wave, for a < ﬁ, or d-wave, for o > /2. For Jee 0,
superconductivity is s-wave when

J N, 2— a2
e o G0l @7)
U 2N, (cos” px) /a? +2

The phase diagram for Eq. (27) is shown in Fig. 6. We next
move to the nematic phase. Now (cos 2¢;) # 0, and both A
and A, are nonzero for any « and J,,.

To simplify the presentation, we neglect J,.. Without ne-
maticity, superconducting order is s-wave for o < +/2 and
A= A;. At small @ (i.e., small &, and ®,), ¢, ~ 6, and
A, o . This gives rise to ® cos 26;, angular variation of Aj,.
If this was the only effect of nematicity, the angle variation
would grow with ®, and A;, would necessarily develop a deep
minima and then gap nodes. However, as ® increases, ¢
deviates from 6;, due to orbital transmutation, and at large ®
it becomes 7 /2 almost everywhere on the hole pocket. Then
the A, cos2¢;, term becomes angle-independent, and the gap
function on the hole pocket recovers a pure s-wave form. Be-
sides, due to the same orbital transmutation, the magnitude A,
becomes a nonlinear function of ® and does not necessarily
exceed A even at large ®.

A similar situation holds if « > ~/2, when the supercon-
ducting order without nematicity is d-wave, A, = A, cos 26;,.
At a small @, the key effect of nematicity is an admixture of
Aj. Atlarge @, 6, — ¢, = 7 /2, and the nodes disappear.

The questions, which we address below, are (i) whether
for « < +/2 the nodes in Ay, develop at intermediate &,
and (ii) how the nodes in A;, disappear for o > V2 as Dy,
increases. To address these issues, we solve the gap equations
for different « at various ®; and ®;/®,. We show the results
in Figs. 7-11. Before we discuss these results, several general
observations are in order. According to Eq. (22), Aj; has a

3 2 0 2 3

«

FIG. 6. Regions of s-wave and d-wave superconductivity accord-
ing to the solution of Eq. (27) for different & and J,, in the absence
of nematicity.

094522-6



SPECIFIC HEAT AND GAP STRUCTURE OF A NEMATIC ...

PHYSICAL REVIEW B 104, 094522 (2021)

(a) P, =—-P, a=05 (b) P, =—-P, a=25

1 1w—A1

0.5 0.5 —A,
0 O —————

0.5 —Ag
05 0. /\
——’x 1 —A4

0 5 10 15 20 0 5 10 15 20
9 78

®, =19 a =25
1 L 1 —A,
0.5 0.5/ — _A,
- —As

-0.5 205 /\
I~ —Ay

0 10 20 30 40 50 0 10 20 30 40 50
(I)h (I)h

FIG. 7. Variations of the gap amplitudes A = (A, A, Az, Ay)
with the nematic order &, ; and interaction ratio « for (a) @ = 0.5,
O, =—-d,;(b)a =25 &, =—-d,; (c) a =0.5, &, = —19 meV;
and (d) « = 2.5, &, = —19 meV.

node at an angle 6y if

cos 2¢,(6p, ®y) = —ﬁ. (28)
A

The ratio A,/A; depends on ®;,, ®,, and «. Obviously, the
nodes are possible only if |A;/A | > 1. Shrinking the angular
variation of cos2¢;, at ®;, > . puts additional restriction
on A,/A; for the nodes to appear. Further, the number of
possible nodes changes between ®;, < ®., and &, > &,. In
the first case, the gap functions at = 0 and 3 are A| + A,
and A; — A,, respectively. When |A,/A;| > 1, the two have
opposite signs, hence there have to be an odd number of
nodes between 0 and %; the total number of nodes is then
4,12,20,... . For &, > &, A,(@) at 0 =0 and 7 /2 be-
come the same A; — A, due to orbital transmutation. Then,
there have to be an even number of nodes between 0 and 77 /2,
hence the total number of nodes is 0, 8, 16, ... .

@ [ Q==05-08-12-14

(b) | @=—05-08—12—14

0 5 10 15 20
078

(€ a=-—05-08—1.2—14

[ —

Ag/Al
AQ/Al

21 @ =-19

0 5 10 15 20
by

FIG. 8. The variation of A,/A with @, for different interaction
ratios « for a fixed electron nematic order (a) ®, = 0 meV, (b) &, =
—8 meV, and (c) &, = —19 meV. In (d) we fix « = 1.2 and plot
A,/ Ay with @, for different values of electron nematic order ®.,.

20 T T T
2—f > 1 nodes
15 1
— k
KA 10 —-1< % < 1 nodeless
—_— 1
ST ﬁ—‘f < —1]
nodeless
O 1 1
0 5 10 15 20

FIG. 9. The variation of A,/A; as a function of &, and ®,. We
set « = 1.2 in this plot.

In our case, we find (see the Appendix C for details)
Dy, gtafeos2)

Ay “(1 —a?{cos’2¢,) )+ D’ 29
where
Nx (cos* ¢x) — Ny (cos* ¢y)
=g(d,) = 30
8= 8(%e) Ny (cos* ¢x) + Ny (cos* ¢y) G0
and

D = [4a’((cos 2¢)” — (cos” 2¢p))(1 — &)
+ (1 + 2gar(cos 2¢y) + a*(cos? 2¢,)) 12 (31)

The function g(®,) measures the asymmetry between X and
Y pockets at a nonzero ®,. We find that it increases roughly
linearly with |®,|.

We now discuss the results. In Figs. 7(a) and 7(c) we
show A; for o = 0.5, and in Figs. 7(b) and 7(d) we show A;
for o« = 2.5 when the primary order is s-wave and d-wave,
respectively. We see that for o = 0.5, the magnitude of the
s-wave component A; far exceeds A, of the d-wave compo-
nent, i.e., the gap remains an s-wave with a small admixture
of a d-wave. For o = 2.5, the situation is opposite—the gap

(a) ®p[meV]—0 —4 —8 by  PpmeV]—0 -1 —4-10
0.6 06 P, =1
0.2 5 —0 0.2
0 0
0 #/2 =« 32 2« 0 72 =« 3mw2 2«
Q9h eh

(¢ ®pmeV] -4 -5 -7-10  (d)
1

®y[meV] —0 —8 —10

0 @2 =« 32 2« 0 72 =
O O

32 2

FIG. 10. The angular variation of A;(6;,) with 6, for various val-
ues of ®;, at (a) ®, = 0 meV, (b) &, = —1 meV, (c) &, = —7 meV,
and (d) &, = —19 meV. We set o = 1.4.
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0.8

0.4
=
< 0
04
0 72 =« 3m2 2« 0 @2 =« 3m2 2«
On On

FIG. 11. Angular variation of A,(6),) at selected values of @, for
(a) @« = 1.45 and (b) « = 2.5. We set &, = —5 meV.

remains predominantly d-wave with a small admixture of an
s-wave. In both cases, therefore, the effect of nematicity is
rather weak, even when @, is large.

In Fig. 8, we plot A,/A; as a function of ®;, for various
®, and o < /2. We see that when « is not close to «/Z, then
|Ay/Aq| < 1 for any &), and ®,.. As a consequence, there
are no nodes in the gap function. This agrees with Fig. 7.
However, for o < /2, we find intervals of o, < &, where
|[A,/Aq] > 1. This holds, e.g., for « = 1.4 and &, = 0 [dark
red curve in Fig. 8(a)]. By our generic reasoning, there must be
four nodes. The same holds for the same « and sizable ®, [see
Figs. 8(b) and 8(c)]. The only difference is that for ®, = 0, the
four nodes are near the k,-direction, while for sizable ®, they
are near the k,-direction.

Next, we see from Fig. 8 that the ratio |A,/A| evolves
around &, = &, and even changes sign for sizable ®,. For
larger ®;, we again have |Ay/A| > 1 for o < /2. However,
this no longer guarantees the existence of the nodes as by our
general reasoning above their number can be zero. We will see
that this is what happens—the nodes do not develop despite
|Ay/Aq| > 1 because ¢, clusters around 7 /2.

In Fig. 9 we mark the boundaries of |A;/A;| on the
(®y, ©.) plane at a fixed o = 1.2. The area of the “corner”
regions, where |Ay/A| > 1, increases when o approaches
V2. As we mentioned, the nodes only develop in the left upper
grayish colored corner, where ®;, < ®.,. In Fig. 10 we plot
the gap function A,(6,). We find four different scenarios in
which nodes can appear/disappear when one varies ®; at a
fixed value of ®, and « slightly below critical v/2. Here, we
further set ¢ = 1.4.

(i) In Fig. 10(a) we set @, = 0. There are no nodes at ;, =
0, in agreement with Fig. 8(a). At ®, =~ 1 meV, four nodes
appear near the k,-direction. They exist up to ®; < o, and
disappear at larger ®;,. In the node count, the number of nodes
changes with ®; as0 — 4 — 0.

(i1) In Fig. 10(b) we set &, = —1 meV. In this case, there
are four nodes near the k,-direction already for ®; = 0. As
@, increases, the four nodes disappear at ®;, ~ 1 meV due to
nonmonotonic behavior of A,/Aj, as in Figs. 8(b) and 8(c).
As @, increases further, four nodes reappear, now near the
ky-direction, at ®; ~ 3 meV. These nodes then disappear at
®;, < ;. In this case, the number of nodes changes with &,
as4 —0—>4—0.

(iii) In Fig. 10(c) we set ®, = —7 meV. In this case, at
small ®;, there are four nodes near the k,-direction. These
nodes disappear at some ®; < P,. In this case, the number
of nodes changes with &, as 4 — 0.

(iv) In Fig. 10(d) we set ®, = —19 meV. In this case,
there are four nodes near the k-direction for all &, < @,.
For &, > ®,, the number of nodes first increases from four
to eight, because the gap function along the k.- and the k,-
direction becomes nearly the same and has to cross zero twice.
As &, increases further, the eight nodes disappear due to
the clustering of ¢, near 7 /2. In this case, the number of
nodes changes with @, as 4 — 8 — 0. For & > +/2, super-
conducting order in the tetragonal phase is d-wave with four
nodes on the hole pocket. With increasing nematic order, the
nodes disappear due to orbital transmutation either because
A} becomes larger than A, or A, remains larger than A,
but ¢, clusters around 7 /2. In Fig. 11 we show the results
for A, at two values of o > V2. For @ = 1.45, the nodes Ay,
disappear because A; becomes larger than A,. This happens
at ®;, < &, i.e., well before ¢y, starts clustering near 7 /2. In
this case, the number of nodes changes with ®; as 4 — 0. For
o = 2.5, A, remains larger than A, and the nodes disappear
at ®;, > O, due to clustering of ¢,. We see from the figure
that in this case the number of nodes changes with &, as 4 —
8 — 0 (4 on a blue line, 8 on an orange line, and 0 on green
and red lines). A nodeless gap deep in the orthorhombic phase
for @ > +/2 is consistent with RPA calculations of Ref. [11].

Note that the results for a nonzero J,, are quite similar;
only the value of o near which the system develops nodes
coming out of an s-wave superconductor at ® = 0 shifts from

a=+2.

C. Temperature dependence of the gap

In this section, we obtain the temperature dependence
of A;(T) near the superconducting transition. We will use
the result for A;(T") in the next section, where we compute
the jump of the specific heat at 7.. We assume that the
ratios A;/A; do not change substantially with temperature.
This relies on the assumption that the dimensional coupling
constants (the products of the interband/intraband interac-
tion and the corresponding densities of states in the normal
state) are temperature-independent at 7 < T.. Accordingly,
we parametrize four gap functions as

A(T) = Ag(TH(ALL Az, Az, Ay) = Ag(THA, (32

where A = (A1, Ay, Az, Ay) are the same (up to an overall
factor) as we obtained in Sec. III B by solving the linearized
gap equations (24). We normalize A by setting its largest
component equal to 1. To simplify the presentation, we
again first assume J,, = 0 and then present the results for a
nonzero J,,.

The nonlinear equation for the gap on the hole pocket is

A1+ Aycos2ey

tanh (£)

= — |:A3(Us + U, cos 2¢h)/ cos* ¢y
p 2Ex
tanh (£2
+A4(Us — Uy cos 2¢>h)/ tanh (57) cos’ ¢>y}, (33)
p 2Ey

where Ex = VE? + AJAHT) and Ey = VE} + AJAY(T).
Multiplying Eq. (33) by A 4+ A; cos 2¢;, averaging over the
hole Fermi surface pocket, and expanding the right-hand side
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to order A(T) as

/ tanh( 54
p 2Ex)y

cos’ ox/v(P)

Ay 2 A7, g
= N,y |In ?<COS ¢X/Y>_KA3F<COS ox)v)

+0(ad), (34)
7£(3)

872 °

where K = we obtain

A
NjIn ?((Al + Aj cos 2¢,)%)

c

A
=1In T [N:Aj(cos® ¢x) + Ny Af(cos* gy)]

Multiplying Eq. (B4) by A; + A; cos 2¢;,, averaging over the
hole Fermi surface pocket, and using Eqgs. (B5) and (B6), we
obtain the relation

Ni{(A1 4+ Az cos 2¢;)%)
= (Nx Aj(cos® ¢x) + Ny Af(cos® gy)). (36)

Approximating In 2 ~ In £ + 2= and using Eq. (36), we
obtain from (35) ' '

T.(T. — T) Nx Aj{cos* ¢x) + Ny Af(cos* ¢y)
K NyA3{cos® ¢x) + Ny Aj(cos® ¢y)
37

Ao(T) =

We recall that A3 and A4 are functions of ®;,, ®,, and «.

Ao(T)? :
-K OT(2 ) [N:A3(cos® gx) + Ny Aj(cos® gy)].  (35) For J,, # 0, the same procedure yields
‘ !
g1y = BT =T) Ny A3(cos* ¢y ) + Ny AZ(cos* ¢y) + 2% Ny Ny Az Ag(cos® ¢y ) (cos* py)

where A is the largest eigenvalue of Eq. (24). We note in
passing that the temperature variation of the gaps ratio is
generally stronger if the pairing is mediated by dynamical
collective excitations, e.g., spin fluctuations, as in this case
the couplings are renormalized below 7, due to the feedback
from superconductivity.

IV. SPECIFIC HEAT

In this section, we examine the specific heat jump at T
and its band-resolved compositions as a function of nematicity
for scenarios A and B. In the mean-field approximation, the
specific heat is the sum of contributions from I', X, and Y
pockets:

6=y / Ef(k) 1 alai)P 1
v k 27?2 4T oT cosh2 (%) '

i=hX)Y
(39)

The first term on the right-hand side of Eq. (39) is the
normal state contribution at T = T, + 0. Evaluating the k-
integral, we obtain

2
C, = gnzTc(Nh + Ny + Ny). (40)

The second term on the right-hand side of Eq. (39) accounts
for the jump of AC, at T,. It is equal to

1 1 d
s =g O [y
k cosh

A2 AT
4T i=hX.Y (%}j)) ar
T do d 5
=— Y N| ———AO) (41)
0 2 dT

i=hX)Y

K NyA%(cos® ¢x) + Ny Af(cos® dy) + “eNy Ny Az Ay(AZ(cos® ¢y ) (cos* py) + AZ(cos® py) (cos* py))’

(38)

Substituting the results for the gap functions, we find that
d 2 2
AC, = —d—TAO(T) [Na((A1 + Az cos 2¢)%)

+ Ny A3 (cos” gx) + Ny Al (cos” )]
= AC" + ACX + ACY. (42)

Setting J,, = 0 and using Eq. (36), we find that AC" =
ACf + ACUY. Using Eqgs. (36), (37), and (42), we find
AC, 2N (AR(6)*)?
C, T N(NyA¥(cos® ¢x) + Ny Ad(cos® gy ))
where 1.43 is the BCS result for a single band superconductor,

and N = N, + Nx + Ny. Without a nematic order, the ratio
would be

. (43)

(ACU) i 2 (cos* ¢y )?
Cv d=0 ’ 1 + ZNT’L <COSS ¢X) ’
If the electron pockets would consist solely of d,, and
d,, fermions, we would obtain AC,/Cy|e—o = 2.86/[1 +
Ny /(2N,)]. For the parameters from Tables I and II, this yields
AC,/Cylo=g = 1.42. In the presence of the d,, orbital, how-
ever, AC,/Cylo=o ~ 1.09. The smallness comes from the fact
that the relatively heavy d,, band contributes to C,(T') in the

normal state, but not to AC,. This is similar to the case of
KF62A52 (Ref [38])

44)

A. Specific heat jump at T, for scenario A

The effect of nematicity on the specific heat jump is in-
volved because W;, ¢;, and the coherence factors cos ¢; all
vary with it. In Fig. 12, we plot AC,/C, as a function of
®,, for various values of ®, and representative « = 0.5 and
2.5, chosen to be smaller and larger than 2. Fora = 0.5, we
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FIG. 12. The variation of the scaled specific heat jump <2 A% with
hole nematic order ®,, for (a), (c) @ = 0.5 and (b), (d) @ = 2 5. We
set ®, = —®;, in (a) and (b). In (c) and (d), we choose a set of values
for &, = {—4, —7, —10, —19} meV.

expect from Eq. (43) that AC,/C, ~ A%, and we verified that
the behavior of AC,/C, matches the behavior of A‘l‘ with A,
from Fig. 7(a).

For o = 2.5, we expect AC,/C, ~ A‘z‘, and the behavior of
AC, /C, matches the behavior of A‘2t with A, from Fig. 7(b).
In both cases, we see that AC, /C, is generally around 1, but
it increases with ®;,. Viewed as a function of ®,, AC,/C,
displays a kink like nonanalyticity at &, = ®., and, moreover,
is nonmonotonic at @ = 2.5. The nonmonotonic behavior for
this « is clearly visible in Fig. 12(d), where we plot AC,/C,
versus @, for various ®,. Figure 12(c) shows that it also holds
ata = 0.5 for large enough |, |. At large | D, | and even larger
@, AC,/C, saturates. The reason is that for such @, the Y
pocket is mostly of d,, character and the X pocket is mostly of
dy, character, hence (cos” ¢y) < 1 and {(cos” ¢x) ~ 1, where
a =4,8.Then AC,/C, ~ Nx /(N + Nx + Nx), and Ny is the
largest; see Fig. 5(d). Note that for large |®.| = 19 meV,
AC,/C, is 1.5-1.6.

For a ~ +/2, the behavior of AC,/C, versus &, is inter-
mediate between the ones at « = 0.5 and 2.5.

We also plot in Figs. 12(a) and 12(b) the band-resolved
contributions from hole and electron pockets. We see that the
largest contribution to the jump comes from the hole pocket.
AC!/C, is nonanalytic at ®, and gives rise to nonanalyticity
in the full AC,/C,.

B. Specific heat jump at 7, for scenario B

Below we present the results for the specific heat jump and
its decomposition into contributions from different bands for
scenario B, when there is additional contribution ®,,, Eq. (2).
This contribution splits the dispersions of d,, fermions on
the X and Y pockets. We choose the sign and magnitude of
®,, such that the bottom of the ¥ band moves above the
chemical potential, i.e., the Y pocket disappears in the nematic
phase. To simplify calculations, we adopt the “antisymmetric
approach” of Ref. [11] and introduce ®,, nematic order only
for d, fermions on the Y pocket, as 2Wy ®,, Wy with Wy
from Eq. (8). Appropriate parameters to fit the band structure,
available from ARPES experiments, in this scenario are given

tetragonal orthorhombic
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— —dyz|
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g 2
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FIG. 13. Scenario B: Calculated band dispersion of the 1-Fe unit
cell in tetragonal and orthorhombic phase, respectively, near (a), (b)
I, (c), (d) X, and (e), (f) Y point. Fitting parameters are taken from
Ref. [11]. Note that the d,, dominated Y -band is fully located above
the Fermi level in (f).

in the supplementary material of Ref. [11], and they yield the
Fermi surface shown in Fig. 1(d) and in the right inset in
Fig. 14(c). The corresponding band dispersions at the I', X,
and Y points are shown in Fig. 13.

We solve the full nonlinear gap equations (B1)-(B3), sub-
stitute the results into Eq. (39), and obtain the specific heat.

In Fig. 14(a) we show the total specific heat Cy (solid-blue)
as well as the band-resolved contributions from the I", X, and
Y pockets (solid yellow, green, and orange, respectively). For
definiteness we set @, =45 meV, a = 0.5, and Jo; = Jeo
(=U,;/3). We adjusted U,;, to match experimental 7, ~ 10 K.
Observe that both the I" and X pockets contribute substantially
to the specific heat jump, with the contribution from the Y
pocket almost vanishing. The largest contribution comes from
the X pocket. This differs from the result for scenario A, but
the difference is largely due to different parameters, as we
verified.

A more substantial difference is actually for the specific
heat in the normal state. In scenario A, dy, fermions from both
X and Y pockets contribute to C,(T) above T,. In scenario B,
dyy, fermions from Y are gapped, and only d,, fermions from
X contribute. As a result, the normal state C,(T) is reduced
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FIG. 14. The total and band-resolved specific heat calculated
for (a) scenario A ($,, = 0) and (b) scenario B (¥,, = 45 meV);
(c) AC,/C, as a function of ®,,. For the small (large) ®,, scenario,
A (B) is valid. Left inset: Fermi surface for ®,, = 0. Right inset:
Fermi surface for ®,, = 45 meV.

in scenario B compared to A, while AC, at T, remains the
same as only d,. and d,, fermions contribute to the jump.
As a consequence, AC,/C, is larger in scenario B than in
scenario A. We show this explicitly where we plot AC, /C, as
a function of ®,,, which drives the system between scenario
A and scenario B. We see that AC, /C, is roughly a constant at
small ®,, when scenario A is valid. It then rapidly increases
and saturates at a larger value at large ®,, when scenario B is
valid.

C. Comparison between scenarios A and B and experiments

Specific heat measurements in FeSe [39-43,47-51] con-
sistently reveal that AC,/C, ~ 1.65. This is larger than the
BCS result for a single band superconductor, AC,/C, =~ 1.43.
A larger AC,/C, is often associated with the effects beyond
BCS [52,53]. However, earlier works [54—-59] have found that
in a multiband system, AC, /C, can be either larger or smaller
than the BCS value already within BCS approximation. In
our analysis, we obtain AC,/C, around 1 in scenario A for
small &, and P, but larger AC,/C, ~ 1.5-1.6 for larger
®) ~ |D,| < 20 meV. Within scenario B, AC,/C, is always
larger than in scenario A because the normal state contribu-
tion is smaller. Then the experimental AC, /C, ~ 1.65 can be
reproduced already at smaller &, .. In summary, the specific
heat jump can be reproduced within both scenarios, but the pa-
rameter space is somewhat larger in scenario B. We also note
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()12\ — P =-0,=0 ()14 _________________________________
A --- Py = —d, = bmeV

) 10 12 —B) = —B, =0
e ] T~ 10 -=-®p = -0, = SmeV
E e )
g 61 s-wave d-wave
g 4 6 d-wave s-wave
= ) 4 )

2 s+id -s+e'ld 5 s+e'd

0 1 0 ¥

1 12 14 16 18 2 -0.9 -0.8 -0.7 -0.6
« [0

FIG. 15. Regions of the mixed s + e¢d order in the tetragonal
and orthohombic phases in the (7, «) plane. In (a) we set J,, = 0 and
Jup < 0 to bring & = (U, — Ju)/ Uep + Jui) close to +/2. In (b) we
set J,o = Jo > 0. A d-wave order develops when J,, /U, is larger
than a certain number. For our parameter, the mixed phase is located
near o ~ —0.7. The shrinking of the range of s+ ¢d order with
nematicity is stronger in (b) than in (a).

that the pocket sizes in scenario B are somewhat smaller com-
pared to those in scenario A, which leads to some quantitative
differences in the phase diagram in Fig. 6, mainly affecting the
terms in the square root in Eq. (27). More specifically, both
scenarios predict similar results for the angular dependence
of the gap at the outer hole pocket, shown in Fig. 9, but they
differ in their predictions for the electron pockets. This has
been discussed previously in Refs. [25,34].

V. SPECIFIC HEAT NEAR A POSSIBLE TRANSITION
INTO AN s + ¢”’d STATE

In this section, we consider the possibility of a second su-
perconducting transition in FeSe, caused by a transformation
of the s +d state into the s + ed state. Such an instabil-
ity may arise near the point where the pairing interaction is
attractive in both s-wave and d-wave channels, with compa-
rable magnitudes. The parameter range of s + ¢’d has been
previously analyzed in Ref. [35], assuming that the nematic
order is weak. Here we do not keep @ small and include into
consideration orbital transmutation in the nematic phase. We
identify the parameter range, where s + ¢’d order emerges.

To analyze the transition to the (s + ¢"7d)-wave state, we
numerically solve the full nonlinear gap equations (B1)-(B3),
including both s-wave and d-wave harmonics. We show our
results in Fig. 15. In panel (a), we assume J,, = 0 and vary
the parameter o, which drives the system from s- to d-wave
symmetry at o & V2. In panel (b) we set J,, = J.p; in this
case, the transition from s- to d-wave is at negative o« ~ —0.7.
The black curves in Fig. 15 are the results for & = 0. In both
panels, there is a sizable range of s + id order, sandwiched
between pure s-wave and d-wave states. This is consistent
with Ref. [35]. For a finite nematic order, the gap function in
the mixed state is s + ¢/7d, where 0 < 1 < 7. The results for
® # 0 show that nematicity generally suppresses the width
of the s + ¢d region, but the suppression is far stronger for
Jee = Jo, [panel (b)] than for J,, = O [panel (a)]. The reason
why a nematic order is unfavorable for the s+ ¢d state
is again orbital transmutation: as we said, a nematic order
makes pockets “mono-orbital” and therefore favors s-wave
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100

s+ e'd area

FIG. 16. The size of the s + ¢™d region (black) and the percent-
age of d,, and d,, orbital content at the hole pocket (red and green),
vs @;. The black-dashed line is for ®, = 0, while the gray-dashed
one is for &, = —d,,.

pairing. Consequently, the region where s- and d-wave pairing
channels are nearly degenerate gets suppressed. We illustrate
this in Fig. 16, where we plot the area of the s + ¢d region,
normalized to its value in the tetragonal state, and the differ-
ence in the orbital content on the hole pocket, both versus ®;,.
We see that the area of the mixed range shrinks and vanishes
when ®;, reaches d,.

Specific heat measurements on FeSe in Refs. [39-42] re-
ported two jumps at 7, =8 K and T* ~ 1 K. The jump
at T, clearly indicates the transition to the superconducting
phase. In Ref. [35] it was argued that the jump at 7* =
1 K might be explained by the transition into the s+ e™d
phase. Our results show that this is possible, but unlikely as
the parameter range when s + ¢”’d order develops is quite
narrow.

We also note in passing that in panel (b) of Fig. 15, 7, goes
up at a nonzero &, despite the fact that a nematic order is
generally believed to be a competitor to superconductivity.
This happens because J,; is the dominant component of the
pairing interaction, and J,, couples d,, fermions on the I
pocket to dy, fermions on the X pocket. The spectral weight
of both fermions gets enhanced by sign-changing d,./,, ne-
maticity, and this enhances T.. For the case in panel (a), the
dominant interaction is U, which couples d., (d,.) orbitals
at I' with d,; (dy;) orbitals at Y (X). In the nematic phase,
d; (dy;) weight is enhanced (reduced) at I' but reduced (en-
hanced) at Y (X). As a consequence, T, is weakly affected by
nematicity.

VI. CONCLUSIONS

In this paper, we presented an in-depth analysis of the
superconducting gap function and the specific heat of a multi-
orbital metal, like FeSe, which first develops a nematic order
and then undergoes a transition into a superconducting state,
which coexists with nematicity. We considered two scenarios:
scenario A, in which nematic order develops between d,,
and d,, orbitals on hole and electron pockets (®;, and ®,),
and scenario B, in which there is an additional component
of the nematic order for d,, fermions on the two electron
pockets (Dy).

We specifically addressed three questions. The first one
is the angular dependence of the gap. Here we analyzed the
competition between the two effects. One is the nematicity-
induced s-d mixture, which necessarily induces angular
variation of the gap function even if the superconducting state
is an s-wave without nematicity. Another one is orbital trans-
mutation of low-energy excitations in the nematic state. This
effect tends to make Fermi surface pockets mono-orbital and
thus favors an angle-independent gap function. We analyzed
the crossover from initial s-d mixing to the eventual angle-
independent gap, and we argued that the most likely scenario
for stronger s-wave attraction in the tetragonal phase is a gap
function with no nodes, while for stronger d-wave attraction
the four nodes from d-wave order disappear once nematic
order exceeds a certain threshold. However, in a parameter
range where s-wave and d-wave interactions have comparable
strength, we find more involved crossovers in which, e.g., the
number of nodal points goes from zero to a finite number and
then back to zero, or when the number of nodal points goes
from four to eight and then to zero.

The second question that we addressed is the behavior of a
specific heat in a nematic superconductor. For this, we solved
the nonlinear gap equation, obtained the forms of the gaps
below T, and used them to compute the specific heat C,(T).
We analyzed the evolution of C,(T) with the nematic order
in both scenario A and scenario B. Here our key result is the
specific heat jump at T.: AC,/C,. We found that AC,/C, is
around 1 in the tetragonal phase for parameters appropriate for
FeSe. The magnitude of AC,/C, increases with the nematic
order and saturates at AC,/C, ~ 1.5-1.6. This is quite con-
sistent with the experimental result for FeSe, AC, /C, ~ 1.65
(Refs. [39-43,47-51]). The values of &, required to reach
saturation are smaller in scenario B as in this scenario the
normal state C,(T") is smaller as it assumes that the ¥ pocket
disappears because of sizable ®,,.

The third question that we addressed is a potential tran-
sition at 7T,; < 7. from an s+ d state to an s+ ¢"d state
that breaks time-reversal symmetry. Such a transition was
suggested [35] as a possible explanation of the experi-
ments [39-43], which observed a second jump of C,(T) at
T* ~ 1 K, well below 7, ~ 8.5 K. At small &, previous
study found [35] that the parameter range where the s + ¢/d
state develops at T — 0 is quite sizable. We analyzed larger
®), . and found that the range shrinks due to orbital transmuta-
tion, which acts against competition between s- and d-pairing.
We expect that the measurements of the gap function and
specific heat in doped FeSe;_,S, or FeSe;_,Te,, where the
amount of nematic order varies with x, could verify the pres-
ence of the s + ¢d state.
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APPENDIX A: SINGULARITIES IN THE HOLE
COHERENCE FACTOR

In this Appendix, we compute (cos 2¢y,) and (cos> 2¢;,) as
a function of &, and we show, respectively, that they exhibit
an x1n |x|- and x?In |x|-type nonanalyticity near the critical
nematic strength @ (defined below). Using Egs. (5) and (7),

J

bxy(0)cos(26,) — @y _

we write cos 2¢, on the Fermi surface as
2
b@ cos(26,) — oy,

kr(6) _
2my,

cos 2¢y, = (Al)

2
Here, kr(6) is the Fermi radius at an angle 6. We define 1‘7* =
x¢(8) for convenience, and we write

bxy(0)cos(26,) — @y

cos2¢y, = = ®)
Ty M

b (0) — by (42)

where ®., = upmyb is the critical nematic strength where the orbital order in the k,-direction changes from d,, to d.; on the
hole pocket. We set m;,b = t for convenience, and for our model parameters from Table I, t &~ 0.5. We find the functional form

of bx(0) from the band dispersion Eq. (5) as

bx;(6) =

D — 17D, c0s 26 + \/(tbcr — 12d;, c0s 20)” — (1 — 12)(®2, — P2r2)

In the limit where nematic order is small, i.e., &, < .,
we can expand Eqs. (A3) and (A1) in % <« 1, which yields

— _ 42 3
os20nirs = =5+ () = o () +o(e)

2 D,

-2 (A3)
[
(cos? 2¢y,) = t2<cos2 2 + 4Sin4 6 cos26sin’ 9>
[y f(0)
10 AP 122 =20V =2 + 712 +1%)] — 2arcsint
(A4) - 4712
= =~ (.36. (A11)

11—/ ®\
(cos® 2 )rs = 5 "T( qj) +0(®)). (A5

In the limit when &, =~ &, we find from Eq. (A3) pre-
cisely at &), = &,
bx}r(é’, D) = P + o (), (A6)
where
212 sin(0)* + 2t sin(9)|

1 —12cos(9)?
1 —1¢2 '

f6) =

Then,

(A7)

[q)cr + q>crf(0)] 005(29) - q)cr
q)cr + chf(e) - q)cr

1 1
—_— 20)( 1 4+ ——
f(9)+cos( )< +f(9))}

sin(0)2:|
fO) |

From Eq. (A8), we find that near the k,-axis, cos2¢; ap-
proaches the value 7, while it is undefined in the k,-direction.
We will show later cos 2¢;,(0) = sgn(®, — D),

cos2¢, =t

:,[_

= t|:cos(29) -2

(A8)

51_1)1}) cos 2¢,(0)e, =t. (A9)
Averaging cos 2¢;, and cos’ 2¢, over the angle 6, we get
(cos2¢y,) = t{cos(20)) — 2t<w>
1)
_t J1=12 arcsin(t)
2 T wt
=~ —0.32, (A10)

Next we assume ®; = & + 6 and show how (cos2¢;)
and (cos? 2¢y,) depend on §. Using Eq. (A3), we show

@ [1 — 12 cos(20)] — 8% cos(20) + /B

bxs(6,8) = -
(A12)
where
B = 4271 — t* cos(0)*] sin(0)* + %12
—48%* sin(é?)2 cos(6’)2
+ 482D, sin(0)*[1 — 2¢2 cos(9)?]. (A13)
8.8¢
= 8t
S
2
< 8.4t
7.6, , , , ,
-1 -0.5 0 0.5 1

0

FIG. 17. bx(0, §) as function of §.
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®
25 —§=0.1
] w20 T
gls
= 10
5
Ot

FIG. 18. We plot both of the integrands of Eq. (A16) as a func-
tion of 6 for 6 = 0.1 and 1.

At =0, m, bxy(0, §) has a |§|-type nonanalyticity as we find
from Eq. (A12)

115

_ (A14)
1417 sgn(s)

be(O, 8) = cI)cr +

and plot in Fig. 17. As a result, we find

bxp(0,8) — Do — 8
bx(0,8) — Do

8
Y [ [ —
( bx(0,8) — CDCr)

2
=;<1—5(1_’ ))
|8|t — 822

= —sgn(d).

cos2¢,(0) =t

(A15)
Next, we move to calculate (cos 2¢y),
bxs(0,8)cos(20) — @
bxs(6,8) — O
; bxs(0,8)cos(20) — O — 8
bxy(0,8) — P

bx;(6, 8)cos(20) — Dy
bx(0,8) — Do

(cos2¢y,) = t<

t

Term 1

1
—5t<—>. (A16)
bx;(0,8) — O
—_—
Term 2

We claim that the second blue underbraced term in
Eq. (A16) contains the nonanalytic behavior of (cos2¢p),

J

15F
— Term 1
10t — Term 2
5 L
O L
-0.4 -0.2 0 0.2 0.4

=10/

FIG. 19. Terms 1 and 2 according to Eq. (A21) as a function of
x=6/D.

because, as § — 0, the denominator diverges at 8 = 0 and
m; see Fig. 18(b). The first underbraced term in Eq. (A16)
is almost independent of variations in 8, as can be seen in
Fig. 18(a). Hence, we approximate the first term of Eq. (A16)
by setting § = 0, and we recover the result of Eq. (A10).
To calculate the second term, we rewrite the denominator
to separate the singular from the regular part,
bxs(0,8) — P = bxs(6,8) — bxp(0,8) + bxs(0,8) — D,
18]
= ———— + [bxs(0,8) — bxs(0, 8)].
147 sgn(d) [bx¢(6,8) — bxy (0, 8)]
(A17)

We again approximate that [bx;(6, §) — bxy(0, §)] does not
change much with 6. So we write it as

bx; (6, 8) — bx(0,8) ~ bx (6, 0) — bx,(0, 0) = ¢per f (6).

(A18)
Then, the nonanalytic contribution of (cos 2¢;,) is
(cos 2¢y) § < : >
cos2¢y) = —
18]
qjcrf(e) + 1+tlsgn(5)
1
=—x{——), (A19)
<f 0)+ A(X)>
s
where x = I and
|x|
AxX)=t————. (A20)
1+ ¢ sgn(x)

We perform the integration over 6 in Eq. (A19), and we obtain

(A21)

arccos(t) 2 —A(x)
2 = —2
(cos 2¢y) X AX) =1 1=AX) /]2 — A(x)]P12
Terml

V1=12 - VI2 — A@)212 — A(x)?
— A(x)?

2 —A@))

Term2

As § — 0, the first term of Eq. (A21) inside the parentheses approaches a finite value [— arccos(?)], while the second term blows
up because of the tanh~! function (see Fig. 19). We neglect the regular part, and we expand the second term around x = 0 to find

the nonanalytic component, which is of |x| In(|x|) form,

|x| 1
(cos 2¢p,) —2x<2 + tl—{-t—sgn(x)) (2_t +

411 + ¢ sgn(x)]

x|

)[C — In(xD)] o Jx[ In(|x]). (A22)
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Next, we compute (cos 2¢;,) in the following way:

2 4 bxs (8, 8)cos(20) — Py \?
(cos” 2¢y) =t < bx;(6,8) — D >

_p |:< [bxs (0, 8)cos(20) — qpcr]2> N 82< 1 > —28< [bxf(0, 8)cos(20) — D] >i| (A23)
[bx/(0,8) — Dl [bx/ (0, 8) — @l [bx; (0, 8) — D] '

The first term of Eq. (A23) contains no singularity and gives the § = 0 contribution to (cos> 2¢;,). To calculate the singularity
present in the second term, we approximate the denominator as we did in Eq. (A17). We further approximate the function f(6)
near 6 = 0, where the nonanalyticity is located, and we find

2t

0) = (0 + A20% + 0(6?)), (A24)
TO= =t
where A, = \/l’_j Using Eq. (A24), we calculate the second term of Eq. (A23) as
1 /2 1
t282< 2> = (1 —1>)x? / . (A25)
[bxr(0,8) — Perl 0 [0+ A20% 4+ Ap(x)]

We define Ag(x) = —Vlz_’zA(x). Equation (A25) can be computed exactly, and it is equal to

2{ ELd (1 +Aym) A |: ( 1 ) <1+Azn>“
X — —4 arctan | —— | — arctan .
Ag(X)[4A0(x) + T2 + Am)]  Ag(X)V (x)*[4A0(x) + (2 + Ar)]  V(x)? V(x) V(x)

(A26)

We define V (x) = /—1 4+ 4A2A¢(x). When x — 0, V(x) — i. The first and second terms of Eq. (A26) are regular. To identify
the nonanalytic behavior of the third term, we use the following identity, and we expand V (x) up to linear order in x:

arctan(z) = — - In (1 iz ) (A27)
2 1—1iz
_ 2 |x| ey
Vix)= 1<1 t 157 sente) T sgn(x)) =iV (x), (A28)

where V(x) = 1 — 12— Using Eqs. (A27) and (A28), we find that

142 sgn(x)
: 7 2
arctan (L> S In <M> o In (i> (A29)
V(x) 2 Vix)—1 1417 sgn(x)

Equation (A29) shows that the most singular correction of Eq. (A26) is of the form x? In(|x|). Finally, we write the last term of
Eq. (A23) in the following way to show that it is also singular of the form x In(x):

5< [bx (6, 8) cos(20) — q>cr1> B 8<[bxf(9, $)(1 —2sin?0) — q>cr]> B 5< 1 > 25< [bx; (0, 8)sin® 0] >
[bxf(0, 8) — P ]? B [bx(8,8) — P)? T O\bxs(0,8) — @cl[ T \[bxs(6,8) — D[
(A30)

We show that the first term is singular of the form x In(]x|). We assume that the second term is not singular because of the sin* #
term in the numerator.

APPENDIX B: BCS-GAP EQUATIONS

We treat Eq. (20) in the mean-field approximation and obtain the BCS-gap equations for the band-space gaps as

tanh £P) tanh B®
— A(K) = [U, + Uy cos 26,(K)] / BT 082 gy () A () + [Us — Uy cos 26(K)] / B cos? gy () Ay (),
p 2Ex(p) » 2Ey(p)
(B1)
2 % EE(TP) 2
— Ax(K) = cos ¢x(k)|: /p U+ Ui cos 20,1 (0) + e /p SE s ¢Y<p)Ay(p>], (B2)
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~ Ay (K) = cos® ¢y () / tanh 5 U — U cos 268031 An(0) + e / wh A @A |, B3
P 2Eh(P) ‘ P ZEX(P)

where E;(p) = [Siz(p) + |A;((p))|?]1'/? is the typical Bogoliubov quasiparticle spectrum, and momentum integration is confined
to an energy interval [— A, A] around the Fermi surface. Near 7, the linearized gap equations are

A
A1+ Az 08 2¢y = — In —[Nx As(Us + Uy c0s 26){cos” dx) + Ny Aq(Uy = Uy cos 2¢n)(cos” )], (B4)
A 4
Ay =—1In F[Nh«Us + Ug cos2¢,) (A1 + Az co82¢p)) + Ny Agdec{(cos™ ¢y)], (B5)
A 4
Ay=—In F[NM(US — Uq €08 2¢,) (A1 + Az €08 2¢y,)) + Nx Az, (cos™ ¢x)]. (B6)

c

APPENDIX C: DEPENDENCE OF i—i ON THE NEMATIC ORDER

We set J,. = 0 in this Appendix, and we compute the ratio 2—7 analytically. The largest eigenvalue A of the matrix equation (24)
corresponding to the leading superconducting instability turns out to be

Ny 2 (02
A= | St 0 + 20(cos 20n)g1 + o (cos? 2180

2
> 1/2
+ \/4052((005 21)? — (cos” 2¢)) (g3 — &%) + (8o + 2 {cos 2¢h) g1 + a{cos” 2¢)g0) ]] , (C1)
where
g0 = Nx(cos® ¢x) + Ny (cos” ¢y) (C2)
and
g1 = Ny (cos* ¢x) — Ny (cos* ¢y). (C3)

In the tetragonal phase, g = 0 and gy = 2Ny (cos* ¢x) (for our band parameters, go ~ 0.1). With increasing electron nematic
order ®,, (cos* ¢y) decreases since the Y pocket becomes mostly of dyy, nature. As aresult, gy — g1 decreases with ®,.
To calculate the ratio 2—?, we rewrite Eq. (B4),

o
Az = ——[NxAs(cos gx) — Ny As{cos” ¢y )], (C4)
which can be computed from Eqgs. (B5) and (B6), and we get the following relation:
Ny
A2 = %[Al(gl + @ (cos 26)20) + Aa(g1(cos 2¢) + ar(cos® 2¢1)go)]- (C5)
One rearranges Eq. (C5) to find the ratio
A 2 2
22 _ N, g1 + a(cos 2¢,)go i g 8T 01(0235 ®n) ’ (C6)
A A2 — aN, (g (cos 2¢) + a{cos® 2¢p) g0) (1 — a?{cos* 2¢)) + D
where
D= \/4012((005 2¢)2 — (cos? 2¢))(1 — g2) + (1 + 20 (cos 2¢) g + a?(cos? 2th))2 (C7)
and

(@)= = Nx (cos* ¢x) — Ny {cos” ¢y) (C8)

g0 Ny({cos* ¢x) — Ny (cos* ¢y)

Even though nematic order couples s- and d-wave symmetry and brings angular dependence to the superconducting gap function
in the primary s-wave state, one finds that i—f = 0 when the numerator of Eq. (C6) vanishes,

(Nx (cos® ¢x) — Ny (cos* ¢y)) + a(cos 2¢,) (N (cos* gy ) + Ny (cos* ¢y) = 0. (C9)

For this case, the gap function on the hole pocket becomes purely s-wave, despite the presence of nematic order.
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