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Superconductors without inversion symmetry in their crystal structure are known to exhibit unconventional
properties. Recently, based on the measured temperature dependence of the magnetic field penetration depth,
superconductivity in noncentrosymmetric ThCoC2 was proposed to be a nodal d wave and mediated by the spin
fluctuations. Moreover, a non-BCS behavior of the temperature dependence of the electronic specific heat and the
magnetic upper critical field were reported. In this work, the electronic structure, phonons, and electron-phonon
coupling are studied in ThCoC2 on the basis of ab initio computations. The effect of the spin-orbit coupling on
the electronic structure and electron-phonon interaction is analyzed, and a large splitting of the electronic band
structure is found. The calculated electron-phonon coupling constant λ = 0.59 remains in decent agreement
with the experimental estimates, suggesting that the electron-phonon interaction is strong enough to explain
superconductivity with Tc � 2.5 K. Nevertheless, we show that the conventional isotropic Eliashberg formalism
is unable to describe the thermodynamic properties of the superconducting state, as calculated temperature
dependence of the electronic specific heat and magnetic penetration depth deviate from experiments, which
is likely driven by the strong spin-orbit coupling and inversion symmetry breaking. In addition, to shed more
light on the pairing mechanism, we propose to measure the carbon isotope effect, as our calculations based on
the electron-phonon coupling predict the observation of the isotope effect with an exponent α � 0.15.
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I. INTRODUCTION

In recent years, noncentrosymmetric superconductors
(NCSs) have attracted a growing interest as host materials
for studying the interplay between the spin-orbit coupling
(SOC) and the superconducting state of matter. The lack
of inversion symmetry in NCSs together with the corre-
sponding antisymmetric spin-orbit coupling (ASOC) removes
the parity constraint on the Cooper pair and allows for a
mixture of spin-singlet and spin-triplet states [1–5]. This
unusual Cooper pair formation results in an unconventional
superconductivity which may manifest itself by the gap with
nodal lines or points, multiband effects, or the extraordi-
nary high magnetic critical field. Among NCSs discovered
up-to-date, a special place is given for the heavy fermion
superconductors with the first discovered CePt3Si [6] as well
as CeRhSi3 [7] or CeCoGe3 [8]. The superconducting state
in these compounds coexists with the magnetic ordering
and is generated by the strong electronic correlations which
make the physical effects coming from the solely noncen-
trosymmetric structure difficult to extract. To overcome this
obstacle, most recent studies are directed towards weakly cor-
related NCSs, including Li2(Pd, Pt)3B [9–13], Mg10Ir19B16

[14], La(Ir, Rh)(P, As) [15], Ru7B3 [16,17], Y2C3 [18,19],
Mo3Al2C [20], (Nb, Ta)Rh2B2 [21], (Nb, Ta)Ir2B2 [22], or
LaNiC2 [23–32], which is isostructural and isoelectronic with
ThCoC2.

*wiendlocha@fis.agh.edu.pl

Although LaNiC2 belongs to a group of superconductors
with relatively weak electron-phonon coupling (Tc = 2.8 K,
λ � 0.50), it exhibits non-BCS superconducting properties,
reported independently in the specific heat [23] and penetra-
tion depth measurements [26–28]. Despite this, up to now
there is no general agreement whether the unconventional
phase in LaNiC2 is caused by the multiband Fermi sur-
face, spin-triplet pairing, or time-reversal symmetry breaking
[31,32]. The most recent muon spin rotation (μSR) measure-
ments on single crystals of LaNiC2 point to the two nodeless
gaps with the broken time-reversal symmetry [34]. Another
striking behavior of LaNiC2 has been discovered under the
external pressure, which initially increases the critical tem-
perature to suppress superconductivity above 7 GPa [29]. The
evolution of Tc with pressure and the thermodynamic proper-
ties of LaNiC2, with special attention paid to their non-BCS
character, have been analyzed in Ref. [30], on the basis of
the ab initio calculations and the isotropic Eliashberg formal-
ism. It was found that the measured non-BCS temperature
dependence of the London magnetic penetration depth [28] is
close to that predicted by the Eliashberg theory, which made it
more difficult to clearly classify LaNiC2 as an unconventional
superconductor.

Recent years directed studies on NCSs towards the
ThCoC2 compound, which crystallizes in the same base cen-
tered orthorhombic structure (Amm2, space group no. 38), as
LaNiC2. Unit cell is shown in Fig. 1. They both belong to a
large series of rare-earth carbides RCoC2 and RNiC2, recently
intensively studied mainly due to their interesting mag-
netic properties [35–39]. ThCoC2 is a nonmagnetic, type-II
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FIG. 1. The unit cell of ThCoC2 visualized with XCrysDen [33]
and the Brilloiun zone (BZ) with high symmetry points.

superconductor with a critical temperature Tc � 2.5 K (re-
ported Tc slightly varies between the samples, being 2.65 K in
Ref. [40], 2.55 K in Ref. [41], and 2.3 K in Ref. [42]). It shows
several non-BCS thermodynamic properties in the supercon-
ducting state. The upper magnetic critical field (Hc2) measured
as a function of temperature exhibits a positive curvature
[40] which is commonly attributed to the interband coupling
occurring in multiband systems, similar to MgB2 [28,43,44].
The electronic specific heat measurement reveals a strong
non-BCS behavior with the normalized specific heat jump
�Ce/γ Tc = 0.86 and a significant deviation from the expo-
nential trend of Ce(T ) at low temperatures [40]. Importantly,
the normalized residual Sommerfeld coefficient γ0 exhibits a
square root magnetic field dependence γ0 ∼ √

H [41], which
is commonly considered a hallmark of nodes in the super-
conducting order parameter. The nodal line scenario has been
recently strengthen by the μSR measurement where the tem-
perature dependence of the magnetic penetration depth was
well fitted assuming a d-wave superconducting gap symmetry
[42]. Moreover, the spin-fluctuation mechanism of electron
pairing was proposed in that work.

The aim of the present paper is to theoretically investigate
the electronic structure, lattice dynamics, electron-phonon in-
teraction, and superconductivity in ThCoC2, assuming that
superconductivity is mediated by the electron-phonon inter-
action. In the first step, ab initio calculations of the electronic
band structure and the electron-phonon coupling were per-
formed, and the spin-orbit coupling effects were analyzed.
Next, the thermodynamic parameters of the superconducting
state were determined using the isotropic Eliashberg formal-
ism where all depairing effects were approximated by the
Coulomb pseudopotential μ∗. We find that already within the
Eliashberg framework the superconducting state in ThCoC2

exhibits non-BCS characteristics. However, in contrast to
LaNiC2, experimental results strongly deviate both from the
BCS predictions and isotropic Eliashberg solutions, showing
the importance of the inversion symmetry breaking accompa-
nied by the strong spin-orbit coupling, effects not taken into
account in both theories.

The paper is organized as follows. In Sec. II we provide
basic information about ThCoC2 structure and give all the
computational details used in the paper. Electronic struc-
ture of the considered compound is described in Sec. III
while phonons and electron-phonon coupling are analyzed in

TABLE I. Experimental and calculated unit cell parameters.
Atomic positions (in crystal coordinates) are in a form: Th (0,0,u),
Co (0.5,0,v), C (0.5,±y, z).

a (Å) b (Å) c (Å) u v y z

expt. 3.8063 4.5329 6.1461 0.0 0.626 0.160 0.289
calc. 3.8214 4.5376 6.0708 −0.0014 0.6041 0.1561 0.3007

Sec. IV. Section V contains the analysis of thermodynamic
parameters calculated within the Eliashberg formalism, dis-
cussing recent experiments in the latter case. The summary is
included in Sec. VI.

II. COMPUTATIONAL DETAILS

Calculations in this work were done using the density func-
tional theory (DFT) and QUANTUM ESPRESSO package [45,46].
We used Perdew-Burke-Ernzerhof (PBE) generalized gra-
dient approximation for the exchange-correlation functional
[47] and Rappe-Rabe-Kaxiras-Joannopoulos (RRKJ) ultrasoft
pseudopotentials [48,49]. Calculations were done both in the
scalar-relativistic and fully-relativistic approach (that is, with
the spin-orbit coupling included). In the latter case, relativistic
pseudopotentials for Th and Co were used.

First, unit cell parameters and atomic positions were opti-
mized within Broyden-Fletcher-Goldfarb-Shanno algorithm,
starting from the experimental values [50]. Since in the
available literature the atomic positions in ThCoC2 are not
reported, those of LaNiC2 were taken as the initial ones.
Optimized cell parameters are close to the experimental ones
and are given in Table I. Atomic positions were additionally
relaxed with SOC, but no changes were observed.

For the relaxed unit cell, the electronic structure was cal-
culated using a Monkhorst-Pack grid of 123 k points, whereas
the Fermi surface was calculated on a denser 183 mesh. Plane-
wave expansion energy and charge density cutoffs were set
to 130 Ry and 1300 Ry, respectively. Such large values were
required due to the presence of the Th atom. Interatomic force
constants (IFC) were computed using the density functional
perturbation theory [51] from the Fourier interpolation of 21
inequivalent dynamical matrices, which make up a 43 q-point
grid. Phonon dispersion relations were calculated from IFC by
Fourier interpolation. Finally, the Eliashberg electron-phonon
interaction function α2F (ω) was determined using the self-
consistent first order variation of the crystal potential from the
preceding phonon calculations. The spectral function α2F (ω)
was then used to determine the electron-phonon coupling
(EPC) parameter λ and thermodynamic parameters of the
superconducting phase based on the Eliashberg formalism.

III. ELECTRONIC STRUCTURE

Figures 2(a) and 3 show the electronic band structure and
density of states (DOS) of ThCoC2 calculated with and with-
out SOC. Brillouin zone of the system, with the location of
high-symmetry points, is presented in Fig. 1(b). As shown, in
the scalar-relativistic case, two bands cross the Fermi level,
forming the Fermi surface (FS) that consists of a complex
holelike sheet [Fig. 2(b)] and two very small electron pock-
ets localized on T-Z path in the Brillouin zone [Fig. 2(e)].
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w/o SOC with SOC

FIG. 2. (a) Electronic dispersion relation and density of states of ThCoC2 calculated with and without SOC. Magenta line marks the Fermi
energy. Panels (b) and (e) show Fermi surface sheets without SOC, whereas (c), (d), (f), and (g) present the splitting of the Fermi surface
caused by SOC.

Interestingly, the holelike sheet reveals a quasi-two-
dimensional topology in the form of two parts connected by
tubes, all aligned along the kz axis, which suggests anisotropy
in the transport properties. Note that our Fermi surface is
similar to the one reported by Bhattacharyya et al. [42] even
though they employed the LDA + U method, which resulted,
e.g., in removing the small electron pockets from the FS.

In the relativistic case, the presence of the antisymmetric
SOC leads to the splitting of electronic bands. The two bands
crossing the Fermi level split into four which results in four
spin-split Fermi surface sheets, plotted in Figs. 2(c), 2(d),
2(f), and 2(g). Except for the band splitting, SOC does not
change the shape of the Fermi surface much, which looks
very similar to that calculated for LaNiC2 [30]. However, the

magnitude of SOC splitting energy �ESOC is considerably
larger. �ESOC for the band which forms the dominating FS
sheet [Figs. 2(b)–2(d)], plotted along the same path as used in
Fig. 2(a), is shown in Fig. 4(a) and reaches its maximal value
of 450 meV near the A point in the BZ.

To calculate the average value of SOC splitting, we have
computed the energy eigenvalues on a regular grid of about
7000 k points, sampling the primitive cell in the recipro-
cal space. To get the representative value around the Fermi
level only, we have imposed a condition that one of the en-
ergy eigenvalues has to be below and the other above EF .
About 700 points have met that condition, and the average
splitting, computed from the energy differences between the
pair of states, as well as the median, is about 150 meV.

FIG. 3. Total and projected density of states of ThCoC2: (a)–(d) without SOC and (e)–(h) with SOC.
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FIG. 4. �ESOC: SOC-induced splitting of the energy band,
which gives the dominating contribution to N (EF ): (a) along the
high-symmetry directions regardless of the actual energy value;
(b) computed under the condition that the two spin-split bands
are on the opposite side of the Fermi energy, and marked on the
scalar-relativistic Fermi surface, plotted using FERMISURFER [54].
The average value of �ESOC = 150 meV is calculated based on
results visualized in panel (b).

The distribution of �ESOC in the Brillouin zone is marked
on the scalar-relativistic Fermi surface in Fig. 4(b). Com-
puted �ESOC is considerably larger than in LaNiC2, where
the average was about 40 meV [30,52], and closer to that
in triplet superconductors CePt3Si and Li2Pt3B (200 meV).
The combination of a large �ESOC and a relatively low Tc

results in a large value of the characteristic Er ratio [53]
Er = �ESOC/kBTc � 700. The large value of Er was observed
to be correlated with the presence of a triplet component in
several NCSs [53]. Er is equal to 177 in LaNiC2, ∼890 in
Li2Pt3B, and ∼3000 in CePt3Si.

Density of states plotted in Fig. 3 indicates that the largest
contribution to the total DOS at the Fermi level, N (EF ) =
2.1 eV−1, comes from 6d Th, 3d Co, and 2p C states.
Due to the charge transfer from the 7s shell, 5 f states of
Th are partially filled and contribute to N (EF ) in about
12%. The Th-5 f shell filling is equal to about 0.8, simi-
lar to that found in elemental Th [55] or recently studied
ThIr3 superconductor [56]. Those 5 f states have an itinerant
character, thus no strong electronic correlations associated
with the f shell are expected, in agreement with the mea-
sured rather low value of the Sommerfeld coefficient (see
below). Along with the small effect on the shape of the
Fermi surface, SOC changes N (EF ) only slightly (see Ta-
ble II). The obtained N (EF ) is relatively low and lower than,
e.g., in LaNiC2 (2.37 eV−1 [30]). Resulting band-structure
value of the Sommerfeld coefficient γband = π2

3 k2
BN (EF ) is

γband = 5.04 mJ mol−1 K−2, whereas the experimental one
[40] is γexpt = 8.38 mJ mol−1 K−2. Under the assumption
that the electronic specific heat is renormalized only by the
electron-phonon interaction, γexpt = γband(1 + λ), we obtain
the estimation of the electron-phonon coupling parameter
λ = 0.66, which is in the moderate-coupling regime. Table II
also presents the “experimental value [41] of λ = 0.49, which
was recalculated from the McMillan’s formula for Tc using the
experimental value of Tc, Debye temperature of θD = 449 K,
and the Coulomb pseudopotential parameter μ∗ = 0.13.

IV. PHONONS AND ELECTRON-PHONON COUPLING

Figure 5 presents the phonon dispersion curves ω(q) and
the phonon density of states F (ω) calculated with SOC, al-

TABLE II. Total and projected densities of states at the Fermi
energy of ThCoC2, Sommerfeld coefficient γ (“bare band structure
values) calculated with and without SOC, and the electron phonon
coupling constant λ, computed as a renormalization factor from the
experimental γexpt = γband(1 + λ). Third row shows the experimental
values of γ and λ; the latter is extracted from the experimental Tc and
McMillan formula (see text).

N (EF ) (eV−1) γ

Total Th Co C2 ( mJ
mol K2 ) λ

w/o SOC 2.07 0.86 0.74 0.43 4.88 0.72
with SOC 2.14 0.89 0.77 0.45 5.04 0.66
expt. [41] 8.38 0.49

though influence of the spin-orbit interaction occurred to be
negligible for the phonon structure. The obtained phonon
spectrum is stable with no imaginary frequencies. As there
are four atoms in the primitive cell, 12 phonon branches
are displayed in Fig. 5, shaded with respect to the atomic
character. The corresponding partial atomic F (ω) is also pre-
sented in the right panel.

Due to the large differences in the atomic masses between
Th (232 u), Co (58.9 u), and C (12 u), the phonon spectrum is
separated into three parts. The six highest frequency phonon
branches are dominated by carbon atoms’ vibrations, with the
single mode near 35 THz attributed to the bond-stretching
C-C oscillations, just like observed in LaNiC2 [30]. Cobalt
dominates among the modes located between 5 and 10 THz,
whereas the lowest part of the spectrum is mostly contributed
by thorium. The average phonon frequencies are shown in
Table III and one can see that SOC only slightly lowers the
average values.

Electron-phonon interaction is described within the
isotropic Eliashberg function, defined as

α2F (ω) = 1

2πN (EF )

∑
qν

δ(ω − ωqν )
γqν

h̄ωqν

, (1)

where ωqν is the phonon frequency for the mode ν at the wave
vector q while γqν is the phonon linewidth which describes
the strength of the interaction between the electrons from the
Fermi surface and a phonon mode ν at q:

γqν = 2πωqν

∑
i j

∫
d3k

�BZ
|gqν (k, i, j)|2

× δ(Eq,i − EF )δ(Ek+q, j − EF ). (2)

In the above expression, gqν (k, i, j) are the interaction matrix
elements given by [57]

gqν (k, i, j) =
∑

s

(
h̄

2Msωqν

)1/2

〈ψi,k|dVsc f

dûν,s
· ε̂ν |ψ j,k+q〉,

(3)
where Ms is a mass of the atom s, ψi,k is an electron wave
function at the k point, ε̂ν is a polarization vector of a phonon
mode, and dVsc f

dûν,s
is a change of the electronic potential, calcu-

lated in the self-consistent manner, due to the displacement of
the atom s in the ûν,s direction. While the Eliashberg function
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FIG. 5. Phonon dispersion relations with colored atomic contri-
butions (left panel) and the corresponding phonon density of states
(right panel). Results for ThCoC2 with SOC.

expresses the electron-phonon coupling summed over Bril-
louin zone and phonon modes ν, the electron-phonon coupling
constant (EPC) λ is a single parameter characterizing the
overall coupling strength and is given by

λ = 2
∫ ωmax

0

α2F (ω)

ω
dω. (4)

Figure 6 displays the phonon dispersion curves with shad-
ing corresponding to the phonon linewidths, γqν , together with
the Eliashberg spectral function presented in the right panel.
As we mentioned above, SOC had almost no effect on the
phonon dispersion curves, the same holds for the magnitude
of the electron-phonon coupling, with no visible differences
for the scalar-relativistic and relativistic α2F (ω). All these
are a consequence of the fact that lighter atoms’ (Co and
C) electronic states give the largest contribution to the Fermi
surface, and the contribution from Th is not a dominant one.
A much different situation was found in, e.g., CaBi2 [58]
or LaBi3 [59], where due to domination of Bi-6p orbitals
the electron-phonon coupling constant was modified by SOC
in almost 50%. The computed linewidths γqν show that the
electron-phonon coupling is relatively the strongest for the
carbon atoms’ modes, located around 10 THz. The highest C
mode, located near 35 Hz, despite having large γqν , does not
give a significant contribution to the electron-phonon coupling
as α2F (ω) is inversely proportional to ω, and λ ∝ γqν

ω2
qν

, see

Eqs. (1)–(4). Additionally, in Fig. 7 the Eliashberg function
is plotted with the phonon DOS in the background and the
cumulative electron-phonon coupling parameter λ(ω). Here
one can clearly see the relative enhancement of α2F (ω) above

TABLE III. Average phonon frequencies.

Total (THz) Th (THz) Co (THz) C (THz)

with SOC 10.59 3.00 6.41 16.55
w/o SOC 10.62 3.00 6.42 16.60

FIG. 6. Electron-phonon coupling in ThCoC2. Left panel:
phonon dispersion relations with the phonon linewidths γqν marked
by shading. Phonon linewidths are multiplied by 20. Right panel:
Eliashberg function computed with and without SOC.

the bare F (ω) near 10 THz due to the large γqν of carbon.
As presented in Figs. 6 and 7, the meaningful contribution
to the electron-phonon coupling comes also from the Co vi-
brations. Although Co modes couple to electrons to a smaller
extent, having a significantly narrower linewidth, the lower
frequencies in its phonon branches partly compensate smaller
γqν giving raise to a large peak in α2F (ω) near 5 THz.
Relatively, the weakest coupling is seen for Th modes, for
which Eliashberg function goes visibly below F (ω) in Fig. 7,
nevertheless due to their lowest phonon frequencies thorium
modes do contribute to the total λ. As one can see from the
cumulative λ(ω) plot, the electron phonon coupling constant
is determined mostly by the phonon modes from 0 to 10 THz
with important contributions from Th, Co, and the two lowest
C modes. The calculated total EPC parameter is λ = 0.59 and
is only slightly enhanced by SOC, see Table IV. This value

FIG. 7. Eliashberg function of ThCoC2 and cumulative electron-
phonon coupling constant. Shading displays phonon density of states
normalized to the integral of the Eliashberg function. Results for the
case with SOC.

094502-5



KUDEROWICZ, WÓJCIK, AND WIENDLOCHA PHYSICAL REVIEW B 104, 094502 (2021)

TABLE IV. Logarithmic average 〈ωα2F
log 〉, electron-phonon cou-

pling constant λ, superconducting critical temperature Tc from
Eq. (5) with μ∗ = 0.13, and Sommerfeld coefficient γ renormalized
with λ from the electron-phonon calculations, γ = γband(1 + λ). Ex-
perimental values repeated for convenience.

〈ωα2F
log 〉 Tc γ

(THz) λ (K) ( mJ
mol K2 )

w/o SOC 5.849 0.583 4.05 7.73
with SOC 5.816 0.590 4.23 8.01
expt. [41] 0.493 2.55 8.38

is close to λ = 0.49, determined from Tc using the inverted
McMillan formula in Ref. [41], and is slightly lower than
extracted above as a renormalization factor of the Sommerfeld
coefficient, λ = 0.66. All these values suggest that ThCoC2

is in the intermediate electron-phonon coupling regime. In
Table IV we also include the computed values of the renormal-
ized Sommerfeld coefficient γ = γband(1 + λ), where γband

were determined from the computed DOS in Table II, and
λ from the Eliashberg function. The theoretical value of 8.0
(mJ mol−1 K−2) is slightly lower than the experimental one,
which is 8.4 (mJ mol−1 K−2).

Next, we may calculate the superconducting critical tem-
perature which would correspond to the calculated λ under the
assumption of the conventional s-wave superconducting gap
symmetry. Although for the noncentrosymmetric compounds
the Allen-Dynes formula is used beyond its applicability, it
is commonly applied to estimate Tc while the value of μ∗
parameter provides an additional information about the degree
of deviation of superconductivity from the conventional one
as well as about the strength of electronic interactions. The
Allen-Dynes formula [60] has the following form

kBTc = h̄
〈
ωα2F

log

〉
1.20

exp

{
− 1.04(1 + λ)

λ − μ∗(1 + 0.62λ)

}
, (5)

where μ∗ is the Coulomb pseudopotential parameter and
〈ωα2F

log 〉 is the logarithmic average

〈
ωα2F

log

〉 = exp

(
2

λ

∫ ωmax

0
α2F (ω) ln ω

dω

ω

)
. (6)

Tc as a function of the Coulomb pseudopotential μ∗ is
plotted in Fig. 8. For the typically used values of μ∗ (0.10
recommended for use with the Allen-Dynes formula [60]
or 0.13 commonly used with the McMillan equation), Tc is
overestimated roughly two times. There are several possi-
ble explanations for this overestimating tendency. The first
is that the electron-phonon coupling is weaker in the real
material than the calculated λ. However, as the computed
renormalized Sommerfeld parameter is lower than the ex-
perimental one (8.0 versus 8.4 mJ mol−1 K−2), this is not
expected. The second is that the Coulomb pseudopotential μ∗
is enhanced. The experimental value of Tc = 2.5 K is repro-
duced for μ∗ = 0.165, a value larger than typically observed
in intermetallic superconductors. As frequently considered in
such cases, this may originate from the presence of other de-
pairing mechanisms which for the considered compound can

FIG. 8. Critical temperature of ThCoC2 calculated as a function
of the μ∗ parameter from the Allen-Dynes formula. Magenta line
marks the experimental value Tc = 2.55 K.

be the electron-paramagnon interactions (spin fluctuations)
[56,61–66], recently suggested as the pairing mechanism for
ThCoC2 [42]. Assuming spin fluctuations as an additional
renormalization factor for the electronic specific heat, γexpt =
γband(1 + λ + λsf ), a small value of λsf = 0.07 is obtained.
This hypothesis, however, requires further experimental anal-
ysis by measurements of the electrical resistivity and magnetic
susceptibility. It is worth recalling that for Nb and its alloys
values of μ∗ as large as ∼0.20 has to be used to reproduce
the experimental Tc [67,68]. Finally, the last and the most
probable reason for the need of applying enhanced μ∗ is the
inapplicability of the Allen-Dynes formula for the ThCoC2

case. The strong spin-orbit interaction, leading to the average
band splitting of 150 meV, is comparable to the maximal
phonon energy (35 THz � 145 meV) and larger than the
average phonon energy of 44 meV, with �ESOC/kBTc � 700.
Thus, it will effectively compete with the formation of the
conventional superconducting phase, as in the limit of the
strong spin-orbit interaction [2] the pairing inside the spin-
split bands requires the odd parity with respect to the k →
−k. As a consequence, the Allen-Dynes formula, derived for
a conventional case, may overestimate Tc, which was not the
case for LaNiC2, where experimental Tc was obtained for
μ∗ = 0.13 [30,69]. However, the electron-phonon interaction
seems to be strong enough to be responsible for superconduc-
tivity in ThCoC2 with the observed Tc, supporting the idea
of the conventional pairing mechanism, but the analysis of
the thermodynamic properties of the superconducting state,
presented in the next section, reveals further deviations from
the simplest isotropic s-wave picture.

V. ELIASHBERG FORMALISM

In this section, we determine thermodynamic parameters
of ThCoC2 in the superconducting state within the isotropic
Eliashberg formalism [70] and compare our results with the
latest experiments. The usage of the Eliashberg equations is
considered as a first approximation towards the understanding
of superconductivity in ThCoC2, since similarly to the Allen-
Dynes formula, they are not fully applicable for the case of
a noncentrosymmetric compound with strong SOC. However,
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comparing the results obtained using this approach with the
experiment allows us to directly show how strong are the
deviations of superconducting properties of ThCoC2 from the
conventional isotropic ones.

A. Eliashberg equations

Our calculations are based on the isotropic Eliashberg
equations which, on the imaginary axis (i = √−1), are given
by

Z (iωn) = 1 + πkBT

ωn

∑
n′

ωn′

R(iωn′ )
λ(n − n′) (7)

Z (iωn)�(iωn) = πkBT
∑

n′

�(iωn′ )

R(iωn′ )

× [λ(n − n′) − μ∗θ (ωc − ωn′ )], (8)

where Z (iωn) is the mass renormalization function, �(iωn) is
the superconducting order parameter, iωn = i(2n + 1)πkBT
are fermionic Matsubara frequencies where n ∈ Z, θ (ω) is
the Heviside function, kB is the Boltzmann constant, T is
temperature, and R(iωn) = √

ω2
n + �2(iωn). The kernel of the

electron-phonon interaction is assumed in the common form

λ(n − n′) =
∫ ∞

0
dω

2ωα2F (ω)

(ωn − ωn′ )2 + ω2
, (9)

where α2F (ω) is the isotropic Eliashberg spectral function
discussed in Sec. IV.

In Eq. (8), μ∗ is the Coulomb pseudopotential which is
originally defined as a double Fermi surface average of the
matrix elements of the screened Coulomb interactions be-
tween electrons taking part in the scattering events k → k′
induced by the electron-electron interaction. μ∗ usually yields
the value in the range [0.1,0.2] [71]. Note however that in
some electron-phonon mediated superconductors, μ∗ > 0.2,
which cannot result solely from the Coulomb interaction.
Then, as commonly assumed, μ∗ contains all physical ef-
fects competitive to superconductivity and not included in the
Eliashberg equations. Although calculations of μ∗ from the
ab initio methods are possible, it requires more sophisticated
numerical methods [72–74] which are beyond the scope of
the present paper. Instead of that, we use the common practice
in which μ∗ is determined based on the experimental value
of Tc to be able to discuss the thermodynamic properties of
the material as a function of T/Tc. Since it corresponds to the
Coulomb pseudopotential in the Allen-Dynes formula, they
are denoted by the same symbol, although usually different
values are required to get the same Tc in both approaches
[30,75,76], and a scaling procedure should be applied [60] to
compare both values.

The isotropic Eliashberg equations (7) and (8) are solved
iteratively until the convergence is reached, which we consider
to occur when the relative variation of �(iωn) between two
consecutive iterations is lower than 10−9. The number of iter-
ations is reduced by the use of the Broyden method to predict
subsequent solutions [77]. The calculations are performed for
the cutoff frequency ωc = 4ωmax [78] and the number of Mat-
subara frequencies M = 6500. The self-consistent solution
of Eqs. (7) and (8) for a given Eliashberg spectral function
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FIG. 9. The superconducting energy gap �n=1 evaluated at T =
2.55 K, as a function of μ∗. Results with and without SOC. Inset
presents �n=1(T ) for μ∗ = 0.268 for which Tc = 2.55 K.

α2F (ω) is then used to calculate thermodynamic parameters
and compare them with experiments.

B. Results

To determine μ∗ corresponding to the experimental Tc =
2.55 K, we solved the equation �n=1(T = 2.55 K) = 0 for
different μ∗, see Fig. 9. The value of μ∗ for which �n=1(T =
2.55 K) = 0 defines the effective Coulomb parameter which
should be taken into account to correctly evaluate thermo-
dynamic parameters of ThCoC2. As shown in Fig. 9, in the
case with SOC, this procedure gives a relatively large value of
μ∗ = 0.268, larger than 0.22 required to get the experimental
value of Tc from Eliashberg formalism in LaNiC2 [30]. To be
compared with μ∗ used with the Tc equation (5) it should be
scaled to μ̃∗ according to the equation [60]

1

μ̃∗ = 1

μ∗ + ln

(
ωc

ωmax

)
, (10)

which with the cutoff frequency of ωc = 4ωmax gives μ̃∗ =
0.195, again larger than typically used μ∗ values, similarly
when the Allen-Dynes formula was applied.

The temperature dependence of �n=1 for μ∗ = 0.268 is
presented in the inset of Fig. 9 and undergoes the following
formula

�(T ) = �(0)

√
1 −

(
T

Tc

)�

, (11)

with � = 3.31 ± 0.01 slightly larger than predicted from the
BCS theory, �BCS ≈ 3.0. The extrapolated �(0) = 0.39 meV
gives the dimensionless ratio R� = 2�(0)/kBTc = 3.55 close
to the BCS value 3.53. If not stated otherwise, in the further
part of this work we present results with SOC.

For an interacting electron-phonon system, the energy dif-
ference between the superconducting and normal state �F is
given by

�F

N (EF )
= −πkBT

∑
n

(√
ω2

n + �2
n − |ωn|

)
×

(
ZS (iωn) − ZN (iωn)

|ωn|√
ω2

n + �2
n

)
, (12)
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FIG. 10. Electronic specific heat Ce as a function of temperature
T . The normal state is marked by dashed red line while the experi-
mental data [40] are marked by dots. Inset presents the normalized
specific heat as a function of the inverse reduced temperature T/Tc.

where N (EF ) corresponds to the density of states at the Fermi
level while ZS and ZN denote the mass renormalization factors
for the superconducting (S) and normal (N) states, respec-
tively. Then, the difference in the electronic specific heat
�Ce = CS

e − CN
e can be expressed as

�Ce(T )

kBN (EF )
= − 1

β

d2�F/N (EF )

d (kBT )2
, (13)

with the specific heat in the normal state given by

CN
e (T )

kBN (EF )
= π2

3
kBT (1 + λ), (14)

where λ is the electron-phonon coupling constant.
The temperature dependence of the specific heat is pre-

sented in Fig. 10 with the experimental data from Ref. [40]
plotted by dots. For comparison, BCS results are also dis-
played. The BCS theory of superconductivity predicts the
exponential behavior of the electronic specific heat at low
temperatures, in the form Ce ∝ exp[−�(0)/kBT ]. As shown
in the inset of Fig. 10, which displays the logarithmic graph
of the electronic specific heat versus the inverse reduced tem-
perature (Tc/T ), the experimental curve deviates from the
linear plot, expected for weakly coupled superconductors.
Interestingly, at low temperatures, the Eliashberg solution also
deviates from the linear BCS behavior. This demonstrates
that the non-BCS behavior of Ce may occur even for the
isotropic s-wave gap symmetry, if the retardation effects in
the electron-phonon interactions are included as done in the
Eliashberg formalism [79]. The deviation, however, is not as
strong as observed experimentally [40]. At higher tempera-
tures the Eliashberg solution approaches the BCS behavior
and again deviates from the experimental data reaching the
jump of reduced specific heat at Tc, �Ce/γ Tc = 1.425, higher
than the experimental 0.86, and almost equal to the weak-
coupling BCS limit of 1.43.

Although as presented above, the deviation from a purely
exponential behavior in the electronic specific heat measure-
ment does not prejudge the nodal line superconductivity in
ThCoC2, recent μSR measurements [42] of the temperature
dependence of the magnetic field penetration depth gave a
strong support to the nodal superconductivity hypothesis,
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FIG. 11. Temperature dependence of the inverse normalized
magnetic penetration depth λ−2

L . Experimental data from the μSR
measurements, marked with dots, as well as the d-wave fit are taken
from Ref. [42].

where the d-wave gap symmetry was proposed. Within the
Eliashberg model, the London penetration depth λL can be
calculated from the expression

1

e2v2
F N (EF )λ2

L(T )
= 2

3
πkBT

∑
n

�2
n

ZS (iωn)
[
ω2

n + �2
n

]3/2 ,

(15)

where e is the electron charge and vF is the Fermi velocity
[78].

Figure 11 displays the comparison of the temperature de-
pendence of the normalized penetration depth λ−2

L from the
μSR measurements, d-wave fit (both from Ref. [42]), our
calculations,1 and the BCS theory. As in the case of the spe-
cific heat, the Eliashberg theory leads to a non-BCS curve,
and the differences are more pronounced than in the case
of Ce. More importantly, the isotropic Eliashberg solution
significantly deviates from the experimental data in both the
lower and upper T/Tc range. Much better agreement between
the experimental data and theory was obtained in Ref. [42]
under the assumption of the d-wave gap symmetry. Thus, tem-
perature dependence of both the electronic specific heat and
magnetic field penetration depth cannot be described by the
isotropic Eliashberg formalism which supports the possibility
of a non-s-wave gap symmetry in ThCoC2.

A competitive concept on the nature of superconductivity
in ThCoC2 concerns multiband effects which are strongly
indicted by the critical magnetic field measurements with the
change of the Hc2(T ) curvature reported in Ref. [40]. The up-
per critical field within the Eliashberg model can be evaluated
based on equations [78]

�̃(iωn) = πkBT
∑

n′

[λ(n − n′) − μ∗θ (ωc − ωn′ )]�̃(iωn′ )

χ−1[ω̃(iωn′ )] − πt+ ,

(16)

1For calculations presented in Fig. 11 to keep the consistency with
the experimental results, we used Tc = 2.3 K as measured for the
sample studied in Ref. [42]. That required taking a slightly larger
value of μ∗ = 0.29.
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where

ω̃(iωn) = ωn + πkBT
∑

n′
λ(n − n′)sgn(ωn′ ) + πt+sgn(ωn′ ),

(17)
with t+ = 1

2πτ
, where τ is the electronic scattering time due

to the presence of impurities. In Eq. (16) the function χ (ω̃) is
given by

χ (ω̃(iωn)) = 2√
α

∫ ∞

0
dq e−q2

tan−1

( √
αq

|ω̃(iωn)|
)

, (18)

with

α(T ) = 1
2 |e|Hc2(T )v2

F , (19)

where e is the elementary charge and vF is the Fermi velocity.
To evaluate τ we have calculated the electrical conductivity
σ tensor for ThCoC2 using the Boltzmann formalism in the
constant scattering time approximation, as implemented in
the BOLTZTRAP code [80]. In this approach and assuming that
the electronic scattering time τ is independent of the k vector,
one may calculate the ratio of σ/τ . The computed value, aver-
aged over directions, is σ/τ = 17.3 × 1019 �−1 m−1 s−1. The
measured residual resistivity for the polycrystalline sample of
ThCoC2 is ρ0 = 0.37 μ� cm [40], which gives a relatively
large value of τ = 1.56 × 10−12 s which originates from the
high quality of the sample studied in Ref. [40] with a low
amount of defects. The estimated value of τ results in t+ =
6.71 × 10−5 eV to be used in the above-mentioned formulas
and corresponds to the clean limit. The obtained tempera-
ture dependence of the normalized upper critical field hc2 =
Hc2(T )/Tc

dHc2(Tc )
dT is shown in Fig. 12 where the inset addi-

tionally presents the thermodynamic critical field Hc√
N (EF )

=√
−8π �F

N (EF ) from the BCS model and Eliashberg theory. For

comparison, the experimental data from different experimen-
tal methods of extraction, that is, from resistivity and specific
heat measurements, are also presented.

As expected, within the one-band Eliashberg model, the
curvature of hc2 is preserved in the whole range of T/Tc

indicating that the change of the curvature in the experimental
curve may indeed result from multiband effects, not captured
in the model presented here. Note moreover that the fully

angle-resolved critical field measurements could shed light on
the symmetry of the gap [81], but they are yet to be done.

C. Isotope effect

The experiment which should help to distinguish be-
tween the electron-phonon pairing mechanism in ThCoC2,
supported by our calculations, versus spin fluctuation mech-
anisms proposed in Ref. [42], is the measurement of the
isotope effect. The isotope effect is usually described by the
power law Tc ∝ M−α , where M is the isotope’s mass, and
its presence clearly indicates the role of atomic vibrations
in the superconductivity of the studied system. In our case
of ThCoC2, isotope effect can be measured only for carbon,
which has two stable isotopes, 12C with the abundance of
about 98.9% and 13C with 1.1% [82]. The isotope effect
exponent, however, may differ significantly from the model
α = 0.50 value, especially in the multiatomic compounds,
depending on the details of the phonon spectrum and electron-
phonon interaction. For example, in MgCNi3 [83] a strong
isotope effect was observed, as Tc dropped by 0.3 K when 12C
was fully replaced with 13C, giving α = 0.54(3). On the other
hand, in borocarbide YNi2B2C, significant isotope effect was
observed only for boron atoms, with α � 0.2, being negligible
for carbon [84,85]. The difference in the atomic mass of the
constituent elements is an important factor in determining the
magnitude of the isotope effect in multiatomic compounds.
This can be illustrated using the binary LiBi as an example,
as it is built from the heaviest and the lightest stable solid
elements. In this superconductor, the replacement of the nat-
ural Li (average mass 6.94 u) with the lighter 6Li increased
Tc by 0.02 K from 2.45 K to 2.47 K, resulting in an exponent
α = 0.04 [86]. Even though the effect was very weak, it was
possible to determine it experimentally and theoretically [87].
Although for the present case of ThCoC2, due to its deviations
from the isotropic Eliashberg superconductivity, we cannot
provide an accurate prediction on the change in Tc, we may
simulate how the phonon spectra and electron-phonon cou-
pling is modified upon isotope substitution and estimate the
variation in Tc using the conventional approach.

Phonon dispersion relations and Eliashberg functions cal-
culated for 12C and 13C isotopes are shown in Fig. 13. Heavier
C atoms resulted in the lowering of frequencies of the six
highest optical modes of carbon, not affecting Co and Th
modes. In addition, to simulate the measurements for the
samples with a partial 12C - 13C substitution, calculations were
done with a C mass between 12 u and 13 u with a step
of 0.2 u, not shown here for the sake of clarity. With these
new Eliashberg functions, the effect of the carbon mass on
Tc was simulated using both the Allen-Dynes formula and
the Eliashberg formalism. Other relevant parameters were
unchanged and correspond to the values which are used to
reproduce the experimental Tc = 2.55 K for the 12C case. In
the Eliashberg formalism, the cutoff frequency ωc = 4ωmax

was adopted according to the shift in the frequency of the
highest carbon mode. Results are presented in Fig. 14 and
decrease of Tc by 0.035 K for the full 13C substitution is noted.
The isotope effect exponents of α = 0.13(1) and α = 0.16(1)
are predicted based on the Eliashberg formalism and Allen-
Dynes formula, respectively. When the Allen-Dynes formula
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FIG. 13. Phonon dispersion relations and Eliashberg functions of
ThCoC2 calculated with 12C and 13C carbon isotopes.

is used, the drop in Tc is intuitively explained as resulting from
the decrease in 〈ωα2F

log 〉 due to 13C substitution (5.816 THz to
5.717 THz) whereas λ remained almost unchanged (increase
from 0.5902 to 0.5906). The predicted effect is not strong, but
still larger than, e.g., in LiBi, thus its experimental detection
should be possible, once a set of samples with different 13C
content is synthesized under the same conditions.

Two comments have to be added to the discussion of the
isotope effect in ThCoC2. First, the predicted shift in the
phonon frequencies upon 13C substitution is an effect indepen-
dent of superconductivity or gap symmetry. Thus, regardless
of the method used to determine Tc, if the electron-phonon
coupling is the pairing interaction, the magnitude of the shift
in Tc should be reasonably predicted, since generally Tc ∝ ωc

with ωc being the characteristic phonon frequency. Second,
the sole observation of the isotope effect does not exclude
the spin fluctuations as the pairing interaction, as the inter-

FIG. 14. Critical temperature of ThCoC2 as a function of C
atom’s mass (open symbols) calculated using the Allen-Dynes for-
mula or Eliashberg equations. Curves are the power law fits, Tc =
const × M−α .

play between electron-phonon and spin fluctuations leads to
the presence of the isotope effect in cuprates, like YBCO
[88]. There, the antiferromagnetic spin fluctuations are con-
sidered as the dominant pairing interaction, which compete
with the weaker electron-phonon coupling, responsible for
the isotope effect. Spin fluctuations are predicted [88] to
reduce the isotope effect exponent α, with the resulting mag-
nitude depending on the relative strength of spin fluctuations
and electron-phonon coupling. In the case of ThCoC2, under
the assumption of a dominant electron-phonon coupling and
possible accompanying weak paramagnetic spin fluctuations,
only a small renormalization of the isotope effect exponent
from that determined by phonons can be expected [89]. Con-
cluding, an experimental analysis of the isotope effect should
deliver important results for the determination of the pairing
mechanism.

VI. SUMMARY AND DISCUSSION

In summary, we have presented theoretical studies of
the electronic structure, lattice dynamics, electron-phonon
interaction, and superconductivity in noncentrosymmetric
ThCoC2. Calculations show that all atoms contribute to the
Fermi surface, which in the scalar-relativistic case consists
of two parts: a complex large holelike sheet and a very
small electron pocket. Spin-orbit interaction splits the elec-
tronic bands with a quite large average energy splitting of
�ESOC = 150 meV, which leads to the appearance of two
dominating holelike Fermi surface sheets. Due to the large
differences in the atomic masses of the constituent atoms,
in the phonon spectrum of ThCoC2 we may distinguish the
regions dominated by each of the atoms’ vibrations: Th be-
low 5 THz, Co between 5 and 8 THZ, and C between 8
and 35 THz. The strongest electron-phonon interaction, in
the sense of the largest phonon linewidths γqν , is associ-
ated with the carbon atoms’ phonon modes. However, due
to the lower phonon frequencies, the cobalt and thorium
phonon modes also provide important contributions to the
overall electron-phonon coupling parameter, calculated to be
λ = 0.59. As far as the phonon properties are concerned, a
negligible effect of SOC was found both for phonon disper-
sion relations and electron-phonon coupling function α2F (ω).
Combination of the calculated density of states at the Fermi
level, N (EF ), and the electron-phonon coupling parameter λ

lead to the theoretical value of the renormalized Sommer-
feld electronic specific heat coefficient γ = γband(1 + λ) =
8.0 (mJ mol−1 K−2), slightly lower than the experimental one,
γexpt = 8.4 (mJ mol−1 K−2). On the other hand, the supercon-
ducting critical temperature is overestimated, when calculated
using the Allen-Dynes formula with the standard Coulomb
pseudopotential parameter value (4.2 K for μ∗ = 0.13), and
the experimental Tc = 2.55 K is reproduced for a relatively
large value of μ∗ = 0.165.

That may suggest the presence of other depairing mech-
anisms like electron-paramagnon interactions, which effec-
tively enhance μ∗. However, in connection with the unusual
thermodynamic properties, it rather indicates that the super-
conductivity is not isotropic s-wave-like, and due to the strong
spin-orbit coupling the Allen-Dynes formula may overesti-
mate Tc.
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Additionally, the thermodynamic properties of the super-
conducting phase in ThCoC2 were analyzed with the help of
the isotropic Eliashberg equations. A non-BCS temperature
dependence of the electronic specific heat and the London
penetration depth were found. Contrary to the sister com-
pound, LaNiC2, for which the Allen-Dynes formula worked
well and temperature dependence of the London penetration
depth was close to that predicted by the isotropic Eliashberg
formalism [30], in the case of ThCoC2 the experimental re-
sults are far from those predicted by the isotropic theory.
Similarly, the measured temperature dependence of the up-
per magnetic critical field is not explained in terms of the
s-wave single-band model. Those features are likely to be
driven by the strong SOC found in ThCoC2, as in the limit
of the strong spin-orbit interaction [2], the pairing inside the
spin-split bands requires the odd parity of the gap with respect
to the k → −k. This opens the possibility of a non-s-like
gap symmetry in ThCoC2, which is achievable even with the
electron-phonon-based pairing [90–92].

Concluding, in view of our results, the electron-phonon
interaction is strong enough to mediate the superconductivity
in ThCoC2, but the measured thermodynamic properties of
the superconducting phase deviate much from those predicted
by the isotropic Eliashberg theory. Further works are thus re-
quired to distinguish between the phonon and spin-fluctuation
mechanisms, proposed along with the d-wave gap symmetry
in Ref. [42]. Our calculations show that the analysis of the
carbon isotope effect could yield important results. In spite of
the large mass differences between Th, Co, and C, observation
of the isotope effect on C is predicted, with an exponent
α � 0.15.
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