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Quantum Kibble-Zurek mechanism: Kink correlations after a quench in the quantum Ising chain
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The transverse field in the quantum Ising chain is linearly ramped from the para- to the ferromagnetic phase
across the quantum critical point at a rate characterized by a quench time 7. We calculate a connected kink-kink
correlator in the final state at zero transverse field. The correlator is a sum of two terms: a negative (antibunching)
Gaussian that depends on the Kibble-Zurek correlation length only and a positive term that depends on a second
longer scale of length. The second length is made longer by dephasing of the state excited near the critical point
during the following ramp across the ferromagnetic phase. This interpretation is corroborated by considering a
linear ramp that is halted in the ferromagnetic phase for a finite waiting time and then continued at the same rate
as before the halt. The extra time available for dephasing increases the second scale of length that asymptotically
grows linearly with the waiting time. The dephasing also suppresses magnitude of the second term, making it
negligible for waiting times much longer than 7. The same dephasing can be obtained with a smooth ramp
that slows down in the ferromagnetic phase. Assuming sufficient dephasing, we also obtain higher order kink

correlators and the ferromagnetic correlation function.
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I. INTRODUCTION

Kibble-Zurek mechanism (KZM) originated from a sce-
nario for defect creation in cosmological symmetry-breaking
phase transitions [1]. As the universe cools, causally dis-
connected regions must choose broken symmetry vacua
independently, resulting in topologically nontrivial config-
urations that survive as topological defects. In this Kibble
scenario, it is the speed of light that limits the size of the
correlated domains. In contrast, a dynamical theory for the
laboratory phase transitions [2,3] employs equilibrium critical
exponents of the transition and the quench time to predict
the scaling of the resulting density of defects. KZM was
successfully tested by numerical simulations [4—15] and lab-
oratory experiments in condensed matter systems [16—40].
More recently, KZM was adapted to quantum phase transi-
tions [41-46]. Theoretical developments [47-73] as well and
experimental tests [23,74-82] of the quantum KZM (QKZM)
followed. A recent experiment [81], where a quantum Ising
chain in the transverse field is emulated with Rydberg atoms,
is consistent with the theoretically predicted scalings [42—44].

In a cartoon version of QKZM, whose limitations—Dbut
also essential correctness—have been discussed in Ref. [69],
the state of the system literally freezes out in the neighborhood
of the critical point due to the closing of the energy gap.
In QKZM, a system initially prepared in its ground state is
smoothly ramped across a quantum critical point. A smooth
ramp can be linearized near the critical point:

t—t.

e(t) = o~ (1

Here ¢ is a dimensionless parameter in the Hamiltonian,
whose magnitude measures distance from the critical point,
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7 is a quench time, and ¢, is the time when the critical point
is crossed. Initially, far from the critical point, the evolution
is adiabatic and the system follows its adiabatic ground state.
The adiabaticity fails at —7 when the reaction rate of the sys-
tem, proportional the the gap A o« |¢]*¥, equals instantaneous
transition rate |é/e| = 1/]t|. Here z and v are, respectively,
the dynamical and the correlation length exponent. From this
equality, we obtain

7o Tév/(l+zv) (2)

and the corresponding & = 7/7p 1, V%) Iy the cartoon
freeze-out version of the impulse approximation, the ground
state at —¢&, with a corresponding correlation length,

é x T(\;/(lJrzv)’ (3)

is expected to survive until +7, when the evolution can restart.
In this way, & becomes imprinted on the initial state for the fi-
nal adiabatic stage of the evolution after +7. Oversimplified as
it is, the adiabatic-impulse-adiabatic approximation predicts
correct scaling of the characteristic length scale with 7y, see
Eq. (3), and the timescale

i ok “

The postquench density of excitations is determined by &
within this scenario.

In the integrable quantum Ising chain, the excitations are
well defined as Bogoliubov quasiparticles [44]. They get
excited between t. — f and ¢. + . After ¢, + 7, when the evo-
lution of the system crosses over from the impulse to the
adiabatic again, their power spectrum p; becomes frozen.
Here p; is excitation probability for a pair of quasiparti-
cles with opposite quasimomenta: k. The excited state after

©2021 American Physical Society
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FIG. 1. Transverse field ramp. Time dependence of the trans-
verse magnetic field g(¢). The blue line is the straight linear ramp
that crosses the quantum critical point at g. = 1 before it stops at
g(0) = 0 where measurements are made. The green line is the ramp
with a halt at g,, < g, for a waiting time #,,. The halt allows for extra
dephasing of quasiparticles that were excited in the Kibble-Zurek
regime near the critical point: within &7 from the time when the ramp
crosses the critical point.

t. -+ 17 is a superposition over many eigenstates. Magnitudes
of their amplitudes are determined by py, and thus remain
frozen, but the amplitudes accumulate dynamical phases that
depend on k. This may eventually lead to dephasing: the k-
dependent phases become so scrambled that observables that
are localized in space can be accurately calculated within an
approximation of random phases [51].

Motivated by experimental opportunities opened by Ryd-
berg atoms [81,83-85], in this paper we go beyond the set
of observables considered in Ref. [51] and calculate correla-
tions between ferromagnetic kinks at the end of the quench.
This problem was first considered in Ref. [86] in an ele-
gant dual formulation of the quantum Ising chain. A similar
problem was addressed in the 3D Kiatev model [87]. In ad-
dition to the probability distribution of the total number of
kinks [51,82,88], these are experimentally most accessible
predictions that go beyond KZM, i.e., beyond the most basic
average density of kinks. We obtain the kink-kink correlator
in a closed analytic form without any random-phase approxi-
mation: the dephasing after a generic quench is far insufficient
to justify the approximation. However, the dephasing has an
impact on the correlator through a second length scale, /, that
it makes longer than the basic KZ correlation length £, though
for a generic quench the correction is only logarithmic in 7.
We demonstrate that / can be made much longer by slowing
the ramp after #. + 7 to provide more time for dephasing, see
Fig. 1. When the extra time is long enough, then the correlator
becomes the same as in the random phase approximation. In
this regime, we can proceed further and derive a compact for-
mula for higher order kink correlators and the ferromagnetic
spin-spin correlation function.

The paper is organized as follows. In Sec. II, we recall ba-
sic facts about the quantum Ising chain. Linear quench/ramp
of the transverse magnetic field is defined in Sec. III. In

Sec. IV, the ramped quantum Ising model is mapped to
the Landau-Zener (LZ) problem. This is where we derive
quadratic correlators for Jordan-Wigner fermions, identify the
effects of dephasing, and introduce the dephasing length .
The kink-kink correlator is worked out in Sec. V. It is shown
to be a sum of two terms depending either on & or I. To
substantiate the discussion of dephasing, in Sec. VI we make
the linear ramp halt in the ferromagnetic phase for a variable
waiting time t,,, see Fig. 1. A more general analytic formula
for the kink-kink correlator is obtained that depends on ¢,
through a generalized dephasing length /,,. For long enough
extra waiting time, [, grows linearly with t,, and the [,-
dependent term in the correlator decays like /,!. Eventually,
the random phase approximation becomes accurate and the
dephased correlator depends on the KZ length & only. In
Secs. VII and VIII, we take advantage of the dephasing and
work out higher order kink correlators and the ferromagnetic
spin-spin correlator, respectively. Finally, we summarize in
Sec. IX.

II. QUANTUM ISING CHAIN

The transverse field quantum Ising chain is

N
H=-) (soF +0i0,,). )

n=1

Here we assume periodic boundary conditions: Gy, = 7.
In the thermodynamic limit, N — oo, the quantum critical
point at g = 1 separates the paramagnetic (|g| > 1) from the
ferromagnetic (|g|<1) phase. For definiteness, we assume that
N is even. After the Jordan-Wigner transformation,

of =1-2clc,, (6)

of = —(cat+c)) [ —2¢}em), )
m<n
introducing fermionic annihilation operators c,, which sat-
isfy anticommutation relations {c,,, c;g} = 8,y and {c,,, ¢} =
{ci, ¢} = 0, the Hamiltonian Eq. (5) becomes [89,90]

H=P"H*P" + PPH P ®)
Above

pr_ liﬁax _! li]ﬁ[(l—zc%) ©)
2 n=1 ! 2 n=1 "

are projectors on the subspaces with even (+) and odd (—)
numbers of ¢ quasiparticles and

HY = Z (gc:gcn — ch,,H — Cpr1Cn — g + H.C.) (10)

n=1

are the corresponding reduced Hamiltonians. The ¢,,’s in H~
satisfy periodic boundary conditions, cy+; = ¢y, but the ¢,’s
in H™ must be antiperiodic: cy4; = —cy.

The parity of the number of ¢ quasiparticles is a good
quantum number and the ground state has even parity for any
nonzero value of g. Assuming that time evolution begins in the
ground state, we can confine to the subspace of even parity.
H* is diagonalized by a Fourier transform followed by a
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Bogoliubov transformation [89,90]. The antiperiodic Fourier
transform is

e—in/4 "
e = cre™, 1)
VN ; ‘
where the pseudomomenta k take half-integer values:
12x N—12n
k=+-—,. .., £———. 12)
2 N 2 N

It transforms the Hamiltonian into

HY = Z{Z(g — cos k)chk + (clcik 4+ c_pcp) sink — g}.
k
(13)

Diagonalization of H™ is completed by the Bogoliubov trans-
formation,

e = wye + vy’ (14)

where the Bogoliubov modes (i, vy) are eigenstates of sta-
tionary Bogoliubov-de Gennes equations:

eup = +2(g — cosk)uy + 2 sin kv,
€vy = —2(g — cosk)v + 2 sin kuy. (15)

For each k they have two eigenstates with eigenenergies
€ = *¢;, where

€& = 2\/(g — cosk)? + sin® k. (16)

The positive energy eigenstate, (Uy, Vi), defines a fermionic
quasiparticle operator y = U ck —l—V,kcik, and the nega-
tive energy eigenstate, (U, , V") = (=Vi, Us), defines y, =
U Y er + V__ch_k = —yjk. After the Bogoliubov transfor-
mation, up to an additive constant the Hamiltonian is
equivalent to

HY =Y eyl (17)
k

but the projector P in Eq. (8) implies that only states with
even numbers of quasiparticles belong to the spectrum of H.

With the quasiparticle dispersion Eq. (16) at the critical
g =1 we obtain a linear dispersion, €, =~ 2|k|, for small |k|
which implies the dynamical exponent z = 1. On the other
hand, for k = 0 we have €y o |g — 1|' for a near-critical g ~
1, which implies zv = 1 and the correlation length exponent
v = 1. Consequently, the KZ scales are

f o€ o J/Tg. (18)

III. LINEAR QUENCH

We ramp the Hamiltonian across the quantum critical point
by a linear quench,

t

gt <0)=——, 19

7o
with the characteristic quench time 7. The ramp crosses the
critical point at . = —7p. For the universal features of the

QKZM, it is enough to assume that the ramp can be linearized
near the critical point, with a slope —1/7p, but here we pro-
ceed with a solution of the analytically tractable fully linear

ramp. The system is initially in its ground state at a large
initial value of g > 1, but as g is ramped down to zero, the
system gets excited from its instantaneous ground state and,
in general, its final state at + = 0 has a finite number/density
of kinks. Comparing the Ising Hamiltonian Eq. (5) at g=0
with the Bogoliubov Hamiltonian Eq. (17) at g = 0, we obtain
a simple expression for the operator of the total number of
kinks:

N
N=YK=) vn (20)
n=1 k
Here
K,=1(1-0%0%,)) @1

with eigenvalues 0,1 is the kink number operator on the bond
between sites n and n 4 1. The total number of kinks is equal
to the number of quasiparticles excited at g = 0.

IV. LANDAU-ZENER PROBLEM

The initial ground state is the Bogoliubov vacuum [0)
annihilated by all quasiparticle operators y;. For the ini-
tial g > 1, they are defined by the stationary Bogoliubov
modes (Uy, Vi) = (1,0). We assume the Heisenberg picture,
where Fock states with definite quasiparticle occupations
numbers do not change and, therefore, the Bogoliubov quasi-
particle operators y; expressed through these states do not
change either but the Jordan-Wigner fermions evolve with
the usual Heisenberg equation: i 4o = [cx, HT]. With a time-

dr
dependent Bogoliubov transformation,

ek = u Oy + v Oy (22)

the Heisenberg equation becomes equivalent to time-
dependent Bogoliubov-de Gennes Egs. (15):

d
iauk = 4+2[g(t) — cos kluy + 2 sin kvy,

d
iE v = —2[g(t) — cosk]ug + 2 sin kuy. (23)

with the initial/asymptotic condition [ug(—00), vi(—00)] =
(1, 0). They can be solved exactly by mapping to the Landau-
Zener (LZ) problem [44,51]. Indeed, a transformation to a new
time variable,

T =419 sink<L + cos k), (24)
T0
brings Egs. (23) to the standard LZ form
. d 1 1
i = _E(TAk)“k + 5 Ve
.d 1 1
U= +§(TA1<)U1< + > e (25)

with an effective transition rate Ay = (41p sin”k)~!. Here
the new time T runs from —o0 t0 Thna = 27 sin(2k) that
corresponds to t = 0.

A. Spectrum of excitations and density of kinks

For slow enough transitions, only modes with small %,
which have small gaps at their anticrossing points, can get
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excited. For these modes, Tgpa is much longer than the time

when the anticrossing is completed, 0<A,:1/ 2, and we can use
the LZ excitation probability:

big

_ 2
PR e ™R e—Zm:Qk . (26)

The approximations are accurate when 7y > 1. We can cal-
culate the number of kinks in Eq. (20) as V' = ), px. In the
thermodynamic limit, N — oo, the sum can be replaced by an
integral and the density of kinks becomes [44]

N
n= lim — =

N—oo N (27)

1 [~ 1
— dkpy = ————.
2 /;n Pr 2m,/279
The density scales like &' o 1) 2 in agreement with
QKZM. Wit11 kink correlations in mind, it is natural to make
definition of & precise as

£ =2m2tp = % (28)

An inverse of this KZ length is equal to average final density
of kinks/excitations.

B. Exact solution

The kink correlations will require more than just the exci-
tation spectrum Eq. (26). A general solution of Egs. (25) is
[51,91]

v(t) = —[aD—s—1(—iz) + bD—s— (iz)],

u(t) = (—Akf + 2ii>vk(t), (29)
at

with free complex parameters a, b. Here D,,(x) is a Weber
function, s = ﬁ, and z = /Agte™/*. The free parameters
can be fixed by the asymptotic conditions: u;(—o0) = 1 and
vr(—o0) = 0. Using the asymptotes of the Weber functions
when T — —o0, we obtain ¢ = 0 and

, e
b|” = 1A, (30)
The exact solution of the linear quench problem is then
vi(t) = —bD s (i2),
u(t) = (—Akr + 2i%>vk(r), (3D

At the end of the quench for t =0 and when v =1, =
27psin(2k), the argument of the Weber function iz =

VATt =2 [The™/* cos(k)sign(k).

C. Fermionic correlators

For the considered 1o > 1, the magnitude of iz is large
for most k, except the neighborhoods of k = :I:%, and we can

again use the asymptotes of the Weber functions to obtain [51]

1
| |* = 5 (I —cosk) + p

1 .
uvp = > sink + sign(k)/pe(1 — pr)e'?,

i 2
O = Z+21Q—(2—1n4)k 12

+k*tplnty — arg[T(1 4 ik*tp)]. (32)

Here I'(x) is the gamma function and ¢y is a dynamical phase
acquired by a pair of excited quasiparticles with quasimo-
menta (k, —k). These formulas depend on k and 1y through
two combinations: ‘L’ka, which implies the usual KZ correla-
tion length, § o ré/ 2, and k2 7g In 7o, which implies a second
scale of length o¢,/7p In 7p. The final quantum state at g =0
cannot be fully characterized by a single scale of length.
Physically, this reflects a combination of two processes: KZM
that sets up the posttransition spectrum of excitations, p, and
subsequent dephasing of the excited quasiparticle modes that
manifests through the dynamical phase .

To make the phase more intelligible, we can approximate
arg[["(1 + ierZ)] X —YE er2 for small enough erZ, where
yg is the Euler gamma constant. Given that excited quasi-
particles have at most Tpk? ~ 1/27, see Eq. (26), this is an
accurate approximation that renders ¢; quadratic in k:

or—@o=(ntg+1Ind4 -2+ )/E)kth
= (Intg — 0.036)k’tp ~ K*tplnty.  (33)

It also makes manifest that the dynamical phase is character-

ized solely by the second scale o,/ In 7p.
The Gaussian state can be fully characterized by its two

quadratic fermionic correlators:

1 T .
ar = (CoyrC)) = —/ dk|uy|?e™®

2 J_,
= l50 R — l51 R+ E e REY (34)
) IR 4 JIR| )
and
1 T
Br = (cntrCn) = —/ dkuyvy sin kR. (35)
T Jo

With Egs. (32), we obtain

1
Br = ZSign(R)3|R\,1 + 3Br. (36)

where the first term is a ground-state contribution while the
second one comes solely from the excitations:

1 [T .
8Pr = — / dke ™K /1 — =270k pi% gin kR. 37)
T Jo

To make the integral analytically tractable, we make an ap-
proximation:

e*ﬂtka /1 _ 6_277er2 ~ efaﬂtkaA\/E(tQkZ)l/z. (38)

With A =1 and a = 1, this would be just the leading term
in a series expansion in powers of (‘L’ka)l/ 2. However, for
greater accuracy, we treat A and a as variational parameters.
Minimization of the quadratic error of the approximation
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FIG. 2. Approximation in Eq. (38). Comparison between the ex-
act formula in Eq. (38) (black) and the approximate one with either
the raw parameters from minimization of the quadratic error: A =
0.964, a = 1.361 (green) or the adjusted ones: A = 19/20,a = 4/3
(red).

yields A = 0.964 and a = 1.361. Within its broad minimum,
we slightly adjust these numbers to

A =19/20, a=4/3. (39)
Comparisons between these two approximations and the exact

formula are made in Fig. 2.
Putting together all the approximations, Eq. (37) becomes

i /oA [TV 5 R
8Pr = i qdqe*amfﬂq g g 4 (40)
VT T 0 /TO

Here g = ,/Tok. After the upper limit of the integral is safely
extended to infinity, we obtain

5 _ ~8rA R
Be="am in
:57V67T R e_%(R/l)zeiq)R,

0 ViR

—Z(R/IP yidn

(41)

where ¢ = in + 279 — %arg(l - 3ii‘:TTQ) — %(R/l)2 Intp is
a phase and the correlation range is

2
1= 1+(3IH—TQ>. (42)
4

For very slow quenches, when In 7y >> 4 /3, the range of this
correlator becomes much longer than &.

V. KINK-KINK CORRELATOR AFTER A LINEAR RAMP
The connected kink-kink correlator is
CgK = (KnKthR)C = (KnKnJrR) - <Kn> <Kn+R) s (43)

where K, is the kink number operator on the bond between
sites n and n+ 1, see Eq. (21). In terms of the fermionic
correlators it becomes

CK® = RefryiRefr-1 + (ImBr)* — atry 10k
+ar_1ReBry1 — agy1Refr_i. 44)

When R + 1 is approximated by R, which should be accurate
for the assumed & > 1, the correlator reduces to

CRE = |Brl* — . (45)

Interestingly, this is 1/4 of the connected transverse corre-
lator: Cg* = (0,0, ) — (0;)){0,;,r). To properly assess the
strength of kink-kink correlations, the correlator Eq. (45)
should be normalized by the square of the average density of
kinks in Eq. (27). After this normalization, the exact formula
in Eq. (44) and the approximate one in Eq. (45) are com-
pared in Fig. 3. As expected, they become the same for large
enough 7.

With Egs. (34), (36), (41), and (45), we obtain a compact
analytic formula:

¢ (R
n’ngK = Ol§<—

2
1 1) 87371(R/l)2 i 67271(R/§)2' (46)

Here o = 937;56’ = 9.57 is a numerical prefactor. In Fig. 3,

we compare the normalized correlator in Eq. (45) with the
analytic formula in Eq. (46), finding good agreement that is
improving with increasing 7. The normalized correlator is of
the order of 1, implying strong correlation effects, especially
its second negative term implies strong antibunching. The
kinks can hardly approach one another closer than a half of
§ , 1.e., half of the typical distance between them.

VI. KINK-KINK CORRELATOR AFTER A LINEAR
RAMP WITH A HALT

We have seen that there is an interplay between the KZ
mechanism and the dephasing after +7. Its manifestation are
the two scales of length, & and I, that show up in the kink-kink
correlator Eq. (46). To make the distinction between the two
effects even sharper, here we consider the same linear ramp
as before but with an additional halt at g, € (0, 1) for a
waiting time t,,, see Fig. 1. We expect that for long enough
waiting time, the nontrivial quasiparticle dispersion Eq. (16)
will completely dephase excited quasiparticles with different
quasimomenta. The dynamical phase ¢; in Eq. (37) will de-
pend on k strongly enough for the magnitude of §8; to be
suppressed and the kink-kink correlator to become

n2CKK = _ o 2mRIEY (47)

This purely negative dephased correlator demonstrates strong
antibunching effect.

Formula Eq. (47) coincides with the one advocated in
Ref. [86] but, contrary to Ref. [86], waiting at the final g, = 0
cannot dephase the kink correlator because the dispersion
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FIG. 3. Kink-kink correlator. Comparison between (scaled) ex-
act correlator Eq. (44) and (scaled) approximate one, Eq. (45), both
plotted in function of scaled distance nR, demonstrating that the
approximate one is accurate for long enough 7,. We also plot the
analytic formula in Eq. (46) to demonstrate that it becomes accurate
for long enough . The dephased correlator Eq. (47), after the halted
ramp with long enough waiting time, is also shown for comparison.

Eq. (16) at g = 0 is flat: ¢, = 2. Even if it were not, the kink
number operator Eq. (21) commutes with the Hamiltonian at
g = 0 and the correlator must remain constant there.

1 — ty =0
’tw:l
0.8 — tw =2
tw =3
— ty =5
QOﬁ L =8
S, —— 1ty =15
0.4
0.2
0
0 1 2 3
k
1 — ty =0
\ —ty =1
1
0.8 | =2
\ te =3
ety =
¥06 te =8
8 —ty, =15
0.4
0.2
0
0 1 2 3
k

FIG. 4. Power spectrum after the halt. Power spectrum p, =
()/kT ¥«) at the final transverse field g = O after a linear ramp with a
halt at g,, = 1/2 for a waiting time ¢,,, see Fig. 1. As predicted, with
increasing 7y the influence of discontinuous time derivative at the
beginning and the end of the halt on the power spectrum quickly
becomes negligible; compare 7y = 2 in the top panel with 7y = 4 in
the bottom one.

The halt at g,, > 0 is convenient analytically but it has
a disadvantage that the discontinuous time derivative of the
function g(¢) at the beginning and the end of the halt results
in additional excitations on top of the KZ quasiparticles al-
ready excited near the critical point. However, the additional
excitation energy is proportional to 7,2, hence for large T it
quickly becomes negligible when compared to the KZ exci-
tation energy which is proportional to the density of excited

. . —1/2

quasiparticles and decays like 7, *". Exact power spectra
with and without the halt are compared in Fig. 4 and they
confirm this expectation. However, in experiment—where 7
is limited—instead of the sharp halt, it may be more practical
to avoid the discontinuities by performing a smooth ramp that
simply takes longer to reach g = 0 than the straight linear
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ramp. The ramp should just remain linear between . + 7 for
the KZ scaling to remain unaffected. All of that being said,
in the following we continue with the analytically convenient
halt.

An exact solution between initial g = co and g, is the
same as the one for the linear ramp, see Eqs. (31). Then, for
time #,,, the Bogoliubov modes continue their evolution with
a static Bogoliubov-de Gennes Hamiltonian at g,,. This stage
is described by Eqgs. (23) with constant g(t) = g,,. Further
evolution after the end of the halt is described by the general
solution in Egs. (29) but with time ¢ replaced by t — t,,. Its
coefficients a and b are determined by matching this general
solution with the uy, v, at the end of the halt. This solution
is continued until g = 0, which is arrived at t = ¢,,, where the
kink-kink correlator Eq. (45) is measured.

The dephasing time can be estimated based on the
quasiparticle dispersion relation Eq. (16). According to the
excitation probability Eq. (26), quasiparticles are excited up
to small quasimomenta with

k= 1/277p, (48)

hence at g = g,, the dispersion Eq. (16) can be approximated
by

€ ~ 2 (gw - 1)2 +gwk2

k2
~ 21— gul + 25 (49)
|1_gw|

The last form is accurate when 2wty > g, (1 — gw) 2 e,
either for slow enough quenches or deep enough in the fer-
romagnetic phase. A difference between dynamical phases,
2€xty, for k = 0 and k = k becomes O(1) after a dephasing
time:

~ |1_gw|
D~ —

7o, (50)
gw °

Increasing the waiting time ¢, beyond 5 should begin to have
a noticeable effect on the anomalous correlator § 8g, eventu-
ally suppressing its magnitude to zero.

This rough estimate can be elevated to an accurate predic-
tion. In Fig. 4, we have shown that quasiparticle spectrum, py,
does not depend on the waiting time. The dynamical phase ¢
in Eq. (37) acquires an extra term, ¢y, such that

28w

sztw. (&2))

Spr — Spo = 2€xty, — 2€pty, =

Just as the bare ¢ in Eq. (33), the extra term is quadratic in k.
Consequently, new |§Bg| for the ramp with a halt is obtained
from the old |6Bg| without a halt by a simple replacement:
plnty — tplnty + Hzfﬁtw. Therefore, the sole effect of
the halt on the kink-kink correlator Eq. (46) is to replace the
length scale / in Eq. (42) with

2

N 3lnty + —(’f %
L =£ |1+ (—“ sulto ) (52)
47

With the replacement, the correlator after the halt becomes

E (R
n_ZC}gK = a£<—

2
e—3ﬂ(R/lw)2 _ e—er(R/é)z' (53)
Ly \ Ly

Here [,, is longer than the bare / corresponding to zero waiting
time. Comparing Eq. (42) with Eq. (52), we can infer that the
waiting time begins to have noticeable effect when

6 t
$i=4n (54)
IT—gul 7o

or, equivalently, for #,, longer than a dephasing time

27 |1 - gwl
= 0 ——T1p.

3 &w &)

Ip
This is when not only the correlation range, /,,, begins to in-
crease but also the maximal value of the first term in Eq. (53),
proportional to £/1,, and achieved at R = [,,//7, begins to
shrink. For #,, > fp, this magnitude becomes negligible and
the kink-kink correlator simplifies to the single antibunching
term in Eq. (47).

VII. HIGHER ORDER KINK CORRELATORS

The dephasing makes higher order correlators tractable. A
connected (M + 1)-point correlator reads

(56)

..... N P

Thanks to permutation symmetry and translational invariance,
we can assume 0 = Ry < R < --- < Ry, without loss of gen-
erality. Expressing the kink number operators Eq. (21) with
the Jordan-Wigner fermions Eq. (7) allows us to write

= (=2) "D {(boar)(br,ar,+1) - - - (bryary+1)),- (57)

Here b, = C; —¢, and q, = c; + ¢, are Majorana fermions.
Their quadratic correlators are

(bman> = Sm,n - 2O‘nfm + 2Re,3n7ms (58)

(aman) = (bub,) = ‘Sm,n + 2iImpB,,_,. (59)

After the dephasing Bg ~ j—‘sign(R)S‘ g1 and when R;’s differ
from each other by more than 2, the relevant correlators sim-
plify to

(bnan) = —20p_m, (Aman) = (bnb,) = 0. (60)

Given that ag is even in R, the correlator becomes

ily...im
~ z : €iy...ipgig XRig—Riy R; —R, + - - OR; —Rj

M}

i
= (-1 Z OR, —R; OR, —R;, - - - O, —R;, - (61)
{ir,im}

.....

Here iy = 0 is fixed and the sum runs over all permutations of
the set {1, ..., M}. For the assumed & > 1, we used oz =
o as usual.
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For M = 1, we recover Eq. (47) as expected. For M = 2,
we obtain a connected three-kink correlator:

-3
n CRI,RZ

%

20 AR, R, OR, — R, ARy R,
— 2o TIRI—RN/EP = |(Ri—R2)/ET =7 [(Ra—Ro)/ET (62)

While the negative kink-kink correlator Eq. (47) keeps pairs
of kinks apart, the genuine three-body correlations turn out
to be attractive. In general, odd/even kink correlations are
attractive/repulsive.

VIII. SPIN-SPIN CORRELATOR

The dephasing also simplifies the ferromagnetic spin-spin
correlator:

Cx = (a,f O—rf+R> - (6; >(U;+R)' (63)

Given that (o?) = 0 for symmetry reasons, expressing the spin
operators with the Jordan-Wigner fermions Eq. (7) allows us
to write

Cx = (boarbiaz - - -r—1 ag). (64)

In a similar way as for the higher order kink correlators, after
dephasing the correlator becomes

C% = DetT. (65)

Here 77]' = (b,-aj+1) ~ 31+J’_,',0 — 20[1_;,_‘,'_,' fori,j=1,...,R.
As T is a Toeplitz matrix, asymptotic behavior of the determi-
nant for large R can be obtained using standard methods [92]
as

R R
CF o exp (—1.545) cos («/47‘[ In 2§ — (p0>. (66)

This formula is the same as in Ref. [51] but here its range
of applicability is much wider thanks to the extra dephasing
during the waiting time #,: Intp > 1, that was assumed in
Ref. [51], is no longer required to make /,, long enough, see
Eq. (52). The correlator exhibits damped oscillations in func-
tion of R/£. At short distance the ...-kink-kink-... train appears
to have crystalline order. This is consistent with the antibunch-
ing seen in the kink-kink correlator: subsequent kinks keep a
safe distance from each other.

IX. SUMMARY AND DISCUSSION

The connected kink-kink correlator at the end of the linear
ramp is a sum of two terms. One of them is universal. It

depends only on the spectrum of quasiparticles excited in the
KZ regime, between ¢, T f near the critical point, that depends
only on the slope of the ramp at the critical point and the
universal critical exponents. The other term is nonuniversal. It
depends on how long the system is dragged across the ferro-
magnetic phase where the excited quasiparticles are dephasing
by accumulation of quasimomentum-dependent dynamical
phases. When the ramp is slowed on the way between the
critical point and the zero transverse field for a waiting time
much longer than 7, then the magnitude of the nonuniversal
term begins to be suppressed by dephasing.

The dephased kink-kink correlator exhibits strong anti-
bunching of kinks. Subsequent kinks along the chain are not
allowed to approach each other closer than half of the typical
distance between kinks. With dephasing, it is possible to also
obtain higher order kink correlators. The odd/even correlators
turn out to be attractive/repulsive. The same dephasing makes
the ferromagnetic spin-spin correlator tractable. In function of
a distance, it exhibits exponentially damped oscillations. The
oscillations are consistent with the antibunching seen in the
kink-kink correlator.

The quantum Ising chain is integrable by mapping to non-
interacting quasiparticles. One might wonder what happens
when the Hamiltonian is supplemented with a perturbation
breaking the integrability. Assuming thermalization, we can
attempt a crude estimate by equating the final excitation en-
ergy per site in the Ising chain at g = 0, which is 2n as each
kink has energy 2, with energy in thermal equilibrium at in-
verse temperature 8, which is 1 — tanh 8 according to Ising’s
solution. For small density of kinks, n, we obtain e~/ ~ n.
Then the spin-spin correlation function after the equilibration
becomes an exponent, C = (tanh B)f ~ (1 — 2n)k, with a
correlation length & ~ 1/2n = £/2. This is a unique scale of
length in the equilibrium thermal state, the distinction be-
tween & and [ being washed out by the thermalization.

Finally, a classical version of the Ising chain with Glauber
dynamics should be mentioned as another similar toy model
where KZM physics can be explored [93,94]. In this setting,
it may also be possible to obtain either kink correlations or
closely related distribution of domain sizes in a similar way
as for phase ordering kinetics [95].
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