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Quantum Kibble-Zurek mechanism: Kink correlations after a quench in the quantum Ising chain
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The transverse field in the quantum Ising chain is linearly ramped from the para- to the ferromagnetic phase
across the quantum critical point at a rate characterized by a quench time τQ. We calculate a connected kink-kink
correlator in the final state at zero transverse field. The correlator is a sum of two terms: a negative (antibunching)
Gaussian that depends on the Kibble-Zurek correlation length only and a positive term that depends on a second
longer scale of length. The second length is made longer by dephasing of the state excited near the critical point
during the following ramp across the ferromagnetic phase. This interpretation is corroborated by considering a
linear ramp that is halted in the ferromagnetic phase for a finite waiting time and then continued at the same rate
as before the halt. The extra time available for dephasing increases the second scale of length that asymptotically
grows linearly with the waiting time. The dephasing also suppresses magnitude of the second term, making it
negligible for waiting times much longer than τQ. The same dephasing can be obtained with a smooth ramp
that slows down in the ferromagnetic phase. Assuming sufficient dephasing, we also obtain higher order kink
correlators and the ferromagnetic correlation function.

DOI: 10.1103/PhysRevB.104.075448

I. INTRODUCTION

Kibble-Zurek mechanism (KZM) originated from a sce-
nario for defect creation in cosmological symmetry-breaking
phase transitions [1]. As the universe cools, causally dis-
connected regions must choose broken symmetry vacua
independently, resulting in topologically nontrivial config-
urations that survive as topological defects. In this Kibble
scenario, it is the speed of light that limits the size of the
correlated domains. In contrast, a dynamical theory for the
laboratory phase transitions [2,3] employs equilibrium critical
exponents of the transition and the quench time to predict
the scaling of the resulting density of defects. KZM was
successfully tested by numerical simulations [4–15] and lab-
oratory experiments in condensed matter systems [16–40].
More recently, KZM was adapted to quantum phase transi-
tions [41–46]. Theoretical developments [47–73] as well and
experimental tests [23,74–82] of the quantum KZM (QKZM)
followed. A recent experiment [81], where a quantum Ising
chain in the transverse field is emulated with Rydberg atoms,
is consistent with the theoretically predicted scalings [42–44].

In a cartoon version of QKZM, whose limitations—but
also essential correctness—have been discussed in Ref. [69],
the state of the system literally freezes out in the neighborhood
of the critical point due to the closing of the energy gap.
In QKZM, a system initially prepared in its ground state is
smoothly ramped across a quantum critical point. A smooth
ramp can be linearized near the critical point:

ε(t ) = t − tc
τQ

. (1)

Here ε is a dimensionless parameter in the Hamiltonian,
whose magnitude measures distance from the critical point,

τQ is a quench time, and tc is the time when the critical point
is crossed. Initially, far from the critical point, the evolution
is adiabatic and the system follows its adiabatic ground state.
The adiabaticity fails at −t̂ when the reaction rate of the sys-
tem, proportional the the gap � ∝ |ε|zν , equals instantaneous
transition rate |ε̇/ε| = 1/|t |. Here z and ν are, respectively,
the dynamical and the correlation length exponent. From this
equality, we obtain

t̂ ∝ τ
zν/(1+zν)
Q (2)

and the corresponding ε̂ = t̂/τQ ∝ τ
−1/(1+zν)
Q . In the cartoon

freeze-out version of the impulse approximation, the ground
state at −ε̂, with a corresponding correlation length,

ξ̂ ∝ τ
ν/(1+zν)
Q , (3)

is expected to survive until +t̂ , when the evolution can restart.
In this way, ξ̂ becomes imprinted on the initial state for the fi-
nal adiabatic stage of the evolution after +t̂ . Oversimplified as
it is, the adiabatic-impulse-adiabatic approximation predicts
correct scaling of the characteristic length scale with τQ, see
Eq. (3), and the timescale

t̂ ∝ ξ̂ z. (4)

The postquench density of excitations is determined by ξ̂

within this scenario.
In the integrable quantum Ising chain, the excitations are

well defined as Bogoliubov quasiparticles [44]. They get
excited between tc − t̂ and tc + t̂ . After tc + t̂ , when the evo-
lution of the system crosses over from the impulse to the
adiabatic again, their power spectrum pk becomes frozen.
Here pk is excitation probability for a pair of quasiparti-
cles with opposite quasimomenta: ±k. The excited state after
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FIG. 1. Transverse field ramp. Time dependence of the trans-
verse magnetic field g(t ). The blue line is the straight linear ramp
that crosses the quantum critical point at gc = 1 before it stops at
g(0) = 0 where measurements are made. The green line is the ramp
with a halt at gw < gc for a waiting time tw . The halt allows for extra
dephasing of quasiparticles that were excited in the Kibble-Zurek
regime near the critical point: within ±t̂ from the time when the ramp
crosses the critical point.

tc + t̂ is a superposition over many eigenstates. Magnitudes
of their amplitudes are determined by pk , and thus remain
frozen, but the amplitudes accumulate dynamical phases that
depend on k. This may eventually lead to dephasing: the k-
dependent phases become so scrambled that observables that
are localized in space can be accurately calculated within an
approximation of random phases [51].

Motivated by experimental opportunities opened by Ryd-
berg atoms [81,83–85], in this paper we go beyond the set
of observables considered in Ref. [51] and calculate correla-
tions between ferromagnetic kinks at the end of the quench.
This problem was first considered in Ref. [86] in an ele-
gant dual formulation of the quantum Ising chain. A similar
problem was addressed in the 3D Kiatev model [87]. In ad-
dition to the probability distribution of the total number of
kinks [51,82,88], these are experimentally most accessible
predictions that go beyond KZM, i.e., beyond the most basic
average density of kinks. We obtain the kink-kink correlator
in a closed analytic form without any random-phase approxi-
mation: the dephasing after a generic quench is far insufficient
to justify the approximation. However, the dephasing has an
impact on the correlator through a second length scale, l , that
it makes longer than the basic KZ correlation length ξ̂ , though
for a generic quench the correction is only logarithmic in τQ.
We demonstrate that l can be made much longer by slowing
the ramp after tc + t̂ to provide more time for dephasing, see
Fig. 1. When the extra time is long enough, then the correlator
becomes the same as in the random phase approximation. In
this regime, we can proceed further and derive a compact for-
mula for higher order kink correlators and the ferromagnetic
spin-spin correlation function.

The paper is organized as follows. In Sec. II, we recall ba-
sic facts about the quantum Ising chain. Linear quench/ramp
of the transverse magnetic field is defined in Sec. III. In

Sec. IV, the ramped quantum Ising model is mapped to
the Landau-Zener (LZ) problem. This is where we derive
quadratic correlators for Jordan-Wigner fermions, identify the
effects of dephasing, and introduce the dephasing length l .
The kink-kink correlator is worked out in Sec. V. It is shown
to be a sum of two terms depending either on ξ̂ or l . To
substantiate the discussion of dephasing, in Sec. VI we make
the linear ramp halt in the ferromagnetic phase for a variable
waiting time tw, see Fig. 1. A more general analytic formula
for the kink-kink correlator is obtained that depends on tw
through a generalized dephasing length lw. For long enough
extra waiting time, lw grows linearly with tw and the lw-
dependent term in the correlator decays like l−1

w . Eventually,
the random phase approximation becomes accurate and the
dephased correlator depends on the KZ length ξ̂ only. In
Secs. VII and VIII, we take advantage of the dephasing and
work out higher order kink correlators and the ferromagnetic
spin-spin correlator, respectively. Finally, we summarize in
Sec. IX.

II. QUANTUM ISING CHAIN

The transverse field quantum Ising chain is

H = −
N∑

n=1

(
gσ x

n + σ z
nσ z

n+1

)
. (5)

Here we assume periodic boundary conditions: �σN+1 = �σ1.

In the thermodynamic limit, N → ∞, the quantum critical
point at g = 1 separates the paramagnetic (|g| > 1) from the
ferromagnetic (|g|<1) phase. For definiteness, we assume that
N is even. After the Jordan-Wigner transformation,

σ x
n = 1 − 2c†

ncn, (6)

σ z
n = −(cn + c†

n )
∏
m<n

(1 − 2c†
mcm), (7)

introducing fermionic annihilation operators cn, which sat-
isfy anticommutation relations {cm, c†

n} = δmn and {cm, cn} =
{c†

m, c†
n} = 0, the Hamiltonian Eq. (5) becomes [89,90]

H = P+ H+ P+ + P− H− P−. (8)

Above

P± = 1

2

[
1 ±

N∏
n=1

σ x
n

]
= 1

2

[
1 ±

N∏
n=1

(1 − 2c†
ncn)

]
(9)

are projectors on the subspaces with even (+) and odd (−)
numbers of c quasiparticles and

H± =
N∑

n=1

(
gc†

ncn − c†
ncn+1 − cn+1cn − g

2
+ H.c.

)
(10)

are the corresponding reduced Hamiltonians. The cn’s in H−
satisfy periodic boundary conditions, cN+1 = c1, but the cn’s
in H+ must be antiperiodic: cN+1 = −c1.

The parity of the number of c quasiparticles is a good
quantum number and the ground state has even parity for any
nonzero value of g. Assuming that time evolution begins in the
ground state, we can confine to the subspace of even parity.
H+ is diagonalized by a Fourier transform followed by a
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Bogoliubov transformation [89,90]. The antiperiodic Fourier
transform is

cn = e−iπ/4

√
N

∑
k

ckeikn, (11)

where the pseudomomenta k take half-integer values:

k = ±1

2

2π

N
, . . . ,±N − 1

2

2π

N
. (12)

It transforms the Hamiltonian into

H+ =
∑

k

{2(g − cos k)c†
kck + (c†

kc†
−k + c−kck ) sin k − g}.

(13)

Diagonalization of H+ is completed by the Bogoliubov trans-
formation,

ck = ukγk + v∗
−kγ

†
−k, (14)

where the Bogoliubov modes (uk, vk ) are eigenstates of sta-
tionary Bogoliubov-de Gennes equations:

εuk = +2(g − cos k)uk + 2 sin kvk,

εvk = −2(g − cos k)vk + 2 sin kuk . (15)

For each k they have two eigenstates with eigenenergies
ε = ±εk , where

εk = 2
√

(g − cos k)2 + sin2 k. (16)

The positive energy eigenstate, (Uk,Vk ), defines a fermionic
quasiparticle operator γk = U ∗

k ck + V−kc†
−k , and the nega-

tive energy eigenstate, (U −
k ,V −

k ) = (−Vk,Uk ), defines γ −
k =

(U −
k )∗ck + V −

−kc†
−k = −γ

†
−k . After the Bogoliubov transfor-

mation, up to an additive constant the Hamiltonian is
equivalent to

H+ =
∑

k

εkγ
†
k γk (17)

but the projector P+ in Eq. (8) implies that only states with
even numbers of quasiparticles belong to the spectrum of H .

With the quasiparticle dispersion Eq. (16) at the critical
g = 1 we obtain a linear dispersion, εk ≈ 2|k|, for small |k|
which implies the dynamical exponent z = 1. On the other
hand, for k = 0 we have ε0 ∝ |g − 1|1 for a near-critical g ≈
1, which implies zν = 1 and the correlation length exponent
ν = 1. Consequently, the KZ scales are

t̂ ∝ ξ̂ ∝ √
τQ. (18)

III. LINEAR QUENCH

We ramp the Hamiltonian across the quantum critical point
by a linear quench,

g(t � 0) = − t

τQ
, (19)

with the characteristic quench time τQ. The ramp crosses the
critical point at tc = −τQ. For the universal features of the
QKZM, it is enough to assume that the ramp can be linearized
near the critical point, with a slope −1/τQ, but here we pro-
ceed with a solution of the analytically tractable fully linear

ramp. The system is initially in its ground state at a large
initial value of g 	 1, but as g is ramped down to zero, the
system gets excited from its instantaneous ground state and,
in general, its final state at t = 0 has a finite number/density
of kinks. Comparing the Ising Hamiltonian Eq. (5) at g = 0
with the Bogoliubov Hamiltonian Eq. (17) at g = 0, we obtain
a simple expression for the operator of the total number of
kinks:

N =
N∑

n=1

Kn =
∑

k

γ
†
k γk . (20)

Here

Kn = 1
2

(
1 − σ z

nσ z
n+1

)
(21)

with eigenvalues 0,1 is the kink number operator on the bond
between sites n and n + 1. The total number of kinks is equal
to the number of quasiparticles excited at g = 0.

IV. LANDAU-ZENER PROBLEM

The initial ground state is the Bogoliubov vacuum |0〉
annihilated by all quasiparticle operators γk . For the ini-
tial g 	 1, they are defined by the stationary Bogoliubov
modes (Uk,Vk ) ≈ (1, 0). We assume the Heisenberg picture,
where Fock states with definite quasiparticle occupations
numbers do not change and, therefore, the Bogoliubov quasi-
particle operators γk expressed through these states do not
change either but the Jordan-Wigner fermions evolve with
the usual Heisenberg equation: i d

dt ck = [ck, H+]. With a time-
dependent Bogoliubov transformation,

ck = uk (t )γk + v∗
−k (t )γ †

−k, (22)

the Heisenberg equation becomes equivalent to time-
dependent Bogoliubov-de Gennes Eqs. (15):

i
d

dt
uk = +2[g(t ) − cos k]uk + 2 sin kvk,

i
d

dt
vk = −2[g(t ) − cos k]vk + 2 sin kuk . (23)

with the initial/asymptotic condition [uk (−∞), vk (−∞)] =
(1, 0). They can be solved exactly by mapping to the Landau-
Zener (LZ) problem [44,51]. Indeed, a transformation to a new
time variable,

τ = 4τQ sin k

(
t

τQ
+ cos k

)
, (24)

brings Eqs. (23) to the standard LZ form

i
d

dτ
uk = −1

2
(τ�k )uk + 1

2
vk,

i
d

dτ
vk = +1

2
(τ�k )vk + 1

2
uk, (25)

with an effective transition rate �k = (4τQ sin2 k)−1. Here
the new time τ runs from −∞ to τfinal = 2τQ sin(2k) that
corresponds to t = 0.

A. Spectrum of excitations and density of kinks

For slow enough transitions, only modes with small k,
which have small gaps at their anticrossing points, can get
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excited. For these modes, τfinal is much longer than the time
when the anticrossing is completed, ∝�

−1/2
k , and we can use

the LZ excitation probability:

pk ≈ e− π
2�k ≈ e−2πτQk2

. (26)

The approximations are accurate when τQ 	 1. We can cal-
culate the number of kinks in Eq. (20) as N = ∑

k pk . In the
thermodynamic limit, N → ∞, the sum can be replaced by an
integral and the density of kinks becomes [44]

n = lim
N→∞

N
N

= 1

2π

∫ π

−π

dkpk = 1

2π
√

2τQ
. (27)

The density scales like ξ̂−1 ∝ τ
−1/2
Q in agreement with

QKZM. With kink correlations in mind, it is natural to make
definition of ξ̂ precise as

ξ̂ ≡ 2π
√

2τQ = 1

n
. (28)

An inverse of this KZ length is equal to average final density
of kinks/excitations.

B. Exact solution

The kink correlations will require more than just the exci-
tation spectrum Eq. (26). A general solution of Eqs. (25) is
[51,91]

vk (τ ) = −[aD−s−1(−iz) + bD−s−1(iz)],

uk (τ ) =
(

−�kτ + 2i
∂

∂τ

)
vk (τ ), (29)

with free complex parameters a, b. Here Dm(x) is a Weber
function, s = 1

4i�k
, and z = √

�kτeiπ/4. The free parameters
can be fixed by the asymptotic conditions: uk (−∞) = 1 and
vk (−∞) = 0. Using the asymptotes of the Weber functions
when τ → −∞, we obtain a = 0 and

|b|2 = e−π/8�k

4�k
. (30)

The exact solution of the linear quench problem is then

vk (τ ) = −bD−s−1(iz),

uk (τ ) =
(

−�kτ + 2i
∂

∂τ

)
vk (τ ), (31)

At the end of the quench for t = 0 and when τ = τk =
2τQ sin(2k), the argument of the Weber function iz =√

�kτeiπ/4 = 2
√

τQeiπ/4 cos(k)sign(k).

C. Fermionic correlators

For the considered τQ 	 1, the magnitude of iz is large
for most k, except the neighborhoods of k = ±π

2 , and we can

again use the asymptotes of the Weber functions to obtain [51]

|uk|2 = 1

2
(1 − cos k) + pk,

ukv
∗
k = 1

2
sin k + sign(k)

√
pk (1 − pk )eiϕk ,

ϕk = π

4
+ 2τQ − (2 − ln 4)k2τQ

+ k2τQ ln τQ − arg[�(1 + ik2τQ)]. (32)

Here �(x) is the gamma function and ϕk is a dynamical phase
acquired by a pair of excited quasiparticles with quasimo-
menta (k,−k). These formulas depend on k and τQ through
two combinations: τQk2, which implies the usual KZ correla-
tion length, ξ̂ ∝ τ

1/2
Q , and k2τQ ln τQ, which implies a second

scale of length ∝√
τQ ln τQ. The final quantum state at g = 0

cannot be fully characterized by a single scale of length.
Physically, this reflects a combination of two processes: KZM
that sets up the posttransition spectrum of excitations, pk , and
subsequent dephasing of the excited quasiparticle modes that
manifests through the dynamical phase ϕk .

To make the phase more intelligible, we can approximate
arg[�(1 + iτQk2)] ≈ −γEτQk2 for small enough τQk2, where
γE is the Euler gamma constant. Given that excited quasi-
particles have at most τQk2 ≈ 1/2π , see Eq. (26), this is an
accurate approximation that renders ϕk quadratic in k:

ϕk − ϕ0 = (ln τQ + ln 4 − 2 + γE )k2τQ

= (ln τQ − 0.036)k2τQ ≈ k2τQ ln τQ. (33)

It also makes manifest that the dynamical phase is character-
ized solely by the second scale ∝√

τQ ln τQ.
The Gaussian state can be fully characterized by its two

quadratic fermionic correlators:

αR ≡ 〈cn+Rc†
n〉 = 1

2π

∫ π

−π

dk|uk|2eikR

= 1

2
δ0,|R| − 1

4
δ1,|R| + ξ̂−1e−π (R/ξ̂ )2

, (34)

and

βR ≡ 〈cn+Rcn〉 = 1

π

∫ π

0
dkukv

∗
k sin kR. (35)

With Eqs. (32), we obtain

βR = 1

4
sign(R)δ|R|,1 + δβR, (36)

where the first term is a ground-state contribution while the
second one comes solely from the excitations:

δβR = 1

π

∫ π

0
dke−πτQk2

√
1 − e−2πτQk2 eiϕk sin kR. (37)

To make the integral analytically tractable, we make an ap-
proximation:

e−πτQk2
√

1 − e−2πτQk2 ≈ e−aπτQk2
A
√

2π (τQk2)1/2. (38)

With A = 1 and a = 1, this would be just the leading term
in a series expansion in powers of (τQk2)1/2. However, for
greater accuracy, we treat A and a as variational parameters.
Minimization of the quadratic error of the approximation
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FIG. 2. Approximation in Eq. (38). Comparison between the ex-
act formula in Eq. (38) (black) and the approximate one with either
the raw parameters from minimization of the quadratic error: A =
0.964, a = 1.361 (green) or the adjusted ones: A = 19/20, a = 4/3
(red).

yields A = 0.964 and a = 1.361. Within its broad minimum,
we slightly adjust these numbers to

A = 19/20, a = 4/3. (39)

Comparisons between these two approximations and the exact
formula are made in Fig. 2.

Putting together all the approximations, Eq. (37) becomes

δβR = eiϕ0
√

2A√
πτQ

∫ π
√

τQ

0
qdqe−aπq2+iq2 ln τQ sin

qR√
τQ

. (40)

Here q = √
τQk. After the upper limit of the integral is safely

extended to infinity, we obtain

δβR =
√

8πA

a3/2

R√
ξ̂ l3

e− 2π
a (R/l )2

eiφR

= 57
√

6π

80

R√
ξ̂ l3

e− 3π
2 (R/l )2

eiφR , (41)

where φR = 1
4π + 2τQ − 3

2 arg(1 − 3i ln τQ

4π
) − 9

8 (R/l )2 ln τQ is
a phase and the correlation range is

l = ξ̂

√
1 +

(
3 ln τQ

4π

)2

. (42)

For very slow quenches, when ln τQ 	 4π/3, the range of this
correlator becomes much longer than ξ̂ .

V. KINK-KINK CORRELATOR AFTER A LINEAR RAMP

The connected kink-kink correlator is

CKK
R = 〈KnKn+R〉c = 〈KnKn+R〉 − 〈Kn〉〈Kn+R〉, (43)

where Kn is the kink number operator on the bond between
sites n and n + 1, see Eq. (21). In terms of the fermionic
correlators it becomes

CKK
R = ReβR+1ReβR−1 + (ImβR)2 − αR+1αR−1

+αR−1ReβR+1 − αR+1ReβR−1. (44)

When R ± 1 is approximated by R, which should be accurate
for the assumed ξ̂ 	 1, the correlator reduces to

CKK
R = |βR|2 − α2

R. (45)

Interestingly, this is 1/4 of the connected transverse corre-
lator: Cxx

R = 〈σ x
n σ x

n+R〉 − 〈σ x
n 〉〈σ x

n+R〉. To properly assess the
strength of kink-kink correlations, the correlator Eq. (45)
should be normalized by the square of the average density of
kinks in Eq. (27). After this normalization, the exact formula
in Eq. (44) and the approximate one in Eq. (45) are com-
pared in Fig. 3. As expected, they become the same for large
enough τQ.

With Eqs. (34), (36), (41), and (45), we obtain a compact
analytic formula:

n−2CKK
R = α

ξ̂

l

(
R

l

)2

e−3π (R/l )2 − e−2π (R/ξ̂ )2
. (46)

Here α = 9747π
3200 = 9.57 is a numerical prefactor. In Fig. 3,

we compare the normalized correlator in Eq. (45) with the
analytic formula in Eq. (46), finding good agreement that is
improving with increasing τQ. The normalized correlator is of
the order of 1, implying strong correlation effects, especially
its second negative term implies strong antibunching. The
kinks can hardly approach one another closer than a half of
ξ̂ , i.e., half of the typical distance between them.

VI. KINK-KINK CORRELATOR AFTER A LINEAR
RAMP WITH A HALT

We have seen that there is an interplay between the KZ
mechanism and the dephasing after +t̂ . Its manifestation are
the two scales of length, ξ̂ and l , that show up in the kink-kink
correlator Eq. (46). To make the distinction between the two
effects even sharper, here we consider the same linear ramp
as before but with an additional halt at gw ∈ (0, 1) for a
waiting time tw, see Fig. 1. We expect that for long enough
waiting time, the nontrivial quasiparticle dispersion Eq. (16)
will completely dephase excited quasiparticles with different
quasimomenta. The dynamical phase ϕk in Eq. (37) will de-
pend on k strongly enough for the magnitude of δβR to be
suppressed and the kink-kink correlator to become

n−2CKK
R = −e−2π (R/ξ̂ )2

. (47)

This purely negative dephased correlator demonstrates strong
antibunching effect.

Formula Eq. (47) coincides with the one advocated in
Ref. [86] but, contrary to Ref. [86], waiting at the final gw = 0
cannot dephase the kink correlator because the dispersion
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FIG. 3. Kink-kink correlator. Comparison between (scaled) ex-
act correlator Eq. (44) and (scaled) approximate one, Eq. (45), both
plotted in function of scaled distance nR, demonstrating that the
approximate one is accurate for long enough τQ. We also plot the
analytic formula in Eq. (46) to demonstrate that it becomes accurate
for long enough τQ. The dephased correlator Eq. (47), after the halted
ramp with long enough waiting time, is also shown for comparison.

Eq. (16) at g = 0 is flat: εk = 2. Even if it were not, the kink
number operator Eq. (21) commutes with the Hamiltonian at
g = 0 and the correlator must remain constant there.
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FIG. 4. Power spectrum after the halt. Power spectrum pk =
〈γ †

k γk〉 at the final transverse field g = 0 after a linear ramp with a
halt at gw = 1/2 for a waiting time tw , see Fig. 1. As predicted, with
increasing τQ the influence of discontinuous time derivative at the
beginning and the end of the halt on the power spectrum quickly
becomes negligible; compare τQ = 2 in the top panel with τQ = 4 in
the bottom one.

The halt at gw > 0 is convenient analytically but it has
a disadvantage that the discontinuous time derivative of the
function g(t ) at the beginning and the end of the halt results
in additional excitations on top of the KZ quasiparticles al-
ready excited near the critical point. However, the additional
excitation energy is proportional to τ−2

Q , hence for large τQ it
quickly becomes negligible when compared to the KZ exci-
tation energy which is proportional to the density of excited
quasiparticles and decays like τ

−1/2
Q . Exact power spectra

with and without the halt are compared in Fig. 4 and they
confirm this expectation. However, in experiment—where τQ

is limited—instead of the sharp halt, it may be more practical
to avoid the discontinuities by performing a smooth ramp that
simply takes longer to reach g = 0 than the straight linear
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ramp. The ramp should just remain linear between tc ± t̂ for
the KZ scaling to remain unaffected. All of that being said,
in the following we continue with the analytically convenient
halt.

An exact solution between initial g = ∞ and gw is the
same as the one for the linear ramp, see Eqs. (31). Then, for
time tw, the Bogoliubov modes continue their evolution with
a static Bogoliubov-de Gennes Hamiltonian at gw. This stage
is described by Eqs. (23) with constant g(t ) = gw. Further
evolution after the end of the halt is described by the general
solution in Eqs. (29) but with time t replaced by t − tw. Its
coefficients a and b are determined by matching this general
solution with the uk, vk at the end of the halt. This solution
is continued until g = 0, which is arrived at t = tw, where the
kink-kink correlator Eq. (45) is measured.

The dephasing time can be estimated based on the
quasiparticle dispersion relation Eq. (16). According to the
excitation probability Eq. (26), quasiparticles are excited up
to small quasimomenta with

k̂2 = 1/2πτQ, (48)

hence at g = gw the dispersion Eq. (16) can be approximated
by

εk ≈ 2
√

(gw − 1)2 + gwk2

≈ 2|1 − gw| + gwk2

|1 − gw| . (49)

The last form is accurate when 2πτQ 	 gw(1 − gw )−2, i.e.,
either for slow enough quenches or deep enough in the fer-
romagnetic phase. A difference between dynamical phases,
2εktw, for k = 0 and k = k̂ becomes O(1) after a dephasing
time:

tD ≈ |1 − gw|
gw

τQ. (50)

Increasing the waiting time tw beyond tD should begin to have
a noticeable effect on the anomalous correlator δβR, eventu-
ally suppressing its magnitude to zero.

This rough estimate can be elevated to an accurate predic-
tion. In Fig. 4, we have shown that quasiparticle spectrum, pk ,
does not depend on the waiting time. The dynamical phase ϕk

in Eq. (37) acquires an extra term, δϕk , such that

δϕk − δϕ0 = 2εktw − 2ε0tw = 2gw

|1 − gw|k2tw. (51)

Just as the bare ϕk in Eq. (33), the extra term is quadratic in k.
Consequently, new |δβR| for the ramp with a halt is obtained
from the old |δβR| without a halt by a simple replacement:
τQ ln τQ → τQ ln τQ + 2gw

|1−gw | tw. Therefore, the sole effect of
the halt on the kink-kink correlator Eq. (46) is to replace the
length scale l in Eq. (42) with

lw = ξ̂

√√√√1 +
(

3 ln τQ + 6gw

|1−gw |
tw
τQ

4π

)2

. (52)

With the replacement, the correlator after the halt becomes

n−2CKK
R = α

ξ̂

lw

(
R

lw

)2

e−3π (R/lw )2 − e−2π (R/ξ̂ )2
. (53)

Here lw is longer than the bare l corresponding to zero waiting
time. Comparing Eq. (42) with Eq. (52), we can infer that the
waiting time begins to have noticeable effect when

6gw

|1 − gw|
tw
τQ

= 4π (54)

or, equivalently, for tw longer than a dephasing time

tD = 2π

3

|1 − gw|
gw

τQ. (55)

This is when not only the correlation range, lw, begins to in-
crease but also the maximal value of the first term in Eq. (53),
proportional to ξ̂ /lw and achieved at R = lw/

√
π , begins to

shrink. For tw 	 tD, this magnitude becomes negligible and
the kink-kink correlator simplifies to the single antibunching
term in Eq. (47).

VII. HIGHER ORDER KINK CORRELATORS

The dephasing makes higher order correlators tractable. A
connected (M + 1)-point correlator reads

CR1,...,RM = 〈
K0KR1 . . . KRM

〉
c
. (56)

Thanks to permutation symmetry and translational invariance,
we can assume 0 = R0 < R1 < · · · < RM without loss of gen-
erality. Expressing the kink number operators Eq. (21) with
the Jordan-Wigner fermions Eq. (7) allows us to write

CR1,...,RM

= (−2)−(M+1)
〈
(b0a1)

(
bR1 aR1+1

)
. . .

(
bRM aRM+1

)〉
c
. (57)

Here bn = c†
n − cn and an = c†

n + cn are Majorana fermions.
Their quadratic correlators are

〈bman〉 = δm,n − 2αn−m + 2Reβn−m, (58)

〈aman〉 = 〈bmbn〉 = δm,n + 2iImβm−n. (59)

After the dephasing βR ≈ 1
4 sign(R)δ|R|,1 and when Ri’s differ

from each other by more than 2, the relevant correlators sim-
plify to

〈bman〉 = −2αn−m, 〈aman〉 = 〈bmbn〉 = 0. (60)

Given that αR is even in R, the correlator becomes

CR1,R2,...,RM

≈
∑

{i1,...,iM }
ε

i0i1...iM
i1...iM i0

αRi0 −Ri1
αRi1 −Ri2

. . . αRiM −Ri0

= (−1)M
∑

{i1,...,iM }
αRi0 −Ri1

αRi1 −Ri2
. . . αRiM −Ri0

. (61)

Here i0 = 0 is fixed and the sum runs over all permutations of
the set {1, . . . , M}. For the assumed ξ̂ 	 1, we used αR±1 ≈
αR as usual.
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For M = 1, we recover Eq. (47) as expected. For M = 2,
we obtain a connected three-kink correlator:

n−3CR1,R2

≈ 2n−3αR0−R1αR1−R2αR2−R0

= 2e−π[(R0−R1 )/ξ̂ ]2
e−π[(R1−R2 )/ξ̂ ]2

e−π[(R2−R0 )/ξ̂ ]2
. (62)

While the negative kink-kink correlator Eq. (47) keeps pairs
of kinks apart, the genuine three-body correlations turn out
to be attractive. In general, odd/even kink correlations are
attractive/repulsive.

VIII. SPIN-SPIN CORRELATOR

The dephasing also simplifies the ferromagnetic spin-spin
correlator:

Czz
R = 〈

σ z
nσ z

n+R

〉 − 〈
σ z

n

〉〈
σ z

n+R

〉
. (63)

Given that 〈σ z
n 〉 = 0 for symmetry reasons, expressing the spin

operators with the Jordan-Wigner fermions Eq. (7) allows us
to write

Czz
R = 〈b0a1b1a2 · · ·R−1 aR〉. (64)

In a similar way as for the higher order kink correlators, after
dephasing the correlator becomes

Czz
R = DetT . (65)

Here Ti j = 〈bia j+1〉 ≈ δ1+ j−i,0 − 2α1+ j−i for i, j = 1, . . . , R.
As T is a Toeplitz matrix, asymptotic behavior of the determi-
nant for large R can be obtained using standard methods [92]
as

Czz
R ∝ exp

(
−1.54

R

ξ̂

)
cos

(√
4π ln 2

R

ξ̂
− ϕ0

)
. (66)

This formula is the same as in Ref. [51] but here its range
of applicability is much wider thanks to the extra dephasing
during the waiting time tw: ln τQ 	 1, that was assumed in
Ref. [51], is no longer required to make lw long enough, see
Eq. (52). The correlator exhibits damped oscillations in func-
tion of R/ξ̂ . At short distance the ...-kink-kink-... train appears
to have crystalline order. This is consistent with the antibunch-
ing seen in the kink-kink correlator: subsequent kinks keep a
safe distance from each other.

IX. SUMMARY AND DISCUSSION

The connected kink-kink correlator at the end of the linear
ramp is a sum of two terms. One of them is universal. It

depends only on the spectrum of quasiparticles excited in the
KZ regime, between tc ∓ t̂ near the critical point, that depends
only on the slope of the ramp at the critical point and the
universal critical exponents. The other term is nonuniversal. It
depends on how long the system is dragged across the ferro-
magnetic phase where the excited quasiparticles are dephasing
by accumulation of quasimomentum-dependent dynamical
phases. When the ramp is slowed on the way between the
critical point and the zero transverse field for a waiting time
much longer than τQ, then the magnitude of the nonuniversal
term begins to be suppressed by dephasing.

The dephased kink-kink correlator exhibits strong anti-
bunching of kinks. Subsequent kinks along the chain are not
allowed to approach each other closer than half of the typical
distance between kinks. With dephasing, it is possible to also
obtain higher order kink correlators. The odd/even correlators
turn out to be attractive/repulsive. The same dephasing makes
the ferromagnetic spin-spin correlator tractable. In function of
a distance, it exhibits exponentially damped oscillations. The
oscillations are consistent with the antibunching seen in the
kink-kink correlator.

The quantum Ising chain is integrable by mapping to non-
interacting quasiparticles. One might wonder what happens
when the Hamiltonian is supplemented with a perturbation
breaking the integrability. Assuming thermalization, we can
attempt a crude estimate by equating the final excitation en-
ergy per site in the Ising chain at g = 0, which is 2n as each
kink has energy 2, with energy in thermal equilibrium at in-
verse temperature β, which is 1 − tanh β according to Ising’s
solution. For small density of kinks, n, we obtain e−2β ≈ n.
Then the spin-spin correlation function after the equilibration
becomes an exponent, Czz

R = (tanh β )R ≈ (1 − 2n)R, with a
correlation length ξ ≈ 1/2n = ξ̂ /2. This is a unique scale of
length in the equilibrium thermal state, the distinction be-
tween ξ̂ and l being washed out by the thermalization.

Finally, a classical version of the Ising chain with Glauber
dynamics should be mentioned as another similar toy model
where KZM physics can be explored [93,94]. In this setting,
it may also be possible to obtain either kink correlations or
closely related distribution of domain sizes in a similar way
as for phase ordering kinetics [95].

ACKNOWLEDGMENT

This research was supported in part by the Na-
tional Science Centre, Poland together with the Euro-
pean Union through QuantERA ERA NET Program No.
2017/25/Z/ST2/03028.

[1] T. W. B. Kibble, J. Phys. A9, 1387 (1976); Phys. Rep. 67, 183
(1980); Phys. Today 60, 47 (2007).

[2] W. H. Zurek, Nature (London) 317, 505 (1985); Acta Phys.
Polon. B 24, 1301 (1993); Phys. Rep. 276, 177 (1996).

[3] A. del Campo and W. H. Zurek, Int. J. Mod. Phys. A 29,
1430018 (2014).

[4] P. Laguna and W. H. Zurek, Phys. Rev. Lett. 78, 2519 (1997).
[5] A. Yates and W. H. Zurek, Phys. Rev. Lett. 80, 5477 (1998).

[6] J. Dziarmaga, P. Laguna, and W. H. Zurek, Phys. Rev. Lett. 82,
4749 (1999).

[7] N. D. Antunes, L. M. A. Bettencourt, and W. H. Zurek,
Phys. Rev. Lett. 82, 2824 (1999).

[8] L. M. A. Bettencourt, N. D. Antunes, and W. H. Zurek,
Phys. Rev. D 62, 065005 (2000).

[9] W. H. Zurek, L. M. A. Bettencourt, J. Dziarmaga, and N. D.
Antunes, Acta Phys. Pol. B 31, 2937 (2000).

075448-8

https://doi.org/10.1016/0370-1573(80)90091-5
https://doi.org/10.1063/1.2784684
https://doi.org/10.1038/317505a0
https://doi.org/10.1016/S0370-1573(96)00009-9
https://doi.org/10.1142/S0217751X1430018X
https://doi.org/10.1103/PhysRevLett.78.2519
https://doi.org/10.1103/PhysRevLett.80.5477
https://doi.org/10.1103/PhysRevLett.82.4749
https://doi.org/10.1103/PhysRevLett.82.2824
https://doi.org/10.1103/PhysRevD.62.065005


QUANTUM KIBBLE-ZUREK MECHANISM: KINK … PHYSICAL REVIEW B 104, 075448 (2021)

[10] M. Uhlmann, R. Schützhold, and U. R. Fischer, Phys. Rev. Lett.
99, 120407 (2007); Phys. Rev. D 81, 025017 (2010); New J.
Phys 12, 095020 (2010).

[11] E. Witkowska, P. Deuar, M. Gajda, and K. Rzążewski,
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