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Chiral Bloch states in single-layer graphene with Rashba spin-orbit coupling:
Equilibrium spin current
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Focusing on equilibrium spin current density tensor, we analyze the spin physics of electrons in single layer
graphene subject to a one-dimensional periodic Kronig-Penney potential u(x) and uniform Rashba spin-orbit
coupling of strength λ. The combination of Dirac theory of massless two-dimensional electrons, Klein paradox,
spin-orbit coupling, and the Bloch theorem yields peculiar features relevant to graphene spintronics. For
transverse wave number ky = 0, we show that: (1) The charge current and the spin density vector vanish. (2)
Yet, the components Jxy, Jyx, Jzy of the equilibrium spin current density tensor are finite, oscillating in space,
with amplitudes that increase quadratically for small λ and then linearly with λ. Quite remarkably, Jzy(x) �= 0,
that is, the spin is polarized along z, perpendicular to the graphene plane. (3) Due to the continuity equation, the
space dependence of the spin current density Jyx (x) is associated with a finite spin torque density Ty(x) = ∂Jyx (x)

∂x .
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I. INTRODUCTION

The Klein paradox in single layer graphene (SLG), wherein
electrons tunnel freely through a one-dimensional (1D) po-
tential barrier, is due to the relativistic nature of graphene
electrons [1–5]. If, in addition, the graphene sheet is subject
to a perpendicular electric field, resulting in Rashba spin-
orbit coupling (RSOC) [6], the role of the Klein paradox
in graphene spintronics is revealed. Here we focus on the
spin physics of electrons in SLG subject to a periodic 1D
Kronig-Penney potential (1DKPP) u(x), and uniform RSOC
of strength λ. The main object of study is the equilibrium spin
current density (ESCD), to be distinguished from transport
spin current [7–13], that is a central observable in contempo-
rary spintronics [14], and in particular, in graphene spintronics
[15–17]. The physical meaning of Ji j (r) is that electrons
with spin si (i = x, y, z) flow with velocity v j ( j = x, y).
The space dependence of Ji j (r) is related to the occurrence
of a spin torque density through the continuity equation
[8]. A proposal for its measurement is detailed in Ref. [9].
The precise definition of equilibrium spin current is detailed
elsewhere [10].

ESCD was calculated in bulk SLG subject to RSOC in
Ref. [13] (where the Klein paradox and Bloch physics are
absent) while in Ref. [18] the transport spin current for
electron tunneling through a rectangular barrier is analyzed.
In Ref. [19], the physics is focused on the Bloch spectrum and
transport spin polarization. In the present study, the role of the
Klein paradox is central. Because the 1DKPP depends only
on x, the transverse wave number ky is conserved. As shown
in Refs. [1–5] the effect of the Klein paradox is most striking
in the forward direction ky = 0, wherein the transmission

is unimpeded. In the presence of RSOC, the case ky = 0 is
rather peculiar: In the nonrelativistic formulation, the RSOC
can be “gauged away” while for relativistic dynamics it
cannot (see short discussion below). Hereafter we focus on
the case ky = 0.

Below, the spin current densities are calculated in terms
of Bloch wave functions {ψp(x)} [p is the crystal (Bloch)
wave number], the spin density operator Ŝ, and the velocity
operator V̂. Their properties are remarkably different from
those predicted in bulk SLG [13], i.e., in the absence of
a 1D potential wherein the Klein paradox does not play a
role. The novel features exposed here are (1) While the local
velocity vector V(x) = ψ†

p (x)V̂ψp(x), and the spin density

vector S(x) = ψ†
p (x)Ŝψp(x) vanish (due to reflection symme-

try [19]), yet, there are nondiagonal elements of the ESCD
tensor Ji j = 1

2ψ†
p (x){V̂i, Ŝ j}ψp(x) that are finite. Remarkably,

unlike in bulk SLG [13], Jzy �= 0. In other words, there is
finite ESCD wherein electrons are polarized perpendicular to
the SLG plane. (2) Ji j (x) is space-dependent, hence there is
a finite spin torque density [8]. (3) The response of the spin
current densities to the RSOC strength λ is substantial even
for small λ (the magnitude of λ due to a strong perpendicular
electric field in SLG, as reported in Refs. [15,20], is a fraction
of meV). These predictions are experimentally verifiable and
are important for graphene spintronics.

The paper is organized as follows: Sec. II presents the for-
malism used. Section III specifies the parameters used in the
calculations. Section IV presents the results, where Sec. IV A
describes the Bloch spectrum, Sec. IV B gives the Bloch wave
functions, and Sec. IV C discusses local observables. Finally,
Sec. V presents a summary and a perspective.
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II. FORMALISM

The basic ingredients for calculating ESCD are the Bloch
spectrum and wave functions. Our method for obtaining the
Bloch spectrum is similar to that used in Ref. [19]. It is briefly
reformulated here because we need also the Bloch wave func-
tions. Consider a system of massless 2D Dirac electrons in
SLG lying on the x-y plane subject to a uniform electric field
E = E0ẑ and a 1DKPP

u(x) = u0

∞∑
m=−∞

�(x − m�)�(m� + d − x), (1)

of period R = d + �. As shown in Ref. [18], the Klein paradox
(wherein electrons propagate under the barriers) occurs for
u0 > ε + 2λ > 0 where ε is the Fermi energy. To derive the
Bloch spectrum, Bloch wave functions, and predict spin re-
lated observables, the problem is treated within the continuum
formulation near one of the Dirac points, say K′. Note that,
in addition to the isospin τ encoding the two-lattice structure
of SLG, there is now a real spin, σ. Wave functions and
operators are then defined in the 4D σ ⊗ τ (spin⊗isospin)
space. We focus on the Bloch states {ψp(x)} and Bloch energy
ε(p, λ) (in what follows, the (p, λ) dependence is occasionally
dropped). We use units such that the kinetic energy param-
eter γ ≡ h̄vF = 1 (vF ≈ 108 cm/sec is the Fermi velocity).
Consequently, lengths are given in nm, while wave numbers
kx, qx, qy [defined below in Eq. (5)], energies ε, u0 and the
RSOC strength λ are given in (nm)−1. In particular, λ ∝
1/�so ∝ E0, where �so is the spin-orbit length [21]. However,
in presenting our numerical results, energies ε, u0 and λ are
presented in meV.

The RSOC due to a uniform perpendicular electric field
E = E0ẑ is introduced as an SU(2) vector potential A = λẑ ×
σ. Because ky is conserved, the wave function is factored as
	(x, y) = eikyyψ (x) [ψ (x) is a four-component spinor in σ ⊗
τ space].

Here we take ky = 0, and a few words on the significance
of this special case are in order. In the nonrelativistic formu-
lation of RSOC for an electron in 2D (where only real spin is
relevant, there is no isospin), the Schrödinger equation for the
two component spinor φ(x) (with 2m/h̄2 = 1 and for any ky)
reads,

[(−i∂x + λσy)2 + (ky − λσx )2 + u(x)]φ(x) = εφ(x). (2)

But if (and only if) ky = 0 the second term on the LHS of
Eq. (2) is just λ2 and then, the RSOC can be “gauged out”. On
the other hand, in the relativistic formulation that is relevant
here, the system Hamiltonian (with ky = 0) reads

h(−i∂x, λ) = [−i∂x + λ(ẑ × σ )x]τx +
[λ(ẑ × σ)y]τy + u(x) ≡ h0(−i∂x, λ) + u(x). (3)

This Hamiltonian is a 4×4 matrix first-order differential op-
erator. Because the Hamiltonian now contains both σx and σy,
the RSOC cannot be “gauged out”. Thus, the fact that RSOC
is relevant even for ky = 0 is a relativistic property.

The Hamiltonian in Eq. (3) acts on a Bloch function ψp(x)
that is a combination of four component plane wave vectors

(the subscript p will occasionally be omitted),

ψ (x) =
2∑

n=1,s=±

{
anseiskxnxvns, [u(x)= 0],
bnseisqxnxwns, [u(x)= u0].

(4)

The squares of the wave numbers, depending on the (yet
unknown) Bloch energy ε read [18],

k2
xn = [ε + (−1)n+1λ]2 − λ2,

q2
xn = [ε + (−1)n+1λ − u0]2 − λ2. (5)

The four components vectors vns[skxn(ε)] and wns[sqxn(ε)] are
straightforwardly computable (see Ref. [18] for explicit ex-
pressions). The constants ans(ε) and bns(ε) (n = 1, 2, s = ±),
are determined by matching the wave functions on the walls
of the barrier and employing the Bloch condition.

Consider the unit cell [0, R] consisting of the barrier
region [0, d] and the spacing between the barrier rgion
[d, d + �= R], corresponding to the m = 0 region in Eq. (1).
Matching of the wave functions at the left wall of the barrier
x = 0 requires ψ (0−) = ψ (0+). It can be written in terms of
{ans}, {bns} using the following notation:

a = (a1+ , a2+ , a1− , a2− )T ,

b = (b1+ , b2+ , b1− , b2− )T . (6)

a and b are the 4×1 column vectors of coefficients introduced
in Eq. (4). Moreover,

V = (v1+ , v2+ , v1− , v2− ),

W = (w1+ ,w2+ ,w1− ,w2− ), (7)

are 4×4 matrices built from the 4×1 column vectors intro-
duced in Eq. (4). The matching equations at x = 0 and the
transfer matrix carrying ψ (0−) to ψ (0+) are then given by

V a = W b, ⇒ T0−→0+ = W −1V, (8)

implying T0−→0+ a = b. Similarly, the transfer matrix carry-
ing ψ (d−) → ψ (d+) across the right wall of the barrier is
Td−→d+ = V −1W . To complete the construction of the transfer
matrix T0−→R− that carries the wave function across a unit
cell from [0, R], recall that the propagation of ψ (x) from
0+ → d− and from d+ → R− is, respectively, controlled by
the 4×4 diagonal phase-factor matrices,


q = diag[eiqx1d , eiqx2d , e−iqx1d , e−iqx2d ],


k = diag[eikx1�, eikx2�, e−ikx1�, e−ikx2�], (9)

which leads to the expression

T ≡ T0−→R− = 
kTd−→d+
qT0−→0+ . (10)

T is a symplectic 4×4 matrix satisfying Det[T ] = 1 and
T †�zT = �z, where �z = 12 ⊗ τz. The Bloch theorem for
fixed λ, u0, d and � requires that ψ (x + R) = eipRψ (x). This
implies the eigenvalue equation

T (ε)a(ε) = eipRa(ε). (11)

Equation (11) defines a relation between the four eigenvalues
{λ j (ε)} ( j = 1, 2, 3, 4) of T (ε) and the Bloch wave number
p, i.e., Im[λ j (ε)] = sin pR. This gives the dispersion curves
ε j (p) = [Imλ j]−1( sin pR). The eigenvalues of T (ε) satisfy
the equalities λ1 = 1/λ2 and λ3 = 1/λ4, so that if λ j (ε) is
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FIG. 1. Bloch spectrum for 1DKPP with u0 = 98.85 meV, d =
200 nm, � = 260 nm and λ = 1.0054 meV. The figure shows the
highest electron-hole energy curves ε(p) for ky = 0. In the absence
of RSOC, all points coalesce into a single Dirac cone. Thus, RSOC
causes level repulsion in both energy and Bloch wave number vari-
ables, leading to a rich pattern consisting of four Dirac points. The
thin line at energy ε = 15.873 meV intersects the curves at four
points (blue and red in the figure), ε(pi ), i = 1, 2, 3, 4. The four
wave functions {ψpi (x)} are used below to calculate the spin current
densities.

real, the energy ε j (p) is in the gap. Otherwise, the eigen-
values consist of two pairs of complex conjugate numbers
lying on the unit circle, renumbered as λ1 = 1/λ∗

1, λ2 = 1/λ∗
2.

Consequently, there are two symmetric dispersion curves
ε1(p) = ε1(−p) and ε2(p) = ε2(−p) corresponding to the
two SO split levels. For λ → 0, the two curves coincide,
forming valence and conduction bands that have a Dirac point
at p = 0, with linear dispersion. As we shall see below, for
λ > 0 there is level repulsion implying four Dirac points, but
no gap is opened.

III. CHOICE OF PARAMETERS

It is important to choose potential parameters u0, d, � and
RSOC strength λ in accordance with attainable values relevant
for graphene. The magnitude of λ is dictated by experiments
on Rashba spin-orbit splitting in SLG. In Ref. [15,20], it is
shown that λ is in the order of fraction of 1 meV. In addition,
the Bloch formulation implies that the wave numbers kxn and
qxn should be real [see Eq. (5)]. This implies the inequal-
ity ε > 2λ (for real kxn) and (u0 − ε)2 + 2λ(u0 − ε) > 0 for
qxn. Explicitly: The fixed parameters are: u0 = 98.85 meV,
d = 200 nm, � = 260 nm, hence R = 460 nm.

IV. RESULTS

A. Results–Bloch Spectrum

The Bloch spectrum ε(p, ky ) (for any ky), was calculated in
Ref. [19] for λ = 5 meV, and intrinsic SO coupling of order
0.05 meV (see Fig. 6(a) therein). Following our discussion
above concerning the experimental limits on the SO splitting,
we choose λ to be less than 1.0054 meV. For fixed ky = 0,
the Bloch spectrum then displays four Dirac points as shown
in Fig. 1. The dispersion at these four Dirac points remains
linear, unlike in the pattern encountered in bulk SLG [15].
It is checked that in the absence of RSOC (λ = 0), the lev-

FIG. 2. Scaled density ρ̄(x) [defined after Eq. (12)] at Bloch
energy ε = 15.873 meV] for u0 = 98.85 meV, in a unit cell with
−l < x < d for λ = 1.0054 meV.

els coalesce into a single Dirac point at p = 0 (with linear
dispersion). Thus, RSOC results in level repulsion but keeps
the gap closed (of course, in the absence of intrinsic SO
coupling, small gaps are opened). From the point of view of
band structure, the central rhombus in Fig. 1 can be viewed as
a narrow “semimetallic band” between the wide valence and
conduction bands.

B. Bloch wave functions

Calculations of the Bloch wave functions are carried out
at a given Fermi energy ε = 15.873 meV, see the horizontal
thin line in Fig. 1 that passes through the two Dirac points at
sin pR = ±0.088. The energy is fourfold degenerate, so there
are four wave functions

{ψpi (x)}, with p1 = −p4, p2 = −p3,

corresponding to the four points {ε(pi )} marked on the thin
line on Fig. 1 at which the constant energy line crosses the four
dispersion curves. Explicit expressions of the wave functions
are given in Eq. (4), wherein the coefficients {ans} are the
components of the vector a [defined in Eq. (6)] that is an
eigenvector of the transfer matrix T with eigenvalue eipiR.
Similarly, the coefficients {bns} are the components of the
vector b defined after Eq. (8).

C. Local observables

Results–Local observables: An operator Ô, is representable
as a 4×4 Hermitian matrix in σ ⊗ τ space. A local observable
O(x) related to the operator Ô takes the form

O(x) = 1

4

4∑
i=1

ψ†
pi

(x)Ôψpi (x), (12)

(these are not expectation values). Below we consider opera-
tors of charge density, velocity, spin density and ESCD, and
study the properties of the corresponding observables.

For the charge density, Ô = I4. The (scaled) density
ρ̄(x) ≡ 1

4 R
∑4

i=1 ψ†
pi

(x)ψpi (x), is plotted as a function of po-
sition in Fig. 2 for λ = 1.0054 meV. It is characterized by
oscillations around 1. The reason is that for ky = 0, the Bloch
waves propagate solely in the longitudinal direction and for
λ = 0 the Klein paradox implies transmission coefficient for
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tunneling through a barrier is unimpeded. Equivalently, for
λ = 0 the Bloch functions are constant, ψp(x) = 1/

√
R. As

shown in Ref. [18], for λ > 0, transmission slightly decreases.
Consequently, the (scaled) density slightly deviates from its
constant value and oscillates around 1. The higher frequency
in the barrier region 0 < x < d (compared with those in the
spacing region −� < x < 0) reflects the inequality of wave
numbers [for the present choice of parameters qxn > kkn, see
Eq. (5)].

Next we consider the velocity and spin density operators
(the former is also the charge current operator),

V̂ = I2 ⊗ τ, Ŝ = 1
2 h̄σ ⊗ I2. (13)

Employing Eq. (12), it is found that V(x) = 0, (this is due
to left-right antisymmetry, Vx(x; p) = −Vx(x,−p) and to the
fact that ky = 0). Surprisingly, the velocity operator will con-
tribute to the ESCD (see below). Of special relevance here
is the fact that in relativistic quantum mechanics, e.g., in the
Dirac equation where the Hamiltonian is HD = α · p + βm,
the velocity operator is α, and not p/m as in nonrelativistic
quantum mechanics.

Inserting the spin density operators Ŝ in Eq. (12) yields
the observed spin density vector (polarization) S(x) =
[Sx(x), Sy(x), Sz(x)]. The units of the spin density is S0 = h̄/A.
But in the present case, it is found that S(x) = 0. The reason
is that S(x) ‖ E × p and for ky = 0, p ‖ x̂ ⇒ S(x) ‖ ŷ so that
Sx(x) = Sz(x) = 0. In addition, contributions to Sy(x) from
±p cancel.

The operator for the ESCD Ĵ (a tensor) from which the
components of the ESCD observables Ji j (x) are derived via
Eq. (12) are defined as

Ĵ = 1
2 {Ŝ, V̂}, (14)

where Ŝ and V̂ are defined in Eq. (13). The unit of ESCD Ji j

is J0 = 1
2γ /nm: (spin density = 1

2 h̄/nm)×(velocity = vF ).
A beautiful manifestation of the combined effects of

2D Dirac electrons, Klein paradox, RSOC and Bloch theo-
rem is that, although V(x) = 0 and S(x) = 0, nevertheless,
Jxy(x), Jyx(x), Jzy(x) �= 0. Indeed, see Eq. (12), and note that
V(x; p) and S(x; p) are antisymmetric in p, hence Ji j (x; p) is
symmetric in p. These components of the spin density tensor
are shown in Figs. 3(a), 3(b), and 3(c), respectively. They have
oscillatory space dependence implying a nonzero torque (see
below).

To determine the dependence of Ji j on λ we show in
Fig. 3(d) the height of the middle peak of Jxy(x) for x < 0
[see Fig. 3(a)] for 0 < λ < 1.3 meV. The curve is well fit by
the quadratic form, Max(Ji j ) = 0.939697 λ + 0.446578 λ2.

V. SUMMARY AND PERSPECTIVE

Let us compare our results for the ESCD with those in
bulk SLG, as calculated in Ref. [13]. They found that (1)
Jxx = Jyy = Jzx = Jzy = 0, (2) Jxy = −Jyx, (3) the spin cur-
rents is space-independent (see Eq. (5) in Ref. [13]), (4) The
ESCD increases quadratically with λ [in their calculations λ

was taken to be large; as high as λ ≈ 50 meV]. (5) Higher
Rashba splitting obtains if the SLG is in contact with metals
such as Au and Pb, but then, in passing a current through such

FIG. 3. Spin current densities in units of J0 = 1
2 γ /nm] for u0 =

98.85 meV, Bloch energy ε = 15.873 meV in the unit cell −l < x <

d . (a) Jxy(x), (b) Jyx (x) and (c) Jzy(x) for λ = 1.0054 meV. (d) Height
of the central peak of Jxy(x) as function of λ.

a slab, the electrons flow through the metal and not through
the SLG, and, at the Fermi level, the electronic states are
metallic.
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In the presence of a 1DKPP (where there is no rotational
symmetry around the z axis) the results are evidently different.
We find that: (1) |Jxy(x)| �= |Jyx(x)|. (2) Although the value of
λ used in our calculations is about 1.5 orders of magnitude
smaller than that used in Ref. [13], the size of the spin current
densities in both systems are of the same order of magnitude.
Moreover, the spin current does not increase quadratically as
in bulk SLG. For small λ, it is dominated by a linear term.
(3) Jzy(x) �= 0 and the current is polarized perpendicularly to
the plane (bear in mind the the system is invariant under time
reversal). (4) The spin current densities are space dependent
and, generically, the divergence of the ESCD does not vanish.
Hence, the continuity equation contains a spin torque density
term [8]. Specifically, the continuity equation for the vec-
tor field Jy(x) = [Jyx(x), 0] contains the spin torque density
Ty(x) = dJyx(x)/dx.

The role of the Klein paradox in graphene spintronics
for systems invariant under time reversal has been mainly
studied in the framework of scattering theory (tunneling
through a barrier). In the present work, rather than focus-
ing on barrier tunneling, we explore graphene spintronics
through the properties of Bloch eigenstates by combining
the following four pillars of graphene spintronics: 2D mass-

less Dirac electrons, the Klein paradox, the Bloch theorem,
and RSOC.

It is worth pointing out that in the problem of scattering
through n-RSOC-n junction, the object of study is transport
spin current, and it can be expressed in terms of the spin
resolved conductance Gσ ′σ (see, e.g., Refs. [22–24]). But here
we focused on ESCD as defined in Refs. [8,9]. The two def-
initions are mutually exclusive because they refer to different
physical situations.

Because the calculated spin current densities studied here
are shown to have very different properties than those found
in bulk SLG [13], it is our hope that within the experimental
limit on the RSOC strength, the size of the ESCD reported
here should be experimentally measurable. A suggestion for
measuring spin current as considered here was presented in
Ref. [7–10]. ESCD and transport spin current are distinct as
they refer to different physical situations.
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