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Probing topological phase transitions via quantum reflection in the graphene family materials
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We theoretically investigate the quantum reflection of different atoms by two-dimensional (2D) materials of
the graphene family (silicene, germanene, and stanene), subjected to an external electric field and circularly
polarized light. By using Lifshitz theory to compute the Casimir-Polder potential, which ensures that our predic-
tions apply to all regimes of atom-2D surface distances, we demonstrate that the quantum reflection probability
exhibits distinctive, unambiguous signatures of topological phase transitions that occur in 2D materials. We
also show that the quantum reflection probability can be highly tunable by these external agents, depending
on the atom-surface combination, reaching a variation of 40% for rubidium in the presence of a stanene sheet.
Our findings attest not only that dispersive forces play a crucial role in quantum reflection, but also that the
topological phase transitions of the graphene family materials can be comprehensively and efficiently probed via
atom-surface interactions at the nanoscale.

DOI: 10.1103/PhysRevB.104.075409

I. INTRODUCTION

Two-dimensional (2D) materials constitute a remarkable
material platform to investigate fluctuation-induced phenom-
ena, at the interdisciplinary frontiers between condensed
matter, atomic and molecular physics, and materials sci-
ence [1–4]. It was theoretically predicted that dispersive
forces [e.g., Casimir and Casimir-Polder (CP) interactions] in
graphene-based systems can be efficiently controlled by ex-
ternal means, such as the application of magnetic fields [5–7],
strain engineering [8], carrier doping [9–11], and suitable
stacking in multilayer 2D systems [12,13]. Other quantum
vacuum-related effects (such as CP torque in anisotropic
molecules [14] and quantum friction [15,16]) have also been
explored in 2D systems. Significant experimental progress in
the investigation of such phenomena in 2D materials has also
been made [17–20], specially in the case of graphene. As a
result, it is clear that 2D materials play a pivotal role in the
current and future understanding of Casimir interactions and
related physical phenomena [21].

Among different 2D materials, the so-called graphene
family materials (silicene, germanene, and stanene—the 2D
allotropes of Si, Ge, and Sn, respectively) are singled out
for exhibiting fascinating physical phenomena and a broad
range of applications [22]. They were synthesized only re-
cently [23–25] and, in contrast to graphene, which has a
spin-orbit coupling (SOC) around a few μeV, the intrinsic
SOC in these materials is higher [26–28], a direct effect of
their larger atomic number when compared to carbon. Their
intrinsic SOC, ranging from 2 to 50 meV, leads to a robust
quantum spin Hall insulator (QSHI) phase characterized by
a Z2-topological invariant [29]. These materials possess a
buckled honeycomb lattice and, as a result, topological phase
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transitions occur due to the characteristic response of their
electronic structures under the application of external electric
bias [30].

Quantum reflection (QR) consists of the reflection of in-
cident quantum particles under the influence of a potential
that decreases monotonically in the direction of the particle
motion, despite the absence of any turning points. It finds
practical applications in the field of atom optics [31–36],
such as in the design of atomic mirrors [37–40], atomic
traps [41,42], and diffraction gratings [43,44], and it is also
related to the study of interactions involving Bose-Einstein
condensates [45–47]. Furthermore, QR has been employed as
an efficient method to probe dispersive interactions between
atoms and surfaces [44,48–52] (see Ref. [53] for application in
atomic collisions). The understanding of such interactions in-
volving surfaces of complex materials [1,54,55] is crucial for
the description of many relevant phenomena in chemistry [56]
and applied physics [52,57] of current interest.

In this paper, we investigate the QR of different atomic
species by representative 2D materials of the graphene family.
Topological phase transitions are induced by applying an ex-
ternal electric field and by irradiating circularly polarized light
in the 2D sheets. We show that QR probability can be signif-
icantly modified by changing the intensities of these external
agents, specially in the case of materials with high intrinsic
SOC and more massive atoms. Our results demonstrate that
topological phase transitions clearly show up in the behavior
of QR as a function of the external electric field, suggesting
that QR could be used as an alternative and effective optical
method to probe topological phase transitions in 2D materials
and other topologically nontrivial systems.

This paper is organized as follows. In the next section,
we present the methodology employed to evaluate the QR
probabilities. Section III comprises our results for the QR
probability of a rubidium atom by different materials of
the graphene family, and Sec. IV is dedicated to our final
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FIG. 1. (a) Atomic specimen being reflected by a suspended 2D
material of the graphene family. The system is under the influence of
a static electric field Ez and it is shined on by a circularly polarized
light, characterized by the parameter �. (b) Topological phase dia-
gram of the 2D graphene family materials. Horizontal dashed gray
lines show the paths used in this work to explore this diagram. The
acronyms of each topological phase are as follows: Band insulator
(BI; C = 0), quantum spin Hall insulator (QSHI; C = 0, indexed by
the nontrivial Z2 index [29]), polarized-spin quantum Hall insulator
(PS-QHI; C = −1), and anomalous quantum Hall insulator (AQHI;
C = −2), with C standing for the corresponding Chern numbers.

comments and conclusions. Appendixes A and B contain
important information on the mathematical description of ma-
terials and atoms studied in this work, whereas Appendix C
presents results for QR of a sodium atom.

II. METHODOLOGY

Figure 1(a) depicts the physical situation of interest. An
atomic beam moves toward a suspended sheet of a 2D
graphene family material (silicene, germanene, or stanene)
with normal incidence. Each atom with energy E interacts
with the attractive potential generated by the 2D surface and,
due to the quantum particles’ wave nature, it has a nonzero
probability to be reflected by this attractive potential. An
electric field Ez is perpendicularly applied to the 2D mate-
rial which is also irradiated by a circularly polarized light,
characterized by the parameter � (see Appendix B for the
precise definition of this parameter). Figure 1(b) illustrates
the topological phase diagram in the space of dimensionless
parameters e�Ez/λSO and �/λSO, where λSO is the spin-orbit
coupling, e is the modulus of electron charge, and � is the
material buckling. A description of this diagram can be found
in Appendix B. For further details, see Ref. [30].

The attractive potential between incident atomic specimens
and a given 2D suspended material of the graphene family is
determined by the Casimir-Polder (CP) potential. At low tem-
peratures, the CP potential between a neutral but polarizable
atom and a flat surface can be calculated using the Lifshitz
formula [14,58,59] (see also Refs. [60,61] for a thorough
derivation of the Lifshitz formula in materials with finite Hall
conductivity), according to

U (z) = h̄

ε0c2

∫ ∞

0

dξ

2π
ξ 2 α(iξ )

∫
d2k

(2π )2

e−2κz

2κ

×
[

rss(k, iξ ) −
(

1 + 2c2k2

ξ 2

)
rpp(k, iξ )

]
, (1)

where κ =
√

ξ 2/c2 + k2, α(iξ ) denotes the atomic electric
polarizability as a function of imaginary frequencies iξ , and
rss(k, iξ ) and rpp(k, iξ ) stand for the diagonal reflection co-
efficients associated with the 2D material. As usual, s and p
mean the transverse electric and transverse magnetic polar-
izations, respectively. Note that in contrast to configurations
involving only macroscopic objects, the reflection coefficients
mixing the polarizations s and p do not contribute to Eq. (1)
when one considers the interaction between an isotropic atom
and a macroscopic object with Hall conductivity [61,62]. The
reflection coefficients, the model for the atomic polarizability,
and other parameters related to each atom considered in this
work can be found in Appendix A. For the sake of simplicity,
we shall neglect thermal corrections and the roughness of the
2D material in this present work [63–65].

Considering an atom of mass m and energy E under
the influence of any potential U (z), the time-independent
Schrödinger equation reads

∂2ψ (z)

∂z2
+ p2(z)

h̄2 ψ (z) = 0, (2)

with

p(z) =
√

2m[E − U (z)]. (3)

The WKB solutions are good approximations when the atom
is located far from the monolayer, when compared to the
length scale associated with the CP interaction, to wit, c/ξl

(see Table I in Appendix A). In such a case, a solution of the
form [66]

ψ (z) = c+(z)√|p(z)|eiφ(z) + c−(z)√|p(z)|e−iφ(z) (4)

is a very convenient one, where φ(z) is written as

φ(z) =
∫ z

z0

dz′ p(z′)
h̄

. (5)

The previous ansatz is very suitable, since it transforms the
second-order Schrödinger equation into a set of two coupled
first-order differential equations for the coefficients c+(z) and
c−(z). In fact, substituting Eqs. (4) and (5) into Eq. (2), it can
be shown that [67]

∂c+(z)

∂z
= e−2iφ(z) c−(z)

2p(z)

∂ p(z)

∂z
, (6)

∂c−(z)

∂z
= e2iφ(z) c+(z)

2p(z)

∂ p(z)

∂z
. (7)

It is reasonable to assume that any atom that reaches the
surface of the material will not be reflected, but adsorbed
to it, leading to the boundary conditions c+(0) = 0 and
c−(0) = 1. The quantum reflection probability is then defined
as [38,67–70]

R = lim
z→∞

∣∣∣∣∣c+(z)

c−(z)

∣∣∣∣∣
2

. (8)

Information about the efficiency of a given potential U (z)
to give rise to QR can be extracted from the so-called badlands
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function [38,67–70]

Q(z) = h̄2

2p2(z)

[
φ′′′(z)

φ′(z)
− 3

2

(
φ′′(z)

φ′(z)

)2]
, (9)

with p(z) and φ(z) given by Eqs. (3) and (5) and the primes
indicating derivatives with respect to z. It is common in the lit-
erature to associate the highest probabilities of QR occurrence
with regions of highest values of Q(z) [38,67–70]. However,
for very low energies (very high de Broglie wavelengths), this
is not the case and QR must be thought of as a quite nonlocal
effect so that the correlation between the QR probability and
the badlands function seems to be not valid anymore. In other
words, the unsuitability of this function only occurs at the
threshold of the QR (E → 0) [71]. Nevertheless, as will be
discussed in the next section, this work is concerned with
the intermediate energy regime, where tuning the QR prob-
ability by applying external fields is more easily achieved;
therefore, the usual interpretation based on badlands functions
still holds. For a given energy, the badlands function exhibits
a peak whose maximum occurs, by assumption, at position
zm. To solve Eqs. (6) and (7) numerically, we need to choose
points zi and z f of the space, such that zi � zm � z f . The
boundary conditions are applied at zi, i.e., c+(zi) = 0 and
c−(zi ) = 1, and the limit of Eq. (8) is taken at z f , i.e., R =
|c+(z f )/c−(z f )|2. In this sense, zi and z f can be understood
as convergence parameters and their typical values are around
a few angstroms and a fraction of centimeters, respectively.
For further details on the methods of solving coupled differ-
ential equations in the QR problem, we refer the reader to
Refs. [38,67–70].

We computed the QR probability for two atomic species of
experimental relevance (Rb [72] and Na [45,46]), and for three
graphene family materials already synthesized (stanene [23],
germanene [24], and silicene [25]) in vacuum. For a given
atomic species, with parameters specified in Table I, and a
given reflective material, whose parameters are presented in
Table II, the QR probability is a function of the energy of
the incident particles’ beam, the applied electric field, and
the intensity of the circularly polarized laser. By modifying
these external agents, the 2D materials undergo different topo-
logical phase transitions that drastically affect their optical
conductivities (see Appendix B) and, consequently, the atomic
reflection probability. We found that the effect of external
perturbations in QR is more pronounced for heaviest atoms. In
what follows, we present our results for QR of a Rb atom by
the graphene family materials. Similar results for a Na atom
can be found in Appendix C.

III. RESULTS AND DISCUSSION

Figure 2 exposes the results for QR of a Rb atom by a
stanene sheet under the influence of electric field and cir-
cularly polarized light. We consider that the energy of the
incident Rb atom is E = 10−4 neV (see next discussion). In
Fig. 2(a), we show the QR probability as a function of the
applied electric field for five values of the laser parameter �.
Each curve corresponds to a path symbolized by a horizontal
dashed gray line in Fig. 1(b). Let us start with the analysis of
the blue curve, with �/λSO = 0, meaning that the circularly
polarized light is absent [path I in Fig. 1(b)] and the electric

FIG. 2. Results for QR of a Rb atom with energy E = 10−4 neV
by a suspended sheet of pristine stanene (λSO = 50 meV, chemical
potential μ = 0, and inverse of the scattering time  = 10−4λSO/h̄,
as described in Appendix B). (a) QR probability as a function of the
electric field for different values of the laser parameter. (b) Percent-
age modification in the QR probability caused by the electric field.

field varying from e�Ez/λSO = 0 to e�Ez/λSO = 3. The key
feature that we highlight is the nonmonotonic behavior of
the QR probability. It starts decreasing from R ≈ 0.48 until
it reaches the minimum value of R ≈ 0.39 at the critical
point of the topological phase transition e�Ez/λSO = 1. At
this point, the electronic spectrum of stanene becomes gapless
and this point separates a quantum spin Hall insulator (QSHI)
phase from a trivial band insulator (BI) one. If we continue
to increase the intensity of the electric field going into the
deep trivial insulator phase, the QR probability increases and
reaches R ≈ 0.55 for e�Ez/λSO = 3. It is worth mentioning
that both topological phases discussed above are indexed by
zero Chern number, but this is not synonymous with topo-
logical triviality. In fact, it is possible to attribute another
topological invariant to the quantum spin Hall insulator phase
called the Z2 invariant, which is not trivial [29]. But this Z2

invariant does not have a direct connection with charge con-
ductivity as is the case of the Chern number (see Appendix B).

Now, we consider the presence of circularly polarized light,
turning on the laser parameter to a constant value of �/λSO =
0.5, represented by the red curve in Fig. 2(a). In such a
configuration, the cusp of the later case splits into others,
stamping the existence of two topological phase transitions.
This is in agreement with the topological phases crossed by
path II in Fig. 1(b), in which there is an emergence of a third
topological phase called the polarized-spin quantum Hall in-
sulator (PS-QHI), between e�Ez/λSO = 0.5 and e�Ez/λSO =
1.5, that separates the aforementioned QSHI and BI phases.
Analogously, the phase diagram of Fig. 1(b) can be fully

075409-3



P. P. ABRANTES et al. PHYSICAL REVIEW B 104, 075409 (2021)

explored by paths III, IV, and V associated with �/λSO =
1, 1.5, 2, respectively, and their results for the QR probability
are also presented in Fig. 2(a). A remarkable characteristic of
all curves is the presence of a cusp exactly at the topological
phase transition points. This suggests at least two routes to
explore these results. First, one can take advantage of these
phase transitions to control and tune the QR probability, ad-
justing these external agents (the circularly polarized laser and
the electric field) to enhance it or diminish it according to what
may be more convenient. Second, these results may provide
a great opportunity of using the QR as a simple optical tool
to probe these topological phase transitions experimentally,
since the QR probability changes its behavior whenever the
combination of electric field and laser intensities hits a point
of the phase transition diagram.

To achieve a deeper and more complete understanding
of the phenomenology involved in the QR physics by these
topological materials, we present a detailed discussion of
the case where �/λSO = 0 [path I depicted in Fig. 1(b)]. In
Fig. 3 we show the QR as a function of the incident energy
[panel (a)], the normalized CP energy as a function of distance
[panel (b)], and Q(z) as a function of z for an incident energy
E = 10−4 neV [panel (c)]. Each curve denotes a distinct value
of e�Ez/λSO � 1, judiciously chosen to explore the region in
which stanene crosses the QSHI phase up to the critical point
at e�Ez/λSO = 1. In Fig. 4 we present similar results but for
electric field values for which stanene goes from this critical
point to the BI phase (e�Ez/λSO � 1).

Both Figs. 3 and 4 clarify the cusps in QR probability
associated with the topological phase transitions. From Fig. 3,
it should be noticed that the QR probability presents three
regimes: (i) the low-energy limit, in which the wavelike nature
of the quantum particle stands out and R → 1 as E → 0; (ii)
the high-energy limit, in which R → 0 as E → ∞ and the par-
ticle behaves classically; (iii) the intermediate regime lying in
between the classical and the quantum ones where 0 < R < 1,
in which a choice of incident energy is advantageous, since
the QR probability can be substantially altered by combined
effects of external agents [5,7]. In this intermediate regime,
Fig. 3(a) points out that the QR probability decreases with the
electric field in the QSHI phase for most ranges of energies
of the incident particle. This feature can be explained with
the aid of Figs. 3(b) and 3(c), that show the effect of electric
field on the CP energy and on function Q(z), respectively, for
a particle with energy E = 10−4 neV. The peak of the Q(z) is
located around z ≈ 1 μm for all values of e�Ez in the QSHI
phase, meaning that this is the distance regime where the QR
is most salient. In this same topological phase, the result of
the electric field on the CP energy is to enhance its intensity
as the system approaches the critical point [Fig. 3(b)]. This
effect is noticeable for distances z � 0.1 μm only, but that
contemplates the peak of Q(z). As a consequence, the height
of the peak of Q(z) decreases and the outcome is a decrease
of the QR probability when the electric field is varied from
e�Ez/λSO = 0 to 1 [Fig. 3(c)]. An opposite behavior can be
identified when we consider the BI phase presented in Fig. 4.
As can be verified in panel (a), the QR probability increases
with the intensity of the electric field in intermediate energy
regimes. In addition, panel (b) reveals that the CP energy de-
creases with the electric field at long distances, which causes

FIG. 3. (a) The probability R of a Rb atom suffering QR from
a stanene sheet as a function of its incident energy E . (b) Relative
modification in the CP energy between the Rb atom and the 2D
surface caused by the applied electric field as a function of the
distance z. (c) The plot of Q(z) as a function of the distance z for
the incident energy E = 10−4 neV chosen in the intermediate energy
regime between the classical and the quantum limit of QR [see panel
(a)]. In all plots,  = 10−4λSO/h̄, μ = 0, and � = 0.

the height of the peak of Q(z) to increase in panel (c). The final
result translates into an enhancement of the QR probability
with the increase of the electric field intensity in the BI phase.
Ultimately, the results presented in Figs. 3 and 4 can be traced
back to the cusp at the topological critical point in the curve
of � = 0 in Fig. 2(a). This same reasoning can be extended
to every result of the main text in order to understand all
structures of cusps.

We can also discuss the degree of tunability of the QR
probability. To this end, we define the quantity

δ�(Ez ) =
[

R�(Ez ) − R�(Ez = 0)

R�(Ez = 0)

]
× 100%, (10)
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FIG. 4. (a) The probability R of a Rb atom suffering QR from
a stanene sheet as a function of its incident energy E . (b) Relative
modification in the CP energy between the Rb atom and the 2D
surface caused by the applied electric field as a function of the
distance z. (c) The plot of Q(z) as a function of the distance z for
the incident energy E = 10−4 neV chosen in the intermediate energy
regime between the classical and the quantum limit of QR [see panel
(a)]. In all plots,  = 10−4λSO/h̄, μ = 0, and � = 0.

that furnishes an estimate of the QR relative variation in-
duced by the applied electric field for a given laser intensity.
Figure 2(b) shows the degree of tunability of the QR probabil-
ity for the same parameters employed in Fig. 2(a), revealing
an amplitude of variation that comfortably lies in the measure-
ment precision of QR experiments [36,45,46,72–75].

Figures 5 and 6 show similar results, but for QR of a Rb
atom by the other two materials (germanene and silicene,
respectively), indicating that QR by germanene is also quite
sensitive. Unfortunately, due to the lower spin-orbit coupling
of silicene compared with the ones of germanene and stanene,
the control of QR by the electric field is not so intense in this
material, as can be seen contrasting Fig. 6(b) with Figs. 2(b)
and 5(b). Despite that, the noticeable presence of a cusp

FIG. 5. Results for QR of a Rb atom with energy E = 10−4 neV
by a suspended sheet of pristine germanene (λSO = 20 meV, μ = 0,
and  = 10−4λSO/h̄). (a) QR probability as a function of the elec-
tric field for different values of the laser parameter. (b) Percentage
modification in the QR probability caused by the electric field.

FIG. 6. Results for QR of a Rb atom with energy E = 10−4 neV
by a suspended sheet of pristine silicene (λSO = 2 meV, μ = 0, and
 = 10−4λSO/h̄). (a) QR probability as a function of the electric field
for different values of the laser parameter. (b) Percentage modifica-
tion in the QR probability caused by the electric field.
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when the material crosses a given topological phase transition
persists in the case of silicene and their optical detection
could also remain possible. From the perspective of material
synthesis, it is noteworthy to mention that it should be easier
to fabricate germanene and silicene with currently available
methods [23–25].

As a final comment, we briefly discuss the last cousin of
the graphene family, the plumbene, synthesized in 2019 [76].
Although its spin-orbit coupling is almost twice as strong as
that of stanene, density-functional calculations have shown
that plumbene is a band insulator (BI) at neutrality (μ =
0) [77]. The induction of a quantum spin Hall insulator phase
can be performed by electron doping, originating a physics
like the one described here [77]. In such a case, we expect
that the effects of electric field and circularly polarized laser
should be much more noticeable, as well as the control of
QR probability. However, the simplified Dirac Hamiltonian
described in Eq. (B1) and the related topological phase dia-
gram of Fig. 1(b) may not be applicable for plumbene, and
more detailed modeling would be necessary.

IV. FINAL REMARKS AND CONCLUSIONS

We have investigated the quantum reflection (QR) of atoms
by the graphene family materials (stanene, germanene, and
silicene). In our setup, we have considered two atomic species
of experimental importance (Na and Rb) and the system was
subjected to a perpendicular electric field and a circularly
polarized light. These external agents may induce several
topological phase transitions and the fundamental motivation
was to understand how they may affect atom-surface interac-
tions. We have demonstrated that whenever the 2D material
undergoes a given topological phase transition, it leaves a
clear signature in the QR probability. Therefore, our findings
reveal that one can look at them from two different perspec-
tives. The first one involves the use of these materials as a
promising platform to manipulate and tune the QR probability
through an external agent. The second one is to take advantage
of the QR as a simple optical tool to probe these topological
phase transitions experimentally. Bearing all this in mind, we
also determined the sensitivity of the QR probability due to
variations of the electric field and laser intensities, verifying
that they lie within the scope of typical experimental precision
in many situations. A higher degree of control is achieved in
the case of Rb-stanene, in which the modification on the QR
probability may reach 40%. This can be mainly associated
with two aspects: (i) The heaviest mass of the Rb atom, which
makes the QR to be dominated by the longer distances regime
of the CP energy (a region most affected by external agents),
and (ii) the higher spin-orbit coupling of stanene, making
the effect of perturbations more pronounced. Altogether we
expect that these results allow for an alternative way to control
QR in increasingly smaller scales, as well as contribute to a
better understanding of the rich physics in the Casimir effect
and other related phenomena present in these materials.
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APPENDIX A: REFLECTION COEFFICIENTS
AND ATOMIC POLARIZABILITIES

The reflection coefficients of a 2D material sheet with finite
longitudinal and transverse optical conductivities, needed in
Eq. (1) to evaluate the Casimir-Polder energy, can be obtained
by solving Maxwell’s equations with the appropriate bound-
ary conditions [5–7,78]. These formulas can be written as

rss(k, iξ ) = 2σxx(iξ )ZH + η2
0[σ 2

xx(iξ ) + σ 2
xy(iξ )]

−�(k, iξ )
, (A1)

rpp(k, iξ ) = 2σxx(iξ )ZE + η2
0[σ 2

xx(iξ ) + σ 2
xy(iξ )]

�(k, iξ )
, (A2)

�(k, iξ ) = [2 + ZHσxx(iξ )][2 + ZEσxx(iξ )]

+ [η0σxy(iξ )]2, (A3)

where ZH = ξμ0/κ , ZE = κ/(ξε0), and η2
0 = μ0/ε0. Addi-

tionally, σxx(iξ ) and σxy(iξ ) denote the longitudinal and
transverse conductivities of the 2D material, respectively, as
a function of imaginary frequencies iξ .

In order to describe the atomic polarizabilities in the
Casimir-Polder potential [Eq. (1)], we employed a Lorentz
oscillator model with a single resonance, given by

αl (iξ ) = αl (0)

1 + ξ 2

ξ 2
l

. (A4)

The different fitted parameters for each atomic speci-
men analyzed here are well known from the literature; see
Table I. For materials with higher spin-orbit coupling, such
as stanene, stronger electric fields are necessary to explore
the entire topological phase diagram of Fig. 1(b). In turn,
these electric fields may cause a significant modification in
the atomic resonance frequency ξl via the Stark effect. For
instance, in the case of QR of the Rb atom by stanene, this
correction can be of the order of 25% of the values presented
in Table I. Nevertheless, such modification only implies a
minor numerical correction in the short-distance regime of
the CP energy and, consequently, does not affect our results
on the QR probability. Therefore, in the numerical results
presented in this work, we neglected the effects of the applied
electric field and circularly polarized light on the atom, due

TABLE I. Data for Na and Rb atoms. This table contains param-
eters of the single Lorentz-oscillator model needed in Eq. (A4) [12]
and their masses. (1 a.u. = 1.648 × 10−41 C2 m2 J−1.)

l αl (0) (a.u.) h̄ξl (eV) m (10−27 kg)

Na 162.6 2.13 38.17
Rb 318.6 1.68 141.92
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to the dominant impact of these external agents in the optical
conductivity of the reflective 2D surface (see Appendix B).

APPENDIX B: OPTICAL CONDUCTIVITIES

The low-energy description of buckled materials of the
graphene family under the influence of external perpendicular
electric field (Ez) and circularly polarized laser beam (�) is
given by the Hamiltonian [30]

Hη
s = h̄vF (ηkxτx + kyτy) + �η

s

2
τz − μ, (B1)

where

�η
s = ηsλSO − e�Ez − η�. (B2)

In these equations, η = ±1 is the quantum number related
to K and K ′ valleys of the Brillouin zone of the honeycomb
material, τx,y,z are Pauli matrices related to the sublattice de-
gree of freedom, s = ±1 for electron spins ↑ and ↓, and kx(y)

are the electron momentums relative to K (K ′) valleys. Also,
vF = √

3at/2 is the Fermi velocity, a is the lattice parameter,
t is the hopping parameter, and μ is the chemical potential
of the material, which we set at μ = 0 in the numerical
calculations of this work (see Refs. [9–11] for details about
the impact of the chemical potential in the Casimir-Polder
interaction in Dirac materials). In Eq. (B2), λSO is the intrinsic
spin-orbit coupling, e is the modulus of electron charge, �Ez is
the sublattice potential generated by the external electric field
Ez, and the parameter � = ±8παv2

F I0/ω
3
0 is associated with

the circularly polarized light of intensity I0 and frequency ω0

irradiated in the material. Furthermore, α is the fine-structure
constant and the + (−) sign denotes the left (right) circular po-
larization [79]. Material parameters can be found in Table II.

In Fig. 7, we analyze the evolution of the electronic
spectrum of the Hamiltonian shown in Eqs. (B1) and (B2),
exploring path I (�/λSO = 0) of Fig. 1(b). For the cases
presented in Figs. 7(a) and 7(b), where e�Ez/λSO = 0 and
e�Ez/λSO = 0.5, respectively, the 2D material exhibits a
QSHI phase, indexed by a nontrivial Z2 topological invariant,
if the chemical potential μ lies inside the gap of the electronic
spectrum. This topological index remains invariant over small
changes in the Hamiltonian, as long as the electronic gap
remains open and still contains the chemical potential [29].
However, as the electric field is enhanced, the topological
gap becomes increasingly small. When the field reaches the
value corresponding to e�Ez/λSO = 1, shown in Fig. 7(c), the
spin-↑ (↓) sector of the electronic spectrum becomes gapless
at the valley K (K ′), and the system touches the topolog-

TABLE II. Spin-orbit coupling (λSO), hopping parameter (t),
buckling (�), and lattice parameter (a) of each graphene family mate-
rial used in this work. Parameters were taken from Refs. [22,26–28].
Note: There exists some discordance in the literature for λSO in the
case of stanene.

Material λSO (meV) t (eV) � (Å) a (Å)

Silicene 2 1.6 0.11 3.86
Germanene 20 1.3 0.16 4.02
Stanene 50 1.3 0.20 4.70

FIG. 7. Evolution of the electronic spectrum of the Hamiltonian
of Eqs. (B1) and (B2), along path I of Fig. 1(b), i.e., �/λSO =
0, and (a) e�Ez/λSO = 0, (b) e�Ez/λSO = 0.5, (c) e�Ez/λSO = 1,
(d) e�Ez/λSO = 1.5, and (e) e�Ez/λSO = 2. The left panels show the
spectrum for the valley K (η = +1) and the right panels show the
spectrum for the valley K ′ (η = −1). The black dashed line depicts
the spectrum for the spin-↑ sector (s = +1), and the red dotted line
depicts the spectrum for the spin-↓ sector (s = −1). The topolog-
ical critical point is represented in panel (c), where the electronic
spectrum becomes gapless, and it separates the QSHI phase [panels
(a) and (b)] and the BI phase [panels (d) and (e)].

ical critical point. If one continues to increase the electric
field intensity, the electronic gap reopens but now exhibiting
a trivial-insulator (or BI) behavior, as shown in Figs. 7(d)
and 7(e). The two insulating phases presented in Fig. 7 are
characterized by a Chern number C = 0. This previous anal-
ysis of the electronic spectrum can be repeated to understand
all topological phase transitions crossed by paths II, III, IV,
and V of Fig. 1(b). For instance, by changing the parameters
along path II (�/λSO = 0.5), the 2D material undergoes three
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distinct topological phases, that are separated by two topolog-
ical critical points. The first one occurs for e�Ez/λSO = 0.5,
where the spin-↑ sector of the spectrum becomes gapless at
valley K , while the spectrum remains gapped at valley K ′,
and separates the QSHI from the PS-QHI phase, indexed by a
nontrivial Chern number C = −1. The second critical point
occurs for e�Ez/λSO = 1.5, where the spin-↓ sector of the
electronic spectrum becomes gapless at valley K ′, while it re-
mains gapped at valley K , and separates the PS-QHI from the
BI phase. Lastly, to analyze the phase transition between the
anomalous quantum Hall insulator (AQHI) phase, indexed by
a Chern number C = −2, and the PS-QHI phase, we consider
path IV (�/λSO = 1.5). At the critical point e�Ez/λSO = 0.5,
which separates these two topological phases, the spin-↑ sec-
tor of the electronic spectrum becomes gapless at valley K ′
and remains gapped at valley K . Furthermore, extrapolating
the path IV until e�Ez/λSO = 2.5, there is another critical
point to be crossed, separating the PS-QHI and the BI phases,
where the spin-↓ sector of the spectrum becomes gapless at
valley K ′, while it remains gapped at valley K . This analysis
exhausts the different types of phase transitions presented in
Fig. 1(b), which occur whenever the material hits the points
of the parameter space for which the electronic spectrum
becomes gapless. Among the topological invariants described
above, the Chern number has particular importance in the
context of this work, due to its connection with the DC limit
of the Hall conductivity (see next paragraph) that appears in
the reflection coefficients of the 2D material. The nonzero
Chern numbers are related to the existence of localized edge
states in finite samples [80], responsible for the transport of
the Hall conductivity that is robust against disorder and weak
interactions, a characteristic aspect of nontrivial topological
systems [29,80].

Longitudinal and transverse optical conductivities for
graphene family materials described by Hamiltonian (B1) can
be obtained by the usual Kubo formalism in the linear re-
sponse regime [81,82] and closed analytical expressions were
obtained in Refs. [21,79]. In the low-temperature regime, the
spin and valley resolved longitudinal conductivity is given by

ση,s
xx (ω)

σ0/2π
= 4μ2 − ∣∣�η

s

∣∣2

2h̄μ�
�

(
2μ − ∣∣�η

s

∣∣)

+
[

1 −
∣∣�η

s

∣∣2

h̄2�2

]
tan−1

[
h̄�

M

]
+

∣∣�η
s

∣∣2

h̄�M
, (B3)

and the transverse (Hall) conductivity is found to be

ση,s
xy (ω)

σ0/2π
= 2η�η

s

h̄�
tan−1

[
h̄�

M

]
. (B4)

In addition, ση,s
yy (ω) = ση,s

xx (ω) and ση,s
xy (ω) = −ση,s

yx (ω). The
total conductivities are obtained from σi j (ω) = ∑

s,η σ
η,s
i j (ω).

In previous equations, � is the Heaviside function, σ0 =
e2/(4π ), M = max(|�η

s |, 2|μ|), and � = −iω + , with  =
1/(2τ ) and τ being the scattering time that accounts for effects
of impurities [9]. It is worth mentioning that we assume the
local approximation (| 
q| → 0) in Eqs. (B3) and (B4). This
approximation describes very well the dispersive forces in
graphene [83] and should also apply to the other graphene

FIG. 8. Panels (a) and (b): Real (solid) and imaginary (dashed)
parts of σxx (ω) and σxy(ω) for some combinations of parameters
{e�Ez/λSO, �/λSO}. A: {0, 0}, B: {0, 1}, and C: {0, 2}, as indicated
in the topological phase diagram of panel (f). Panels (c) and (d): The
same as before but for A: {0, 0}, D: {1, 0.5}, and E: {2, 0}, as in panel
(f). We set  = 10−4λSO/h̄ and μ = 0 in all cases. Panels (e) and
(f): Topological phase diagram of the graphene family materials de-
scribed by the Hamiltonian (B1). Panel (e) shows the phase diagram
with the acronyms and their respective Chern numbers, while panel
(f) sketches the set of parameters used in panels (a)–(d). A detailed
discussion of this phase diagram and the optical conductivities can
be found in Refs. [21,30,79].

family materials of Table II since they have very similar Fermi
velocities.

In Fig. 8 we plot the real and imaginary parts of the longitu-
dinal and transverse conductivities for different combinations
of parameters {�/λSO, e�Ez/λSO}, so that we capture some
representative points of the topological phase diagram mod-
eled by Eq. (B1). From panels (b) and (d), one can notice the
relation between the static limit of the transverse conductivity
and the Chern number of the topological phase: σxy(ω →
0) = [e2/(2h)]C [21,79,80]. Equations (B3) and (B4) in com-
bination with Eqs. (A1)–(A4) are used in Eq. (1) to compute
the CP potential between the incident atoms and the 2D
graphene family material.

APPENDIX C: RESULTS FOR Na ATOM

Figure 9 shows results similar to those presented before,
but for QR of a Na atom, which is also relevant in exper-
imental setups [45,46]. In this case, we chose an incident
energy E = 10−3 neV and the outcomes are qualitatively the
same as for Rb. The QR probability shows a cusp whenever
the graphene family material undergoes a topological phase
transition induced by Ez for a fixed �. The degree of tunability
of QR probability is also more evident using materials with
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FIG. 9. Results for a Na atom with incident energy E = 10−3 neV. QR probability as a function of the applied electric field by a suspended
sheet of pristine (a) stanene, (c) germanene, and (e) silicene. Percentage modification in the QR probability due to the electric field by a
suspended sheet of pristine (b) stanene, (d) germanene, and (f) silicene. In all cases different curves refer to different values of the laser
parameter.

higher spin-orbit coupling as the reflective material. As we
already pointed out, if we compare the degree of control,
given by Eq. (10), for the QR probability of Rb and Na by
the same graphene family surface, we find that Rb allows a
greater control by Ez than Na. This is due to the fact that Rb
is more massive than Na, resulting in a lower energy regime

for which the QR of Rb is more tunable than the QR of
Na [7]. Consequently, by comparing the QR of Rb and Na
at the intermediate energy regime, the former is dominated
by longer distances (bigger zm) between the atom and the
reflective material as compared to the latter, where the CP
energy exhibits a higher degree of control with Ez.
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