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Controlling the RKKY interaction and heat transport in a Kitaev spin liquid via Z, flux walls
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Kitaev spin liquids (KSLs) contain both itinerant Majorana fermions and localized Z, flux excitations. The
mobile fermions transport energy, while the fluxes hinder heat flow. By controlling the flux configuration, one can
separate a KSL into different domains via Z, flux walls. We show that at low temperatures, the wall significantly
suppresses the Majorana-mediated Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction and blocks the heat

transfer between domains.
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I. INTRODUCTION

Quantum spin liquids (QSLs) have attracted extensive at-
tention because they lack long-range magnetic order while
exhibiting long-range quantum entanglement [1]. The con-
cept of a “QSL” was developed for describing frustrated
magnetism [2] and understanding high-temperature super-
conductivity [3]. Moreover, QSLs are promising candidates
for topological quantum computation governed by anyonic
excitations [1,4,5]. Among the candidate models of QSLs,
Kitaev’s honeycomb lattice model with anisotropic Ising-like
exchange interactions is exactly solvable with rich anyon
statistics [6]. Candidate materials of the Kitaev spin liquid
(KSL) [7-10] have been observed in experiments through
inelastic neutron scattering [11], Raman scattering [12,13],
and thermal (Hall) transport measurements [14—17].

In KSLs, the electron spin fractionalizes into two types of
anyons that correspond to itinerant Majorana fermions and
localized Z, fluxes [6,11,18,19]. Recent works have studied
how the related fractionalization affects thermal transport and
heat capacity in the equilibrium limit [14,17,20]. Another
recent numerical study demonstrates the possibility of non-
local dynamic spin transport via Majorana fermions [21]. In
contrast to itinerant excitations, the Z, fluxes are localized
and have received less attention since the flux configuration
is conserved in the KSL. However, the same feature creates
an opportunity for recording data in flux configurations due to
their robustness. Theoretically, each unit lattice cell can store
one-bit information by imprinting or removing a flux, rep-
resenting an atomic-scale data entity, and possibly enabling
high-density storage. On the other hand, the flux configura-
tion influences the transport properties of itinerant Majorana
fermions, enabling detection of the configuration via transport
measurements or nonlocal measurements.

This paper considers two specific flux configurations with
and without a Z, flux wall in the middle. The flux wall is
composed of a column of Z, fluxes, as shown in Figs. 1(b) and
2; this is a metastable excited state and represents a bipartite
separation of the system, similar to that by domain walls in
magnetic materials. These excitations have a long lifetime
since the flux configuration is conserved in the KSLs. In this
paper, we investigate how the wall affects the equilibrium
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exchange interaction mediated by KSLs and the dynamic heat
transport in KSLs. The rest of paper is organized as follows.

In Sec. II, we introduce the Majorana representation of the
Kitaev model developed in Ref. [22] and our conventions.
In Sec. III, as shown in Fig. 1(a), we develop the Majorana
fermion-mediated Ruderman-Kittel-Kasuya-Yosida (RKKY)
interaction [23-26] between ferromagnets. We demonstrate
that the exchange interaction between two ferromagnets with
magnetic moment densities m, and m, is a linear combination
of (mz‘)z(mr/3 )2, where «, 8 = x, y, z instead of the m, - m, in
metal-mediated interactions [27]. The corresponding nonlo-
cal torque depends on both magnetic moment densities. We
also show that a flux wall strongly suppresses the exchange
interaction. In Sec. IV, we consider the influence of flux walls
on heat transport [Fig. 1(b)]. We reveal that the transport
properties strongly differ for a KSL in the two flux con-
figurations. When the wall is present, the system separates
into two domains, and the wall blocks the heat exchange
between domains. Specifically, the low-energy itinerant Majo-
rana particles cannot pass through the wall and are completely
backscattered. This feature allows us to differentiate the two
configurations in thermal transport measurements. In Sec. V,
we discuss how to experimentally create fluxes and flux walls
in the KSL. In Sec. VI, we give a short summary with an
outlook.

II. HAMILTONIAN

As shown in Ref. [22], representing the spin operators in
terms of Majorana fermions enables the analytical solving
of the Kitaev model. In this representation, the Hamiltonian
reads

Ho=1iY (&), +he8), + Lijéjé;), @D
JEA

where, as shown in Fig. 2, the index j € A denotes a site of
the A-sublattice on a honeycomb lattice j,, where o = x, v, z,
refers to the adjacent B-site via an « link, &i; = —ib;b;. is a
link variable on a z link, and & and b are Majorana operators.
The operator ¢ represents itinerant Majorana particles,

~

while b is related to localized Z, fluxes. The eigenvalues
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FIG. 1. (a) A KSL is in contact with two ferromagnets (F).
(b) Heat transport in the presence and in the absence of a flux wall.
The red part has a higher temperature than the blue part; T > Tj.

associated with the link variables are u; = %1, and they are
good quantum numbers [22]. When a hexagonal cell has two
opposite quantum numbers u; on its edges, a 7 flux exists in
the cell. Throughout the paper, we focus on the case J, = J
for @ = x, y, z. In this case, the ground state has no fluxes
and has a large degeneracy [22]. In addition, the itinerant
Majorana excitations are gapless [6,18,28]. On the other hand,
a single flux excitation has a finite energy A ~ 0.1536J [6]. In
the following, we focus on the low-temperature case, T < A,
where the flux excitations are strongly suppressed in thermal
equilibrium.

III. NONLOCAL RKKY EXCHANGE INTERACTION

In this section, we study the KSL-mediated exchange in-
teraction between magnets. As shown in Fig. 1(a), the KSL
contacts two ferromagnets with magnetic moment densities
my and m,. The exchange interaction between the KSL and the

/= -3 -2 -1 0 1 2

FIG. 2. A configuration of u; for a KSL with a column of fluxes.
For the blue solid lines, u; = 1, and for the blue dashed lines, u; =
—1.

ferromagnets is assumed to be V.= —2x > M - 64, where
k = £, r,and g runs over sites on each interface.

We assume that the magnetization m, is static and clas-
sically treat m,. Moreover, the exchange interaction V is
assumed to be weak so that the KSL is perturbed, i.e.,
Alm,| < J,. As a result, we find that when the two magnets
have a finite separation d, the nonlocal contribution to the free
energy of the full system is

Fxme,my.d) = n(d)Lw? Y (m$)’ Nug(mP)*, (@)

ap

where the sum «, 8 includes x, y, and z, N is a 3 x 3 matrix
independent of the separation d, and n(d) depends on the
distance d and vanishes when d — oo. L and w are geometric
parameters of the magnets. From this free energy, we find that
the nonlocal toque on the « side, T, = —V,,_Fn, depends on
both magnetic moment densities.

Below, we derive Eq. (2) in two steps. Note that the spin
operator 6¢ creates excitations with a pair of neighboring
fluxes. The lowest energy in these excitations is approximately
0.267J [6], which is much larger than the temperature we
consider. Thus, the interaction V, couples high-energy exci-
tations. In the first step, we develop a low-energy effective
interaction VI between the ferromagnets and the KSL in the
flux-free sector.

Following Kitaev’s discussion, the low-energy effective
interaction, up to the second order in VK, can be written as
Vet = T4V, G'(Ep)V, T, where Tl is the projector onto the
flux-free sector and G’ is the Green’s function with the flux-
free sector excluded [6]. Formally, the low-energy effective
interaction in the flux-free sector can be written as

eff ff Al A
VM = &me) + Y 2 (m,)6067, 3
Ja
where the first term contributes an energy shift and the second
term corrects exchange interactions between neighbors.

We determine the parameters in Eq. (3) by requiring the
free energy to satisfy

F(Ho + V™) = F (Ho + Vo), @
where F (h) = —kgT In Tr[exp (—Bh)] with B = 1/kzT. Or-

der by order expanding the two functions s and comparing
them term by term, we have

o A'z o 2 (3
&(my) = ) Z () UG )
q,o
)\‘2 o 21"’-‘-
2 (me) = —L ©6)
(‘7;‘ Uja)c

where (Ll;‘q, = foﬁ dr(TTo;(r)o;f(O))c. Throughout, the ex-
pectation value (-). means a connected Feynman diagram,
which is evaluated in the absence of ferromagnets. The de-
tails can be found in Appendix A. Note that the third order
correction to the effective interaction (3) is the next nearest
hopping with hopping magnitude being the order of m> /A2
[6], which is not dominant and is neglected in our discussion.

In the second step, we develop the RKKY interaction be-
tween the two ferromagnets. Note that the total low-energy
effective Hamiltonian becomes H = Hy + VT + V. To find
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FIG. 3. The function n as a function of the separation d in the
absence (blue curve) and presence (red curve) of a flux wall. We
assume that the width of the ferromagnets w is much smaller than

the separation between the ferromagnets d. d is in units of v/3a/2,
where a is the lattice constant, as shown in Fig. 2.

the effective potential describing the coupling between the
two ferromagnets, we calculate the full free energy 7 (H).
The leading order of the nonlocal part of the free energy is
then proportional to A (m, ))»%ff(m,). Expressing this term in
the form of Eq. (2), we finally obtain

n(d)Nap = —2*ZaZp > x50, 7

JJ'

where Z, = U, /(6767 )c is spatially independent, the in-
dices j and j’ run ovef A sites on the ¢-side and r-side
interfaces, respectively, and xf‘j’s is a nonlocal correlation,
where

B
Xl = /0 (T, 6% ()67 (T)6 ") (0)6;2 ).  ®

According to the parity symmetry of the system, the matrix
N has the form Ny, = Ny, = ni, Nz = np, Ny = Ny = n3,
Ny: = Ny = ng, where o = x, y. When the two magnets are
well separated (d > 104/3a /2, where a is the lattice constant),
n = (ny, np, n3, ng) becomes almost spatially independent.
Numerically, we find n = (—1, —3.98, —1, 2) in the absence
of a flux wall and n = (—1, —2.08, —1, 1.56) with a flux
wall in the middle, as shown in Fig. 1(b). The coefficient
n exponentially decays with respect to the separation d, as
shown in Fig. 3. In the plot, we set A>Z, = 1. We find that a
flux wall strongly suppresses the magnitude of , showing that
flux walls effectively decouple the ferromagnets. More details
on the nonlocal correlation can be found in Appendix B.

IV. INFLUENCE OF A FLUX WALL
ON THE HEAT TRANSPORT

References [14,17,20] explored the heat capacity C, and
heat conductivity x without flux walls. In the low-temperature
limit, the conductivity is proportional to 7', similar to the con-
ductivity in disordered graphene. In this section, we consider
how flux walls change heat transport.

Since different u configurations (i.e., different gauge repre-
sentations) for the same spatial flux distribution are equivalent
under a unitary transformation [22], we focus on one u con-
figuration. The simplest u configuration with a wall is shown

in Fig. 2. The link variables u; in the middle column periodi-
cally change from —1 to 1. Using the Fourier transformation
along the y direction, we find that the Hamiltonian (1) with a
wall separates into contributions from the left domain, right
domain, and wall

H, = Z [Af + A + Vi ]. )
kel-7.0] '

where

AL
hk) E |: 4Jcos clkoyclk
1<0

- 2‘,(1'6;71,k‘_.361,k,,14 + Hc):|

N k,
hfv=2|: 4J cos 2clkayc1k
>0

=28y prika+ H.c.)} :

~

Viy = =2J(i¢", , yCosinjan +He). (10)
Here, é; k (cl kA cl k,.5) 18 @ tWo component operator in
the space of the sublattices A and B and [ refers to the column
of zigzag lines, as shown in Fig. 2. In Eq. (9), we use the fact
that for a Majorana operator ¢;, its Fourier transform satisfies
&l =0 s fors=A,B.

Note that the term \7;{‘_ couples the left domain and the right
domain by a momentum shift Ak, = 7 /a. This shift comes
from the fact that the lattice period along y direction becomes
twice due to the flux. Reclassifying the terms in Eq. (9), the
Hamiltonian in (x, k) space becomes a combination of one-
dimensional models with different k,,

> hy. (11)

kye[—,0]
where
by = g AT g+ Vi (12)

In the following, we illustrate that the tunneling of the Majo-
rana particle through the flux wall is forbidden at low energy.
Consequently, the low-energy itinerant Majorana particles are
trapped in one domain, and the heat exchange between the
domains is blocked.

For different momenta k,,
tonian fzky decouple from each other; therefore, the two-
dimensional tunneling problem of H, reduces to the
one-dimensional scattering problem of fzky. For the one-

the one-dimensional Hamil-

dimensional model hky, we consider an incident plane wave
from the left with momentum k,, in which case ;x4 ~

Ch .4 €XP [ikyl V/3a/2]. From the formula fzi shown in
Eq. (10), we obtain the energy of the incident wave,

kya

ky 3k
E(k) = :l:2J\/4cos2 yTG + 4cos \/_zxa cos —~ +1. (13)
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Below, we focus on the branch with positive energy. The
negative branch has a similar result. We are interested in the
behavior of low-energy particles near the Dirac point. For
those states near the Dirac cone ky = (2\/§n/3a, —2m /3a),
the spectrum becomes E (k) = V3Jalk — ky|. The right mov-
ing particle is scattered when it meets the flux wall. If the
particle passes through the wall with a finite possibility, then
in the right domain away from the wall, there should exist
an asymptotic state with energy E (k) for some momentum
(ky, ky + m /a). However, from Eq. (13), we find that for any
given momentum &, we have

E(K. ky + 7 /a) > 2J[-2sin(ka/2) — 11> A, (14)

for k, near ky. Consequently, a low-energy incident state with
transverse momentum k, arising from the left domain has
no corresponding low-energy states with transverse momenta
ky +m/a in the right domain. As a result, all low-energy
incident states from the left decay in the right domain and are
completely backscattered.

We can estimate the penetration depth of the incident
wave functions in the right domain. Since the wave function
decays on the right, the wave number k becomes a com-
plex number with Im[k.] > 0. For instance, for an incident
wave with k = ko, the condition E (k,, k, + 7 /a) = E (ko) =
0 gives Im[k;] >~ 0.63/a. As a result, the penetration depth
of the incident wave is approximately 1/Im[k;] >~ 1.6a. The
wave function decays quickly in the right domain.

We have discussed a wall constructed by a single column
of flux. Interestingly, not all wall configurations efficiently
forbid tunneling. Since a column of fluxes changes the mo-
mentum k, by 7 /a, when the width becomes twice as large,
the momentum k, changes twice and returns to its initial
value. In this case, the particle can partially pass through the
wall again. Consequently, only walls with an odd number
of columns of fluxes completely block heat transfer between
the two domains. These properties of the flux wall can be
measured in heat transport experiments, as shown in Fig. 1(b).
The two configurations with and without a flux wall can be
distinguished experimentally.

In the known Kitaev materials [8—14] where Heisenberg
exchange interaction, Dzyaloshinskii-Moriya interaction, or
Gamma-type interaction [29] are present, the Hamiltonian
is no longer exactly solvable. When these non-Kitaev types
of interaction are sufficiently weak, we can apply the slave-
particle mean-field approximation [30] or the (self-consistent)
Hartree-Fock mean-field approximation [21] to decouple
these interactions. We expect the weak interactions will not
qualitatively change our result which is based on spectrum
analysis. For moderate or strong interaction cases, numerical
techniques such as exact diagonalization, tensor-network, and
Monte Carlo approaches are needed.

V. CREATING FLUXES

In this section, we discuss how to create fluxes in the KSL.
Conceptually, fluxes can be excited by a non-Kitaev type of
exchange interaction, for instance, the Heisenberg type inter-
action [12,31]. Here, we propose the use of a ferromagnetic
tip to magnetize the local spin o; at site i € A. The inter-
action between the tip and the local spin is supposed to be

1.0
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FIG. 4. The temporal evolution of the expectation value of the
link variable. A pair of vortices are created when (i1;) changes from
1 to —1 and removed when it recovers to 1.

ferromagnetic, V = —1'6; - M. We assume that the magnetic
moment on the tip is giant and treat it classically. We also
assume that the magnetic moment runs along the z direc-
tion. Consequently, we obtain V= —pobf = iuoéiéi, where
o = A’M; > 0. This interaction changes both the number of
itinerant Majorana particles and that of fluxes.

We calculate the expectation value of #i; during the dynamic
evolution after coupling with the tip. We start from the initial
ground state fi, = 1. When ({i;) changes to —1, a pair of fluxes
are created in the two adjacent honeycomb cells of i;. In the
numerical calculation, we apply the Hartree-Fock mean-field
approximation to decouple the term iJ;#;¢;¢;, [21]. In Fig. 4,
we show the numerical result of the temporal evolution of the
link variable (i;). The result shows that it is possible to create
fluxes when pg is sufficiently large (1o ~ 10J). In creating
a pattern of fluxes or a flux wall, a series of operations of
the local magnetization should be implemented. The time for
creating a new flux pair depends on the existing flux distri-
bution because of the flux-flux interaction. This increases the
difficulty of creating a general pattern of fluxes.

VI. CONCLUSION

In conclusion, we developed a low-energy effective theory
to describe the equilibrium nonlocal exchange interactions
mediated by KSLs in the presence and absence of a flux wall
and to calculate the transport of Majorana particles though
the flux wall. We found that a flux wall significantly sup-
presses the equilibrium RKKY interaction between magnetic
moments attached to the KSL. In addition, the flux wall sig-
nificantly changes the heat transport. The flux wall completely
blocks heat transfer in the low-temperature case. Heat trans-
port measurements can detect the presence of the wall. We
also discussed how to create fluxes in a KSL. Our study opens
opportunities for storing and reading data in a KSL by using
two simple flux configurations. It is interesting to see that a
KSL can store data even though it lacks magnetic order.
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APPENDIX A: COEFFICIENTS OF THE EFFECTIVE INTERACTION

In this section, we derive the coefficients of the effective interaction in Eq. (3). For this purpose, we assume that all coefficients
in the interaction V. depend on the position, Am® — A%, sothatV, = — ) ” A‘;oq From the equation Veft 1,V G (Ey)V, Iy,
we obtain

Zeqa + Zkii«“f”" (A1)

where €4 o AgA7 and A‘j’g o A72S . Expanding the free energy F(Hy + Veff) with respect to €4, and Ajg, where 7 (H) =
—kgT In Tr[exp (—BH )], we obtain

F(Ho + V™) = 7 (Ho) + Z €go + Z A (A2)

Here, we use the fact that the free energy is the generating functional for connected Green’s functions. On the other hand,
expanding the free energy ¥ (Hp + V) with respect to A%, we have

7

F(Ho + Vi) —T(HO)—Z/\“ (62)— = Z f dt(T.08 (T)68 (0)) MEAS. (A3)

‘]U“ZU‘

Note that (6;") = 0 and (Tr0.(7)6, (O)) are finite only when @ = o’ and ¢ = ¢’ or when o = &’ and ¢ and ¢’ are nearest
neighbors. Therefore, we obtaln

B B
eqaz_l,\“x“ f dt(T,o(1)65(0)),. A5y = —A9AS /0 dt(T;o¢(v)65(0)). /(o765 ). (A4)

q°°q
2 0

Here is an illustration of how the free energy is expanded. Let us consider the free energy ¥ (Hy + V). In the language of
Feyman’s path integral,

F(Hy+ V) = —kgT ln/ Hdb,-dc[ exp {—So(b, c) — [dr ZAZU;(I)}, (AS5)
i qa

where b and ¢ are Grassmann numbers corresponding to b and ¢ and the action is So=->_ p %(bqaqu + c40:¢4) + Ho(b, ).

The spin o is a function of b and c¢. Using Taylor expansion, we directly obtain

Y % 1 5717_' ayy o «,

FHo + Vi) = Z n Z SISO oA Mgihgy - hg (A6)

n {g.aln "

Note that §"F / (Skgl‘ 8)»‘;22 - 8)»2‘; is the connected Green’s function. For example,
ST - T)f]_[ dbide;[ [ dridn63 ()82 (12)] exp {=So(b, ¢)}
= (—Ksp

81gi8Ag5 [ T1; dbidciexp{—So(b, c)}
[Tl dbidci[ [ dniég (z)] exp {(=So(b, ©)} [ [1;dbide;[ [ 1262 (t2)] exp {=So(b, ¢)}

[T, dbidciexp{—So(b, c)} JT1,dbidciexp{—So(b, c)}

— f dt[(T:65(1)652(0)) — (65 (1))(622(0))]

+ kT

— f de{T,68 (1)62(0)), (A7)
is the connected Green’s function.

APPENDIX B: NONLOCAL CORRELATION X"fﬁ

Next, we calculate the nonlocal correlation X . The single-particle Green’s function of the Majorana particle is G;,, =

—(T;¢;(1)¢,(0)) .. Below, we denote the Hamlltoman of the KSL as Hy = (1/4) > im CiHimém, where H is an antisymmetric
matrix representation. Using the Heisenberg equation and the commutation relation {¢;, ¢,,} = 268;,,, we obtain

ﬂq
Gimliy) =y | —m—, (B1)

- ion — &
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where ff’llqm = 2¢,(l )¢;‘(m), with ¢, being an eigenvector of H corresponding to the eigenvalues ¢, and w, = 2n + 1)wkpT.
By using the Majorana representation and the Wick theorem, we finally have

(A A

g Ja

= AL A e (eg) = nr (eg)]

=3

9.9

where np is the Fermi-Dirac distribution.

(B2)

3

€q — &g
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