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Multipole classification in 122 magnetic point groups
for unified understanding of multiferroic responses and transport phenomena
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Mutual interplay between the electronic degrees of freedom in solids, such as charge, spin, orbital, sublattice,
and bond degrees of freedom, is a source of cross-correlated phenomena with unconventional electronic ordered
states. Such degrees of freedom can be described by four types of multipoles (electric, magnetic, magnetic
toroidal, and electric toroidal) in a unified way, which enable us to tightly connect the microscopic degrees
of freedom with macroscopic physical responses in a transparent manner. We complete a classification of the
multipoles in all 122 magnetic point groups based on group theory. The classification is useful to identify
potentially active multipoles, not only in ordinary ferromagnetic and antiferromagnetic orderings but also in
exotic orderings breaking time-reversal symmetry, e.g., a loop-current state. Moreover, the classification gives an
insight into the microscopic origin of the multiferroic responses and quantum transports. By analyzing response
functions up to the second order, we summarize the indispensable multipole moments for various responses, such
as the linear magnetoelectric, piezoelectric, and elastic responses, and the nonlinear conductivity and Nernst
coefficient. Our results highly promote a further discovery of functional multiferroic materials, guided by the
bottom-up material design based on the symmetry-adapted multipoles.
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I. INTRODUCTION

Magnetic orderings have long been studied in which
various fascinating phenomena emerge such as the anoma-
lous Hall effect [1], multiferroicity like the magnetoelectric
effect [2—7], nonreciprocal transports [8], and so on. In ferro-
magnetic orderings, for example, the uniform magnetization
affects the electron kinetics through the Berry-phase-related
mechanism, which results in the anomalous Hall effect,
Kerr effect, and Nernst effect [1,9,10]. Meanwhile, anti-
ferromagnetic (AFM) orderings can also give rise to the
large anomalous Hall effect even with a negligibly small
magnetization [11-13], which have been discussed in the
noncoplanar AFM ordering [14], the noncollinear AFM or-
dering in Mn3Sn [15-17], and the almost collinear-type AFM
ordering in RuO, [18,19], k-type organic compounds [20],
y-FeMn [21], and «-Mn [22] and the magneto-optical effect
in LaMO3;(M = Cr, Mn, and Fe) [23]. These studies suggest
that the relation between the magnetic orderings and the elec-
tromagnetic responses is nontrivial, and there are potential
candidates of functional materials that can be utilized for
future spintronics devices.

Symmetry is a powerful tool to connect the magnetic
orderings and their physical phenomena [24]. In the case
of magnetic materials, the physical properties are classified
by group theory, such as the magnetic group (Shubnikov
group) [24-29] or the magnetic representation theory [30]. It
helps us to investigate the macroscopic physical responses, in-
cluding the unconventional anomalous Hall effect in the AFM
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orderings, as mentioned above. However, it is insufficient to
understand the microscopic key parameters for the magnetic
responses within the symmetry argument.

One of the promising quantities to connect the microscopic
electronic degrees of freedom and the macroscopic physical
phenomena is the electronic multipoles [31-35], since the
multipole degree of freedom constitutes a complete set for
an arbitrary Hilbert space with the charge, spin, and orbital
degrees of freedom in electrons [36,37]. The multipoles have
been mainly used to describe peculiar atomic electronic de-
grees of freedom in d- or f-electron systems [31,32,35], e.g.,
the electric quadrupole in CeBg [38—44] and magnetic oc-
tupole in NpO, [45-50]. Meanwhile, the concept of multipole
covers not only the atomic electronic degrees of freedom but
also ones over multisites and orbitals, such as the hybrid
multipole for the interorbital degrees of freedom between dif-
ferent orbitals [36,37,51], the cluster multipole for the on-site
degrees of freedom in a cluster [16,52], the bond multipole for
the off-site bond degrees of freedom in a cluster [53,54], and
the £ multipole for the band modulations and spin splittings
in the electronic band structures [33,34]. The microscopic
description in terms of the electronic multipole degrees of
freedom is useful to understand the macroscopic responses
in accordance with crystallographic symmetry [33,34,55-
60], such as the magnetoelectric effect in magnetic toroidal
dipole orderings, e.g., Cr,O5; [61], LiCoPO4 [62,63], and
UNiyB [64,65], and in magnetic quadrupole orderings, e.g.,
Co4Nb,Og [66-69], the anomalous Hall effect in magnetic oc-
tupole orderings, e.g., Mn3Sn [15,16], the magnetopiezoelec-
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tric effect in magnetic quadrupole/hexadecapole orderings,
e.g., Ba;_K;MnyAs, [70] and EuMn;Bi, [71], and the mag-
netostriction effect in magnetic octupole orderings [72,73].
Recent studies also clarified that the multipole description
gives a systematic microscopic understanding of the band
modulation in AFM orderings [54,74-76], e.g., k-(BETD-
TTF),Cu[N(CN),]CI [74,77] and BasMnNb,Oy [76,78]. Fur-
thermore, the multipole description has been also applied to
analyze the nature of the multipole phase transitions based
on the Landau free energy expansion [37,79] and the behav-
ior of the effective hyperfine fields for nuclear magnetic or
quadrupole resonance (NMR/NQR) spectra [43,47,80,81].

In this way, the multipole description is essential not only
to understand the physical phenomena but also to explore fur-
ther intriguing physics on the basis of microscopic electronic
degrees of freedom. As the multipoles are closely related to
the spherical harmonics as shown below, they can be sys-
tematically classified into the crystal symmetry. Nevertheless,
the classification of multipoles has been performed only for
the 32 crystallographic point groups [33], and it is still lack-
ing for the 122 magnetic point groups with the antiunitary
time-reversal operation. In the present paper, we complete a
multipole classification under the 122 magnetic point groups
by using four types of multipoles, electric (E), magnetic (M),
electric toroidal (ET), and magnetic toroidal (MT) multipoles.
The multipole classification enables us to rearrange any AFM
orderings or more exotic orderings, such as nematic, exci-
tonic, and loop-current orderings, into the ferroic multipole
orderings. The systematic classification by multipoles has an
advantage of understanding the nature of potential order pa-
rameters and the relevant multiferroic physical phenomena on
the basis of microscopic electronic degrees of freedom. We
also discuss the relation between the multipoles and the lin-
ear/nonlinear response functions based on the Kubo formula
beyond the symmetry analysis.

This paper is organized as follows. In Sec. II we review
the expressions of the four types of multipoles. In Sec. III the
multipole classification in a magnetic point group is presented
by exemplifying a cubic system. We show the active E, ET, M,
and an MT multipoles in all magnetic point groups in Sec. IV.
In Sec. V the relation between the response tensors and the
active multipole moments is discussed based on the group
theoretical analysis and the Kubo formula. We summarize the
present paper in Sec. VL. In Appendix A we give the cubic
and tesseral harmonics used for the multipole expressions.
Appendix B represents the unitary subgroup for each black-
and-white point group. Appendix C gives the classification
tables of multipoles, which is not presented in Sec. III. In
Appendix D we review the irreducible corepresentation of
the magnetic point group. In Appendix E we summarize the
relation between the magnetic point groups and (magnetic)
Laue groups. The derivation of the multipole expressions of
the response tensors in Sec. V is given in Appendix F. In Ap-
pendix G the multipole expressions for the response tensors in
the hexagonal and trigonal systems are shown.

II. FOUR TYPES OF MULTIPOLES

The multipole moments are introduced by a multipole
expansion of the electric scalar potential ¢(r) and magnetic

TABLE I. Four types of multipoles and their spatial-inversion
(P), time-reversal (7°), and P7 parities. The relevant source fields
are also presented.

Type Notation P T PT Source
E oM (=1 +1 (=1 Pe Um)
M My (=1 -1 (1) Je
MT Tlm (_])l -1 (_l)l+l jc
ET Gim (=D +1 (=D Jm

vector potential A(r) representing a spatial distribution of
a source electric charge p.(r) and current j.(r) in classical
electromagnetism [82—87]. The spatial distribution of p.(r)
in ¢(r) leads to an E multipole (time-reversal even polar
tensor), while that of j.(r) in A(r) leads to an M multipole
(time-reversal odd axial tensor) and an MT multipole (time-
reversal odd polar tensor). Furthermore, an ET multipole
(time-reversal even axial tensor) is introduced by considering
the spatial distribution of a magnetic current j () [36,88,89].
These four types of multipoles show the different spatial-
inversion and time-reversal parities, as summarized in Table 1.

In condensed-matter physics, four types of multipoles can
describe a spatial distribution of the electronic charge and
spin in the atomic orbitals by using their quantum-mechanical
operator expressions as [36,37,79]

le = —€ Z Olm(rj)s (D
J
Mip = —pp y_my(ry) - VO (r;), )
j
Tim = —pp Y _t1(r;) - VOI(r)), 3)
N{z
Gim=—e)_ Y & r)VaVsOin(r)), )
j ap

where Q;m, My, Tim, and Gy, denote the E, M, MT, and ET
multipoles with the azimuthal quantum number / (rank of
multipoles) and magnetic quantum number m, respectively. In
Egs. (1)—-(4), —e and —puy are the electron charge and Bohr
magneton, respectively, which are taken to be unity hereafter,
ie., —e, —ug — 1. Oy, (r) is related with the spherical har-
monics as a function of angle 7 = r/|r|, ¥},,,(#*), which is given

by
Ol = |~y #) )
m@®) = —— 7).
! 241

In the following discussion for the crystallographic system,
we adopt the real expressions of O, following Refs. [79,90]
and use the multipole notation as Xy for monopole (I =
0), (Xi, Xy, X;) for dipole (I =1), (Xy, X,, X, X;x, X,,) for
quadrupole (I = 2), (Xxyz,Xx"‘,X}‘,",XZf",Xf ,Xf ,Xf) for oc-
tpole (I =3), and (X, Xa. Xay. X0 X, X2 X0 X[ X))
for hexadecapole (I = 4) following Ref. [33] (see also Ap-
pendix A for their expressions). m;(r;), t;(r;), and g‘l’”g (rj)
represent the magnetic moment, magnetic toroidal moment,
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and electric toroidal tensor, respectively, which are expressed
as

N T
m(rj) = 5 + 0, (6)
. 21 .
L) = —— x (=L +4;), )
A S| 1+2 7
&Py =md il r)), (8)

where I; and ¢;/2 are the dimensionless orbital and spin
angular momentum operators of an electron at r;, respectively.
The parities with respect to the spatial-inversion and time-
reversal operations, # and 7, for each multipole are given
as follows: (P, T) = [(—1)}, +1] for Oy, [(—1)'F!, —1] for
My, [((=1)}, —1] for Tj,,, and [(—1)'*', +1] for G, which
are summarized in Table I. The four types of multipoles
constitute a complete set for an arbitrary electronic degree of
freedom in the atomic orbitals [36,37,79].

The atomic-scale multipole operators in Eqgs. (1)—(4) can
also be applied to describe anisotropic distributions in a clus-
ter system with the sublattice degree of freedom, which is
termed as a cluster multipole [16,35,52,56,91]. For example,
the expressions of M and MT multipoles are obtained by
reading r; in Eqs. (2) and (3) with the position of the jth atom
R; in a magnetic unit cell. By adopting the virtual atomic
cluster method in Ref. [52], one can systematically describe
any N-site magnetic structures in terms of cluster M and MT
multipoles as follows:

N
Ml(;) = ZGJ V0 (R)), ©)]
=1
1 N
To = I Z(Rj x0;)V;OmR;), (10)
Jj=1

where the superscript (c) is introduced to represent clus-
ter multipoles for clarity and R i =R;/|R;|. Equations (9)
and (10) give the multipole order parameters under the AFM
orderings, which provide an understanding of physical phe-
nomena. For example, the magnetostriction effect under the
all-in-all-out magnetic ordering in the pyrochlore structure is
understood by the emergence of the cluster M octupole [72]
and the linear magnetoelectric effect in the zigzag chain is
owing to the active cluster MT dipole [92-94].

III. IRREDUCIBLE REPRESENTATIONS OF MULTIPOLES
UNDER MAGNETIC POINT GROUPS

The four types of multipoles in Eqs. (1)-(4) express ar-
bitrary electronic degrees of freedom in the Hilbert space
spanned by the electron wave functions in the 32 point-group
irreducible representations [33]. In this section we generalize
the multipole classification from the 32 crystallographic point
groups to the 122 magnetic point groups by taking into ac-
count the antiunitary time-reversal operation 6.

The 122 magnetic point groups are categorized into three
groups [95]:

(D) ordinary crystallographic point groups without 6 (32),

(II) gray point groups (32),

(II) black-and-white point groups (58),

TABLE II. Irreducible corepresentations (IRREP) of magnetic
(M) and magnetic toroidal (MT) multipoles (/ < 4) in the cubic gray
point group m3m1’. The superscript “— of the IRREP means the odd
parity with respect to the time-reversal operation. The corresponding
magnetic point group (MPG) with its primary axis (P. axis) is also
shown.

IRREP MT M MPG P. axis
Aj, T, Ty m3m (100)
A5, M,,. m3m’ (100)
E, T,, T 4/mmm [001]
T,, Ty, 4 fmmm’ [001]

T, T M., M? 4/mm'm/ [100]
e M, My 4/mm'm’ [010]

T M., M* 4/mm'm/ [001]

To, T.,T! M? 4 /mm'm [100]
L. T} Mm? & /mm'm [010]

Ty, T, M# 4 Jmm'm [001]

AL, My, M, m'3'm’ (100)
A5, Ty m'3'm (100)
E; M,, My, 4/m'm'm! [001]
M,, My, 4/m'm'm [001]

T}, T, T¢ M. 4/m'mm [100]
T, TY Mg, 4/m'mm [010]

T.,T® M 4/m'mm [001]

T;, T# M., ML, & fm/ mm! [100]
T? M., M§, & /' mm’ [010]

Tf My, M 4 fm'mm’ [001]

where the numbers in parentheses represent the number of
magnetic point groups. Supposing G represents any point
group belonging to the type-(I) crystallographic point groups,
the type-(IT) gray point group, MW is defined so as to contain
the double elements of G, which is represented by

M =G +6G. (11)

Meanwhile, the type-(IIT) black-and-white point group, MM,
consists of half of the elements of M™, which is represented
as

M = H +6(G—-H), (12)

where H is a halving unitary subgroup of G. The correspon-
dence between M) and H in each black-and-white point
group is shown in Table XV in Appendix B.

On the basis of the group theory, we classify four types of
multipoles under 122 magnetic point groups. We focus on the
multipole classification under the magnetic point groups with
time-reversal operations, i.e., type-(I) and type-(IIT) groups.
First, let us classify the multipoles under the 32 type-(II) gray
point groups, which is summarized in Table II in this section
and Tables XVII-XXVI in Appendix C 1. In the following we
show the example by taking the cubic gray point group m3m1’
in Table II.

Table II presents the M and MT multipoles up to rank 4,
classified into the irreducible corepresentation under the cubic
gray point group m3ml’. In the table, the superscript “—”
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FIG. 1. (a) Diamond structure with two sublattices A and B (left
panel). The IRREPs and the corresponding potential distributions in
the two sublattices are shown in the right panel. (b) The staggered
magnetic dipole along y axis and (c) the staggered xyz-type magnetic
octupole, which are regarded as the cluster M quadrupole M., and
the M monopole M, respectively. The arrows in (b) represent the
spin direction, and the color in (c) represents the distribution of the
magnetic monopole charge defined by m - r.

in the IRREP stands for the odd time-inversion property, as
discussed in detail in Appendix D. The IRREPs of the E and
ET multipoles are obtained by replacing (T, M) — (Q, G)
and '™ — F+, where I' = Alg/ua Azg/u,Eg/u, Tlg/ua TZg/u~
Table II also shows the reduction to the subgroups in each
IRREP. In the table, “P. axis” stands for the primary axis
of the point-group operations. For example, the symmetry
operations of 4/mm’m’ with the P. axis [001] are

E, C4za sz’ sz’ Gcéx’ Gcéy’ GCé/[“O], 6 g[Tl()]’ (13)
1, IC4Z, ICiZ, Oz, QO’J_X, QO'L'V, QGL[”()], QO—L[TIOP

where we specify the operation axis or plane in the subscript.
On the other hand, for 4/mm’'m’ with P. axis [100], the op-
eration axes and planes are transformed in cyclic accordance
with the change of the P. axis, which is represented as

3 2 ’ / " %
E, Cy, Gy, Cy,, 9C2y, 0Cy,, 0C 10117, 0 2[0T1)°

1,1Cyy, IC},, 011,001,001, 051011, Ooo1y- (14

The classification in Table II provides the identification
of hidden/unknown multipole order parameters in a system-
atic way. Let us take an example of the diamond structure
in Fig. 1(a) with the two sublattices A and B under the
space group F'd3m and the magnetic point group m3m1’ [96].
Supposing the two-sublattice ordering, the IRREPs for the
sublattice degree of freedom, ', are given by

s = Af, ® A, (15)

where Afrg corresponds to the uniform potential distribution

and A;’u corresponds to the staggered one, as shown in the
right panel of Fig. 1(a).

When the two-sublattice magnetic order occurs, one can
obtain the IRREPs with a total of six components by tak-
ing the product of I'y,, and the IRREPs for the M dipole
M, My, M), Ty = Tl_g, which are represented by [97]

Fap @ T'vip = Tl_g D T2_u' (16)

The IRREP Tl_g in the right-hand side represents the uniform
alignment of the M dipole, i.e., the ferromagnetic order. On
the other hand, the IRREP T, which corresponds to the
staggered magnetic structure shown in Fig. 1(b), is regarded as
the M quadrupole ordering from Table II [98]. Thus it is easy
to predict the emergent physical phenomena related with the
M quadrupole, such as the transverse magnetoelectric effect,
once the staggered magnetic ordering occurs in the diamond
structure [99] (see also Sec. V).

Similarly, the classification in Table II is used not
only for the AFM ordering but also for the uncon-
ventional electronic orderings, such as the spin nemat-
ics [100-103], excitonic states [104-109], staggered flux
states [110-113], loop-current states [53,54,114—-117], and
other higher-rank multipole orderings [31,32,52]. For in-
stance, when considering the orderings of the atomic M
octupoles (My,,, MY, M;", Mz, Mf, Mf, Mf) with the IR-
REPs I'yiz = A;g ® TI’g ) T;g, the possible IRREPs within
the two sublattices are given by

Csup ® vz = (Az_g 2] Tl_g D T2_g) S (Aﬁl & Tl_u @ T2_u)’
(17)

The former (latter) parenthesis represents the uniform (stag-
gered) alignment of M octupoles. From Table II one can
find the multipole order parameters, e.g., the staggered M,,,
ordering with A7, is regarded as the M monopole My, as
schematically shown in Fig. 1(c). Then the staggered M,,.
ordering is expected to exhibit physical phenomena in the
presence of My, such as the longitudinal magnetoelectric
effect.

Next we classify four types of multipoles under the
type-(III) black-and-white point groups. The results are sum-
marized in Table I1I in this section and Tables XX VII-XXXIV
in Appendix C2. We here show the multipole classification
under the maximum subgroups of m3m1’, among which do
not have the time-reversal symmetry, in Table III. The IRREPs
in Table III present the transformation property with respect
to their unitary subgroup, and the + symbol stands for the
parity with respect to the antiunitary operation, except for the
Bg/u representation of 4'/mmm’ (see also the discussion in
Appendix D).

Table III provides a complete correspondence of the IR-
REPs for the group-subgroup relation. For example, in the
staggered M.,.-type octupole ordering as exemplified above in
Fig. 1(c), the symmetry reduces as m3m1’ — m'3'm’. In this
case, the IRREPs of the parent point group m3ml’ are read
by those of the subgroup m'3'm’ as follows: (Afg,ATu) —
AT, (A%, A]) — AT, (Bf, Ef) — E*, (T, TT) — Ty,
(T}, T3,) = T5. Since some of the multipoles are turned
to belong to the same IRREP by lowering the symmetry,
additional cross couplings between multipoles that are not
present in the parent point group are expected, e.g., the
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TABLE III. IRREPs of the multipoles in the time-reversal breaking maximum subgroups of the gray point group m3m1’. {X, + iX,, X, —
iX,} and {Xy, + iXyy, X4 — iXsy} (X = Q or G) are the basis of E(;7’* in m3m’, while {X, + iX,, =X, + iX,} and {Xu, + X4, —Xu, + iXa}
(X =T or M) for B;7". (X, +iX,, X, — iX,}, {Xyo — iXee, X + iXec), (X0 + XS, X — iX2), (XP — X0, XP +iXP), (X + iXg, X, —
iX;}, and {Xﬁ — iXAﬁ, Xﬁ + iny} (X =0, G, T, M) are the basis of Eg/'uz)i in 4/mm’m’. The IRREPs stand for the transformation property in
the unitary subgroups shown in the second row. The superscript & of the IRREPs represents the parity with respect to the antiunitary operation
in the third row, whose operation axis is shown in the fourth row.

Magnetic point group m3ml’  m3m  m3m’

m3m  m'3m  A/mmm A mmm’ A mm'm’ A/m'm'm’ A /m'm'm 4w mm

Unitary subgroup m3m m3 432 43m mmm 4/m 422 42m dmm
Antiunitary operation 0 0C; 01 01 0cy 0C; o1 01 o1
[110] [110] [100]
E ET
00, 04 Af, A Al A} A} Al A} A} A} A} A}
Gy, A7, A, A; AS AS B, A, B/ B/ BT B/
Qi Ou Ef E, E!»* E* E* A, Af A} Af Af Af
0y, Ouy By A; By BY Bf Bf
04, Gy, G* T, T, T T T E, B,, E(l-2+ E* E* E*
% GG
04 G., G* Asg B, A, A} A} AF
0., 0% GP T3, Tog T, TS TS E, B E(l-2+ E* E* E*
0.0, G
Qv Ol Gt By, Bj, B, B} B} B}
Gy, Gy Al Ay AfF AT AS Ay A AfF AT B, AS
Oyyz A Ay A7 AS AT B Ay B By Ay B,
G, G, Ef E, E!?" E- E- Ay Af Af A7 B, A
G,, Gy, B, AL B BT AT B;
0., 0" Ge, TH T, T Ty T, E, Bay E(02+ E- E- E-
0. 0y Giy
0.0° G A B}, A; A; B3 AT
o) Gy, G, TS Ta T; T, T, E, B, E(L2+ E- E- E-
of GG,
of Gy, G, Ba, B}, B, B; A B;
MT M
T, T A, A A Ay Ay Al A; A; Ay Ay Ay
M.y, A, Ay, Af AS AS By, A7 B, BT By By
T, Tau E; E, E{""  E- E- Al A7 A; Ay Ay Ay
T,, Ty B, A} B, By B; By
T M,, M® T, T, T, T, T, E, B,, E(12- E- E- E-
T My, M¢
T M., MY Ay, B}, Al AS A; AS
T, T4€ Mmf T, Tog Tg— T; T; E, Bog EQ‘Z)_ E” E” E”
LTy M
T,. T  M! Bag B, B; B B; B;
Mo, M, AL, An A; A} A} A A; A; A} B} A}
Ty A, An AT A} A} B, Af B, B Af B}
M,, My, E; E, E!®»-  E* E* An A; A; A} B} A}
M,, My, B A} B; B/ A B
T, T* M, T, Tw T T T E, Bau E(12- E* E* E*
LTE My
T, T* Mg, A B, AF A} B A}
T# M., M?. T, Tau TS TS T E. Bou E(-2- Et Et Et
TP M., M},
TV My M, B By, B B} A B!
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TABLE IV. Active multipoles in the crystallographic point group (CPG), gray point group (GPG), and black-and-white point group
(BWPG) according to , 7, and P7 symmetries. “Even/Odd-parity” represents the spatial-inversion parity of multipoles.

Even-parity Odd-parity Even-parity Odd-parity

Type Magnetic point group Y 7 7T EET E,ET MT, M MT,M
(I) CPG m3m, m3, 4/mmm, 4/m, mmm, 2/m, 1, O x x v v
6/mmm, 6/m, 3m, 3
432, 43m, 23, 422, 42m, 4mm, 4, 4, 222, mm2, 2, m, 1, X X X v v v v
622, 6m2, 6mm, 6, 6, 32, 3m, 3
(I GPG m3ml’, m31, 4/mmm1’, 4/ml’, mmm1’,2/ml’, 11, OO O v
6/mmml’, 6/ml’,3m1’, 31
4321',43m1’, 231', 4221, 22m1’, 4mml’, 41', 41, x O x v v
2221, mm21’,21', ml’, 11,
6221/, 6m21’, 6mm1’, 61, 61, 321', 3m1’, 31’
(III) BWPG m3m!, 4/mm'm’, & Jjmm'm, & /m, m'm'm, 2’ /m’, O x x v v
6/mm'm’, 6 /m'mm’, 6 /m', 3m’
m'3m', m'3m, m'3, 4 /m'm'n, ¥ jm'm'm, 4/m'mm, & Jm’, 4w, x x O v v
mm'm',m'mm, 2 /m,2/m’, T,
6/m'm'm', 6 /mmm’, 6/m'mm, 6 /m,6/m’,3m', 3m,3
432 &3m’, 422, 422" A2 m!, A2m', A2 m, dm'm/, ¥ m'm, 4, &, x x X v v v v

222, mM'm'2, mMm2',2',m’,

622,622, 6m'2,6m?2, 6m2, 6m'm',6mm', 6,6, 32, 3m'

coupling between the MT dipole (7, T;, T;) and the ET dipole
(Gy, Gy, G.) appears because of the same IRREP T .

IV. ACTIVE MULTIPOLES UNDER MAGNETIC
POINT GROUPS

In this section we focus on the active multipoles, which
belong to the totally symmetric IRREP in each magnetic
point group. The active multipoles are roughly classified ac-
cording to the spatial and time inversion properties in each
magnetic point group, as shown in Table IV. The E and ET
multipoles can be active for all the magnetic point groups,
while the M and MT multipoles can become active only
for the type-(I) crystallographic point groups and type-(III)
black-and-white point groups without the pure time-reversal
symmetry.

Let us start by discussing the active multipoles under type-
(D crystallographic point groups, where not only E and ET
multipoles but also M and MT multipoles become active be-
cause of the time-reversal symmetry breaking. The type of
active multipoles depends on the spatial parity, as shown in
Table IV. In the 11 crystallographic point groups with the
spatial-inversion symmetry m3m, m3, 4/mmm, 4/m, mmm,
2/m, 1, 6/mmm, 6/m, 3m, and 3, even-parity E, ET, M,
and MT multipoles are active. The active multipoles in each
crystallographic point group are shown in Table V. On the
other hand, in the 21 noncentrosymmetric crystallographic
point groups 432, 43m, 23, 422, 42m, 4mm, 4, 4, 222, mm?2,
2, m, 1, 622, 6m2, 6mm, 6, 6, 32, 3m, and 3, odd-parity E,
ET, M, and MT multipoles become active in addition to the
even-parity ones, which are shown in Table VI. It is noted that
the active E and MT (ET and M) multipoles have the same
angle dependence; the same components of Qy,, and T, (G,
and M;,,) are activated simultaneously. This is because the
type-(I) crystallographic point group has no point-group oper-

ations accompanied by the time-reversal operation. Different
from type-(II) and type-(III) magnetic point groups, the MT
monopole 7Tj is active in the type-(I) crystallographic point
group.

In the case of the type-(I) gray point groups, no M and MT
multipoles are activated because of the presence of the time-
reversal symmetry [33]. The even-parity E and ET multipoles
become active in all the type-(I) gray point groups, while the
odd-parity E and ET ones become active in the noncentrosym-
metric 21 point groups: 4321', 43m1’, 231’, 4221, 42m1’,
dmml’, 41, 41/, 2221, mm21’, 21', m1’, 11', 6221, 6m21’,
6mml1’, 61',61’,321’, 3m1’, and 31". The active even-parity E
and ET multipoles with rank 0—4 in the centrosymmetric 11
gray point groups are summarized in Table VII. Meanwhile,
the E and ET multipoles in the noncentrosymmetric 21 gray
point groups are shown in Table VIII.

In the type-(III) black-and-white point groups, four types
of multipoles can become active, similar to the type-(I)
crystallographic point groups. However, there is a major dif-
ference in the symmetry operations; there are proper product
operations of the point-group and time-reversal operations in
the type-(III) black-and-white point groups, resulting in no
relations between the active E and MT (ET and M) multipoles.
Thus, the type-(IIT) black-and-white point groups are clas-
sified into three types according to the presence/absence of
the # and P7 symmetries. The first one is the 10 black-and-
white point groups with (P, PT) = (O, x), m3m’, 4/mm'm/,
4 /mm'm, 4 /m, m'm'm, 2'/m’, 6/mm'm’, 6 /m'mm’, 6 /m’,
and 3m’, where the even-parity E, ET, M, and MT multi-
poles are active, as listed in Table IX. The second one is
the 21 black-and-white point groups with (P, P7) = (x, O),
m'3m', m'3m, m'3, d/m'm'm’, & /m'm'm, 4/m'mm, &4 /m’,
4/m', m'm'm!, m'mm, 2'/m, 2/m’', 1, 6/m'm'm’, 6 /mmm’,
6/m'mm, 6'/m, 6/m', 3'm’, 3'm, and 3', where the even-parity
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TABLE V. Active even-parity E, ET, MT, and M multipoles in the centrosymmetric crystallographic point groups. The triclinic point group

1 (G;), in which all the even-parity multipoles are active, is omitted.

Even-parity Even-parity
E ET MT M
1=0 2 4 1 3 0 2 4 1 3
m?m (On) Qo (on Ty T,
m3 (Ty) Qo Os Gy; Ty T, M.y,
4/mmm (Dgyn) Qo O 04, Ou, Ty T, Ty, T,
4/m (C4h) QO Qu Q4v Q4I.l7 Qz: G: G(:x Ty T, Ty, Ty, T4L; Mz M?
mmm (D2h) QO Qua Qv Q4, Q4ua Q4u nyz TE) T;u Tu T4’ nua T4v Mxyz
2/m (Can) Qo Qu Ov, O Os, Qau, Ou, 05, ny Gy Gy, Gy, Gﬁ Iy T.T,T. T, Ty Ty, T, T4f, M, M., M7, Mf
6/mmm (Dgn) Qo O Qs T T, Ty
6/m (Cen) Qo 0. Qa0 G, G? Ty T, Ty M, M
3m (Dsq) Qo O Ou0, Oap Gy Ty T, T, Tap My,
3(CGy) Qo Oy 0405 Qaa> Oup G, G3 Gy, G T T, Ty, Taa, Tup M, M, M3, M7
E and ET multipoles and the odd-parity M and MT multipoles (ii1) MT dipole:

become active, as shown in Table X. The last one is the 27
black-and-white point groups with (P, PT) = (x, x), 432/,
A3, 422, 422 A2'm, A 2m’, A 2'm, Am'm!, ¥ m'm, &', &,
2122 m'm'2, mM'm2, 2, m', 622, 622", 6m'2, 6m'2, 6'm2’,
6m'm’, 6'mm’, 6, 6, 32/, and 3m’, where all types of the
multipoles become active irrespective of the spatial-inversion
and time-reversal parities, as summarized in Table XI.

Let us remark on the active multipoles from the stand-
point of the (magnetic) Laue group, which is often used
for the diffraction measurement. The even-parity E and ET
multipoles are well classified by 11 Laue groups, m3m, m3,
4/mmm, 4/m, mmm, 6/mmm, 6/m, 3m, 3,2/m, and 1, whose
correspondence to the magnetic point groups is summarized
in Table XXXV in Appendix E. Meanwhile, the even-parity
M and MT multipoles are well classified by 32 magnetic Laue
groups, m3ml’, m31', 4/mmm1’, 4/m1’, mmm1’, 6/mmm1’,
6/ml’, 3m1’, 31", 2/ml’, 11', m3m, m3, 4/mmm, 4/m, mmm,
6/mmm, 6/m,3m,3,2/m,1,m3m’, 4/mm'm’, 4 /mm'm, 4 /m,
m'm'm, 6/mm'm’, 6 /m'mm’, 6 /m’, 3m’, and 2’ /m’. The cor-
respondence between the magnetic Laue groups and magnetic
point groups is shown in Tables XXXVI and XXXVII in
Appendix E.

Tables V-XI are useful to identify what type of ferroic
states [118] is realized in a magnetic material, e.g., ferro-
electric, ferromagnetic [119-121], ferrotoroidal [122], and
ferroelectric toroidal (ferroaxial) states [123], since active E
dipole Q; (i = x,y,z), M dipole M;, MT dipole T;, and ET
dipole G; correspond to the ferroelectric, ferromagnetic, ferro-
toroidal, and ferroaxial order parameters, respectively [124].
One can find all the candidate magnetic point groups with
these active dipole moments from Tables V-XI as follows:

(i) E dipole:

4dmml’, 41", mm21’, 6mml’, 61’ 3ml’, 31',21', ml’, 11, 4mm,
4, mm2, 6mm, 6, 3m, 3, 2, m, 1, 4m'm’, Ym'm, 4, m'm’2,
m'm?2', 6m'm',6'mm’, 6',3m’,2', m/,

(i1) M dipole:

4/m, 4,4,6/m, 6,6,3,3,1,1,2/m, 2, m, 4/mm'm’, 42’2,
dm'm’, 32'm', mM'm'm, 222, m'm'2, m'm2’, 6/mm'nm’, 62’2,
6m'm', 6m'2, 3m’, 3m’,32',2' /m’, 2, m',

dmm, 4, mm2, 6mm, 6, 3m, 3,2, m, 1, 4/m'mm, 4/m’, mmm’,
6/m'mm, 6/m’',3m, 3,2 /m,2/m', 1,422, &2 m, &,2'2'2,
m'm2,62'2,6'm2,6, 32, m', 2,

(iv) ET dipole:

4/ml’, 41,41, 6/ml’, 61’,61’,31', 31, 2/m1’, 21", m1’, 11,
11',4/m, 4,4, 6/m, 6,6,3,3,2/m,2,m 1,1, 4/m’, 4/m’,
&/m, &, 4,6 /m',6/m,6 /m,6,6,3,2/m 2/m 2/m,72,
m', 1.

Thus our results contain the previous classification for
the ferroelectric, ferromagnetic, ferrotoroidal, and ferroax-
ial states based on the symmetry analyses [122,125-128].
Furthermore, Tables V-XI provide unconventional order pa-
rameters more than the dipole moments, e.g., E/M/MT/ET
quadrupole and octupole moments. This classification gives a
complete guide to identify the electronic order parameters in
a systematic way.

Tables V—XI also enable us to understand the multiferroic
phenomena through the couplings between the different multi-
poles. Let us take an example of the cubic crystal with m3m1’
symmetry, where the E monopole Qp and E hexadecapole
Qg are active up to rank 4, as shown in Table VII. Once the
spontaneous symmetry breaking to m’3'm’ occurs, magnetic
monopole M, and magnetic hexadecapole M, are additionally
activated as shown in Table X.

The identification of active multipoles under the target
magnetic point groups enables us to construct the free energy
and the Hamiltonian in terms of the multipole degrees of
freedom. For example, the Landau free energy expansion can
be performed in terms of multipole degrees of freedom for any
type of order parameters, which is useful to analyze mutual
coupling between them [37,79]. For the above example of
the symmetry lowering from m3m1’ to m'3'm/, it is easy to
notice the additional multipole couplings between (Qo, Q4)
and (M, M4), which contribute to the free energy, from the
IRREP.

Moreover, one can find the additional active multipoles
induced by external fields, such as electric and magnetic
fields. For example, when the symmetry is lowered from
m'3'm’ to 4m'm’ under the magnetic field along the z
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TABLE VI. Active E, ET, MT, and M multipoles in the noncentrosymmetric crystallographic point groups. The triclinic point group 1 (C),
in which all the multipoles are active, is omitted.

Even-parity Odd-parity Even-parity Odd-parity
E ET E ET MT M MT M
[=0 2 4 1 3 1 3 0 2 4 0o 2 4 1 3 1 3 0 2 4
432 (0) Qo on Go G, Ty I, M, M,
43m (Ty) Qo Oy Oy Ty T, Ty,
23(T) Qo Oy Gy, Oy:. Go Gy Ty T, M.y, Ty, Mo M,
422 (Dy) Qo Ou O Gy G, G, Iy T. T My M, M,
O Gy I My,
2m[Dy) Qo Ou Ou Oz G, Gy nh T, T, Ty, M, My,
O Ty,
dmm (Cy) Qo  Qu Q4 o, 07 Gy, L T. T ., T My,
O m
4(Cy) Qo O O4 G, G? 0. 07 Gy G, Gy h T. T, M, M r. 1 My M, M,
O Gy, T My,
o5 Gi. Ty My
4(Ss) Q O s G, G? Oy. G, Gy h T. T M, M? Ty: M, My,
Qu, (03 Gy G, T, T/ M, M
05, T
222 (D) Q O O Gy, Oy. Go G, Gy L T. T M.y, Ty, My M, M,
0O, Ouwu G, Gy, T, T M, My,
Q4v G4U T4v M. 4y
mm2 (CZV ) QO Qu Q4 nyz Qz Q? ny GZZ TO 7-;4 T4 M xyz E Tza M xy M ff z
0. Qu 04 Gl T, Tu T/ My,
Ou Ty,
2 (CZ) QO Qu Q4 Gy nyz Qy Qxyz GO Gu G4 TO Tu T4 M y M xyz T; ’I;cyz M, 0 M, u M 4
Oy Ou Gy oy G, Gy T, T My I M, M,
O Ou Gl of G Gu T, Ty MY Ty M. M,
oy Gl Ty M,
0l Gl T M,
m (Cs) QO Qu Q4 Gy nyz Qz Q? ny GZ: TO 7-;4 T4 M ¥y M xyz Tz Tza M. Xy M 21
Qv Q4u G;( Qx Qf‘ Gyz ng Tv T4u M 3 7;: ];a M yZ M :11 X
Q. Ou G’ (04 Gl T. Ti M? T/ My,
i o) Gl T Tt Mj,
Qi T
622 (Ds) Qo  0O. O Go G, Gy Ty T, Ty My M, My
6m2 (Dy) Qo Qu Qo O3 Gy Th T, Ty Ty My
6mm (Ce,) Qo  Qu Qao 0. 07 Ty T, Ty ., T
6 (Cs) Q Qi On G G 0. 07 Go G, Gy Ty T, Ty M, M? . T* My M, My
6 (Cyn) Q Q. Own G G Osa Gy Ty T, T,y M, M? T, My,
O3 Gy Ty My,
32(D») QO 0. O Gy O3 Go G, Gy Ty T, Ty M;, Ty My M, My
Oup Gy Ty My
3m (CGsy) O  0Ou O Gy 0. Qs Gy, v T, Ty My, T, Ty My,
O o7 Ty T
3(G) Q 0. 0O G, Gy 0. QO Go G, Gy Ty T, Ty M, M, T, Ty My M, My
Osa Gy, O3 Gy, Ti, M, Ty My,
Oup G? o7 Gy Ty M T My,

axis, H,, the additional active multipoles up to rank 4, are induced multiferroic phenomena. For example, since Q.
Oz, Qus OF, Qau, Gy, My, My, MY, My, and T}, as shown in and Q, correspond to the electric polarization P, and the
Table XI. Then the additional multipole couplings by the (3722 — r?)-type symmetric strain &,, respectively, one can
magnetic field arise, which become a source of the field- expect that the magnetoelectric coupling H,P, (M.Q.) and
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TABLE VII. Active even-parity E and ET multipoles in the centrosymmetric gray point groups. The triclinic point group 11, in which all

the even-parity E and ET multipoles are active, is omitted.

Even-parity

E ET

1=0 2 4 1 3
m3ml’ Qo (on
m31 Qo 04 nyz
4/mmm U QO Qu Q4, Q4u
4/ml’ Qo O O4, Quu» OF, G, G?
mmm1’ Qo Ou, Oy Q4 Quus Ouy nyz
2/mV ) Qu» Qv> Ot Q4> Quus Quav» 05> O G, Guyer Gy, GY
6/mmm1’ Qo O Ouo
6/ml’ Qo O Ouo G, G?
3ml’ Qo Oy Ou0, O Gy
31 Qo Oy Q405 Qaa» Oup G, G345 Gap, G

magnetoelastic coupling H.e, (M.Q,) to appear in the free
energy expansion.

In addition, our result can be used when constructing
the so-called hyperfine coupling to investigate the field de-
pendence of the NQR/NMR spectra [81]. Besides, such
multipole couplings in each magnetic point group are also
related with the band deformations [54,75,76,129] and field
responses [33,34,130]. The latter are discussed in the next
section.

V. LINEAR AND NONLINEAR RESPONSES
UNDER ACTIVE MULTIPOLE

According to Neumann’s principle, macroscopic phys-
ical responses are determined not by the space-group
symmetry but by the crystallographic point-group symme-
try [131,132]. This can be generalized to magnetic point
groups: macroscopic responses in magnets, such as the Hall
conductivity, the linear magnetoelectric effect, and nonlin-

TABLE VIII. Active E and ET multipoles in the noncentrosymmetric gray point groups. The triclinic point group 11’, in which all the E

and ET multipoles are active, is omitted.

Even-parity Odd-parity
E ET E ET

[=0 2 4 1 3 1 3 0 2 4
4321’ Qo [N Gy Gy
2"3 ml’ QO Q4 Qxyz
231 QO Q4 nyz Qxyz GO G4
4221 Qo Ou 04, Ou Go G, Gy, Ga
42m1’ Qo O Os, Ouu Qxyz G, Gy,
dmml" Qo O Q4. Quu Q. 108 Gy,
41 Qo O Q4, Quu, 0F, G, G 0 o7 Go Gy Gy, Gy, G,
ar Qo o} Q4 Quus 05, G. G Qs 07 Gy, Gy Guv, G,
22211 Q Ou, Oy Q4> Oau, Qav Gy, Ouy: Gy, GG, Gy, Gay, Gay
mm2l" Qo Q0w Q, 04, Quu> Qs Gy 0 ¢, 0 Gy Gi., G,
20 QO 010 Qu 00 00, 05,0 Gy Gy GG O, 043,040 Gy Gi G Go Gy, Gy Ga, Gi, Gl
ml'  Qy Qu QO Q4 QuiQur05.05 Gy Gy G4.GFP 0.0, 0%.0% 08, 0F Gy, G  G%.G5. G, Gl
6221 Qo O Ouo Go G, Gyo
6m2l' Qo O Ouo O3 Gy
6mml’ Qo Oy Qs (0 108
61’ Qo Oy Oso G, G 0 o7 Go Gy Gy
61’ Qo O Qs G, G Q34> O3 Gia, Gap
321 Qo O Ou0, Qup Gy, O3 Go G, Gy, Gapy
3ml’ Qo O Ou0, Oup Gy, 0. O34, OF Gy
31 Qo Oy 040> Qaa> Oap G. Gsi, G3p, G2 (0 O34, O3, OF Go G, G0, Gia, Gap
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TABLE IX. Active even-parity E, ET, MT, and M multipoles in the centrosymmetric black-and-white point groups.

Even-parity

Even-parity

E ET MT M
=0 2 4 1 3 0 2 4 1 3

m3m/ Qo o M.y,
4/mm'm’ Qo O O4, Oau T M, M

4 /mmm’  Qp O Q4 Oau T, Ty M.y,

4 /m Qo Q. Q4. Quu Q5. G. G? T,. Ty Ty, T) M.y, MP
m'm'm Q 0.0 Q4. Quur Ouy Guy: Ty e, 1) M, M, M
2 /m Qo Qw00 Qe 04, Quir Qar 05,04, Gy Gy G2, GP Ty T TE TR TLTH MM, M M MP,MP
6/mm'm’ Qo Qu Ouo M, M
6'/m'mm’ O 0. O M Ms,
o' /m’ Qo O Os0 G, G? Tha, Tap M3, M3,
3m/ Qo Oy Qu0, Qup Gsp Ty, M, M;,, M7

ear conductivity, are determined by the magnetic point-group
symmetry [24,125,133-138]. In this section we show phys-
ical responses under the active multipole in any magnetic
point group. The correspondence between the response tensor
components and multipoles will provide useful information
to systematically discuss the essential microscopic model pa-
rameters for the responses in the magnetic materials [130].
First we discuss the relation between the response tensors and
multipoles based on the point-group symmetry in Sec. V A.
Then we discuss the role of the antiunitary time-reversal

operation on the response function by using the linear and
second-order nonlinear response theory in Secs. VB and VC,
respectively.

A. Correspondence between tensor component and multipole

First we discuss the relation between the response tensor
components and multipoles on the basis of group theory. The
response tensor x"5*"r1 is defined as

Bl — X[”anF]F[nF]’ (18)

TABLE X. Active even-parity E and ET multipoles and odd-parity MT and M multipoles in the noncentrosymmetric black-and-white point
groups with the P7~ symmetry. The triclinic point group 1’ is omitted, where all the even-parity E and ET multipoles and odd-parity MT and

M multipoles are active.

Even-parity Odd-parity
E ET MT M

=0 2 4 1 3 1 3 0 2 4
m'3'm’ Qo Oy M, M,
m'3m Qo [on Ty,
m'3 Qo [on Gy T,y: M, M,
4/m'm'm’ Qo O O4, Ouy My M, My, My,
4 /m'm'm  Qq O Q4, Ouu Ty: M, My,
4/m'mm  Qp O O4, Quy T e Mg,
4 /m Qo Q. Qu, Quis 05, G. G Toer TS My, My My, MY,
4/m Qo O O4, Quus OF, G, Gy T T M, M, My, My, Mg,
mmm'’ QO Qu, Qv Q4, Q4m Q4u nyz Tz Tzas T;ﬂ Mxy MX{Z, Mf:
m'm'm’ Qo 0., Oy Q4 Quus Qo Gy Ty; My M, M, My, My, My,
2 /m Qo Qu» Qv Qo Qu, Qur 0u. 05,. 0, Gy Gy G GP T T, T, T2, TP, TP My, M,. Mg, Mg, M M),
2/m’ Qo Qu, Ov, Qo O4, Quu, Ou, 04 ny G, Gy, Gy, Gyﬂ T, Ty, T7, Ty’s Mo My, M, Mox My, My, May, MY, va
6/m'm'm' Qo O Oso My M, My
6'/mmm’ QO O Oso Ty My,
6/m'mm  Qp O Oso T T
6'/m Qo O Ouo G, G? T, Tap Mia, My,
6/m’ Qo O Qs G, G T T My M, My
3'm Qo O Qu0, O Gy, Ty My M, Myo, My,
3'm Qo O Ou0, Oup Gy, I Ly, T My,
3 Qo O Q10> Qaas Oap G, G3, G, G T, Ty, Top, T My M, Mo, Myy, My
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TABLE XI. Active multipoles in the noncentrosymmetric black-and-white point groups without the £7 symmetry.

Even-parity Odd-parity Even-parity Odd-parity
E ET E ET MT M MT M
=0 2 4 1 3 1 3 0 2 4 0o 2 4 1 3 1 3 0 2 4
43m' Qo [on Qxyz Mx)'z My My
4'32 Qo Q4 Go Gy My, Ty
42'2 Qo Oy [N Gy G, Gy T M, M I, T* My,
Ouu Gy
422 Q O [on Gy Gy Gy T, T M,y Tyy: M, My,
Q4u G4u
Z"Zlm/ QO Qu Q4 Qxyz Gv G4v T4OZ( MZ Mf Tzﬁ Mxy Mfz
Ouu
42m' QO Qu Q4 vaz G, Gy T, Ty, Mryz My M, My
Ouy My,
Zt’ m2' QO Qu Q4 Q? ny sz T, m Mx)'z TZ Tzu M Z(z
QOuy
dm'm’ Qo Ou 04 0. 0f Gzz T4OZ( M, M My M, My
Ouy My,
Amm’ Qy O 04 0. o G4, T, Ty My, T/ M, My
Quy
¥ Qo Oy Q4 G, G 0. 0O Gy Gy Gy T, Ty My, Tyy: M, My,
Qu G T, T Mt T/ My M
U8 Gi
& Qo Oy Oy G, G? Oz G, Gy, T, Ty M,,. T, Tza My, M, My
O, of Gy G L, Tf m! Ma
8 My,
222 Qo Ou 04 nyz Q)c) Go Gy Gy Try T4Oj M, M f T TNO( M xy M fz
0 Qu G, Gu Tt Mf Yo M
Oy Gy
m'm2 QO Qu Q4 nyz Qz Q? ny GZZ TZ/\‘ T40;, My M;’ T ];o( Myz fo
0 Qu o’ G, Ty M T/ M,
O
m'm'2 QO Qu Q4 ny: Qz Q? vav GZZ Txy Tﬁw M, z M f Txyz M 0 M, u M. 4
Qv Q4u Qf sz Tfj Mf M, My,
Osy My,
m’ Qo Oy O4 Gy nyz 0. Q? ny GZ: Tu Tf- M, M f Tv TXyz My M, My
0O, Quy Gy O O Gy G, T, Ty M, MY Iy M, My,
Ox  Ou G? 0f Gl (e M# Tf My My
0, 0l o Gl Us mf Mg, M,
o O O o Gy Gy 0y O Gy G, Gy T, T¢ M. M¢ T, T® My, M
Qv Q4u fo Q? G, Gy T\'Z Tégc M, M f T; Txa M vz M f o
sz Q4v G)'B Qyﬁ Gz,r G4v Tﬁ M f Tzﬁ M Aﬁ.
B B B B
QZ,V’ Q4>' GZ)" G4y Ty Mf Trﬁ My,
62'2' Q O Q40 Gy Gy Gy M, M T, T2
622 Q O QOuo Gy Gy Gao Tuq M3, T3, My,
6m'2 QO QOuo O3 Gy M, M T3, My,
6m'2 Qo O Ouo O3 Gy Ty, M3y, My M, My
6'm2’ Q Oy Ouo O3 Gyp m M;, I, T*
om'm Qo QO (o Q. 0O M, M My M, Mao
6mm’ Qo Qy Oso 0. 0 Tuq M3, Ty My,
6 Q O Quo G, G 0. 0Of Gy Gy Guo I M3, Ty, My,
m M, Ty My,
6 Q QO [ G, G 034 Gaa Tia Ms, T, T My, M, My
O3 Gy o M3,
3m’ Q O QOuo Gsp Q: Qs Gy Tuq M, M, Ty My M, My
Oup 04 MZ My,
32 Q O Os0 Gsp O3 Gy Gy Gao m M, M, T, T My,
O Gy MY T*
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TABLE XII. Correspondence of the external fields and the re-
sponses to the multipoles. The spatial-inversion parity of the external
field or the response is shown in the column of #. In the column
of multipole, X;,, means the rank-/ multipole (X = Q,G,M, T, =
0,1,2).

np P External field Multipole
1 +  Magnetic field H M dipole (M,,)
—  Electric field E E dipole (Qy)
2 +  (Symmetric) stress T E monopole (Qo)
E quadrupole (Q2,)
ng Response
1 +  Magnetization M M dipole (M,,,,)
Rotation @ ET dipole (Gy,,)
—  Electric polarization P E dipole (Q1)
Electric (Thermal) current J(J?) ~ MT dipole (73,,)
2 +  Symmetric strain & E monopole (Qo)
E quadrupole (Q»,,)
—  Spin current J* ET monopole (Gy)
E dipole (Q1)
ET quadrupole (G2,,)

where Bl and F"#1 are the rank-ng (output) response and
the rank-np external (input) field, respectively, which are
typically represented by the electric, magnetic, elastic, and
their product degrees of freedom. For example, F!"#1 is an
electric field E, a magnetic field H, a (symmetric) stress t,
and their combination, while B! is the electric polarization
P, magnetization M, symmetric strain &;; = (d;u; + d;u;)/2,
and rotation @ = (V x u)/2, where u is the displacement
vector [139]. Bl"#! also represents quantities for the transport
phenomena, such as the electric (thermal) current J (J Q) and
the spin current J;; = 0;J;. Each external field and response
have the correspondence to the multipoles, e.g., electric field
E < E dipole and symmetric strain & <> E monopole and E
quadrupole. The representative relation is summarized in Ta-
ble XII, where the correspondence between the external field
(response) and multipole is shown in the upper (lower) panel.

According to the spatial parities of Bl and F["#1, y lnsxnr]
becomes a polar or axial tensor; x"#*"r] is the polar (axial)
tensor for the parity P = (—1)"" [P = (=1)"s*+1] In
the following, the correspondence between multipoles and
rank-1, -2, -3, and -4 tensors are shown in Secs. VA 1-V A4,
respectively. See also Appendix F for details of the derivation.
In the following, we mainly focus on the response tensors
in cubic, tetragonal, orthorhombic, monoclinic, and triclinic
systems, and show those in hexagonal and trigonal systems in
Appendix G.

1. Rank-1 tensor

The rank-1 response tensor x°*!! for the scalar response
Bl = (B) with ny =0 and vector field FI!! = (F, F,, F,)
with np = 1 is related with the dipole (X;, X,, X;) as

M= X X)), (19)

where X stands for the polar multipoles (Q or T) [axial mul-
tipoles (G or M)] when x [ is the polar (axial) tensor. The
dipoles X,, X,, and X; in Eq. (19) are X; = X([)(;)ixl] i=x,v2).

The response tensor x> is obtained by transposing x [©*!1,
which is expressed by the same type of multipole as <!,

The electrocaloric (magnetocaloric) effect where the en-
tropy variation AS is induced by the electric field (the
magnetic field) as AS=)".p,E; (AS=),qH) is de-
scribed by one of the rank-1 response tensors. As AS
corresponds to the E monopole (Qy), the tensor component
of p; (g;) is described by the E dipole (Qy, Oy, O;) or MT
dipole (7}, T, T;) [the ET dipole (G, Gy, G;) or M dipole
(M, My, M)]. Here and hereafter in Sec. VA, we do not
distinguish the multipoles with the opposite time-reversal par-
ity for simplicity, which depends on the microscopic process
in the presence/absence of the dissipation, as discussed in
Secs. VB and VC.

2. Rank-2 tensor

We consider two types of rank-2 tensors, x !>l and 0%,
x> is the response tensor for B!l = (B,, By, B;) and F!!l =
(Fy, Iy, F;), which is related with the rank-O to 2 multi-
poles as monopole Xy, dipole (Y,,Y,,Y;), and quadrupole
(Xu» X, X3z, Xox, Xiy). The tensor component of x!*! is
given by

Xo—X,+ X, Xy + Y, X — Y,
=1 Xy-Y  Xo-X-X, X +Y |,
sz + Yy Xyz - Yx XO + ZXu

(20)

where X = QorT (GorM)andY = G or M (Q or T) for the
polar (axial) tensor. See Appendix F 1 for details. When y !>l
is a polar tensor, such as the magnetic susceptibility tensor for
F! = H and B = M, the dielectric susceptibility tensor for
FI1 = E and B = P, and the electric conductivity tensor
for F! = E and B!! = J, the corresponding multipoles are
the E (MT) monopole and E (MT) quadrupoles for X and ET
(M) dipoles for Y. Meanwhile, when x!"!! is an axial tensor,
such as the magnetoelectric tensor for F!! = E and Bl = M
or F' = H and B" = P, the ET (M) monopole and ET (M)
quadrupoles for X and E (MT) dipoles for Y are relevant.

%1921 is another rank-2 tensor for BIY) = (B) and F?! =
(Fux, Fyy, Fop, Fyy, Fox, Fyy), where Fi; = Fj;. As F1! is decom-
posed into the monopole and quadrupole components, the
tensor component of x©*2! is given by

Xo — Xy 4+ X\ |
Xo — X, — X,
Xo + 2X,
[0x2] _ 0 u 21
X X,, (21)
X,
Xy

Thus the active monopole and quadrupole contribute to x>,

See Appendix F2 for details. For example, the piezocaloric
tensor for FI?! = ¢ and B = AS corresponds to x [,
where the E (MT) monopole and quadrupole are relevant.

The multipole expression of x>*%! is obtained by transposing
[0x2]
X .
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3. Rank-3 tensor
We consider two types of rank-3 tensors, x!** and x[®31. x[x2! js the rank-3 tensor for B! = (B,, B,, B;) and
Fl2 = (Fxx, By, Pz, By, Fix, Fyy), which is expressed by dipole (X, X, X;), quadrupole (Y,,Y,,Y,;, Y., Y,,), and octupole
Kayer X2 X2, XS XE XP, XP) as

X, +4x° K| -2V, —2X¢ —2X/ R +2v, —2X2+2x/ )\
X! +2Y,, —2X* +2Xx} X, +4x7” X! — 2Y,, — 2X* — 2X}
Ll _ X! —2Y,, —2X* —2XP X +2¥., —2X" +2Xf X, +4x° )
Yo+ Y + Xy —3X, 4 Yoy — 2X& —2XP  —3X, — Y., — 2X" +2X/
—3X, — Yy — 2X* +2X° =Y+ Y + Xy —3X, + Y, — 2X2 — 2XF
—3X, 4 Yoo — 22X —2XF —3X, — Y, — 2X7 42X/ =2Y, + Xy

It is noted that both X; and X/ (i = x, y, z) stand for the dipole, but they are independent of each other. See Appendix F3
for details. x['*?! is polar for the piezoelectric tensor (F!?! = 7, BI'l = P) and second-order nonlinear conductivity (Fi[jz] =
EE;, B = J), where X = Qor T and Y = G or M, while it is axial for the piezomagnetic tensor (F'?! = 7, Bl = M), where
X =GorMandY = Q or T. The multipole expression of the tensor x?*!!, e.g_, the spin conductivity tensor (F!!! = E, B! =
J?®), is obtained by transposing the piezomagnetic tensor.

x93 is the rank-3 response tensor for B = (B) and FB = (Fo., Fyyy, Ficzs Fyyzs Foes Foys Fyezs Fors Fryy, Fryz), Where
Fijx = Fjix = Fij. As F Bl js decomposed into the dipole and octupole components, %1031 s also related to them, which is
shown as

3X, +2X% \
3X, + 2X/
3X; +2X°
X, —X* — X!
o= | :;i (23)
Y y y
X, — X* + X/
X, —X*+ X/
X, — X* + X!
Xoy

See Appendix F 4 for details. x!°*3!, such as the third-order electrocaloric effect, is relevant with X = Q or T (G or M) for the
polar (axial) tensor. The multipole expression of x 3% is obtained by transposing x >3

4. Rank-4 tensor
We consider two types of rank-4 tensors, x!"3! and 2%, "] i the rank-4 response tensor for B!! = (B,, B, B;) and
FBY = (Fovx, Fyyys Farzy Fyyes Froxs Fexys Fyzes Foxes Fayys Fryz), Where Fijx = Fjy = Fy ;. The relevant multipoles are from rank 0 to
4: monopole Xy, dipole (¥, ¥;, Y;), quadrupole (X, X,, X, X, X,,), octupole (¥,., Y, Yy“, Yy, Yf , Yyﬁ , Yf ), and hexadecapole

(Xas Xaus Xav, X, X0 XiE x/ Xﬁ, sz). The tensor component of x 13! is given as

4x>
30— Kyt X) 42X~ Xa +Xay 3V~ Ry + ¥ YO 4 XE - X[ 30, K- ¥e —¥)) - Xg - XL\
3V, — Xy — Y —YP) —Xg - X! 3X — X — X)) +2X4 — Xu — Xy 3(~Y, — X+ Y —YP) + X8 - X[
(=Y, =X+ Y2 YD)+ X =X 3V — X — Y —¥P)— Xz — X[, 3(Xo +2X,) + 2X, + 2X,,
—Y, — X, — 4Y7 +2Y) 42X Yo+ X, - YO+ Y+ Xe = X0 Xo+ X —5X, — Yoo — Xa — Xaw + Xay
Xo+ X, = X, — Yo, — Xa — Xa — Xay ~Y, — X, — 4v® +2vF +2x/ Y+ X, - Yo+ Y+ X8 - X
= Y+ X, YO+ VP X - X! Xo— X, + X! = Yo — Xo + 2Xs, —Y, — K. — 4Y7 4 2¥F + 2X[
Y, — X +4Y2 +27F +2X/ Xo+ X, + X + Ve — Xa — Xau + Xao Yo+ X+ YO+ YP — X — X[,
=Y, + X, YO+ — X — X Y, — X, +4ve +2vf +2x0 Xo + X 45X, 4 Yiy: — X4 — Xaw — Xay
Xo — X, — X + Yoy — Xy + 2X,, —Y. + X, YO+ Y X — X[ Yy — X +4Y2 +2YF +2X]
5X,. —2¥F +2x] 5X.. — 2Yf +2X]) 5X,, —2vF +2xf
(24)
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Note that (X,, XM’ , Xu”), X, XV’ Xv”), and (X,., XJZ) (cyclic) are introduced to express the two independent quadrupoles. See
Appendix F5 for details. "3 corresponds to the response tensors, such as the third-order nonlinear electric conductivity. The
relevant multipoles are X = Q or T and Y = G or M for the polar tensor, while those are X = Gor M and Y = Q or T for the
axial tensor. The multipole expression of x3*!! is obtained by transposing y!!*31.

x'#*?! is another rank-4 tensor for B! = (B,,, Byy, B;, By;, B\, By,), where B;; = Bj; and F'?! = (Fy, Fy, Fy,, Fy,, Fyy, Fy)
where F;; = Fj;. The tensor component of x (2x21 j5 related to the rank 0—4 multipoles, which is given by

X[2X2] — (Xll Xlt) (25)
Xl X
YO + Xu + Xv + 2)(4 - X4u + X4v )N(é + le; - ZXV(_) + Xxyz - X4 + 2A)(4u )N(é + YMH_) + YV(_) - Xxyz - X4uv+
Xl = X(), +}~(,,; + 2X1§_) - Xxyz - X4 + 2X4u XO +Xu - Xv + 2X4 - X4u - X4v XO, + X,y” - X])(_) +Xxyz - X4uv— s
X(; + Xu(i) + XV(JF) + Xxyz - X4uv+ X(; + Xu(i) - XV(Jr) - Xxyz - X4uv— X() - 2Xu + 2X4 + 2X4u
(26)
X —2vf +2X[ —20, + XD Y Y - X - X[ A XD ¥+ Y+ X - X))
X = | 2%+ XD —ve+¥P + X8 - X[, X —2vf +2x] 2V 4+ XD +¥e +¥F —xg — x|
S A KDYV X - X 2+ XA Y Y X - X X — 2yl +2X]
) (27)
X0 +2vf +2X[ 2V, + RO+ YOV XE - X[ 2+ X Yo — Y - X - X[
xu=| 2%+ X —y* —vf —xg - X X +2vf +2x] —2¥, + X+ v — ¥+ X — XL |
LR R AR D . I D GRS AR D G X5 +2vf + 2
(28)
3Xo +3Xu — 3%, — Xaw—  —V. +3Xey — 22 +2X) Y, 43X +2Y7 + ZXfy
Xio = | Y, + 3%y +2Y% +2X)  3Xo+3X, +3X, — Xaws  —Yi+3X,, —2Y2 +2X[ | (29)

Y+ 3K —2¥ 42XE V43X, + 2 42X, 3Xp— 6X, — Xy + 2X,,
where Xyu+ = X4 + Xa, & Xu,. We also introduce (Xo, X)), (X, X, X)), (X,, X®), and (X, X)) (cyclic) for notational

simplicity. See Appendix F6 for details. x!>*? represents the rank-4 tensor, such as the elastic stiffness tensor and magneto-
Seebeck tensor, which are related to the multipoles X = Q or T and Y = G or M for the polar tensor and to X = G or M and

Y = Q or T for the axial tensor.

B. Linear response theory

The multipoles with the opposite time-reversal parities, E
and MT or ET and M, are not distinguished by the above
symmetry analyses. They are distinguished from the micro-
scopic process by considering the effect of the dissipation. To
demonstrate that, we adopt the Kubo formula in the following
discussion [33,70].

When we consider the external perturbation Hamiltonian
Hei = — ZjAij(t), where Fj(t) = [% 92F; e~ @+ s

the jth component of an external field for § > 0, the linear
complex susceptibility x;.;(w) satisfies the relation

. * do' , ,
(Bro) = f 5@ — )i (@)

s (30)

Considering the uniform external field with the wave vector
q — 0 and then taking the static limit w — 0, the linear re-
sponse function for the periodic system is represented as

Xi:j = Xij(@ — 0)

L > Flentl)] — flen()]
Ve g k) —enk)

ByAy
ihd + e, (k) — en(k)’
(31)

(

where A = dA/dt. X;™ = (nk|X|mk) is the matrix element
between the Bloch states |nk) and |mk) with the band indices
n and m, respectively, and the wave vector k. f[e,(k)] is the
Fermi distribution function with the eigenenergy ¢, (k) of the
eigenstate |nk). V, i, and § are the system volume, the reduced
Planck constant, and the broadening factor, respectively. We
here assume the relaxation-time approximation and mimic the
constant 1/§ as the relaxation time. x;.; can be decomposed as

Xii = X5) + X5 s (32)

- A
ey £ ik"(“’?), k— (O 33
- s o

where )(i(.Jj) includes the intraband (dissipative) contribution

proportional to 1/8, while xl-(.ljf) is the interband (nondissipa-
tive) one, which remains finite in the clean limit of § — 0.
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TABLE XIII. Correspondence between the linear response functions x ¥ and multipoles X;,, (I = 1-4, X = Q, G, T, M). Nonzero x "'F)
is indicated by the checkmark (V). In the rightmost column, the parenthesis represents the corresponding multipoles to the response B and the
external field F' (see also Table XII).

P, T,PT) = Examples
Rank Ig;la; Multipole (O, O, Q) (x,O, x) (O, x,x) (x,%x,0) (Xx,x,x) (B<F)
1 Polar +1 x© Tim v v Electrocaloric tensor
X(E) Oim v v (Qo < Qi)
-1 xO Oim v v Toroidalcaloric tensor
X(E) T v v (Qo <> Tim)
Axial +1 x© My, v v
X(E) Glm v N4 v v v Eg (Q() <> G]m)
-1 x® Gim V4 V4 v v v Magnetocaloric tensor
x® M, v v (Qo <> My,)
2 Polar +1 x© Ty, My, Tom V4 v4 Magnetic susceptibility tensor
x® 0o, Gim, Qom v v v v v My, <> M)
-1 %9 Qu, Gim, Oom v v v v v4 Electric conductivity tensor
X(E) TOa erm T2m v v (Tlm <> Elm)
Axial 41 X9 My, Ty, My, v v
X(E) Go, les G2m v v Eg (Tlm <> Mlm)
-1 %9  Go, Oim, Gom V4 v4 Magnetoelectric tensor
X(E) My, Ty, Mo v v M1y < Eim)
3 Polar +1 x© Ty, Moy, Tsp V4 v4 Piezoelectric tensor
X(E) Otm> Gam» O3, v v (Q1m <> Qo> O2m)
-1 X(J) lea G2m7 Q?m v v
X(E) Tlm, M2m7 T3m \/ \/ Eg, (Tlm <~ QO, Q2m)
Axial +1  x9O My, T, M, V4 V4 Spin conductivity tensor
X(E) Glmv Q2m7 G3m \/ \/ \/ \/ \/ (GOa Q1m1 GZm <~ le)
-1 X9 Gim, Qoms G v v v v v Piezomagnetic tensor
X(E) Mlmv TZma MSm v v (Mlm <~ Q()s QZm)
4 Polar +1 x© Ty, My, Tom, v v Elastic stiffness tensor
M3m, T4m (Q()a Q2m <~ QOv Q2m)
X(E) QOv Glms Q2nn v v v v v
G3ms Q4m
-1 X" Qy, Gim, Oz, v v v v4 v
G3i, Oam E.g., (To, Tom <> Qo, O2m)
X(E) TvalmvT2m7 \/ \/
M3m7 nm
Axial 41 %9 My, Ty, Moy, v 4
By, My E.g., (Go, Gow <> Qo, O2m)
X(E) GOv lea G2m7 \/ \/
Q3ma G4m
-1 X(J) G()v lea Gva v v
Q3ms G4m Eg, (M07 M2m <~ QOv QZm)
X(E) Mo, Tlvast \/ \/
T3m7 M4m
x" and x® have the opposite time-reversal prop-  —1(+1). In other words, Xi(;lj) [ Xi(;l;f)] becomes nonzero when
erty [33,70]. When the time-reversal symmetry is preserved, the M and MT (E and ET) multipoles are active for Igla, =
they are transformed as +1, while Xl.(;Jj) [ Xi(;]?] becomes nonzero when the E and ET (M
and MT) multipoles are active for 5,t4, = —1. The multipoles
D oty D ® gy B (35) L 0 (E) T .
Xij = T8I Xisj o Xij = 1Bi%A; Xisj > contributing to x;/ and x;;’ are summarized in Table XIIL. A

similar argument holds for the static isothermal susceptibility
where X" = tx X" for ty = £1 (X = A}, B;). The fith band such as magnetic susceptibility, which is obtained by v — 0
stands for the time-reversal partner of the nth band. Equa- and then ¢ — 0 for x;,;(w) in Eq. (30) in the nondegenerate
tion (35) means that Xi(;i‘) [Xi;];f)] can be finite when fp,14, = system [140].
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4/mm'm’

(PVT77DT)=(O7X7X) (P7T7PT)=(XYX7O)

FIG. 2. (a) Ferromagnetic ordering and (b) antiferromagnetic or-
dering in the diamond structure. (a) is characterized by 4/mm’m’ with
the $ symmetry, whereas (b) is represented by 4'/m’mm’ with the
PT symmetry.

Let us discuss xl.(;Jj) and X,-(;]? by taking an example. We
consider the uniform and staggered magnetic orderings with
magnetic moments along the z axis in the diamond structure
in Secs. VB 1 and V B 2, respectively.

1. ‘P-symmetric magnetic structure

The uniform magnetic structure belonging to the Ty,

representation of m3m1’ in Fig. 2(a) reduces the symme-
try to the P-symmetric 4/mm’m’. From Table IX, one can
find that the active multipoles with rank 0—4 are the even-
parity E multipoles Qy (monopole), O, (quadrupole), Qs, Qu,
(hexadecapole), even-parity M multipoles M (dipole), M7
(octupole), and even-parity MT multipole 7;? (hexadecapole).
Thus the physical responses related to these active multi-
poles are expected to occur, such as magnetocaloric response,
electric conductivity, and piezomagnetic response from
Table XIII.

For example, the electric conductivity tensor J; =
>_;0i;E} is given by

Qo — Ou 0 0
oV & 0 Qo — 0, 0 (36)
0 0 Qo + 20,
and
0 M. 0
c® oM. 0 o0f, (37)
0 0 0
0 dyxx
0 —dixx
0 0
e dyy 0 -
—dy, 0 0
0 0 0

where o;; = Ui(jj) + ai(f). This means that the system exhibits
the anisotropic electric conductivity along the xy and z direc-
tions and the anomalous Hall effect in the xy plane.

The other example is the piezomagnetic effect where M; =
> ik AjjkTjr. From the active multipoles, the tensor compo-
nent is given by

0 0 A®\T
0 0 A®
0 0 A®
A P (38)
oE AR 0
AR 0 o
0o 0 0
0 0 M, —2me\ "
0 0 M, — 2M*
0 0 M, + 4M¢
g 0 —3M, — 2M* 0 ’
—3M, — 2M* 0 0
0 0 0
(39)

by using Eq. (22). We omit AY by taking § — 0.

2. P T -symmetric magnetic structure

The staggered magnetic structure belonging to the T, rep-
resentation in Fig. 2(b) has the P7 -symmetric 4’ /m'mm’. In
this case, the odd-parity M multipoles M, (quadrupole), M. fz
(hexadecapole), and odd-parity MT multipole Tf (octupole)
become active in addition to the even-parity E multipoles
Qo, Ou, Q4, and Qu,, which are obtained by appropriately
replacing the mirror plane of 4’ /m’m’'m in Table X. The active
odd-parity M and MT multipoles induce the cross-correlated
responses such as magnetoelectric effect and piezoelectric
effect in Table XIII.

For example, the magnetoelectric tensor ¢;; is given by

0 af 0 0 M, O
a® =1 0 0]le|M, 0 0f @0
0 0 0 0 0 0

It is noted that ") = 0, as no odd-parity E and ET multipoles
are active under the magnetic point group 4’ /m’m’m.
Meanwhile, in the (inverse) piezoelectric re-
sponse, the response tensor d; for g; =
Zk dijrEy [70,71] is described by M,, and Tzﬂ as

0 0 —2M,y + 2T/

0 0 2M,, — 2T/

0 0 0

0 —M,, — 2T/ 0 @0
M,y + 2T/ 0 0

0 0 0
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Similar to o;;, d[(ﬁ) = 0 owing to the lack of odd-parity E and ET multipoles.

C. Nonlinear response theory

In a similar way to the linear response tensor x;.;, we consider the second-order nonlinear response tensor x;, ;x based on the
Kubo formula [141].
The nonlinear complex susceptibility y;. (o', @") satisfies the relation

dw da)”
Biu) // k(@ 0 s Fo b = f = o), 42)

where x;.jx (o', @) is represented as

1/1 o0 PR n I L s
Xirjp(@', ") = §<%) / / dt'dt" Tr[Bi[A (=), [Ar (=1’ — 1), pol]e’ @+ =20 i =0" 4 (j o) & (k, "),
0 0

(43)

where X (1) is the Heisenberg representation of an operator X . py is the density matrix for the nonperturbative state, whose matrix
element is represented by the Fermi distribution function f(&,) as [00lwm = f(€1)8,m. When we suppose A as the well-defined
operator in a periodic system, i.e., the matrix element of A includes no differential operator with respect to the wave vector, the
nonlinear response function in the static limit (g — 0, @ — 0) is given as follows:

Z 3~ Zi By (AT AG + AAR) {f[&(k) — flek)]
— en(k) — (k) + 2ih8 | e,(k) — (k) + ihd

The nonlinear response function is also decomposed into the two parts with different time-reversal properties as

(Re) (Im)
Xisjk = ljk + X ljk ’ (43)

Xi:jk = Xi;jk(0,0) =

Sle®)] — flemk)] } 44)

e1(k) — (k) + ind

where

®Re_ | 3 Re (B ATARG ) [en(k) — £, (k)] <{f[8n(k)]— Fler) en (k) — (k)]

kY e g, (00— e (k)P (216)2 Len (k) &)1 + (75)?

 fla®)]— flen®Nek)— ea()]) 21782 Re (B A ARG)
[e1(k)— ()P + (hS)? Vo e, (k) — en(k) + (28)?

y { fleatl)] — flei k)]
[ea (k) — £,(0))> + (h)?
Im (B A A ) e (k) — £,()]
[0 (k) — en(K))> + (208) {

fle®)] — flem®)] } (46)

[e1(k) — em(K)])* + (RS)*

fle®)] — flemk)] }
[e1(k) — em(K)]* + (RS)*

{fle1()] — flem k)1 e (k) — Sm(k)])
[e1(k) — em(K)]* + (RS)* '

fleal)] — fle)]
len(k) — &1(k)]* + (h8)?

hé
(Im) _
Xigk = 2

klmn

+ @ >
kimn [8"(k)_ gm(k)]2 + (2h8)2 [En(k)_ 8](k)]2 + (58)2

Im (B AT AR <{f[sn<k>]— fler}eat)— &1(k)]

(47)

(Re) (Im)

Equation (48) indicates that .~ and x; ijk are represented
and by E and ET (M and MT) multlpoles and the M and MT

In contrast to the linear response tensor ;.;, there are com-
plicated intraband and interband processes in both X(Re)

Xi(_I;,’:). It is noted that the nonlinear response function of elec-

tric field in the length gauge needs rederivation by applying
A= —ef (7 position operator) in Eq. (43), since the matrix
element of 7 in a periodic system includes differential operator
of k [142].

(Re) and x,. .~ show the following relations in the presence
of t1me reversaf symmetry:

(Im)

(Re) (Re)

I
Xijk = tBla;ta Xi » Xl.(;;,l:) = —Ipla,ta, X,(;;I{l) (48)

(E and ET) multipoles, respectively, for Igtata, = +1(—1).
The multipoles relevant with the nonlinear response tensors
are shown in Table XIV. In the following we show a corre-
spondence between the nonlinear responses and multipoles by
considering again the ferromagnetic and AFM orderings in the
diamond structure in Figs. 2(a) and 2(b).

1. P-symmetric magnetic structure

In the P-symmetric ferromagnetic structure in Fig. 2(a),
the nonlinear responses, such as the Nernst effect and the
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TABLE XIV. Correspondence between the second-order nonlinear response functions x ®™ and multipoles. Nonzero y ®e™™ is shown

by the checkmark (V).
P, 7,PT) = Examples
Rank 1gta;ta, Multipole (O, O, O) (x, O, x) (O, %, x) (X, x,0) (X, X%, X) (B« F)
3 Polar +1 x ™ T, Moy, T v 4
X(Re) le, sz, Q3m v v Eg, (le <~ QOs Q2m)
—1 x ™01, Gomy Qs V4 v Electric conductivity tensor
X(Re) Tlma Mva T3m \/ \/ (Tlm <~ QOs QZm)
Axial  +1  x"™ M., T, Ms, v v Nernst effect tensor
X(Re) Glma Q2m7 G}m v v v v v (Tlm <~ M(), MZm)
-1 Xx™ Gy Qom, G v v v v v Magnetoelectric tensor
X(RE) Mlnu TZm, M3m v v (Mlm <~ QOv QZm)
4 Polar 41 "™ T, My, Do, v v Electric striction tensor
M3mv T4m (QOv QZm <~ QOv QZm)
x® 0o, Giw, Qo v v v v v
G3ma Q4m
-1 x"™ Qo Giw, Qo v v v v v
G3ms Q4m Egv (Q()v Q2m <> T(), TZm)
X(RE) E)lems TZIm \/ \/
M}lm T4m
Axial  +1 x ™ My, Tyy Moy, v 4
T3m7 M4m Eg, (Q()a Q2m <~ GO; GZm)
x® Gy, Qum, Gam, v v
Q3ms G4m
-1 X(Im) Go, Q1m, Gom, v v
Q3 Gam E.g., (Qo, Qom <> Mo, M)
X(RE) M()a TlvaZma \/ \/
T?mv M4m

second-order nonlinear magnetoelectric effect, are expected.
In the case of the nonlinear magnetoelectric effect M; =
> jk @ijkE;jEx, the tensor al.(lif) is induced by the even-parity M

and MT multipoles in Table XIV. Since M, and MY are active

in the 4/mm’'m’ symmetry, the tensor component of afﬁf) is
represented by
0 0 oEy\
0 0 o
(E)
(Re) __ 0 O aZZZ
o «® o
Olyyz
(E)
oy, 0 0
0 0 0
, T
0 0 M. —2M¢
0 0 M, —2M¢
0 0 M. + 4M?
<> B
0 —3M. —2M¢ 0
—3M, — 2M* 0 0
0 0 0
(49)

where there are three independent matrix elements in R,

2. PT -symmetric magnetic structure

In the AFM ordering with the 4'/m'mm’ symmetry in
Fig. 2(b), the second-order nonlinear conductivity, o;j, for
Ji=) ki ikE;Ey becomes nonzero, which reflects the lack

of the spatial-inversion symmetry. Among the two parts o R

ijk
and o™ al.(jlze) is induced in the presence of the odd-parity

ijk
M and MT multipoles. The finite tensor component of al.(jl}f) is
shown as

0 0 o®e\ T
0 0 —ofRo
O 0 0
T 0 sk
yzy
_~Re)
oyzye 0 0
0 0 0
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0 0 —OM,, +2TF\ "
0 0 2M,, — 2T/
0 0 0
<>

0 —M,y, — 2T/ 0

M., + 2T} 0 0
0 0 0

(50)

Thus the nonlinear conductivity, which is known as the non-
linear Drude and/or the intrinsic terms, is expected in the AFM
structure in Fig. 2(b) [143].

VI. SUMMARY

In summary, we have accomplished the classification of
the multipole degrees of freedom in accordance with the ir-
reducible (co)representations in 122 magnetic point groups.
The completed multipole classification enables us to explore
further functional multiferroic materials showing the extraor-
dinary cross-correlated phenomena with exotic ordered states
more than ordinary ferromagnetic and AFM orderings. Our
multipole classification has mainly three advantages. One is
the systematic identification of electronic order parameters to
cover unconventional nematic, chiral, excitonic, loop-current,
and anisotropic bond ordered states. The second is the pre-
dictability of overlooked physical phenomena under simple
ferromagnetic and AFM orderings which may be hosted by
the secondary multipole order parameters. The third is the
intuitive understanding of the multiferroic phenomena and
nonlinear transports on the basis of the microscopic multi-
pole couplings. The present comprehensive study will give
an efficient way to explore further exotic physical phenom-

and octupole. Moreover, our result can be applied to inves-
tigate the functional magnetic materials in cooperation with
material databases such as MAGNDATA [144], as the multi-
pole analysis is perfectly compatible with group theoretical
analysis.
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APPENDIX A: MULTTIPOLE NOTATION UNDER CUBIC
AND HEXAGONAL POINT GROUPS

In the main text we adopt the real expressions of O,,(r) for
both atomic multipoles in Egs. (1)-(4) and cluster multipoles
in Egs. (9) and (10), which are given by [90]

0 (r) = 01(r), (A1)

0 r) = 1" [0 (r) + OF, (P)], (A2)
Im ﬁ m
&, (=D .

0 (r) =i [O1m(r) — O, (). (A3)

V2

A linear combination of 052 (r) and Ol(:f(r) gives the expres-
sion of multipoles under the magnetic point groups. In the
case of the cubic and its subgroups, the cubic harmonics are
used. We show the cubic expressions of Oy, (r) up to rank 4 as
follows: the rank O is

ena induced by higher-rank multipoles, e.g., MT quadrupole Oo =1, (A4)
TABLE XV. List of 58 black-and-white point groups M ™. The parentheses represent the corresponding unitary subgroup H.
Cubic Tetragonal Orthorhombic Monoclinic Triclinic Hexagonal Trigonal
m'3m’ (432) 4/m'm'm’ (422) m'm'm’ (222) 2'/m’ (1) JE)) 6/m'm'm’ (622) 3m’ 3)
m3m’ (m3) 4/mm'm’ (4/m) m'm'm (2/m) 2/m' (2) 6/mm'm’ (6/m) 3Im’ (32)
m'3'm (43m) 4 /m'm'm (42m) m'mm (2mm) 2" /m (m) 6 /m'mm’ (3m) 3'm (3m)
43m’ (23) 4’ /mm'm (mmm) 2'2'2 (2) m’ (1) 6 /mmm’ (6m2) 32" (3)
432" (23) 4/m'mm (4mm) m'm'2 (2) 2" (1) 6/m'mm (6mm) 3m’ (3)
m'3 (23) 42'2' (4) m'm2’ (m) 622 (6) 3@3)
422" (222) 6'22' (32)
42'm' (4) 6m'2’ (6)
42m' (222) 6'm2’ (3m)
42'm (mm2) 6'm'2 (32)
dm'm’ (4) 6m'm’ (6)
4m'm (mm?2) 6'mm’ (3m)
4/m &) 6 /m' (3)
4/m' (4) 6/m’ (6)
4 /m (2/m) 6 /m (6)
42 6 (3)
42 6'(3)
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TABLE XVI. Primary, secondary, and tertiary axes with respect
to the symmetry operations in the Cartesian coordinates.

Primary Secondary Tertiary
Cubic (100) (111) (110)
Tetragonal [001] [100] [110]
Orthorhombic [100] [010] [001]
Monoclinic [010]
Triclinic
Hexagonal [001] [100] [010]
Trigonal [001] [010]
the rank 1 is
(Oxv Oyv Oz) = (x, Y, Z)v (AS)
the rank 2 is
1l .5 2
O, = 5(3z —r), (A6)
3
0, = %(xz —), (A7)
(Oyz. Oz, Oyy) = V/3(yz, 2x, xy), (A8)
the rank 3 is
Oyy; = V' 15xyz, (A9)

(0%, 0%, 0%) = L(x(5x* = 3r%), y(5y* = 3r7), 2(52° — 3r7)),

e (A10)
(0£.00.08) = == = ).y =), 2 =y,
(Al1)
and the rank 4 is
5421 3
Oy = ——(x*+y*+4 = =), (A12)
12 5
7415 4yt 3
=% [Z4 X ery - RGE- r2):|, (Al13)
7V5 6
O = T[x“ -y =i —y2>}, (Al4)
(05, 0%, 0%,)
V35

= T(yz(y2 =), (2 — x7), xy(x* —y), (AlS)

(Ofx’ Ofy’ 051)

= g(yz(%cz — ), 2x(Ty* = 1), xy(122 = 7)),
(A16)

where we denote O,,,(r) — Oy, for notation simplicity. In the
case of the hexagonal and trigonal point groups, it is useful to

TABLE XVII. IRREPs of magnetic (M) and magnetic toroidal
(MT) multipoles (/ < 4) in the cubic gray point groups. The classifi-
cation for m3m]1’ is shown in Table II.

4321
IRREP MT M MPG P axis
A7 T, T Mo, M, 432 (100)
A; Ty M., 432 (100)
E™ 7;(7 T;lu Muv M4u 422 [001]
Tv ) T;lv Mv ) M4v 422 [001]
Ty T, T¢, T} M., M, M, 422 [100]
T, T, T M, M*, Mg, 422" [010]
T, T Tf M., M*, Mg, 422 [001]
T, T,.,TF, 1) M, ME, ML 422 [100]
T..TF. T} M...MP, M}, 422 [010]
Ty, T, Tf M, MP MY 422 [001]
43ml’
IRREP MT M MPG P axis
Ay Ty, Ty, T Bm  (100)
A; Mo, M., M, A3m’ (100)
E- Tm nu MU7 M4v Z|.2m [OOI]
Tv ) T;lv Mu’ M4u Zl/Zm/ [001]
T, TP, T My, My, M*, M 32'm’ [100]
TP TS My, M., M2 My 42m' [010]
TP, T M, My, M, M}, 42'm’  [001]
T, T, T,., T, T} MP, ME, ¥2m  [100]
Ty, T, T, T MP, Mg, ¥2m [010]
T, Ty, T, T, MP, M, &2m  [001]
m31
IRREP MT M MPG P axis
Ag T07 T4 Mryz m§ (10())
E, T,, Ty, mmm [100]
T,, Ty mmm [100]
T, T,., T8, T M., M*, M? mm'm’ [100]
T.. T3 T M,, M2, MF mmm' [100]
Ty T3, T) M., M* MP m'm'm  [100]
A; Ty Mo, M, m'y (100)
E, M,, My, m'm'm'  [100]
M,, My, m'm'm’ [100]
T; T, T¢, TF M, Mg, M! m'mm  [100]
T,. 17, T/ M., M3, M}, mm'm  [100]
T, T TF My, M, MY, mmm' [100]
231
IRREP MT M MPG P axis
A~ TO, T;cyz, T4 M()7 Mxyz_, M4 23 <1OO>
E Tlu nu Muv M4u 222 [100]
Tvv nv MU7 M4v 222 [100]
T T, T,., T, TF M, M., M*MF 222  [100]
Ti T My, Mj,
T, T, T;’ﬁ, T/ My, M., Mﬁ ,MP 2227 [100]
T T M, M,
T, Ty, T, TF M., M., MZ, M! 2212 [100]
T, T Mg, M,
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TABLE XVIII. IRREPs of magnetic (M) and magnetic toroidal
(MT) multipoles in the tetragonal gray point groups with twofold-
rotational axes perpendicular to the primary axis or vertical reflection

TABLE XIX. IRREPs of magnetic (M) and magnetic toroidal
(MT) multipoles in the tetragonal gray point groups without twofold-
rotational axes perpendicular to the primary axis or vertical reflection

planes. planes.
4 /mmm1’ 4/ml’
IRREP MT M MPG  Paxis IRREP MT M MPG P axis
Ay, To, Ty, Ts, Tau 4/mmm  [001] A T, T, M., M? 4/m  [001]
A, e M., M¢ 4/mm'm’  [001] Ty, Ta T§
By, T,, Tu, M,,. 4/mmm’ [001] B T, Ty, T, T M., MF &/m  [001]
B, Ty, T M? & /mm'm  [001] E, T., T8, TS M., M*, M? 2/m' [001]
E; T,., T2, T M, M®, MP mm'm’ [100] T.. T2, T, M,, M¢, MP 2/m [001]
L. T8, T}, My, M2, M? m'mm' [100] A 1o Mo, M, o [001]
A5 Mo, My, My, My, 4/m'm'm’  [001] My, My, M,
A, ., T¢ Mg 4/m'mm  [001] By Ty, T M, My, May, MY, &/m’ [001]
B, Ty M,, My, 4/m'm'm [001] E, T, T* T M,., M., M?. 2/m  [001]
B, T# My, M &/m'mm’ [001] T, T, Tf M, Mg, My, 2/m [001]
E; T.,T¢, TF M, M, M}, m'mm  [100] 41
T, T¢. T} M., Mg, M}, mm'm [100]  IRREP MT M MPG P axis
4221 A T, T, T, T¥ Mo, M, M, M* 4 [001]
IRREP MT M MPG P. axis Ty, Ta, T4‘f My, My, Mﬁtz
A7 To. Tu, To, T Mo, My, My, May 422 [ooi] B~ 1. Ty Tye. TP My, My, My, MY 4 [001]
A; T, T, T M., M®, M&. 42 [001] Tu. T}, My, MY,
B, Ty Toyer Tay M, M., My, 420 [oo1] E T T TS TP M My, My M{ 2 [001]
B, T, TA. T My MP M. 422 [001] Tg T Mg, MY,
E- T, T,., T, TF M., My, M* MF 222 [100] L, T, TY, TP My, Mo, My MY 2 [oo1]
Tg, T, Mg, M, Ts, T Mg, M,
T, Lo T T My, M. M* M} 222 [100]  4r
T, T4‘i Mg, Mfy IRREP MT M MPG P axis
42m1’ A~ To. T Toe TP M., M,, My, M® a [001]
IRREP MT M MPG P. axis Ty, Ty, TS My, Mfz
Ay Ty, Ty, T M,, My, fom o1 B LT, Ty, T Mo, My, My, MI & [001]
Ty, T Ty, T3, M, My, M5,
Ay T, T¢ M. My, M M. drm ool E LT T T/ Mo Mg M{ M2 [001]
B- T, Ta Mo, M. My, o' [001] s, T, Mg, M,
M,, My, T, L., TS, T} My, M., My, M/} 2 [001]
B; T Ty T, T MP M. ¥2m  [001] g, T Mg, My,
E- T, Ty, T, Tf M., M., M*, M? 222 [100]
e, T Mo, M? . .
40 Tdx 4o T replace 0%, 0%, Of, OF with rank 3 in Egs. (A10) and (A11)
LT T T My Mo My MY 2220 (10014 6 Gith tank 4 in'Eqgs. (A12)—(A16) b
Im gs. Yy
T3 T Mg M3 o
4mm1’ 10
IRREP MT M MPG P axis O30 = Tx(x2 -3, (ALT)
A T, ;;: IT":‘ T Mg 4mm [001] 03 = @y(gxz _ yz), (A18)
AS T Mo, M., M., M* dm'm’ [001] NG
My, My, (Os; 03) = —=(x(52° =), y(52" = 1%),  (A19)
B, T,, TP, T, My, My, MY, & mm/ [001]
B; Ty, T T, M,, MP, My, Am'm [001] and
E- T T T TP My My MO MP 2 [100] |
T, T Mg, Mj, Oy = = (35z* — 3022 + 3r%), (A20)
To T, TS TP My, Mye, M, ME mim2’ [100] 8
Ty, 715 fo’fo Ouy = @yz@xz _ y2), (A21)
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TABLE XX. IRREPs of magnetic (M) and magnetic toroidal

(MT) multipoles in orthorhombic gray point groups.

(MT) multipoles in monoclinic gray point groups.

TABLE XXI. IRREPs of magnetic (M) and magnetic toroidal

mmm1’ 2/ml’
IRREP MT M MPG  Paxis IRREP MT M MPG  P. axis
A; . T,.T, M, mmm  [100]  A] Ty, T, Ty, Tex M, 2/m  [010]
T, Taus Ty T, Taus Ty My, M, M?
B, Ty, T2, T) M., M*, MF m'm'm  [100] T8, T)
B, T T3, T My Mg MJ mmm’ [100] By T Ty My, M, 2'/m’ [010]
B, T, T8, T M., M*, MF mm'm’ [100] e, T8, Tl T Mo M MP M
A Ty My, M,, M, m'm'm’ [100] Ay T, Mo, M, M,, M, 2/m’ [010]
M4, M4uv M4U ’I:tyzs 7;0[7 T;ﬂ M45 M4u, M4v
BT, T, T Tf My, M, MY mmm'~ [100] Mg, M},
B, T, T, T/ M Mg, My, mm'm  [100] By T T. Mz, My, 2/m [010]
B;, T.. T T! My M ML mimm [100] T TS TP T Mg My M M,
2221’ 21
IRREP MT M MPG P axis IRREP MT M MPG  P. axis
A~ T, Ty, Ty, Tye Mo, My, M, M,,, 222 [100] A~ I, T, T,,T,, T, Moy, My,M,,M,, M, 2 [010]
Ty, Tou. Ti My, My, My, Ty T T Mz, My, M
Bl_ 7}77}}'71;av Tzﬁ MzﬁMxvagaMf 2/2,2 [100] n, T4u,72w M4,M4uaM4v
o o ﬁ ﬁ
7:12,’ T4§ M4z’ Mfz T4‘;, T4y M‘?.\" M4,v
B, T, T T2 TP My, M. M2 MP 222 [100] B~ T, T., Ty, Ty M, M., M,., M,, 2 [010]
- ‘ o o B B o o B B
T, T Mg, M}, T T ,Txﬁy Tzﬂ M, M ,M?Mzﬁ
B; T:n 7}17 7;0[, ’I;ﬁ Mxv M‘.Z,Mf, M,'? 222 [IOO] Tégc’ Tfé’ Tzlx’ T;tz MZX’MAT:’MM’M%
T T Mg, M, ml’
mm21’ IRREP MT M MPG P axis
IRREP MT M MPG P. axis A~ T, T, TZ MV? s Mxy m [010]
A} To. T, T, T, My, My, mm2  [100] L. T, T M,z My, M)
T, T# M, ML T T T TP MY, My MG, M,
T4’ T;lus T4v n’n“’n"
Ay Ty, Ty Mo, M M, M,  m'm2  [100] 2. T
T, 1) Me, M# A~ T,, Ty, Ty My, M, M. m' [010]
M4,M4M,M4v Eyzv T;«av T;,/S Mu’Mvazx
By T T T2 T My, My M2 MP m'm2  [100] O TS T TE M2 M M MP
T T Mg, ML My, My, My,
By T T TS TP Mo Mo MO M mm'2 [100] Mg, M,
Ti. T Mg, M,
APPENDIX B: BLACK-AND-WHITE POINT GROUP
J70 AND ITS UNITARY SUBGROUP
= — 2 _ 2 . . .
Ouap = 4 2x(x” = 3y%), (A22) The type-(IIT) black-and-white point group MM is repre-
J10 sented by using the type-(I) crystallographic point group G
(0%, 0%,) = ——(zx(72* — 3r%),yz2(72* = 3r%)), (A23)  and its halving unitary subgroup H in Eq. (12); G is given
4 by removing the prime symbol in M™V_ The correspondence
II) . . .
N 35, 59 4 5 o between M and H is summarized in Table XV [26,95,145-
(Ofu’of:v) = T(x —Ox7y” + 7, Axy(x” — y7)), 148].
(A24) APPENDIX C: MULTIPOLE CLASSIFICATION
J5 We present the complete tables for the multipole clas-

(082, 00%) = “=((x* — y") (T2 = r?), 2xy(72 — %)),

(A25)

4

with the use of the tesseral harmonics. It is noted that three
components {O,,;, O7, 05} among the rank-3 functions are
common to the cubic harmonics in Eqgs. (A9)—-(A11).

sification in the 32 gray point groups in Sec. C1 and 58
black-and-white point groups in Sec. C 2.
1. Gray point groups

We show the M and MT multipole classification in all the
32 gray point groups in Table II in Sec. III for m3m1’ and
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TABLE XXII. IRREPs of magnetic (M) and magnetic toroidal
(MT) multipoles in triclinic gray point groups.

TABLE XXIII. IRREPs of magnetic (M) and magnetic toroidal
(MT) multipoles in the hexagonal gray point groups with twofold-
rotational axes perpendicular to the primary axis or vertical reflection

1 planes.
IRREP MT M MPG P axis
- - 6/mmm1’
Ay To, T, Ty My, My, M. 1 IRREP MT M MPG P axis
Ty, Tov, Ty My, MY, MY, MY
Ty, Tou, T mf Ml mP Alg To, T, Tao 6/mmm - [001]
T T, T Ay M., M¢ 6/mm'm’ [001]
Tﬁ Tﬁ T(v Bl_g T4a MSa 6,/m/mm/ [001]
do Ty 4 _ B}, Ty, M, 6 /m'm'm [001]
Ay 1., T, T, My, M, M, I E, T,.. T}, M., M5, mm'm’  [100]
T;cyzy ’Ifs Tya: 7;0( jw,vzv szv Mvcy T:"xv Tz& Mv, M3v m'mm’ [100]
TS, T, T} My, My, My, E,, T, T T4 My mmm_ [100]
M, M, M, Ty, ) TS} M? m'm'm  [100]
B 1B b
My My, My, A7 My, M,,, My 6/m'm'm [001]
v A, ., T* 6/m'mm [001]
IRREP MT M MPG P axis B, T My, 6 /mm'm [001]
A ToTo T T. Mo Mo My M, 1 B L Mas 6'/mmm’[001]
T, T, M, M, EL T, Ts M., My, m'mm  [100]
T T, My Moo M, T, Ty, sz,ﬁ M, . mm'm  [100]
T‘ 'NTo( TY T® M vz' Mo;Ma .Ma Ez_u Y;CYZ MV’ M4u ’ M4u m'm'm’ [100]
xyzy Ly o Ly 0 4y xyzs Ay ) z 1 2 ,
7;13’ Tvﬁ ,}Tf M(ﬂ’ Mf’ 1};/[;3 Tzﬂ M.y, va ’ va mmim [100]
n, ’E;uv T4v M4’ M4m M4U 6221/ .
ToLTETE M, M, M IRREP MT M MPG  P. axis
7L T, T My, M}, My, AT To. T, Tao Mo, My, My 622 [001]
’ Ay T, T M., M¢ 622" [001]
Bl_ TSas na M}as M4a 6/22, [001]
By Tz, Ty M3, My, 6'22 [001]
- o o 197
the others in Tables XVII-XXVI. The primary, secondary, E, Lo T, T Ty M, My, My, My, 2,2 2, (100]
i . X T, T, Ty, TS, My, Moy, Ms,, M 222 [100]
and tertiary axes in Table XVI are used for the point-group - ’ P P
operations, unless otherwise mentioned. When the primary E, L T Ty, Ty~ My, My, My, My, 222 [100]
axis is different from that in Table X VI, secondary and tertiary Ty, TE, T TP My, MP M MP> 222 [100]
axes should be transformed by cyclic. 6m21’

The classification for cubic systems is shown in Ta-  IRREP MT M MPG P axis
ble XVII, Fetragonal systems in Tables X.VI'H and XIX, A To. T, Tsy. Ty My Gm2  [001]
orthorhombic systems in Table XX, monoclinic systems in A T, M. M M Gm2 [001]
Table XXI, triclinic systems in Table XXII, hexagonal sys- A%’ T Ti“ T © M da é/m 5 001
tems in Tables XXIII and XXIV, and trigonal systems in 1 ozt 3 o 001
Tables XXV and XXVI. Ay Tay Mo, My, My, Mgy 6'm’2 {001

E™ T, T, T M, My, My, m2m  [100]
1 2
T T,
. . T, Ty, Ta, M., MP, Mg, m'2m  [100]
2. Black and white point groups TBL Th2 .
4v > T4y

The classification of four types of multipoles, E, ET, MT, E"~ Too Ty, T M., M,, M5, m2'm’ [100]
and M multipoles, in 58 black-and-white point groups is Ml ME?
shown. The classification for cubic systems is shown in Ta- T.. TP T2 My, M.y, M3, m'2m’  [100]
ble XXVII, tetragonal systems in Tables XX VIII and XXIX, MP mP?
orthorhombic systems in Table XXX, monoclinic and triclinic 6mml’
systems in Table XXXI, hexagonal systems in Tables XXXII IRREP MT M MPG P axis

d XXXIII, and tri 1 syst in Table XXXIV.
an , and trigonal systems in Table A To T T T, Tig 6mm  [001]

AS Mo, M., M,, M*, Myy ~ 6m'm’  [001]

By T3y, Tay M;,, My, 6/'mm’  [001]

APPENDIX D: COREPRESENTATION OF B, . Tiy My, M, Sm'm  [001]
MAGNETIC POINT GROUPS E, Ty Ty Ty TS My, Moo, My, ME,  mm'2’ [001]

We give the short review of the irreducible corepresentation _ To Lo T Ty - My, Mz, My, M, m'm2"{001]
: o . : E T, T 10 T My, My My My mm2 [100]
in magnetic point groups. For the group with G + AG (A is 2 O S 2 ,

Ty T Ty T My, MP MY, My, m'm'2 [100]

the antiunitary operation), the corepresentation for the basis
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TABLE XXIV. IRREPs of magnetic (M) and magnetic toroidal
(MT) multipoles in the hexagonal gray point groups without twofold-
rotational axes perpendicular to the primary axis or vertical reflection

TABLE XXV. IRREPs of magnetic (M) and magnetic toroidal
(MT) multipoles in the trigonal gray point groups with twofold-
rotational axes perpendicular to the primary axis or vertical reflection

planes. planes.
6/ml’ 3ml’
IRREP MT M MPG P.axis IRREP MT M MPG P axis
Ag To, T,, Tyo M, M7 6/m  [001] Al, To, T, Tao, Ty Ms, 3m  [001]
B, Taas Tap Msq, My, 6/m' [001] A, Tia M., M2, M, 3m’ [001]
Ej T, Ty, M., M5, 2'/m’[001] - T,., Ty M,, M3, M? 2'/m' [010]
T, T}, M, M, 2'/m’  [001] T, T/, T2
ﬂ] /32 v v Vv
B e T Mo 2m 10O L.T, My M Mye  2m [010]
o T T fm 100 g, T T
A.: Tz7 Tza M01Mu5M40 6/m/ [001] — 2 n
B, To. Ty M, My, 6/m  [001] il—u T_Zh My, M,,, My, My, 3_,111 [00:]
En T.T., M. M, 2ym (001 A o Mo M
T, Ty M., Mg, 2/m foo1] B LT I Myz. My Z/m [010]
Bl B2 M Mﬂl MﬁZ
Eay 7;(yz M,, M4u s M4u 2/}’}1/ [001] 4v> v > Ty
T8 M,,, val, Mff 2/m’ [001] T, 15, Ty, M., M, 2/m [010]
< - Mot Mﬁl M/SZ
61/ 4u> M 4u 0 T 4u
IRREP MT M MPG P.axis 32U
IRREP MT M MPG P axis
A~ T, T, T.. T, Too Mo, M, M, M7, My 6 [001]
B~ Taas Ty Taas Ty Mg, My, Mag, My, 6/ [001] A7 I, T, T Mo, My, M 32 [o01]
E, T Ty, T T, My, My, My, MS, 2 [001] Tao, Tap Mo, May
T,, Toe, Toy TS M,, M, Ms,, M§, 2 [001] Ay L, T7, Tia, Tia M, M7, Ms,, My, 327 [001]
B DT T T Mo Mo My MG 20 joo1] B L., T:, Ty M. My.. My, 2 [010]
iy B B
T LT My MILME 2 oo Bll 0 MM
61/ Zg)’ ’I;lv s T;lv va’M4v’M4u
IRREP MT M MPG P, axis T, I, Ty My, Mx, M, 2 [o10]
— - Ly, T;'yz Ms,, MX)’Z
A 72)7 7-;4 Mzs Mgv M4a7 M4b 6 [001] T« Tﬁ] Tﬁz M Mﬁl Mﬂz
7}“, T_:;[;, 710 3m1/ 4u> “d4u 4u 4u 4u 4u
"— a a~
A L. T, Taa Tap Mo. M, 6 10011 yRRgp MT M MPG P, axis
M;,, M3, My
E T., T, T M., My, M, m  [001] Ay I, T, T, T, Ts, M3y, My, 3m  [001]
Tﬁl, T4f;2 Ty, Ty
Ty, Ty Tsy M., MP M2 m  [001] Ay T3y, Taa Mo, M, M, MY, M3,  3m’  [001]
A TP My, My,
o E- T, T, T, M., M., M ' [010
E’ Tyo, Toye T, M., M,, M, m' [001] v hes Ty o Mee, My m' [010]
Bl 1,82 T3y, Ty Ms,, MP
M4u’M4u fnwﬂz Bl ) B2
T, TP, T M, M,,, M, m  [001] T8 Ty - Th, M3, My, . M,
' P M L, T, T, My, My, My, m  [010]
. . Téua T;ﬂ M3v» Mxyz
o 1 2 o 1 2
71114’ T;é ’7;54 M4V’va’va

set of the irreducible representation I' of G, (|, and another

set obtained as (¢| = A (Y| is given as follows [149-151]:

R = ATR) 0 forR € G
(¥, ol = (¥, ¢| 0 (AT A 1RAN orR € G,
(D1)
B = 0 ATEA for B € AG
(Y, ol = (¥, ¢l (AT (A1 B) 0 or B € AG,
(D2)

where R (8) represents the (anti)unitary point group operation
and AT is the matrix representation of I. In the present study,
we adopt A = 6 for the gray point group and A = 6S [S is
the unitary point-group operation in (G — H) in Eq. (12)] for
the black-and-white point group.

By the unitary transformation, we can obtain the ir-
reducible corepresentation DU [95,147,148,152-154]. The
irreducible corepresentation can be classified into three
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TABLE XXVI. IRREPs of magnetic (M) and magnetic toroidal
(MT) multipoles in the trigonal gray point groups without twofold-
rotational axes perpendicular to the primary axis or vertical reflection
planes.

3
IRREP MT M MPG P. axis
A, Ty, T, M, M7, M3,, M3, 3 [001]
Ty, Tuy, Ty
Eg T;sz T:ty anMSua Mzﬁ T
o 1 2
T4v’ ]:f) ’ T4f\i _
Y;xy Tv Mya M}vaMxyz 1
Ty Th T
AL T, T%, Tza. T3 Mo, M, 3 [001]
Mo, My, My,
E, T Ty, T M., M., r
i ML M
T,, Tz, Ty, M., M, T
Mg, My, My,
31
IRREP MT M MPG P. axis
A” T, T, T, My, M, M, 3 [001]
T, Tsa, Tap M2, M3, M3,
Ty, Taas Tap Myo, My, My,
E T’H T;'z, T:ry Mxv Myzv Mxy 1
T3uv 7:—ﬁ M}uv M7ﬂ
o 1 2 o 1 2
T4v’ 715) ’ T4€ M4v’ va ’ va
T,, T, T, M, M, M, 1
TSv’ Tvcyz M}va Mtyz
To Ta T MG, My, My,
types:
+|G| : case (a),
D "B =1-IG| :case(b), (D3)
BeAG 0 : case (¢),

where |G| is the order of G, and x " (8?) is the character with
respect to the unitary operation 8% in I'. For case (a), D' is
expressed as

AT (R 0
D'(R) = ( *) ) forR € G, (D4)
0 AT(R)
- AT (BA YN 0
D (B):( _ ) for Be AG,
0 —AN(BAHN
(D5)

J

where N is the unitary matrix to satisfy the relation AT (R) =
N[AT (A 'RA)*N~" [95]. Here, the basis set (i, ¢| is trans-
formed by the unitary transformation

v 1 ( 1 -1 >

V2\Wt N

In the present paper, we denote the counterpart of the irre-

ducible corepresentation characterized by A (R) for R and
+AT(BA )N for Bas T+, e.g., Aj,.

In contrast to case (a), the corepresentation cannot be
reduced into even- and odd-parity parts with respect to the
antiunitary operation in cases (b) and (c). For case (b), D' is
described as

(Do)

- AT(R) 0
D (R) = for R € G, D7)
0 AT (R)
- —AT(BAHN
D (B) = for B € AG,
AT (BAHN 0
(D8)
where the basis set is transformed by the unitary transforma-
tion
U (1 0 > (DY)
~\o N
Meanwhile, for case (c), D' is represented as
- AT(R) 0
D (R)= ] forRegG,
0 [AT(AIRA)]
(D10)
- 0 AT (BA)
D (B) = N for B € AG.
[AT(A!B)] 0
(D11)

D' in both cases is not block diagonal with respect to the
antiunitary operation 8. Thus we denote the corepresentation
in cases (b) and (c) simply as T".

APPENDIX E: LAUE GROUP AND MAGNETIC
LAUE GROUP

The correspondence between Laue groups and magnetic
point groups is summarized in Table XXXV, while that be-
tween magnetic Laue groups and magnetic point groups is
listed in Tables XXX VI and XXXVII. Table XXXVI presents
the magnetic Laue group with the 7~ and/or £7 symmetry,
whereas Table XXXVII presents that without the $7 sym-
metry.

APPENDIX F: DERIVATION OF MULTIPOLES IN RESPONSE TENSORS

We present the expressions of the multipoles in the response tensor components in Sec. V A. The multipoles in the rank-2
tensors are shown in Secs. F 1 and F 2, the rank-3 tensors in Secs. F3 and F4, and the rank-4 tensors in Secs. F5 and F6.
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TABLE XXVII. IRREPs of multipoles in the cubic black-and-white point groups. Corresponding unitary subgroups are also shown. The
sign =+ represents the parity with respect to the antiunitary operation in the third row, where the direction of the rotational axis or mirror plane
are shown in the next row (see Appendix D). {X,, + iX,, X, — iX,} and {Xy, + iX4,, X4, — X4, } are the basis of E representations in m3m', where
X =0,G,T,and M for E{'>*, E{"?* E{")~, and E{"-?~, respectively. They are also the basis of E""*(X = Q, G) and E"?~(X =T, M)
in 432', whereas E12*(X = Q, M) and E8?~(X = G, T) in 4'3m’.

Magnetic point group m'3'm m3m’ m'3'm’ 4'32 43m' m'3’
Unitary subgroup 43m m3 432 23 23 23
Antiunitary operation o1 0C, o1 0C; 0oy 01
[110] [110] 1 [110]
E ET
0o, Q4 Af Af At At At At
Gy A} A, A} A~ A~ A*
O, Os E* ELD+ E+ E1L2+ B2+ E
us U g
Qv, Q4u
02 G, G" T T} T+ T+ T+ T+
0, G, G
05, G., G*
Q... 0%, G* TS T, T4 T T T+
Q... 0, G
Q.. 04, G
Gy, Gy A; AlT Af AT A~ A~
Oy AT A7 Ay A~ At A~
G,, Gy, E™ E(l- D+ E- E(1.2+ E1.2- E
G\n G4v
0., 0" G2, T, T T; T+ T- T-
0y, 0F Gy,
Q.. 07 Gi,
of Gy, G Ty T; T, T- T+ T
o Gor. G,
of Gy, G,
MT M
Ty, Ty AT A; AT A~ A A
M, Ay A} Ay A* At A~
T, Ty, E~ Eg’z)* E™ E(0-2- E(:2- E
T, Ty
T M,, M* T, T, T, T- T- T-
I M, M
T M., M
T, T M? Ty T+ T, T+ T+ T
T.., T}, M
T,. T} m?
My, M, Af A7 Af A~ At A*
T Af Af AS At A~ A*
M, My, E* E(l-Y- E* E(-2- g2+ E
M vy M. 4v
T, T* M2, TS T, T/ T- T+ T+
T, T g,
L. T? My
T# M,., M} T T+ T T+ T T+
Iy M., M},
Tzﬁ MX}’ ’ Mfz
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TABLE XXVIIL. IRREPs of multipoles in tetragonal black-and-white point groups except for 4'/m/, 4/m', 4 /m, &, and 4’ (see
also Table XXIX). {X, + iX,, X, — iX,}, (X2 — iXer, Xy + iXech, (X0 +0XS X — X2 {XF — iXP, XP +iXP}, (Xg + iXg, Xg, — X2}, and

x? —ix? xP +ixP) (X = 0, G, T, M) are the basis of E"?* in 4/mm’'m’, and E0-2% in 422, dm'n/, and 32'm’.
4x 4y “4x 4y 'g/u
Magnetic point group 4/mm'm’ d/m'mm & /m'm'm 4/mm'm’ & Jmmm’ 422 422 Am'md Amm’ 2w Fm2 ¥2m
Unitary subgroup 422 dmm 42m 4/m mmm 4 222 4 mm?2 4 mm2 222
Antiunitary operation 01 01 01 0C; 0cy 0c;, 6c;  bo, Ooy 0C;  6C)  fOoy
[100]  [110] [100] [110] L [100] L [110] [100] [110] L [110]
E ET
Qo, Ou, Al Al Af Al Al AT AT AT Af At AT AT
Q47 Q4u
0., Ou G B} B} B} B} A,  B* A B' Ay Bt A7 A
0..0¢.0° G, G GP E* E* E* E('>* By EM»* B, E'* B, EM* B B
o ﬂ (3
0., 05,0, G, GGl
s, G., G A} A} A} A; B, A B A A, A~ A} By
0., 0% G* B} B} B} B, B, B~ B} B~ Af B~ A} B
Go. G, A7 Ay B, Af A AT AT A A, Bt A} A
Gy, Gy,

O.y: G,, Gy, By By A7 B A7 BT A B~ AT AT A7 AT
0..0%.0% G..G.G — E- E- E- B+ B,, EU» B, EI» B, E®) B, B,
0,040 G, G5, Gl

0., 0% G, A Ay B, Ay B, A~ By A* AT B~ Ay Bf
o* G, G! By By Ay B; Bf, B~ Bf B* AT A Al By
MT M

T, T, AT AT AT Ay Ay A A A~ AT A~ A7 A~

T47 T4u

T,. Ty M, B, B, B, B, Al B~ A* B~ AF B~ AF At

T, TS TP M, M* MP E- E- E- E~ B, EM- B, E!'» B EM B, B
T T8 TS My, M2 M!
e M., M* Ay Ay Ay A} B, At Bf A* AT AY A} B
B _ _ _ = _ _ _ _
Ty, T! MP B; B; B; B} B, B* B; B* A; Bt A; B
My, M, Af Af B} A; A; AT A AT Af B~ A} AT
M4a M4u
T,y M, My, B} B} AF B Af B~ At Bt A, A AF A
T. T, TP M, M. M Ef E* E* B2~ B,, EU» B, EI» B, E2D)- B, B,
o o ﬂ
T, T3 T My, M{, My,
LT M Af AF B} AF Bi, At Bf A" Ay B* A} By
T’ M.y, M}, B B A} B/ B, B* B B~ AF At A7 B
1. X[lxl]

We decompose the rank-2 tensor x ' into the monopole, dipole, and quadrupole components, which are given as

1
XM(]XI) _ 3 in[:;xu’ (F1)
i
1
D(x1) __ [1x1]
Xi * —EE Giijj;kX , (F2)
Jjk
1
1x1 1x1
A = S0 ) = ®)
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TABLE XXIX. IRREPs of multipoles in tetragonal black-and-white point groups for 4'/m’, 4/m’, 4 /m, &, and 4.

Magnetic point group &4 /m' 4/m' 4 /m & 4
Unitary subgroup 4 4 2/m 2 2
Antiunitary operation 01 o1 0Cy 0IC, 0Cy
[001] [001] [001]
E ET
Qo, Qu, O4, Quu, 0%, G., G} AT AT AL At AT
qu Qxyv Q4U, sz nyza G? B+ B+ Ag_ A~ A~
0., 05, 0%, G., G, GP E E B, B B
Q0. 04, 04, G,. G2, GF
0., 07 Go. Gy, G4, Guy, G, B~ A~ Af A~ AT
Q.. OF Gy, Gyy, Gy, G, A- B~ A7 A" A”
0., 0%, 0F G, G5, G, E E B, B B
0y, 0%, 0f G... G, G,
MT M
To, T, Ty, To, T3 M, M? A~ A~ A, A~ A~
T Ty T, T M., MP B- B~ A} A* At
T T§. T, My, M, M E E B, B B
o ﬂ o
L, Ty, Ty, My, MY, Mf
T..T¢ Mo, My, My My, M, B* A A, A A
Toe, TS My, My, Myy, MY, At B* AY A- A*
T, T* TF My, M2, M?. E E B, B B
T, T, T/ M., M5, M},
TABLE XXX. IRREPs of multipoles in orthorhombic black-and-white point groups.
Magnetic point group m'm'm’ mmm’ m'm'm 222 m'm'2 m'm2’
Unitary subgroup 222 mm?2 2/m 2 2 m
Antiunitary operation 01 01 0Cy, 0Cy, Oo, 0C,
E ET
QO’ Qus Qv: Q4s Q4u’ Q4u nyz A+ AT A; A+ A+ A,Jr
0., 0%, 0 G., G¢, G BY B} B; B B A
Q... 0%,. 04, G,. G, GF B B B, B~ B~ A~
Q.. 05.. 04, G..G*, G B} Af A, A~ A A
Qxyz GOa Gm Gv» G47 G4ua G4u A~ A2_ A&L AT A~ At
o o ﬁ - - — I—
0., 0%, 08 Gy, Gy, Gy, B; B; Bf B+ B A
0,08, 0f G... G4, G}, By B B, B~ B* A~
0., 07, 0! Gy, Gy G, B, A7 Ay A- A+ A
MT M
T07 Tus T\Jv T4, T4u, nu Mxyz A~ A; A; A~ A~ A
T, TE, T, My, M, MY B; B; B, B B AT
T T8, T My, M*, MP B; B, B/ Bt B+ A*
7;)’7 7:1011’ TXZ MZ’ Mgv Mf B; A; IAg+ A+ A+ AH?
7;cyz MO: Mus Mw M4, M4u7 M4v At A; A; A~ At A"
T, T8, T! M. Mg, M, BY B B, B B A
T, T2, Tf M., M, M}, B} B} B B+t B~ A
T T, T My, M., M, B AT Al A* A- A-
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TABLE XXXI. IRREPs of multipoles in monoclinic and triclinic black-and-white point groups.

Magnetic point group 2 /m 2/m’ 2 /m’ 2 m' I
Unitary subgroup m 2 1 1 1 1
Antiunitary operation 01 01 0C, 0C, Oo 01
E ET
Q0: Qus Qvs Qe O, Quus Qv 05, O Gy, Gy, G4, Gf At AT Af AT AT AT
Oy Oy 0% 0%, 04 04 G..G..G%. G2, G, Gf A" B* A, A~ A AY
0y, Oy, 05, 0F Go. Gu» Gy, Gux, Ga, Gy, Gay, G, G, A" AT A} AT A A
0., 0., 0%, 0%, 0F, 0f Gy., Gy, G4, G, G}, Gl A~ B~ Ay A~ AT A
MT M
Ty, T Ty, Toxs o Taws Taw, T T My, My, MY, M AT A A, A A A
o pa B TB o Age "— - _
];'Z’T’C}"T4X’T4z’7:tx’nz Mx»Mz»stMz ’MX'B, Mzﬂ A B A; AT AT A
Ty, Tyo, T2 T Mo, My, My, Mex, My, My, My, MS, MY, A7 AT Ay A” AT AT
T, T, T T% TF, TF M., My, M5, M, Mi, M, AT BT AL AT AT AT

respectively (i, j = x, y, 7). € is the totally antisymmetric tensor (Levi-Civita symbol). The upper script of xX(#*!r) represents
the ranks of the response (output), /5, and the external field (input), /¢, in terms of the spherical tensors. By using Eqgs. (F1)—(F3),
the multipoles in Eq. (20) are expressed as

Xo = MY, (F4)
Yo Y Xo) = (7D, 17D, > 0), (F5)
X, = 6(3)(2(1><1) _ Xl?( X ))7 X, = E( g(lxl) _ X}%(lxl))’ (XyzaszaXxy) — (X}%OXl)v XS(IXI)’ Xg(lxl)). (F6)
i
2. X[OxZ]

x'9%?!'is decomposed into the monopole and quadrupole in Eq. (21), which are represented by

1
- [0x2] [0x2] [0x2]
Xo = g(XO;xfc + XO;;; + XO;;z< )’ (E7)
1 0x2 0x2 1 jox2 0x2 0x2] _[0x2] _[0x2
X, = 8(3)(([’;; S xo= 5 (o = o) Koo Xews Xo) = (Ko™ X Ko - (F8)
i
3. X[1x2]
(1321 consists of the dipole, quadrupole, and octupole components, which are represented by using the component
%2 1x2
Xi[;j: = Xi[;k;'< ) as
1
D(1x0 1x2
1Y =2 (F9)
J
1
D(1x2) [1x2] [1x2]
WP =3 <§Xt;ux' = Xjij ) (F10)
J
1
Q(Ix2) _ [1x2] [1x2]y _ , Q(1x2)

13 = 3 3 (ewnnli? + et ™) = 3, (F11)

ki

1
0(1x2) _ [1x2] [1x2] [1x2]y _ 0(x2) _ _0(1x2)

X = g(Xi;j: + X+ Xeij )= X =K (F12)

It is noted that there are two dipole components in x!!*?!, as the symmetric tensor field F'?! = (F, Fyy, Fi., Fy,, Fox, Fyy) is
decomposed into the components with /[ = 0 and with [r = 2. The /[ = 0 component in F' (2] leads to XiD(IXO) in Eq. (F9), and
the [ = 2 component in F'?! leads to x"*?, Xl.?.(lxz), and Xi?.lilxz) in Egs. (F10)—(F12).
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TABLE XXXII. IRREPs of multipoles in hexagonal black-and-white point groups except for 6'/m, 6/m’, 6'/m’, &, and 6 (see

also Table XXXII). {X, — iX,, X, 4 iX,}, {X,. + iXer, X,o — iXer}, (X, + i
(Xg +ixg, X —ixe), (xP—ixP xPixfly, and (X2 +ixP2 xP2 —ix[?) (X = 0, G, M, T) are the basis of E

X

xys v

1g/u

representations in 6/mm'm’, E\""?* and E{""»* representations in 62’2’ and 6m'm’, and E'":?* and E"!-?* representations in 6m'2’.

- iXxy}a {X3u - iXSva X3u + iXSv}, {Xx z inﬂs Xxyz + in},

1,2)+ (1,2)+
and E);,

Magnetic point group 6/m'm'm’ 6/m'mm 6 /mmm’ 6/mm'm’ 6 /m'mm’ 622 622 6m'm' 6mm' 6m'2 6m2 6m'2
Unitary subgroup 622 6mm 6m2 6/m 3m 6 32 6 3m 6 3m 32
Antiunitary operation 01 01 01 6C,, 0C, 0C,, 6C, 0o, 0C, 0Cs, Ooy, foy,
E ET
Q0. Ou» Qa0 Af Af A A} Al AT AT AT AF AT AT AT
G.,G* Af Af Ay A, Al A~ AT A AY AT AF AT
Qua Gsa B} BI A;’: B A5, Bt A7 BY A7 AT AT A
Qup Gsp BJ B Al B, A, B~ Ay BT A AT A AT
Oy:, 05, G, Gy Ef Ef E™* " E,  EM E BT B EUY B B
QZX7 Qzu Gya G3v
0., f; f; Gy E;f E;’ B~ Eglg,2)+ E;r E;1,2>+ E+ E;l.zw Ef FEO2+ gt E+
Q.. 04, OF) G*
Go, Gu» Gy Ay Ay Al- Af Al At AT AT AT AT AT AT
0., 07 A A7 Al Ay Al A~ AF AT Af A AT A
Qs Gua B B; AL B} Ay, Bt A] BT A, AT AT AS
Qs em B, B AT B, Ay, B~ A, BY A7 A" AT AT
0.. 0x, Gy.. G, E; E; E-  ERYT E; EM™" E- EM" E E!» E* E*
st Q3v Gz,h Gf{
[ G,, G, &fj E; E; E'"~ ESL2* Er  E!PY gt BT Bt EUDY E- B
of Gyy. Gl Gl
MT M
Ty, T, Two AT AT AT A; Al A- AT A AT AT AT AT
M., M AS A; AT AS A, At A AT AT AT AT AS
Ty, M;, By By A)” Bg’ A?'g B~ Af B~ AT AT AT AT
Ty Ms, B By Al Bg Ajg BT AF BT AT A"~ AY At
T, T M, M, h E. E- B B EYT BT EYT BT BT OETOE
Exv T47,, Mw M3v
T, 1t 1 M, E; E; E- By*” E; B E- E” E° EU» E E-
Ty T3 T M
Mo, M., Mao Af Af Al* A; A AT AT AT A AT AF AT
T, T" A} A} ALt AF A, At A AT AT AT AT AT
T, M, Bf B} AL B AT, B~ AF BT A AT A A
Ty, My, B B A B AL B* A} B~ AT AT A} AT
Ty, T M, Mg, Ef Ef A Ef EM™” B E"”" E* EU» E E
T,. Ty, Mo, Mg,
Ty M, M} M, Ej Ef Et  ELY” E; E/?» E- E!"* E- B0 Ef  Ef
T} M.y, M), My}
The corresponding multipoles in Eq. (22) are expressed by x,” (1x0) x> (Ix2), xi?(lxz), and xi%lxz) in Egs. (F9)—(F12) as
1
D(1x2 D(1x2 D(1x2
Ve, ¥y, ¥o) = 75 (072 ", ), (F13)
D(1x0 D(1x0 D(1x0
YY) = (x0T, ) 0, xP00), (F14)
1 1 1
— Q(1x2) Q(1x2) — Q(1x2) Q(1x2) — Q(1x2) ,,Q(1x2) , Q(Ix2)
Xy = 6 <3Xzz ) — Xii >» X, = 6( x ) — Xyy * )7 (XyZa Xoxs Xxy) = §(Xyz ), Xzx ), Xxy * )9 (F15)
i
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TABLE XXXIII. IRREPs of multipoles in hexagonal black-and-white point groups for 6'/m, 6/m’, 6'/m’, 6/, and 6.

Magnetic point group 6 /m 6/m’ 6 /m' & 6
Unitary subgroup 6 6 3 3 3
Antiunitary operation o1 01 0C, 6oy, 0C,
E ET
Qo, Qu, Qo G, G} A AT Af AT ATt
Qua, Oup Ga, G3p A" B* A, A” A”
Oy, 05, G, G, E” E, E, E E
Qz,xv Qiu G}u G3v
(O f:z: > 4)3142 Gy: E' E, E, E E
0. ll.0f o
0., Q? Go, Gy, Gy A" A~ Au+ A~ At
O34, O3 Guas Gap A B~ Ay AT A~
va Q3u G_VZv Giv E El Eu E E
Qy’ Q3v Gu; Giu
O G,, Gl G} E’ E, E, E E
of Gy, Gly. Gl
MT M
To, T.» Tao M, M? A~ A~ A, A~ A~
Tia, Ty M., M, A" B~ AS At AT
T, Ty, M., M3, E” E, E, E E
T T;lu A/[}" M3V
T, T T) M., E E, E, E E
Ty, TS T M?
T, T® Mo, M,,, My A At A; At A~
To, T3y My, My, A B* Al A” A*
T, Tz, M., M, E E, E, E E
7;)7 T?)u szs M4u
Ty M, MI' MP? E’ E, E, E E
1 2
U My, MY, M3
1 1
0O(1x2) 0(1 2) O(1x2) _ O(l 2) O(1x2)
Yy = KXxyz “, Yxa A0 | 2 X -3 Z Xxii Yya = 5012 Xy -3 Z Xyii
20 20
1 1 1 1
« _ - O(1x2) _ 0(1x2) B_ 0(1x2) _ ., 0(1x2) B_ O(1x2) _ ., O(Ix2) B_ 1(,0(x2) __ _O(1x2)
Yz - 20 ( ZZZ 3 Z Xle ) 4 Yx 4 (Xxy) Xzzx )’ Yy 4 (Xyzz Xxxy )’ YZ - 4 (szx Xy\z )
(F16)
We set
(X, X)) = (X] — 4X,, X] + 2X,), (cyclic), (F17)

for notational simplicity.

The multipoles in Eq. (23) are represented by using

xe =1
* 10

follows:

_ ., [0x3]
XX)’Z XO xXyz

(XX ’

5
[0x3]
-3 Z XO,Xil )

[0><3]
0 XXX

Xy, X)) =

[0x3]
0:ijk

4. X[0x3]

il
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[0x3]
Xosyyy

[0x3] [0x3] [0x3]
(zmwzmwzmm
i

[0x3]
szm;)

which is totally symmetric for the permutation of i, j, and k as

)

(F18)
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TABLE XXXIV. IRREPs of multipoles in trigonal black-and-white point groups. {X, —iX,, X, +iX,}, {X, +i

Xz, Xox

—iX.},

X, = Xy Xy + X ) (Xay — iXa, Xa + X, (Xope o+ X0 Xope — iXP), (X, + X5, X, — X4 (X + XL X[ — X[}, and -
iX{. X5 +iX{}} (X = Q. G. T, M) are the basis of E{;”’* in 3m’ and E*>* in 32’ and 3m’.
Magnetic point group Im’ Im 3m’ 32 3m’ 3
Unitary subgroup 32 3m 3 3 3 3
Antiunitary operation 01 01 0C, 0C; fo, o1
E ET
Qo, Ous Q405 Qup Gsp At At Af At At At
Oua G.,G%, Gy, AF A} A, A~ A~ At
Oy Qs 0%, 04 Ol G, G, Gf E* E* E(2+ E(12+ B2+ E
Qu Oy, 05, 04 Ol Gy. Gy, Gy
O3 Go, Gy, Gy, Gap AT Ay Af AT A~ A~
sz Q?v Q3a Gy A; A17 A; A~ AT A~
0., Qs OF Gy:. Gy G4,. G}, Gl E- E- E(l-2+ B2+ B2~ E
Qy7 Q3va Qxyz Gz,ta Gw sz Gful ) szf
MT M
Ty, Tu, Tuo, Tus My Ay AT AL A- A~ A~
Tia M., M*, M3, Ay Ay A} A* At A~
Ty, T, T, TS T M., M3, M E- E- E(- E(.2)- E12- E
T T, T, T TS My, My, My,
T3 Mo, My, Mao, My Al AT Ay A~ Af AT
T.. T T, M, A3 Af A} At A At
T., T, T/ My, M.y, M3, M3} MY} E E E(l2- E(12- B2+ E
Ty, T, Ty M., M, Mg, M}, M,

1 1 1 1
_ [0x3] [0x3] B _ [0x3] [0x3] B _ [0x3] [0x3] B _ [0x3] [0x3]
Xzfx - ﬁ <5X0;zzz -3 Z X0:zii >’ Xy = E(XO;xyy — X0szex )’ Xy = E(Xo;yzz — X0y )’ X, = E(X();ZXX — Xoyyz )
i
(F19)
5. X[1x3]

The monopole, dipole, quadrupole, octupole, and hexadecapole components of x!!*3! are represented by using xl.[;;,ff], which
is totally symmetric by the permutation of j, k, and [, as

1
M(Ix1) _ — [1x3]
1
1
D(1x1) _ [1x3]
x>V =2 e (F21)
ki
1
QUx1) _ [1x3] [1x3]y _ . QUx1)
Xij =% Z (Xi;jkk + Xjuikk ) = Xji ] (F22)
k
1 2
QUx3) _ [1x3] [1x3] [1x3] =30 | . Qax3)
Xij =3 Z |:(Xk;ijk + Xiji ) - g(Xi;jkk + Xjuikk )] = Xji , (F23)
k
1
0(1x3) _ [1x3] [1x3] [x3]\ _ _O(x3) _ _O(x3)

Xijk =% Z (eklmxl;ijm t €im Xy jom T €jimXikim ) = Xjki = Xjik > (F24)

Im

1

H(1x3) _ [1x3] [1x3] [1x3] [x3]y _ _H(x3) _ _H(1x3)

Xijki = Z(Xi;jkl t Xjwi T Xyt Xesiji ) =Xjri = Xji - (F25)

The field FB = (Foux, Fyyy, Foczs Fyyzs Faes Foys Fyezs Faxs Fryys Fry,) is decomposed into the /r = 1 and 3 components. The Ip =
1 field in F leads to the monopole, dipole, and quadrupole components, xM(*D 5 DUXD “and 5 QUXD “wwhereas the [ = 3
field in F3! results in the quadrupole, octupole, and hexadecapole components, y QU *3) | xOx3) apg ) H(Ix3),
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TABLE XXXV. Laue group (LG) and the corresponding three types of magnetic point groups: gray point group (GPG), crystallographic
point group (CPG), and black-and-white point group (BWPG).

LG GPG CPG BWPG
m3m m3ml’ m3m m'3m', m3m’, m'3'm
4321 432 432
43ml’ 43m 43m’
m3 m31’ m3 m'3
231 23
4 /mmm 4 /mmm1’ 4 /mmm 4/m'm'm', 4 /mm'm’
4 /m'm'm, 4 |mm'm, 4/m' mm
4221 422 422, 422
42m1’ 42m 42'm', 42m', 42'm
4dmml’ 4mm dm'm’, 4 m'm
4/m 4/ml’ 4/m 4 /ml, A fn 4 m
41 4 4
41 4 &
mmm mmml1’ mmm m'm'm', m'm'm, m'mm
2221 222 2'2'2
mm21’ mm?2 m'm'2, m'm2’'
2/m 2/ml’ 2/m 2 /m',2/m', 2 /m
21 2 2
ml’ m m'
1 11 1 T
11 1
6/mmm 6/mmm1’ 6/mmm 6/m'm'm', 6/mm'm’
6 /m'mm’, 6' /mmm’, 6/m' mm
6221 622 622, 6'22
6m21’ 6m2 6m'2,6'm2,6'm?2
6mml’ 6mm om'm’, 6'mm’
6/m 6/ml’ 6/m 6'/m',6/m', 6 /m
61 6 6
61 6 6
3m 3ml’ 3m 3m’, 3m’, 3m
321 32 32/
3ml’ 3m 3m’
3 31 3 3
31 3
By using Egs. (F20)—(F25), the multipoles in Eq. (24) are shown as
XO — %XM(IXI)’ (F26)
Y, = lxD(lxl)’ Y, = IXD(IXI)’ Y, = lXD(lxl)’ (F27)
57 57 57
X, = 1 Q(1x3) Q(1x3) 1 Q(1x3) Q(1x3) 1 Q(1x3)
. 42< xS ZX ) Xy = S (3PP =3 Y). X = o,
X 1 Q(1x3) X 1 Q(1x3)
o = 21 A7 Xox ) xy 21 77 Xxy ) (F28)
X = i( Q(lx]) ZXQ(1x1)> X = 3 (XQ(lxl) XQ(]X])) X = §XQ(1><1) X = 3XQ(1><1) X = zXQ(lxl)
u 10 ’ v 10 XX yy ’ yz 5 yz ’ x 5 x ’ Xy 5 Xy ’
(F29)
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TABLE XXXVI. Magnetic Laue group (MLG) for the gray point group (GPG) and the 7 -symmetric black-and-white point group (BWPG).

MLG

GPG

BWPG

m3ml’

m31

4 /mmm1’

4/ml’

mmm1’

6/ml’

3ml’

m3ml’
4321
43m1’
m31’
231
4/mmm1’
4221
42m1’
4mm1’
4/ml’
41’
41
mmm1’
2221
mm21’
2/ml’
21
ml’
1
11
6/mmm1’
6221
6m21l’
6mml’
6/ml’
61’
6l
3ml’
321
3ml’
31
31

m'3m', m'3m

m'3

4/m'm'm', & /m'm'm, 4/m'mm

& /m' 4 /ml

m'm'm', m'mm

2 /m,2/m

1/

6/m'm'm', 6'/mmm’, 6/m' mm

6'/m,6/m

nyz = Xx}z

0(1x3)

’

Y) =

X

1
20

_( 0(1x3)
xxx

1
O(1x3) a 0O(1x3)
32 Xxii )’ Y) _ﬁ( Xyyy

0(1x3)
)

O(1x3)

O(1x3)
Xzzz )’

T Xzax

Y"‘—1
: 20

1
O(1x3) O(1x3
-3 Z Xzii ) )’ Yﬂ 4 (Xx}(v )

v = i(xy??“) Xoy V), xf =i(x2§“3) x90), (F30)
X4 — lls[ X};EIXS) _ 3(ny(zi><3) + XZZ(]X3) + nggvxfi))]’

i
= g B T sty < - ) |
o= T — A S — A X = 0 — ), = (a2 - ),
A SRR CEE )
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TABLE XXXVII. Magnetic Laue group (MLG) for the crystallographic point group (CPG) and the 7 -breaking black-and-white point
group (BWPG).

MLG CPG MLG BWPG
m3m m3m m3m’ m3m’
432 432

43m 43m’

m3 m3 4/mm'm’ 4 /mm'm’
23 422

4 /mmm 4 /mmm 42'm
422 dm'm’

2m 4 /mm'm 4 /mm'm

4dmm 422

4/m 4/m a2m', 42'm
4 4'm'm

4 4 /m 4 /m
mmm mmm 4
222 &

mm2 m'm'm m'm'm

2/m 2/m 2212

2 m'm'2, m'm2'

m 2 /m’ 2 /m’
1 1 2
1 m'

6/mmm 6/mmm 6/mm'm’ 6/mm'm’
622 62'2

6m?2 6m'2

6mm 6m'm’

6/m 6/m 6 /m'mm’ 6 /m' mm’
6 622

6 6'm2,6'm'?2

3m 3m 6'mm’
32 6 /m' 6'/m
3m 6
3 3 6
3 3m’ 3m’
32
3m’

X = 114( QD nggxw), X£=1—2<7x§§;“)— xl»li{)f},lX3)>. 1)
1

For notational simplicity, we take

K X)) =X, +X,4X, - X)), X! =X, - X, X,X)=0GX, +X,,2X, — X)), X =X, +2X],

£y, X)) = (2X,, — X[, 8%, + X)), (cyclic). (F32)

6. x>

For the rank-4 tensor 22,

X Xl
X[2><2] — < t)’ (F33)
Xl Xt
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Xiad Xy e Xie  Hiwes Xivay
=g Xy Xge | =Xl X X |
X Xz X T Ca )
P e pEea S
Xl = Xz[a%;)g] Xz[)%;;yZ] Xz[)%;zﬂ o X = Xz[z%;;ZZ] Xz[f;ixz] Xz[i;;VZ] ’ (F34)
Xiad Xbay Xayer Xindh Xose Xony

the monopole, dipole, quadrupole, octupole, and hexadecapole components are expressed by using the tensor component
2x2],_ _[2x2] __ _[2x2]
Xital (= Xjigd - = Xijux ) @S

1
M(0x0) _ [2x2]
= §ini;jj : (F35)
ij
1
QOx2,4) _ 2x2] [2x2]
Xij =5 Z (ka;ij = Xijxk ) (F36)
k
1 1
M(2x2) _ [2x2] [2x2]
X = 3 > ( ijsji 3 Kiisjj ) &N
ij
1
D2x2) _ [2x2]
1w = > exii (F38)
jki
1 2
Q@2x2) _ [2x2] (2x2] [2x2] 2x2ly | _ ., Qex2)
Xij =3 Z [(Xik;kj + Xjiki ) - g(Xij;kk + Xikiij )] =Xji s (F39)
k
1
0(2x2) _ [2x2] 2x2] [2x2] [2x2] [2x2] 2x21y _ ,02x2) _ _0@2x2)
Xijk =% Z (6ilmle;mk t €jimXigomi. T €kimXipnj t €itmXipm; T €jimXipgmie T €kim X jmi ) =X =X - (F40)
Im
1
H2x2) _ [2x2] [2x2] [2x2] [2x2] [2x2] 2x2]\ _ H@x2) _ _HE2x2)
ijki = E(Xij;kl + Xikji T X+ Xt + Xiji + Xaasij ) = Xjkii = Xjike - (F41)

Since both B®?! = (B,,, B

s Bz, Byz, Box, Byy) and F21 = (Fyy, Fyy, Fyy, Fyy, Fyx, Fyy) contain I, [ = 0 and 2 components, there

are two types of monopole components xM©*9 and xM2*2) and three types of quadrupole component XS.(OXZ’i) and Xi?(zxz).
By using Egs. (F35)—(F41), the multipoles in Egs. (26)—(29) are represented by
1 1
Xy = — M X7 L M0x0) (F42)
10 3
1 bex2) 1 bex2) 1 bex2)
Y, = gXX , Y= gxy , Y. = gxz , (F43)
1 2x2 Q2x2) 1 2x2 2x2 1 oex2)
Xuzﬁ(?)xg(X)_ZXii * 5 sza( SV(X)_X)%(X)), Xyz=§Xy% x 3
i
1 aex2) 1 oex)
Xoe = ZXee 7 Koy = Zxy (F44)
1 1
4 _ 0x2,+ QOx2,£) 4 _ 0x2,% 0x2,+ £) _ L QOx2,4)
XJ)—5<3X§” = ) X0 = 5 o =), X =i
i
XD = xQO2B | X _ yq0x2b) (F45)
Yoy, = X)g(12><2)’
1 1 1
0@x2 02x2) _ 0@x2 0(2x2) _ 0(2x2 02x2)
Y"azﬁ(sxxx;“_?’zxﬂ"x ) Yya_%<sxw§w_3zx>‘” ’ ) YZ“_%(SXZZ;X)_3ZXM ’ )
i i i
1 o@ex2 0@x2 1 oex2 0@x2 1 o@ex2 0@x2
Yxﬂ = Z(Xxyg D — Xw(c ) ))’ Y»ﬂ = Z(Xyzg D — Xxx,(v . ))’ Yz/3 = Z(sz)(c 2 — nyg ) ))’ (F46)
1 HQx2) 3 HQ2x2) 1 H2x2 H(2x2) 6 HQx2) _ _H@x2) _ _H@2x2)
Xy = 6( Xii .~ 3 Xiijjx o X = 6 3Xzzz(zx ) — Xii )~ 7 Z (2Xiizz = X~ Xiiyy ) ) )
i ij i i
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1 6 1 1
— H(2x2) H(2x2) H(2x2) H(2x2) _ H(2x2) H(2x2) _ H(2x2) H(2x2)
Xy = §|: XXXX = Xyyyy - ? Z (Xiixx - Xiiyy )i| ’ Xégc - _( YYYyz — Xyzzz )’ Xfy - _( 222% - )’

2 ) Xzxxx
i
X® — 1 H(2x2) H(2x2) Xﬁ _ 1 6 H(2x2) 1 H(2x2) Xﬁ _ 1 6 H(2x2) 1 H(2x2)
47 — E( XXXy — Xxyyy )’ 4x T 5 Xxxyz - ? Kyzii ’ 4y — 5 Kyyzx - ? Xzxii ’
i i
1 1 H(2x2
Xp = 5(6 Y = 5 X ) (F47)
i

We use the notation
X0, X)) = (4Xo + X[, —2Xo + X{), (X, XE)) = (—4X, —2X D, —4X, + X P £3x)), X' = -XH X,
X, X)) = (4X, + 22X, —4X, + XD £ X)), X X)) = (—4X, + XD £ X, 2X, + X £ X)), (eyclic),

yz
(F48)
for simplicity.

APPENDIX G: TENSOR EXPRESSION IN HEXAGONAL/TRIGONAL SYSTEM

In the hexagonal and trigonal systems, multipoles are expressed by the tesseral harmonics. Since the tesseral harmonics have
the different functional form from the cubic harmonics for rank / > 3, we show the response tensors in the hexagonal and trigonal
systems with rank / > 3 multipoles. The corresponding rank-3 and -4 tensors are represented by

3X, 4 Xzq — 3X3,\ |
3X, — X3, — 3X3,
3X. 42X
X, —X¥ — X7
031 _ X, + 4X3, ’ an
Xy + X3, — X3,
X, + 4X;,
X, —X* +Xxf
X — X34 — X3y
XX}’z
X+ Xz0 — 3Xsu X = 2o+ Xap— Xy, K420 —2X% +2XF\
X +2Y,, — X3 — X3 X — X3, — 3X5, X! —2Y,, —2X* —2XxF
L1 X! —2Y,, +4X3, X +2Y. + 4X;, X. +4X~ ’ G2
Y, +Y, + Xy, =3X. + Y, — 2X* — 2XF —3X, — Yo + 4X3,
—3X, — Yy — 2X* +2X/ =Y+ Y + Xy, —3X, + Y. +4X3,
=3X, + Y + X3 — X3, =3X, =Y, — X3, — X3, =2Y, + Xy,
3(Xo — X+ X)) +3Xa0 + X[ = X7 3(-Y. - X, + YP—-YP)+ X0 =X 3, — X+ Yap — Vi) + Xap — 3K, !
3V, =Xy =Y —YP) = X[ = X7 3 — X, — X)) +3Xeo + X+ X7 3(=Y, — X, + Vi + Va) — Xao — 3XY
=3(Y, + X +4Y3,) + 4X¢, 3(Y, — X, +4Y3,) + 4X¢, 3(Xo + 2X,) + 8Xuo
Yy — Xop 4 Yap + 11¥3, — Xy — X, Yo+ X[ — Ysa — Y3, — Xau — 3X¢, Xo 4+ X/ = 5X, — Yoy — 4Xg0 — X2
ey | Xo+ X=X = Yoo — 4Xu0 + X7 —Y, — Xy — 4Y2 +27F 42X Y, + X!+ 475, +4XZ
AR I AN G N G v Xo — Xy + X! — Yoy + Xao — XL Y, =X =3+ Y+ Xaa — X3 |
Y, — Xy +4Y2 +27F 42X Xo + X, + X! + Yoy, — 4Xag — X7 —Y, 4+ X], — 4Y3, +4Xg,
~Y, + X!, — Yap + Y3, + Xap — 3XZ, Y — Xy + Yau — 11Y3, + X4y — X, Xo 4+ X/ 45X, + Y. — 4Xg0 + X2
Xo — Xu — X + Yoo + Xao — X[)) —Y. + X, +Ye+YP - X[ - X[ Y, — Koo — 33 — Y3, — Xup — X§,
5X,. + Yaq 4 5Ya, + Xag — X£, 5X., + Y3 — 53, — Xgp — X2 5X, —2vF +2x[7

(G3)
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X Xit
x> = ( ) (G4)

Xl X
Xo + X, + X, + 3% + Xful — Xfuz X;+X —2X 4+ Yy, + X — Xful X+ XD+ X0 — 7, —4Xy + Xﬁz
xi=| X +X +28° — Y. + Xgo — X! o+ X % +3%Xo+ X+ X7 X 4+XD -XO 4V, —4X— X7 |, (G5
~(; =+ Xu(i) =+ XU(Jr) + nyz - 4X40 =+ Xﬁz XO/ =+ Xu(f) - Xv(+) - nyz - 4X40 - XAS‘Z X() — ZXM + 8X4()
RO+ Yo+ 5V + Xaa = Xp, =24+ X0 — Yo+ Yoy + Xy = 3X5, 2L XD YoV X[ X[
X = | 2Xe + XD — Yoy — Yo, — Xag — 3X, X+ Yap — 53, — Xup — X, 2 4+ XD Y+ v X[ =X ] (GO
—2Y, + X — 4y;, + 4X¢, 2Y, + X/ + 4Y3, + 4X2, X —2vf +2x];
X — Ysq — 5Ysu + Xag — X, =2Y, + X[ + Yag + Vau — Xag — 3XJ, 2V, + X7 + 4Y3, + 4X5,
o= | 2%+ X + Y, — Y3, + Xy — 3X7 X = Yap + 5Ys, — Xap — X, =2Y, + X7 — 45, +4X¢ |,
=2+ RO+ Y+ X X w4+ X —ve—vP X[ - X[ X +2vf +2x);
(G7)
3Xo+ 3X,— 3X, — 4Xs0— XL —Y,+ 3X,,— 2Yo 4+ 2X/? Yy + 3Xo— Y3p— 3Y3, — Xap— X2,
Y = Y+ 3X, 4 2V 4 2X 2 3Xo+ 3X,+ 3X, — 4Xao+ X7 —Yo4 3X,, — Vst 3V 4 Xaa— X2 |
Y+ 33X+ Yap+ 3Ya — Xap— X3, Yt 3Xo+ Vi — 3Y3,+ Xao— X, 3Xo— 6X,+ Xao — XL
(G8)

where the following relations with respect to the octupoles and hecadecapoles are used as
Y3" = %(SYJC& - 3Yxﬂ)’ Y3b = —%(SYyD{ + 3Yyﬂ)’ Y3u = _All(Yxa + Yxﬂ)v Y3V = _élt(Yya - Yyﬂ)v

Xoo =4+ Xa). X=X —X[)., Xp=-ixg+x). X[ =106X—7X). X[ =X

X0 =—Xa. X[ =X[ Xeo=—3(X&-7XL). Xap=—3(XZ+7X]). (G9)
in X[OX3], X[IX3] and X[sz]’ while
Xsa = 5(5X7 = 3XF), X3 = =3 (5X7 +3X0), Xy = —3(XF +XF), X5, = —3(X7 — XJ) (G10)
in X[1><2]'
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