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Disorder effects in topological insulator nanowires
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Three-dimensional topological insulator (TI) nanowires with quantized surface subband spectra are studied
as a main component of Majorana bound states (MBS) devices. However, such wires are known to have large

concentration N ~ 10" cm™3

of Coulomb impurities. It is believed that a MBS device can function only if

the amplitude of long-range fluctuations of the random Coulomb potential I" is smaller than the subband gap
A. Here we calculate I" for recently experimentally studied large-dielectric-constant (Bi;_,Sb, ), Te; wires in a
small-dielectric-constant environment (no superconductor). We show that provided by such a dielectric-constant
contrast, the confinement of electric field of impurities within the wire allows more distant impurities to
contribute into I', leading to I' ~ 3A. We also calculate a TI wire resistance as a function of the Fermi level and
carrier concentration due to scattering on Coulomb and neutral impurities and do not find observable discrete

subband-spectrum-related oscillations at N > 10'8 cm

DOLI: 10.1103/PhysRevB.104.054205

I. INTRODUCTION

Topological insulator (TT) attracts strong attention because
of its conducting surface states. TI nanowires are predicted to
host Majorana bound states (MBS) on their ends [1-6]. Here
we study the role of Coulomb impurities in T nanowires.

Typically, as-grown TI crystals are heavily doped semicon-
ductors with concentration of donors N ~ 10" cm~3. (For
certainty, we talk about n-type case where the Fermi level Er
is high in the conduction band.) However, to make the bulk
insulating and employ the surface states in transport, one has
to move the Fermi level close to the Dirac point. This is done
by intentional compensation of donors with an almost equal
concentration of acceptors.

This seemingly easy solution of the Fermi-level problem,
however, comes with a price [7]. In fully compensated TI, all
donors and acceptors are charged, and these randomly dis-
tributed charges in space create random potential fluctuations
as large as the TI bulk semiconductor gap. These fluctuations
create equal numbers of bulk electron and hole puddles and
substantially reduce the activation energy of the bulk trans-
port [7-9]. At the same time near the surface, the random
potential of charged impurities creates surface electron and
hole puddles and smears the Dirac point by the energy I'
self-consistently determined by the surface electrons (holes)
screening [10,11]. This smearing was observed by the scan-
ning tunnel microscopy [12].

Similar Dirac point smearing by disorder happens at
the surface of thin TI films sandwiched between two low-
dielectric-constant layers [13], where the Rytova-Chaplik-
Entin-Keldysh modification [14—16] of the Coulomb potential
of a charge impurity slows down the potential decay in space
and allows a larger number of the film impurities to contribute
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in I". In such films there is no bulk puddles because of strong
screening of surface electrons.

Recently, substantial experimental progress has been made
in thin TI nanowires and nanoribbons, where all mobile elec-
trons (holes) are located at the wire sufrace [17-27]. They
attract attention because the Dirac spectrum of surface elec-
trons (holes) splits in equidistant surface subbands separated
by the substantial gap A due to the small wire cross-section
perimeter. In such a TI wire, one can realize MBS with the
help of superconductor proximity effect, if one is able to
keep the Fermi level within a certain, say the first, subband
in the whole length of the TI wire [6]. For such a fine
tuning, the subband gap A should be bigger than the ampli-
tude I" of fluctuations of the long-range electrostatic potential
along the wire due to charged impurities. In this case the
resistance R(Er) should oscillate with the Fermi level Ef.
Reference [20] claims small resistance oscillations in TI wires
of radius a = 20 nm on relatively thick silicon oxide substrate
separating it from the heavily doped Si gate in the absence
of any superconductor. These oscillations seemingly indicate
that T < A.

In this paper, we calculate I" for a cylindrical TI wire of the
radius a with concentration N of Coulomb impurities in the
set up of Ref. [20]. To this end we study the self-consistent
screening of Coulomb impurities by surface electrons and
holes, in a way similar to Refs. [10,13]. We show that " ~ 3A
for N ~ 10! cm™3. We also calculate a TI wire resistance
R(EF) due to scattering on the Coulomb and short-range im-
purities and find no observable oscillation at N > 10'8 cm™—3
because I' 2 A.

Our results may seem counterintuitive. One might think
that the role of disorder in a thin TI wire should be smaller
than in the bulk TT or in a TT film. Indeed, at a given three-
dimensional (3D) concentration of charged impurities N, the
1D concentration of them Nma® in a thin TI wire is quite
small, so that there are less impurities at a given distance r > a

©2021 American Physical Society
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FIG. 1. Schematic plot of a wire of radius a and dielectric con-
stant k. The dielectric constants for the environment are «; on the top
and k, on the bottom of the wire, with an average x, = (k| + k2)/2.
In a topologically trivial case with ¥ > k, electric field lines (black)
start at the charged impurity shown by a red circle and channel
through the wire until exiting outside atx ~ & >> a. In a TI wire with
Kk > k, the electric field lines are screened (not shown) at distance
ry < & by the surface electrons or holes (heavy blue).

from an observation point in this case. We, however, show
that this larger-distance effect is compensated by the effect of
confinement of the electric field inside the TI wire due to its
large dielectric constant x ~ 200. As a result, the Coulomb
potential of each impurity slowly decays along a wire. This
allows a larger number of Coulomb impurities to contribute
toI.

The plan of this paper is as follows. In Sec. II we calculate
the amplitude I" of long-range potential fluctuations produced
by randomly positioned Coulomb impurities inside the wire.
In Sec. III we calculate a TI wire resistance limited by the
scattering of surface electrons on bulk charged impurities. In
Sec. IV we calculate additional contribution to the resistance
from located at the surface point-like neutral impurities. We
conclude in Sec. V by comments on the role of a supercon-
ductor stripe attached to the surface of the studied above TI
wire and on the requirement for the concentration of Coulomb
impurities N for the proper functioning of a resulting MBS
device.

II. SELF-CONSISTENT CALCULATION
OF DISORDER POTENTIAL

Consider the electric field of a Coulomb impurity located
inside an infinitely long (L, — oo, no surface electrons or
holes) trivial wire of radius a and with dielectric constant
k. The wire is in an environment with a dielectric constant
k. such that x > k., (see Fig. 1). In this case, due to large
dielectric-constant mismatch, the electric field lines of a point
charge are trapped inside the wire for a long distance & >
a before exiting outside. At distances & > |x| > a, using
Gauss theorem, this uniform electric field can be found to be
Ey = 2e/ka’, and e is the proton charge. More accurately,
the electrostatics of this problem for a topologically trivial
wire was solved and used in Refs. [28-32], and below we
summarize their results. The characteristic length £ is deter-
mined by the equation £2 = a®(k /2k. ) In(2£ /a). The electric
field and the Coulomb potential at a < |x| < & In(k /k.) decay
exponentially:

E(x) = Ege M/%, )

vo(x) = eEgEe /%, 2)

with the distance x away from the impurity center. This decay
is replaced by the conventional isotropic Coulomb asymptotic
E(r)= e/lc,;,r2 and vo(r) = eZ/Ker atr 2 &ln(k/k,) > €. In
Eq. (2) and below we ignore a constant term smaller than eEp&
which comes from distances r > &.

The Fourier transform of Eq. (2) is given by

*° . 2€E0
— gx
vo(q) /m dx vo(x)e g
where g < a~' since |x| > a.

In the absence of free electrons (holes) screening,
Eq. (2) leads to the amplitude of potential fluctuations of
charged impurities ~eEo&/Nma?&. For highly compensated
(Bi;_,Sby),Tes (BST) nanowires used in experiments [20]
with @ = 20 nm, and N = 10" cm~3, « = 200 [33-35], and
k. = 2.5 (average of the vacuum «; = 1 and silicon oxide
values k, = 4), we have & = 11a and this potential fluctuation
is of order 0.4 eV.

To describe the screening by surface Dirac electrons and
holes, we start from the equation for the electric potential of
screened charged impurities ¢(x)

ulr(x)] — e (x) = EF, “

where Er is the (gate tuned) Fermi level (electrochemical po-
tential), u[A(x)] is the (local) chemical potential, and —eA(x)
is the (local) linear charge density of carriers. Explicitly, we
can calculate A as a function of u through

rw = B S 62— ciak)
Ykl

sgn(u)
=iy DO =D e

where sgn(u) is the sign function, ®(x) is the Heaviside theta
function, and the energy spectrum for Dirac electrons is given
by

3

1

e1(k) = hvp k% + (I/a)?, (6)

and Dirac holes spectrum is —g;(k). Here vp is the
Fermi velocity, k is the momentum along wire, and [ =
+1/2, £3/2, ... are angular momentum quantum number
due to antiperiodic boundary condition. At k = 0, neighboring
subbands are separated by equidistance gap A = hivg /a. Here
in Eq. (5) and below we abbreviate ¢;(k = 0) = |I|A as ¢
for convenience. In experiments with BST TI nanowires with
radius a = 20 nm [20], A ~ 13 meV which, as we will see
below, is much smaller than the amplitude of fluctuations
of screened Coulomb potential I' ~ 35 meV. Therefore, it is
natural to consider the limit u? 3> A?Z, such that the sum over
! in Eq. (5) can be approximated by an integral and gives
a/ n\2
M) = sen()3 (7= ) )
2

which is related to the 2D charge concentration of the wire
surface n = A/2wa = k2 /47, where kp = || /hvr is the (lo-
cal) 2D Fermi wave vector.
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If EF is large enough so that E > e’¢?, then u[A(x)] can
be linearized in the local charge concentration variation 6 (x),

wlA(@)] = Er + §A(x)/g(1), (8

where g(u) = dA/du is the density of states (DOS) at zero
temperature. Explicitly using Eq. (5) we have

Kol Z ®(M2 - 812)

2
e
/ w* — &7

g(u) = ; ®

where o = €/ hvp is the effective fine structure constant. In
continuous limit % 3> A2, the DOS has a simple expression

|l
8w ="

which also reminds us of the 2D DOS v(u) = g(un)/2ma.

In the Thomas-Fermi (TF) approximation, the dielectric
function is given by

€(q) =1 —v()IzF, 1)

where the TF polarization bubble is [17r = —g(u), and the
bare interaction vy(q) is given by Eq. (3). We arrive at the
screened potential of one charge impurity within a thin TI
wire,

(10)

v(g) = vo(q)  2eEp (12)

el @+
where

ry = [£77 + 2eEog(u)] '/ (13)

is the screening length and ¢ < a~'. In real space, the
screened potential

v(x) = eEgre™ /" (14)

is similar to the bare potential Eq. (2), but with a different
characteristic length r; < £.

TF approximation used above for calculation of r; is valid
if r, is much larger than the Fermi wavelength ~k'. We show
below that this condition is well satisfied.

If impurities are randomly distributed inside the wire, the
mean-squared fluctuation of the potential is given by

1 o0
(¢%) = = / dx v*(x)Nma* = Nwa*EJr?. (15)
e —00

In the rest of this section, we concentrate on the charge
neutrality point where Er = 0, and ¢ has the Gaussian dis-
tribution function with (¢) = 0 and (¢?) = I'>/e*. Next we
calculate the average DOS (g) using the Gaussian distribution

function of ¢:

00 p efe2¢2/2r2 6
(g —/_OO (€¢)g(€¢)ﬁ (16)

_ ko _ 22
_neZXl:exp( g /2 )

In the limit I > A, the summation over / can be replaced by
an integral and we arrive at

_\/7 r 7
(g) = ST 17

The same result can be obtained if we average Eq. (10) di-
rectly [36]. Replacing g(u) by (g) and ignoring the first term
in Eq. (13) because as we will see ry < &, we arrive at

ry ~ [2eE(g)]7"? = ‘l(l)”“ AN (18)

K 0\& - \2 ol .
Substituting this r, back into Eq. (15) and using I'> = e?(¢?),
we can solve for I"

(7 12 17 30/7 A _ (Z)I/Zé(NaS)ZN

r= (2) oW A= () == (19)
Using a = 20 nm, « = 200, and N = 10" cm™3, vp =4 x
10° m/s [37], one gets o = 0.027, ' =35 meV, and A =
13 meV. Thus, our assumption I > A is well justified.

The TF approximation is justified as well, because the
Fermi wavelength Nk;' = hvp /T is much smaller than the
screening length r; given by Eq. (18). Indeed, the ratio
1/kprs ~ (@A/T)/? « 1 given T'> A and @ < 1, so TF
approximation is justified in our case.

Note that according to Eq. (19), I" does not decrease with
decreasing a in spite of the decrease of linear concentration
ma’N of Coulomb impurities. This is a result of the confine-
ment of electric field lines inside the large-dielectric-constant
TI wire described in Eq. (14), which allows more distant
impurities to contribute in the amplitude of the disorder po-
tential.

Substituting Eq. (19) back to Eq. (18), we have

o= oI (vat) . (20)

The above theory assumes that r; > a, so that the random
potential depends only on x and we can avoid averaging of
random potential over the perimeter of a wire cross-section.
Indeed, for N = 10" cm 3 and @ = 20 nm, we get r, = 2.1a,
so that the above theory is (marginally) applicable. At the
same time our assumption that r; << & = 11a is justified as
well.

Thus, at Er = 0 the surface of a cylindrical TI wire is cov-
ered by alternating along the x axis electron and hole puddles.
Each puddle is a ring with radius a and height Ax ~ r,. Each
puddle contains electrons (holes) from different subbands and
with both directions of k. This makes them spinless. Electron-
electron correlations can make them spinful, but this does not
affect our theory.

On the other hand, for larger o and N such that a > r,
ie., a>a.=a *3N"13 one can neglect the curvature of
the wire surface and our Eqgs. (19) and (20) cross over to I'
and r for the bulk TI sample calculated in Ref. [10].

Above we ignored the concentration of charged impuri-
ties in the environment outside of the TI wire N,. Let us
now evaluate the role of such impurities, say, in the silicon
oxide substrate. In the case of trivial wire, in order to save
electrostatic energy, the electric field lines of an impurity at
distance r < & from the wire surface first enter inside the wire
and then spread inside the wire to the distance ~& before
exiting outside the wire to infinity. Thus, one can think that
effectively each outside impurity is represented inside the
wire by a charge e cylinder, with length » and radius a. In
the presence of surface screening of a TI wire, only a small
minority of the outside impurities with » < r; contribute in
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fluctuating charge of the volume a’r,. As a result, the total
effective concentration of impurities projected from outside
the wire is N, (r,/a)?. If N,(rs/a)?> < N, where r; is given by
Eq. (20), then impurities outside the wire can be ignored. For
example, for the BST TI wire with N = 10'* cm 3 and a= 20
nm on silicon oxide substrate with [38] N, ~ 10'7 cm™, us-
ing ry/a ~ 2, we get N,(r;/a)* ~ 4 x 1017 em ™« N Thus
outside impurities can be ignored [39].

III. RESISTANCE DUE TO SCATTERING
ON COULOMB IMPURITIES

In this section, we calculate the resistance R as a function
of the Fermi level Er limited by the scattering off charged
impurities. Let us start with the conductivity of the TI wire
surface. In the linear screening region u? > e’>¢?, where the
carrier concentration is weakly perturbed by impurities, using
Boltzmann kinetic equation for Dirac electrons (holes), one
arrives at the surface conductivity [40],

2
T
o= e_ﬂ, 1)
h 4h
Here 7 is the transport relaxation time whose inverse is given
by [41-44]
1 2n 5
= wil[Vsil*) 5 (1 —cos”0)d(er —&i).  (22)
T "
Here the subscripts f(i) denote the final (initial) states
with momentum (ks, [y/a) [or (k;, [;/a)]; w; = g;,/g is the
probability to be initialized in state i, where g;(n)=
(raA)"'O(u? —612)|/L|/,/u2 —612 is the DOS of the [th
subband [c.f. Eq. (9)]; and (...) denotes the average over
impurities position. The scattering angle 6 can be related
to the (local) transfer momentum p = (ky — k;, [y/a — [;/a)
via cosf =1 — 2p/<2’ where kr = |u|/Aivp. The extra factor

(1 4+cos6)/2 in Eq (22) arises when the back scattering
is suppressed as a consequence of the spin texture at the
Dirac point, as in graphene or Weyl semimetals [41-43,45].
In other words, because of spin-momentum locking near the
Dirac point, the back scattering results in opposite orien-
tations of spin. Since in our case of scattering there is no
spin-flipping process, perfect back scattering is suppressed by
spin-momentum locking. However, it is still possible for an
electron to change its propagation direction along the wire
by scattering off impurities. Namely, although for perfect
back scattering & = 7, which corresponds to ky = —k; and
ly = —I;, the scattering probability is zero; for nonperfect
back scattering w /2 < 0 < 7 the scattering probability is re-
duced, but still is finite. In this sense, the surface states of TI
nanowires are very different from the edge states in quantum
Hall effect, for later the back scattering is completely forbid-
den when the distance between counter propagating edges is
larger than the cyclotron radius.

Because the long-range Coulomb potential Eq. (14) is a
function of x only, the angular momentum is conserved and
we have

2 Nmad? 2
(V") = 81[,1,~L—|v(q)| ; (23)

where §;, ;. is the Kronecker delta, L, is the length of the wire,
and g = ky — k; is the momentum transfer along x. Because of
the angular momentum conservation /; = [;, we only need to
consider intrasubband scattering, which greatly simplifies the
calculation. Since energy is also conserved, there are only two
possibilities for the final momentum along the wire k; = =£k;.
The scattering angle factor (1 — cos 6) suppresses the contri-
bution from the forward scattering ky = k; and [y = [;, so the
only remaining contribution comes from k; = —k; and Iy = I;.
Therefore, using Eqgs. (12), (22), and (23), we arrive at the rate

J (). 24
) 1 (u)
Here,
1 16Narf§sz3 _ 4Na3a2A4, 25)
(1) fip dras

[we used ry(n) = a/A/4a || which follows from Egs. (13)
and (9) at ry < £] and the function

2
f = =5 Z 8’ “ ;’A)z . (26)
[l.z + 4r2p? )

oscillates as a function of px around its average value f = 1.
It peaks at half-integer /A because of sharp peaks of the
matrix element in Eq. (23) at small momentum transfer. Below
we use Eq. (25) to study the monotonous dependence of the
wire resistance on the Fermi energy Ef.

Note that the right-hand side of Eq. (25) is proportional to
r? because the main contribution to the scattering rate is at
small momentum transfer ¢ ~ r;"'. Such an unconventional
role of long-range potential results from the electric field
confinement in a wire, which allows more distant Coulomb
impurities to contribute into scattering [46].

At |Er| > T and, therefore, |i| >~ |Er| > I', we can sub-
stitute Eq. (25) into Eq. (21). Substituting Er for u we obtain
for the wire resistance:

L. h 16Nd’a L,

R(Er) = BEINET

27
2mwaoc @7

At |Ep| S T, screening becomes nonlinear. Equation (27)
saturates at |Ep| >~ I" and using Eq. (19) we obtain the maxi-
mum resistance

ho 2037 L,

Rmax = —

e2 12(Na®)'\7 2ma’ 28)

Now let us compare Eqgs. (27) and (28) with experiment
[20]. Experimental resistance [20] has a maximum Rpax ~
50 k€2 at the Dirac point and slightly (by ~10%) decreases
at |[Ep|/A ~9/2. For L, = 1 pum, the radius ¢ = 20 nm, and
N = 10" cm~3, Eq. (28) predicts Rpax ~ 150 k2. This maxi-
mum resistance is somewhat larger than the experimental one
[20]. Our theory also predicts that the R(EF) stays constant
only for |Ep| ST =~ 3A and then decreases o E;*, which
disagrees with experiments. This motivates us to explore in
the next section whether the addition of surface short-range
impurities to the bulk Coulomb ones can improve agreement
with the experiment.
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IV. CONTRIBUTION OF SHORT-RANGE IMPURITIES
TO A TI WIRE RESISTANCE

The potential of short-range impurities is v(r) =
up y_; 8 (r — r;), where r; is the 2D position of an impurity
on the TI surface. The corresponding matrix element is given
by

2
niu,
(Vi) = —2

=9 29
2malL, (29

where n; is the 2D concentration of short-range impurities
on the wire surface. In contrast to the case of long-range
Coulomb impurities discussed in last section, both inter- and
intrasubband scattering contribute in the scattering rate as
shown in Eq. (22). Because the matrix element is independent
on the subband indices, the summation over initial states is
trivial ), w; = 1, while summation over final states leads to
the scattering rate

2
57 8(1). (30)
a

Substituting Eq. (30) into Eq. (21), we arrive at the contribu-
tion of short-range impurities to the TI wire resistance,

h 2nudg(p) Ly
R(p) = z#

. 31
alu| 2ma (31)

In continuous spectrum limit 2 > A2, we replace g(u) by
Eq. (10) and obtain the independent-on-Ef resistance

_ h Zniu%i 32)

Ry = = .
e’ i*v} 2ma

It was shown [20] that, on the top of the above classical
behavior, quantum oscillations of the DOS g(u) [see Eq. (9)]
result in resistance oscillations as a function of the Fermi
level with period A. However, we show below that these
oscillations are very small due to the smearing effect of Gaus-
sian fluctuations of the long-range potential. For example, the
amplitude of a harmonics with period A is suppressed by
a factor exp[—2n21"2(Ep )/A?]. The Fermi-level-dependent
I'(EF) can be obtained by substituting Eq. (13) into Eq. (15),

assuming & >>> r, and replacing |u| by \/E% + 2I'2(Ep)/7:

F(Ep) = nNa? al/A AT/ 33)
PN 2 B4 202(ER) /AP

Indeed, by solving for I' = I'(Er = 0) self-consistently, we
obtain the same expression I" given by Eq. (19). At |Ef| > T,
one has T'(Er) o |[Ep|~3/%.

As a result, we have the smeared DOS as a function of the
Fermi level,

R GXp[_ (/‘L;EF )? ]
((Er)) = / dpg(p) 20 (Er)

o0 V2rT2(Ep)
as shown in Fig. 2. Replacing g(u) by (g(Er)) in Egs. (30)
and (31), and replacing || by , /E% + 2T (Er)? /7 in Eq. (21),

(34)

6F N=10"cm™3
N =10"% cm™3

11
2

N~
W -
S o
NI
o -

Ep/A

FIG. 2. The DOS (g(Er)) defined in Eq. (34), in units of (aA)~!,
smeared by the long-range potential of Coulomb impurities with
different 3D concentrations N in units of cm~: 10'7 (dashed blue
line), 10'® (dot dashed red line), and 10" (solid black line). Here we
use radius @ = 20 nm and o = 0.027.

we get the wire resistance as a function of the Fermi level, as
shown in Fig. 3.

The relatively weak dependence of TI wire resistance on
Er shown in Fig. 3 agrees with the experiments [20]. How-
ever, small subband-related oscillations of the resistance seen
in the experiment show up in our theory only at N substan-
tially smaller than 10'® cm =3,

—
—_

4 ojw
4 ol:
4 ol
4 e
0|

1
2
T

R/Ry

FIG. 3. Dimensionless resistance R/R, of a TI wire due to scat-
tering on short-range surface impurities averaged over the long-range
potential of Coulomb impurities as a function of Er /A or of average
1D dimensionless charge concentration Aa. Different 3D concentra-
tions N of Coulomb impurities in units of cm™ are: 10" (dashed
blue line), 10'® (dot dashed red line), and 10" (solid black line).
Here we use radius ¢ = 20 nm and o = 0.027.
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V. CONCLUSION

In the above calculations, we deal with a TI wire in a
low-dielectric-constant environment without attached super-
conductors and show that at N = 10'® cm~ the amplitude of
potential fluctuations I' ~ 3A. In fact, a future MBS device
will contain a superconductor stripe on the top of the TI wire,
which may substantially screen the potential and reduce T.

Indeed, the superconductor stripe provides an image charge
to each impurity inside the wire, and at |x| > a the resulting
dipole potential is ~e*a®/k|x|* and decays very fast. There-
fore, we need to consider the contribution of impurities only
at distances r < a from a surface observation point. They pro-
vide normal Coulomb potential because screening by surface
electrons or holes at such small distances can be ignored. In
the case Na® >> 1 we have

r’= ,8Na3(e2/lca)2, (35)

where B is an unknown numerical coefficient that depends
on geometries of the wire cross-section and of the adjacent
superconductor. A similar result can be obtained by replacing
ry with @ in Eq. (15). For N = 10" cm™3, ¥ =200, a = 20
nm, and for a not completely unreasonable 8 = 4w, we get
' =12 meV, close to A = 13 meV.

However, this I" is not small enough for a MBS device,
which has to keep the chemical potential inside the same
subband gap in order to avoid accidental Majorana pairs. For
a long wire, even a single rare segment of the length 2a with
a potential larger than A /2 is detrimental.

Let us estimate the probability of keeping the chemical
potential within the same subband gap along the whole wire.
For that we divide the long wire into L,/2a pieces with the

length 2a each. For randomly positioned Coulomb impurities,
the potential of each piece is an independent random variable
following Gaussian distribution, and the probability for a sin-
gle piece to fail is

A2 —u? /212
p=1-— / dy———
—AJ2 V2n

where erfc(x) is the complementary error function. The prob-
ability for the whole wire to function is given by

pw = (1 — p)l/2. (37)

For example, in order to have p,, > 0.5 for a typical wire with
L, =1 pmanda =20 nm, we need I'/A < 0.23 [47]. Using
Eq. (35) with 8 = 47 we find necessary impurity concentra-
tion N < N, =7 x 107 cm~3.

To make disorder effects even weaker, one can put MBS
devices on high-dielectric-constant substrate, say, insulating
STO [17]. In this case, one can expect a 50% yield of func-
tioning MBS devices at a few times larger N,.

Thus, we find that necessary reduction of the concentration
of Coulomb impurities in TI nanowires to make functioning
MBS devices is similar to that in hybrid Rashba nanowires
[48]. In both cases, the concentration of Coulomb impurities
should be reduced at least by 10 times.

= erfc(A/2+/2T), (36)

ACKNOWLEDGMENTS

We are grateful to Y. Ando, A. Kamenev, H. Legg, V.
Pribiag, A. Rosch, and B. Skinner for reading the paper and
useful comments. Y.H. was partially supported by the William
I. Fine Theoretical Physics Institute.

[1] L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407 (2008).

[2] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010).

[3] A. Cook and M. Franz, Phys. Rev. B 84, 201105(R) (2011).

[4] A. M. Cook, M. M. Vazifeh, and M. Franz, Phys. Rev. B 86,
155431 (2012).

[5] J. Alicea, Rep. Prog. Phys. 75, 076501 (2012).

[6] H.E Legg, D. Loss, and J. Klinovaja, arXiv:2103.13412 (2021).

[7] B. Skinner, T. Chen, and B. I. Shklovskii, Phys. Rev. Lett. 109,
176801 (2012).

[8] Z. Ren, A. A. Taskin, S. Sasaki, K. Segawa, and Y. Ando, Phys.
Rev. B 84, 165311 (2011).

[9] T. Knispel, W. Jolie, N. Borgwardt, J. Lux, Z. Wang, Y. Ando,
A. Rosch, T. Michely, and M. Griininger, Phys. Rev. B 96,
195135 (2017).

[10] B. Skinner and B. I. Shklovskii, Phys. Rev. B 87, 075454
(2013).

[11] B. Skinner, T. Chen, and B. Shklovskii, J. Exp. Theor. Phys.
117, 579 (2013).

[12] H. Beidenkopf, P. Roushan, J. Seo, L. Gorman, 1. Drozdov, Y.
San Hor, R. J. Cava, and A. Yazdani, Nat. Phys. 7, 939 (2011).

[13] Y. Huang and B. I. Shklovskii, Phys. Rev. B 103, 165409
(2021).

[14] N. S. Rytova, Moscow Univ. Phys. Bull. 3, 18 (1967).

[15] A. V. Chaplik and M. V. Entin, Zh. Eksp. Teor. Fiz. 61, 2496
(1971) [J. Exp. Theor. Phys. 34, 1335 (1971)].

[16] L. V. Keldysh, Pis’ma Zh. Eksp. Teor. Fiz. 29, 716 (1979) [Sov.
J. Exp. Theor. Phys. Lett. 29, 658 (1979)].

[17] L. A. Jauregui, M. T. Pettes, L. P. Rokhinson, L. Shi, and Y. P.
Chen, Nat. Nanotechnol. 11, 345 (2016).

[18] Y. C. Arango, L. Huang, C. Chen, J. Avila, M. C. Asensio, D.
Griitzmacher, H. Liith, J. G. Lu, and T. Schipers, Sci. Rep. 6, 1
(2016).

[19] J. Ziegler, R. Kozlovsky, C. Gorini, M.-H. Liu, S. Weishéupl,
H. Maier, R. Fischer, D. A. Kozlov, Z. D. Kvon, N. Mikhailov,
S. A. Dvoretsky, K. Richter, and D. Weiss, Phys. Rev. B 97,
035157 (2018).

[20] F. Miinning, O. Breunig, H. F. Legg, S. Roitsch, D. Fan, M.
RoBler, A. Rosch, and Y. Ando, Nat. Commun. 12, 1 (2021).

[21] H. Peng, K. Lai, D. Kong, S. Meister, Y. Chen, X.-L. Qi, S.-C.
Zhang, Z.-X. Shen, and Y. Cui, Nat. Mater. 9, 225 (2010).

[22] S. S. Hong, J. J. Cha, D. Kong, and Y. Cui, Nat. Commun. 3,
757 (2012).

[23] B. Hamdou, J. Gooth, A. Dorn, E. Pippel, and K. Nielsch, Appl.
Phys. Lett. 103, 193107 (2013).

[24] S. Cho, B. Dellabetta, R. Zhong, J. Schneeloch, T. Liu, G. Gu,
M. J. Gilbert, and N. Mason, Nat. Commun. 6, 7634 (2015).

054205-6


https://doi.org/10.1103/PhysRevLett.100.096407
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/PhysRevB.84.201105
https://doi.org/10.1103/PhysRevB.86.155431
https://doi.org/10.1088/0034-4885/75/7/076501
http://arxiv.org/abs/arXiv:2103.13412
https://doi.org/10.1103/PhysRevLett.109.176801
https://doi.org/10.1103/PhysRevB.84.165311
https://doi.org/10.1103/PhysRevB.96.195135
https://doi.org/10.1103/PhysRevB.87.075454
https://doi.org/10.1134/S1063776113110150
https://doi.org/10.1038/nphys2108
https://doi.org/10.1103/PhysRevB.103.165409
https://doi.org/10.1038/nnano.2015.293
https://doi.org/10.1038/srep29493
https://doi.org/10.1103/PhysRevB.97.035157
https://doi.org/10.1038/s41467-020-20314-w
https://doi.org/10.1038/nmat2609
https://doi.org/10.1038/ncomms1771
https://doi.org/10.1063/1.4829748
https://doi.org/10.1038/ncomms8634

DISORDER EFFECTS IN TOPOLOGICAL INSULATOR ...

PHYSICAL REVIEW B 104, 054205 (2021)

[25] D. Rosenbach, N. Oellers, A. R. Jalil, M. Mikulics, J. Kdlzer,
E. Zimmermann, G. Mussler, S. Bunte, D. Griitzmacher,
H. Liith, and T. Schipers, Adv. Electron. Mater. 6, 2000205
(2020).

[26] D. Rosenbach, K. Moors, A. R. Jalil, J. Kolzer, E. Zimmer-
mann, J. Schubert, S. Karimzadah, G. Mussler, P. Schiiffelgen,
D. Griitzmacher, H. Liith, and T. Schépers, arXiv:2104.03373
(2021).

[27] O. Breunig and Y. Ando, Fabrication of topological insulator
devices, arXiv:2101.12538 (2021).

[28] L. V. Keldysh, Phys. Status Solidi (a) 164, 3 (1997).

[29] A. Finkelstein and O. Ptitsyn, Protein Physics” (Academic
Press, an Imprint of Elsevier Science, Amsterdam, 2002),
Chap. 12.

[30] S. Teber, J. Stat. Mech.: Theory Exp. (2005) PO7001.

[31] A. Kamenev, J. Zhang, A. Larkin, and B. Shklovskii, Physica A
359, 129 (2006).

[32] S. T. Cui, Mol. Phys. 104, 2993 (2006).

[33] W. Richter and C. R. Becker, Phys. Status Solidi (b) 84, 619
1977).

[34] N. Borgwardt, J. Lux, I. Vergara, Z. Wang, A. A.
Taskin, K. Segawa, P. H. M. van Loosdrecht, Y. Ando,
A. Rosch, and M. Griininger, Phys. Rev. B 93, 245149
(2016).

[35] T. Bomerich, J. Lux, Q. T. Feng, and A. Rosch, Phys. Rev. B
96, 075204 (2017).

[36] In the opposite limit I' < A, the average DOS is exponentially
suppressed by the gap and leads to (g) = (2xa/me? )e‘Az/grz.

[37] J. Zhang, C.-Z. Chang, Z. Zhang, J. Wen, X. Feng, K. Li, M.
Liu, K. He, L. Wang, X. Chen, Q.-K. Xue, X. Ma, and Y. Wang,
Nat. Commun. 2, 574 (2011).

[38] B.I. Shklovskii, Phys. Rev. B 76, 233411 (2007).

[39] On the other hand, if N,(r;/a)’> > N the screening length 7,
should be recalculated self-consistently together with I". Then,
instead of Egs. (19) and (20), we arrive at new results " ~
Ao~ (N,a*)*° and r, ~ aa™*°(N,a®)~1/°.

[40] D. Culcer and R. Winkler, Phys. Rev. B 78, 235417 (2008).

[41] T. Ando, J. Phys. Soc. Jpn. 75, 074716 (20006).

[42] S. Adam, E. H. Hwang, V. M. Galitski, and S. Das Sarma, Proc.
Natl. Acad. Sci. USA 104, 18392 (2007).

[43] S. Adam, P. W. Brouwer, and S. Das Sarma, Phys. Rev. B 79,
201404(R) (2009).

[44] J. H. Bardarson, P. W. Brouwer, and J. E. Moore, Phys. Rev.
Lett. 105, 156803 (2010).

[45] A. A. Burkov, M. D. Hook, and L. Balents, Phys. Rev. B 84,
235126 (2011).

[46] Using r,(u) ~ a/AJ4alu], we have r, > aif || < 9A which
covers most of the range of interest in experiments.

[47] In this case Eq. (36) gives p = 0.03 « 1, so that Eq. (37) can
be written as p,, & exp(—pL./2a).

[48] B. D. Woods, S. D. Sarma,
arXiv:2103.06880 (2021).

and T. D. Stanescu,

054205-7


https://doi.org/10.1002/aelm.202000205
http://arxiv.org/abs/arXiv:2104.03373
http://arxiv.org/abs/arXiv:2101.12538
https://doi.org/10.1002/1521-396X(199711)164:1<3::AID-PSSA3>3.0.CO;2-S
https://doi.org/10.1088/1742-5468/2005/07/P07001
https://doi.org/10.1016/j.physa.2005.05.097
https://doi.org/10.1080/00268970600926647
https://doi.org/10.1002/pssb.2220840226
https://doi.org/10.1103/PhysRevB.93.245149
https://doi.org/10.1103/PhysRevB.96.075204
https://doi.org/10.1038/ncomms1588
https://doi.org/10.1103/PhysRevB.76.233411
https://doi.org/10.1103/PhysRevB.78.235417
https://doi.org/10.1143/JPSJ.75.074716
https://doi.org/10.1073/pnas.0704772104
https://doi.org/10.1103/PhysRevB.79.201404
https://doi.org/10.1103/PhysRevLett.105.156803
https://doi.org/10.1103/PhysRevB.84.235126
http://arxiv.org/abs/arXiv:2103.06880

