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We investigate relations between topology and the quantum metric of two-dimensional Chern insulators. The
quantum metric is the Riemannian metric defined on a parameter space induced from quantum states. Similar
to the Berry curvature, the quantum metric provides a geometrical structure associated to quantum states. We
consider the volume of the parameter space measured with the quantum metric, which we call the quantum
volume of the parameter space. We establish an inequality between the quantum volume of the Brillouin zone
and that of the twist-angle space. Exploiting this inequality and the inequality between the Chern number and
the quantum volume, we investigate how the quantum volume can be used as a good measure to infer the Chern
number. The inequalities are found to be saturated for fermions filling Landau levels. Through various concrete
models, we elucidate conditions when the quantum volume gives a good estimate of the topology of the system.
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I. INTRODUCTION

Topological band structure and associated geometrical
properties of quantum and classical states have become an
important subject of study in a wide variety of disciplines in
physics, ranging from solid-state electrons [1-3], where the
concept of topological insulator was first invented [4-9], to
atomic, molecular, and optical (AMO) physics [10,11], acous-
tics [12—14], active matter [15,16], and even in geophysics
[17].

Topological properties, such as Chern numbers and wind-
ing numbers, characterize the global nature of the states
defined in a suitable parameter space, such as momentum
space. On the other hand, geometry characterizes local prop-
erties at each point in the parameter space. Topology and
geometry are closely related to each other; for example,
the integral of the Berry curvature, a geometrical quantity,
over a two-dimensional compact surface gives rise to the
topological Chern number. Recently, there is an increas-
ing interest in the study of a geometrical property called
the quantum metric [18]. The quantum metric provides a
positive semidefinite metric on a parameter space, and is
known to be relevant in various phenomena such as the
width of the maximally localized Wannier function [19-21],
responses in dissipative systems [22-25], response upon pe-
riodical modulations [26-28], nonadiabatic responses [29],
orbital magnetism [30-34], superfluid density [35-38], Lamb-
shift-like energy shift in excitons [39], Landau-level spreading
in flat band systems [40], and in the construction of frac-
tional Chern insulators [41,42]. Very recently, experimental
measurements of the quantum metric have been reported in
various systems [43—48].
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The aim of this paper is to study relations between the
topological properties of the system and the quantum metric,
focusing on two-dimensional Chern insulators. Chern insula-
tors are characterized by topology, in particular, by the Chern
numbers of families of quantum states defined on the first
Brillouin zone, which is the compact momentum space ob-
tained in the presence of translation symmetry with respect to
a lattice in real space. When considering many-body systems,
another relevant parameter space is the twist-angle space; one
considers a periodic boundary condition with a phase twist,
and the many-body wave function is parametrized by the
phase [49]. When considering noninteracting fermions filling
a band, the geometrical properties of the twist-angle space
are given by an average of the corresponding quantities in
momentum space, and hence the topological Chern numbers
calculated in both spaces are identical. Besides the Chern
number, we can construct a nontopological global quantity
characterizing the geometrical structure of the states from
the quantum metric. Since the quantum metric provides a
Riemannian structure in the parameter space, we can consider
the volume of the parameter space measured using this metric;
we call it quantum volume of the parameter space. Inspired
by the known inequality between the Chern number and the
quantum volume, we investigate how and when the quantum
volume can act as a useful measure to infer the topology of
the system. Furthermore, we establish an inequality between
the quantum volume of momentum space and the quantum
volume of the twist-angle space. We show that in the limit of
bands approaching Landau levels, we can obtain a very good
estimate of the topology (Chern number) just by studying
the quantum volume. The relations between topology and
the quantum volume have intricate mathematical structures as
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well, which are analyzed in detail in the accompanying paper
from the view point of Kihler geometry [50].

The structure of the paper is as follows. In Sec. II, we
introduce the quantum metric, the Berry curvature, and the
Chern number for a general parameter space. In Sec. III,
we introduce the momentum space and the twist-angle space
and discuss general relations between the topology and the
quantum volumes. In Sec. IV, we then discuss specific models
to see how the general relations can be applied to understand
the topological features of various cases. We first analyze Lan-
dau levels, which are the energy levels of a two-dimensional
system in the presence of a uniform magnetic field. We then
discuss two-band models, taking the Haldane model [51] and
the two-band model introduced in Yang et al. [52] as explicit
examples. As we will see, two-band models have characteris-
tic features, which are not present in models with more than
two bands. We finally discuss multiband models, taking the
Harper-Hofstadter model [53,54] and the three-band models
introduced in Ref. [55] and Ref. [52] as examples. We finally
give conclusions in Sec. V. Detailed derivations of some for-
mulas and relations are given in the Appendix.

II. DEFINITIONS AND PROPERTIES
A. Definitions

We first define the quantum metric and the Berry curvature
for a set of mutually orthogonal quantum states [y, (X)), la-
beled by an integer m = 1, 2, ..., which depend on a set of
parameters A = (A1, A2, ...). In what follows, A will either be
a quasimomentum k or the twist angle (6y, 6,, .. .).

The geometrical structure of a set of quantum states
[Ym(X)) with m = 1,2, ..., r, where r is the number of oc-
cupied bands for band insulators, is characterized by the
quantum geometric tensor, whose real part gives the quantum
metric and the imaginary part gives the Berry curvature [18].
The quantum geometric tensor for a set of states |1,,(A)) with
1 < m < ris defined by [24]

r

Xij(A) = Z(axﬂ/fm(l)l(l — POIG, ¥m@A)), (D

m=1
where P(A) = Y _, [¥m (X)) (¥, (X)] is the projector onto the
set of states with m =1,2,...,r. The quantum metric g;;

and the Berry curvature €2;; are defined through the real and
imaginary parts of the quantum geometric tensor as

8ij(A) = Re[x;;(X)]. @

Qij(A) = =2Im[x;;(M)]. 3

It is straightforward to show g;; = gj; and Q;; = —Q; from
the definition of the quantum geometric tensor.

In this paper, we focus on two-dimensional systems: A =
(A1, Ap). Then, in matrix notation,

gud)

_ g1n(d) —iQ2(X)/2
x0 = (gu(x) T iRi(0)/2 > @

822 )

B. Basic properties

The quantum metric g;;(A) provides a positive semidefi-
nite metric in the parameter space described by A = (A, X2)

satisfying det(g) = g11822 — g7, = 0. We note that the quan-
tum metric is not a positive definite metric; there can be points
in the parameter space where det(g) = 0 holds. The Berry
curvature £2;;(A)dA; A di; provides the curvature two-form
of a connection on a vector bundle whose fiber at A is spanned
by the set of states |,,,(A)) withm =1,2,...,r.

Even though the quantum metric is a geometrical property
of the tangent bundle of the parameter space and the Berry
curvature is a property of the fiber bundle made of the quan-
tum states, there are relations between the two; after all, they
are both defined in terms of the same family of quantum states.
An important relation that we want to explore in detail in this
paper is the inequality that holds between the volume form
and the Berry curvature:

Jdet(g) > '92‘2'. (5)

This inequality is well known in the literature and is due to
the fact that the quantum geometric tensor y;; is a positive
semidefinite matrix; the inequality was first shown for the
single-band case (r = 1) in Roy [56], and then later gen-
eralized to include multiband cases by Peotta and Toérmi
[35]. For completeness, we give a proof of this inequality in
Appendix A using Cauchy-Schwarz inequality, clarifying the
condition under which the equality holds. By integrating this
inequality, we obtain an important relation between the topo-
logical Chern number and the quantum volume as we describe
in the following. The Chern number can be calculated by in-
tegrating the Berry curvature over the parameter space (when
the parameter space is compact, which will be the case below):

1
C= —/d)qd)\z Q). (6)
2

The Chern number is guaranteed to be an integer and reflects
a topological property of the states. The quantum volume
vol, is the volume of the parameter space calculated using the
quantum metric as the metric, and it is defined by

vol, = /dkld)\z,/det(g). @)

Using the inequality Eq. (5), the following inequality between
the quantum volume and the Chern number holds [35,56]:

|21 Qp
VOlg 2 d)\]d)\.z ) 2 d)\.]d}\.ZT

—zxlcl. ()

Thus, the Chern number multiplied by m is upper bounded
by the quantum volume of the parameter space. This relation
has, for example, been applied to topological superconductors
to find a relation between the superfluid weight and the
topological properties of the system [35]. In this paper, we
will investigate consequences of this inequality applied to the
quasimomentum and twist-angle spaces as relevant parameter
spaces. Before studying concrete parameter spaces, we briefly
discuss how the quantum geometric tensor is related to the
Hamiltonian of the system.

C. Relation to the Hamiltonian

So far we have not introduced any Hamiltonian. Typically,
quantum states |,,(A)) are defined as eigenstates of a certain
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Hamiltonian H (1), which depends smoothly on the same pa-
rameter A. We then define that [v,,(X)) is an mth eigenstate
of H(A), where the corresponding eigenvalue €,,(A) is the mth
smallest of all the eigenvalues of H(A). The eigenvalue equa-
tionis H(A)|Y,,(X)) = €,(X)|¥,,(X)). Using the Hamiltonian,
we can find an expression for the quantum geometric tensor,
which does not involve the derivative of quantum states. From
the definition of the quantum geometric tensor, we see

Xij(A) = Z Z(3x.tﬁm(X)llﬁm/(X))(Wm/(X)Iax,Wm(l)). )
m=1m'>r
Using the relation (¥, (M]3 [, (L)) = (€n(A) — € (X))
(Y A)|01, ¥ (X)), wWe can rewrite the quantum geometric
tensor as

s U2 [ ) (i O] 22, )
=22, (em(A) — em(X))2

m=1m'>r

(10)

This is an expression which does not involve any derivatives
of the quantum states themselves, and is useful when numer-
ically calculating the quantum geometric tensor. We note that
there is also a technique of calculating the quantum geometric
tensor without computing the eigenstates at all as discussed in
Refs. [57,58].

III. MOMENTUM SPACE AND TWIST-ANGLE SPACE

Now we explicitly consider momentum space and twist-
angle space as parameter spaces which are relevant in
the study of two-dimensional Chern insulators. An n-band
model is characterized by an n-by-n Hamiltonian H (k,, k),
which depends on quasimomenta (ky, k,) defined in the first
Brillouin zone, which is periodic and is, topologically, a two-
torus. The quantum state [, (ky, ky)), often called the Bloch
state, is the eigenvector of H (k,, k,) with the mth smallest
eigenvalue. From the Bloch states with r smallest eigenvalues,
we construct the quantum metric and the Berry curvature,
which we write as g;;(k, ky) and ;;(k, k,). Topology and
geometry of the Bloch states are directly relevant in the
study of topological insulators; Chern insulators are two-
dimensional systems where the Chern number of the Bloch
states, associated with the filled bands, over momentum space
is nonzero. An important physical consequence of nonzero
Chern number is the bulk-edge correspondence; the number
of edge modes of a given energy gap is equal to the sum of the
Chern numbers of energy bands below the gap [59,60].

Another natural parameter space to analyze Chern insu-
lators is the twist-angle space [49], which is more abstract
than momentum space but can be applied also to disordered
and interacting many-body systems. The geometrical structure
in the twist-angle space is defined by introducing a periodic
boundary condition with a twist phase 6, and 6, along x
and y directions, respectively, and defining quantum states
in the parameter space of (6,, ). Twisted boundary condi-
tions can be gauged away by a suitable gauge transformation,
but at a cost of changing the Hamiltonian from H (k,, k) to
H(ky + 6,/Ly, ky, + 0,/Ly), where L, and L, are the lengths of
the system in x and y directions, respectively. It then follows

that % = Li%. Then, from the expression of the quantum

geometric tensor in terms of the derivative of the Hamilto-
nian, Eq. (10), we can see that the quantum geometric tensor
in twist-angle space is 1/L;L; times the quantum geometric
tensor defined in momentum space. We are most interested
in the situation where r bands labeled by m=1,2,...,r
are completely filled. We let ¥;;(6,, 6,) denote the quantum
geometric tensor in twist-angle space when » bands are filled.
Assuming noninteracting fermions, the quantum geometric
tensor for the entire band is a sum of the quantum geometric
tensor of each quasimomentum, namely

B 1
Xij (0, 0y) = TL/ ; Xij(ke, ky)

= Gy /dzkx,-j(kx,ky), (a1
which shows that the quantum geometric tensor for a set of
bands in the twist-angle space is nothing but the average of
the quantum geometric tensor defined in momentum space.
One can show that this integral is 6, and 6, independent in
the thermodynamic limit [61,62]. Explicitly writing out each
component of the quantum geometric tensor, we obtain

gij(gx’ 9\2) =
1
(2m)?

(hy/fWAh@L (12)

- 1
Qxy(e)cv Oy) = /de Qxy(km ky) = ) C, (13)
: T

where g;; and Qi j are the quantum metric and the Berry
curvature for the filled » bands defined in the twist-angle
space. We note again that these quantities do not depend on
the twist angles in the thermodynamic limit, or in other words,
these quantities are flat in the twist-angle space. As it is clear
from the relation Eq. (13), the Chern number calculated from
Q.y(ky, ky) and Q,,(0y, 6,) are the same:

1 1 ~
C= gfdzk Quy(ky, ky) = E/dzo Q. (0,,6,). (14)
Therefore, for noninteracting fermions completely filling a set
of bands, the Chern number in twist-angle space gives the
same information as the Chern number in momentum space.
On the other hand, the quantum volumes of momentum space
and the twist-angle space are generally different. We note that
the quantum metric in twist-angle space is proportional to
the localization tensor of the material [63], which is directly
related to the longitudinal response of the system upon peri-
odic modulation when a band is filled [27,43]. The quantum
volume of twist-angle space has the interpretation of the ge-
ometric mean of the eigenvalues of the localization tensor,
giving an average notion of the spread of the many-particle
ground state in real space [64].

Since the Chern numbers for noninteracting fermions are
the same for momentum space and the twist-angle space, the
inequality Eq. (8) holds for both spaces with the same Chern
number:

7|C| < voly = /dkxdky det[g(ky, ky)1,
7|C| < volz = /d@xdey det[3(6,, 6))]. (15)
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The quantum volumes vol, and vol; are generally different,
and in fact the inequality vol, < vol; holds; the quantum
volume of momentum space is always smaller or equal to the
quantum volume of the twist-angle space. The proof of vol, <
voly is given in Appendix B. Combining all the inequalities,
we finally obtain

|C| < vol, < volg, (16)

which is the central relation between the topology and the
quantum metric whose consequence we will explore in the
paper. In the accompanying paper [50], this inequality is an-
alyzed from the mathematical viewpoint of Kihler geometry.
In particular, it is discussed that the first inequality is satu-
rated, provided the quantum metric on momentum-space is
nondegenerate, when the parameter space equipped with the
quantum metric and the Berry curvature, playing the role of a
symplectic form, forms a Kihler manifold.

One immediate consequence of this inequality is that if
vol, < or volz < m, then |C| =0, i.e., a set of bands is
topologically trivial. For systems with vol, > 7, we cannot
make a definite statement about their topology. However, as
we confirm below with several models, vol,/m often gives a
very good estimate of the topology, and we can also see that
in a proper limit approaching the situation similar to the filled
Landau levels, vol,/m approaches the Chern number from
above.

IV. MODELS

Now we explore how the topology and geometry are re-
lated through various examples and models. We first consider
the paradigmatic case of Landau levels associated to the prob-
lem of two-dimensional electrons in the presence of a uniform
magnetic field. We then consider two-band models, and then
finally discuss multiband models.

A. Landau levels

A charged particle in a uniform magnetic field is the sim-
plest example of a system with nontrivial Chern number. The
Hamiltonian of a charged particle with mass M in a uniform
magnetic fields takes the following form:

P+ (py — B
2M
where we assumed that the charge is unity, and we are taking
the Landau gauge for the magnetic vector potential A(r) =
(0, Bx). The Hamiltonian does not have a translational sym-
metry, but there is a magnetic translational symmetry, which is
a symmetry of a discrete translation followed by a phase twist.
To understand that there is a magnetic translational symmetry,
we consider a fictitious magnetic unit cell, which is a rectangle
with lengths a, and a, in x and y directions, respectively,
which satisfies |B|a.a, = 27. Note that the choice of a, and
ay is not unique. Using the magnetic translational symmetry,
we can apply Bloch’s theorem and introduce quasimomen-
tum, which takes a value in the Brillouin zone: —m/a, <

ky < w/ayand -7 /a, < k, < 7 /ay.
The quantum metric and the Berry curvature of each Lan-
dau level have been evaluated in Ref. [35] by taking an

H= , (17)

appropriate limit of the Harper-Hofstadter model. We give an
alternative derivation of the quantum geometric tensor of the
Landau levels in Appendix C directly using the wave func-
tions of the Landau levels, which allow us to derive formulas
for the quantum geometric tensor of multiple Landau levels.
The quantum metric and the Berry curvature for the collection
of lowest r Landau levels is

Gk = —— (1 O k) =-2 (18)
g Xy vy _2|B| O 1 ’ Xy Ny ) — B'

Thus, the quantum geometric tensor is completely flat in the
Brillouin zone. This flatness implies that the quantum geomet-
ric tensor x;; of the Brillouin zone and %;; of the twist-angle
space coincide. The Chern number and the quantum volumes
are C = —r sign(B), vol, = vol; = rr and thus, the equality

|C| = rm = vol, = vol (19)

holds for the collection of r lowest Landau levels. As we see
below for the case of the multiband models, we can heuristi-
cally say that, as the system approaches the Landau levels, the
equality is approached.

B. Two-band models

There are two special properties that only hold for two-
band models, where the quantum states are just |4 (X)) and
[¥2 (X)), and we consider geometrical properties of one of the
two states. The first property is when the parameter space
is a two-torus, there must be some points in the parameter
space where det(g) = |212] = 0. This property and its proof
are presented in the accompanying paper [50] as Theorem
3, exploiting the difference in the fundamental groups of the
two-torus and a complex projective space, which, in this case,
is just a two-sphere. A consequence of this property is that, for
two-band Chern insulators with a nontrivial Chern number,
one cannot achieve a situation where either the quantum met-
ric or the Berry curvature becomes flat in the parameter space,
which has also been noted in Ref. [42]. This implies that it is
not possible to achieve the limit of lowest Landau levels with
two-band models. On the other hand, there is a second prop-
erty, which holds only for two-band models, which is that the
equality 4/det(g) = % always holds. This relation has been
noticed by several earlier works [37,65,66]. One can see this
property by confirming that the condition for the saturation
of the inequality Eq. (16) always holds for two-band models
as noticed in Ref. [66] and also detailed in Appendix A, or
also by calculating directly the volume form and the Berry
curvature for two-band models, as in Refs. [37,65]. A sim-
ple consequence of the second property is that, if i, is
everywhere non-negative in the parameter space, vol, = 7C,
and if Q;, is everywhere nonpositive in the parameter space,
vol, = —mC. This implies that the quantum volume directly
tells us about the topology of the quantum states if there is
no change of sign of the Berry curvature over the parameter
space. We will see shortly that it is often the case that the Berry
curvature does not change its sign in the Brillouin zone, and
thus the quantum volume coincides with |C|.
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FIG. 1. The Haldane model: The Chern number and the quantum
volumes as a function of a parameter M in the model. The solid
line corresponds to the Chern number, and the circles and triangles
are vol,/m and voly/m, respectively. There is a topological phase
transition at M/(3«/§t2) =1.

1. Haldane model

As an explicit example of a two-band model, we first
analyze the Haldane model [51]. The Haldane model is
a tight-binding model on a honeycomb lattice with com-
plex next-nearest-neighbor hopping amplitudes. The Haldane
model has various topological phases as one varies ¢ and
M/(3~/3t,), where ¢ is the phase of next-nearest-neighbor
hopping, and 7, is its magnitude. M is the on-site energy
difference between the two sublattices within a unit cell. The
Hamiltonian is

2,y .cos(p —k-R)+M
Hk)= < 7 hY R j
J

UDI e *R; )
2t Zj cos(p +k-R)) —M

(20)

where ?; is the nearest-neighbor hopping, R; and R;- with
j =1, 2, and 3 are the vectors connecting nearest- and next-
nearest-neighbor sites in the honeycomb lattice. In Fig. 1, we
plot |C|, vol,/m, and volz/ as a function ofM/(S\/gtz) fora
fixed value of ¢ = 7 /2. There is a topological phase transition
at M/(33/31) = 1.

The figure shows that, in the topologically nontrivial
regime, |C| = vol,/m =1 holds, which is a consequence of
a fact that /det(g) = |212|/2 strictly holds in the case of

J

Hk) =
&) ( 211 (e7/* cos(ky) + €™/ cos(ky))

The orbital-dependent energy M is not in the original paper
of Yang et al. [52]; we add this factor to induce a topological
phase transition. For other parameters, we take t| = 1, 1, =
1/2++/2), and 13 = 1/(2+2+/2) as in Ref. [52]. When
M =0, the lower (upper) band has the Chern number of

213(cos(2k,) + cos(2ky)) — 4t sin(k, ) sin(ky) + M

3.5
—l
3L & volg/m|]
W ;7 A voly/m
=25 f
> A
vg oes ;i |
& 151
._?}
o
> 1t g
o
0.5+ i
0 ‘ ‘ ‘
0 0.5 1 1.5 2

FIG. 2. The square-lattice two-band model with higher Chern
numbers from Yang et al. [52]: The Chern number and the quantum
volumes as a function of a parameter M in the model. The solid
line corresponds to the Chern number, and the circles and triangles
are vol,/m and volg/m, respectively. There is a topological phase
transition around M ~ 1.3.

two-band models, together with the fact that the Berry cur-
vature does not change sign within the Brillouin zone for
the Haldane model. In the topologically trivial regime, we
see volg/m < 1, which implies the correct relation |[C| = 0.
Therefore, the quantum volume in momentum space precisely
captures the topology of the model.

We also note that the quantum volume of the twist-angle
space, volg/m, is not equal to the Chern number in the
topological regime. This is because the relation ,/det(g) =
|€212]/2 holds if the Hilbert space of quantum states for a
particular value of a parameter is two dimensional, but in the
twist-angle space, the relevant Hilbert space is a many-body
Fock space; the Hilbert space is much larger than two even for
two-band models.

2. Square lattice model with higher Chern numbers

Next, as an example of a topological two-band model with
the Chern number greater than one, we consider the square
lattice model introduced in Yang et al. [52], which has two
orbital degrees of freedom per site. The Hamiltonian is

2t1(e™/* cos(ky) + e~ ™/* cos(ky)) ) 21
2t3(cos(2k, ) + cos(2ky)) + 4t sin(k,) sin(k,) — M

(

—2(+2). As one increases M, the bands go through a topo-
logical phase transition and become topologically trivial. As
a function of M, we plot the Chern number and the quantum
volumes in Fig. 2. We see that the equality |C| = volg/m = 2
is again achieved in the topological region.
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FIG. 3. The Harper-Hofstadter model: The Chern number and quantum volumes as a function of g, where 27 /g is the magnitude of the
magnetic flux through a plaquette. The left figure is for the lowest band, and the right figure is for the lowest two bands. The solid line
corresponds to the Chern number, and the circles and triangles are vol,/7 and vol; /7, respectively.

Although achieving |C| = volg/m requires that the Berry
curvature does not change its sign over the Brillouin zone, we
have confirmed through these examples that this equality is
often realized in topological two-band models.

C. Multiband models

For multiband systems, we do not have an equality
J/det(g) = |212]/2 in general. On the other hand, we do not
have the constraint that 4/det(g) and |€2;,| vanish somewhere
in the Brillouin zone. The latter property implies that we
can consider the limit where the quantum metric and the
Berry curvature become flat (constant) over the Brillouin
zone, which is similar to the situation of the Landau levels.
For examples of multiband models, we consider the Harper-
Hofstadter model [53,54], the three-band model with a unit
Chern number introduced in Sun et al. [55], and the three-
band model with a higher Chern number introduced in Yang
etal. [52].

1. Harper-Hofstadter model

The Harper-Hofstadter model is a square-lattice tight-
binding model with a magnetic flux ¢. When ¢ =2 p/q
with mutually prime integers p and ¢, the model has g bands.
We consider the lowest one and two bands of the Harper-
Hofstadter model for p = 1 to show that, in the large ¢ limit,

J

—2t44(cos ky + cosky) + &
—2itpq sinky
—2it, sink,

H(k) =

We focus on the lowest band. A topological phase tran-
sition can be induced by changing A. We use a set of
parameters discussed in Ref. [55], which are t;y =ty =
typ =1 and & = —4t4q + 2t,, + A —2t,,A/(4ty, + A) and
thy = tppA/(4tp, + A). The Chern number and the quantum

/
2tpp cos ky — 21, cos ky

the model approaches the limit of the Landau levels and the
inequality Eq. (16) is saturated. First, we consider the lowest
band of ¢ = 2 /q. It is known in this case that the lowest
band has the Chern number of —1. We calculate the Chern
number and the quantum volume of the lowest band for vari-
ous values of g. The results are plotted in Fig. 3. We see that
the inequality Eq. (16) becomes saturated as one increases g.
In the Harper-Hofstadter model, the large ¢ limit corresponds
to the Landau level limit [67], and thus the lowest band should
approach the lowest Landau level. The saturation of the in-
equality is consistent with the property of the lowest Landau
level that the equality is achieved. Next we consider the lowest
two bands of ¢ = 27”. When g > 5,lowest two bands both
have the Chern number of —1, and thus the Chern number
of the two bands combined is —2. In Fig. 3 we also plot the
Chern number and the quantum volume of the lowest two
bands. The inequality Eq. (16) is saturated again in the large
g limit, confirming that the limit of Landau levels is achieved
also when more than one band are considered.

2. Three-band model with unit Chern number

Next, we consider the three-band model introduced in
Sun et al. [55]. In this model, one can make a band very
flat by properly choosing the parameters. We investigate the
relation between the band flatness and the saturation of the
inequality Eq. (16). The momentum-space Hamiltonian of the
model is

2ityq Sin ky 2it,q sin ky
iA

4
2t,, cosky, — 2tpp cos k,

(22)
—iA

(

volumes are plotted in Fig. 4. There is a topological phase
transition at A = 4. We also plot the band flatness in the inset
of Fig. 4. The band flatness is evaluated by the ratio between
the band width and the band gap; the smaller value of this
ratio implies that the band is flatter. In the topologically trivial
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FIG. 4. Three band model from Sun ef al. [55]: The Chern num-
ber and quantum volumes as a function of a parameter A. The solid
line corresponds to the Chern number, and the circles and triangles
are vol,/m and volg/m, respectively. The inset shows the band flat-
ness, which is defined by the ratio between the bandwidth and the
band gap.

regime, the quantum volume in momentum space predicts the
Chern number being zero correctly apart from region in the
vicinity of the topological phase transition. In the topolog-
ically nontrivial regime, the agreement between the Chern
number and the quantum volume becomes better as the band
becomes flatter. We expect this tendency that flattening of a
band makes the inequality Eq. (16) saturated to hold in general
from an analogy with the Landau levels, which are flat and
topological.

3. Three-band model with higher Chern numbers

The tendency that flatter bands lead to |C| ~ vol, also holds
when we have a band with the Chern number greater than one.
To see this property, we consider another three-band model
proposed in Yang et al. [52]. The lowest band of the model
has the Chern number of three, and depending on parameters,
the band can become very flat. The Hamiltonian is

Fu(@)/2  Gx(5¢) G k(69)
Hk)=|GixQ2¢) FcBp)/2 Gox(19) | +H.c,
Gox(3¢)  Gik(4g)  Fi(5¢)/2

(23)
where
Fr(®) = 2t cos(ky + ky — P) 24)
Gix(®) =t 4 e 0T (25)
Go k(@) = ekt (26)

As in Ref. [52], we take t{ = 1 and ¢ = /3. We take 1, =
—A/+/3, and vary A to tune the band flatness of the lowest
band. In Fig. 5, we plot the Chern number and quantum
volumes as a function of the tuning parameter A, as well as
the band flatness. The band becomes most flat when A = 1,

5 — —
£06 AAAA
E 8
[ 45r  Zoa & 1
~ = s
> = AAA
— ,.,_.‘: VAN
g 4L Fo2 AAAA |
o A
'_g 20 AAAA
= N = 0 1 2 3 AAA
L 3.9Fa A AAAAA |
S BN
S i WM»AAAAAA
B 3 AAAA{YVV\AAAAA DA
>
= m—
— 25+ & volg/m ]
voly/m
) ‘ ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 2.5 3

A

FIG. 5. Three-band model from Yang et al. [52]: The Chern
number and quantum volumes as a function of a parameter A. The
solid line corresponds to the Chern number, and the circles and
triangles are vol,/ and voly/m, respectively. The inset shows the
band flatness, which is defined by the ratio between the bandwidth
and the band gap.

and indeed the equality |C| & vol,/m & volz/m almost holds
around the region where the band is flat. As the band flatness
is reduced, the discrepancy among |C|, vol,/m, and volz/m
becomes larger. With these examples, we can heuristically say
that the inequality Eq. (16) approaches equality when the band
becomes flatter.

V. CONCLUSION

Although Chern number and the quantum metric are both
derived from the same map from the parameter space to the
space of quantum states, their physical manifestations are
quite different. As a bulk response, the former is related to
an antisymmetric responses such as the Hall conductivity and
anomalous velocity, whereas the latter is more related to the
localization properties of the system. Despite the difference,
we have seen that because of the inequality

7|C| < vol, < volg 27)

we can infer topological properties just by looking at the
quantum metric and vice versa. Because of the inequality, the
quantum volume of momentum space, vol,, is always closer to
7 |C| than the quantum volume of the twist-angle space, volg.
On the other hand, we note that when one has a fermionic
band insulator, what is experimentally relevant is often the
quantum metric in the twist-angle space, vol;, as manifested
in the experiment Ref. [43]. Since each term of the inequality
Eq. (27) is related to observables in different experimental
setups, the inequality provides us the possibility of studying
topology and geometry from multiple perspectives.

If similar inequalities hold for higher-dimensional Chern
insulators and/or symmetry-protected topological phases is
left for future studies. Furthermore, as discussed in more
detail in the accompanying paper [50], the saturation of the
inequality is related to holomorphic structure of the map from
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the parameter space to the space of the quantum states. Study-
ing consequences of the inequality both from physical and
mathematical points of view will open a new avenue towards a
unified understanding of the two apparently different concepts
of topology and localization.
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APPENDIX A: PROOF OF ./dei(g) > |212]/2

In this Appendix, we give a proof of the inequality Eq. (5),
i.e., i/det(g(X)) = |R212(1)]/2 identifying the condition under
which the inequality is saturated. Let us consider two sets of
vectors

loer) |B1)
=" =" (AD)
) 18,

where each |«,,) and |B,,) is an element of the Hilbert space
spanned by the quantum states for a given value of A. As in
the main text, r denotes the number of occupied bands. Let
us define a complex inner product («|B) between two sets of
vectors by

r

(@IB) =D (el Bn)-

m=1

(A2)

It is straightforward to show that this definition fulfills the con-
dition of inner product. Then, the following Cauchy-Schwarz
inequality holds [68]:

(@la)(B1B) = |(lB)I,

and the equality holds if either |«) or |8) is zero, or if there
exists a complex number ¢, which satisfies |o) = c|B8). We
now take

(A3)

lotm) = (1 = P)[3;ym(X)), (A4)

|Bm) = (1 = P)|9;¥m (X)), (AS5)

where P is, as in the main text, the projector P =) _,
[V (A)) (Y, (X)]. Using the property (1—P)*=(1—P), one
can see that

(ala) = xi(d), (BIB) = xj;A),  (a|B) = xij(X). (A6)
The Cauchy-Schwarz inequality Eq. (A3) then gives us

X)X i) = xR (A7)

Note that, for two-dimensional parameter spaces, this relation
is nothing but the positive semidefiniteness of the quan-
tum geometric tensor det(x) > 0 [35]. Since y; = g; and
Ixij)I* = (Relxi;1)* + (Im[x;;1)* = g, + ©7;/4, we obtain

gigjj — & = /4. (A8)
Now, considering a two-dimensional parameter space and tak-
ing i = 1 and j = 2, we obtain

det(g) > |Q12|*/4. (A9)

Taking the square root of both sides, we obtain the desired
inequality. The condition for the inequality to be saturated
is either x11 = x12 = x22 = 0 or ¢ € C such that Vm, (1 —
P)|01y,, (X)) = c(1 — P)|02¥,,(X)). One can see that, for two-
band models, the inequality is always saturated because 1 — P
projects to a one-dimensional subspace, and thus the condition
dc¢ € C such that (1 — P)|9 ¥ (X)) = c(1 — P)|d 1 (X)) al-
ways holds regardless of the details of |1/ (1)).

We also note that, since the two eigenvalues of the matrix
g are non-negative, tr(g) > 2./det(g) holds in general. This
implies tr(g) > 2./det(g) = |212|, which was also first noted
by Roy [56].

APPENDIX B: PROOF OF vol, < vol;

We now prove vol, < vols, which states that the quan-
tum volume of momentum space is smaller or equal to the
quantum volume of the twist-angle space. Since the quantum
metric in the twist-angle space, g;;(6x, 6,), is flat, we have
volz = (27)? det(g;;). Then, explicitly writing out the expres-
sions for the determinant, the statement we want to prove can
be rewritten in the following form:

vol, = /dzk, [ 8xx8yy — 83y
2
< /dzkgm /dzkgyy—(/dzkgxy> =vol;. (Bl)

To prove this relation, we use the Cauchy-Schwarz inequality
again, which, in a formulation relevant to the current case,
states that for any square-integrable real non-negative func-
tions ¢(k) and ¥ (k),

/ &k pI)Y () < \/ / PrOT - f PAY P, (B2)

To use the Cauchy-Schwarz inequality, we write

VO]g = /dzk\/\/ 8xx8yy — 8xy * \/\/ &xx8yy 1 &xy- (B3)

Using the Cauchy-Schwarz inequality, we obtain

vol, < \/ / d?k(\/8xc8y — 8xy) - / d?k(\/8x&y + &xy)

([ rvems) - ([ )

(B4)
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Using again the Cauchy-Schwarz inequality to the first term
inside the square root, we obtain the desired relation:

2
vol, < \// dzk(gfxx/dzkgxV — (/ dzkgxy) = volz. (B5)

The condition for the Cauchy-Schwarz inequality to hold as an
equality, when both functions ¢ and v are not identically zero,
is that the two functions are linearly dependent, namely, one is
a scalar multiple of the other. Upon deriving vol, < volg, we
used the Cauchy-Schwarz inequality twice. For the equality
to hold in both steps, we need that g, and g,, are both scalar
multiples of g.,. This is equivalent to saying that the quantum
metric in momentum space takes the following form:

gke k) = f(ks, k»(?x‘j C) (B6)

Cyy
where ¢y, ¢y, and ¢y, are k-independent real numbers and
f(ky, ky) is a non-negative function.

APPENDIX C: GEOMETRY AND TOPOLOGY
OF LANDAU LEVELS

Here we briefly summarize the derivation of the geomet-
rical properties and the first Chern number of Landau levels.
For single Landau levels, the similar quantities have also been
evaluated in Ref. [35] by taking appropriate limits of the
Harper-Hofstadter model. In the alternative derivation given
here, we work directly on the Landau level wave functions,
and provide the quantum geometric tensor of a collection of
r Landau levels. The Hamiltonian of a charged particle in
a uniform magnetic field B in a two-dimensional space is
given by

— (ﬁx - Ax)z + (ﬁ) - Ay)z
2M ’

H

(ChH

with a magnetic vector potential A = (A,, Ay) satisfying B =
8xz4y — B}AX. Later we take the Landau gauge A = (0, B%).
We take the charge to be unity. This Hamiltonian has a trans-
lational symmetry only in y direction, and the momentum
along x direction is not a good quantum number. We can,
however, consider a magnetic translational symmetry, which
is a translation followed by a phase shift. Using the magnetic
translational symmetry, we can label eigenstates using quasi-
momenta along both x and y directions, and the geometrical
and topological properties can be defined as in Sec. II.

To introduce the magnetic translational symmetry, we con-
sider a fictitious magnetic unit cell, which is a rectangle of
length a, in x direction and a, in y direction satisfying

|Blaca, = 27. (C2)

Note that the choice of a, and a, satisfying the relation
Eq. (C2) is not unique, and the result below does not depend
on the choice.

A lattice vector R is any linear combination of a, = (a,, 0)
and a, = (0, a,) with integer coefficients. Now, we define a
usual translation operator by

T(R) = ¢RP = RV (C3)

which satisfies
TR)f(r) = f(r+R),

when acted to a smooth function f(r). The translational oper-
ator 7 (R) does not commute with the Hamiltonian. However,
by introducing a function &g (r), which satisfies

(o))

A(r+R) = A(r) + Vég(r), (C5)
we can define a magnetic translation operator:
M(R) = e *OT(R). (C6)

The magnetic translation operators M(R) commute with
themselves and also with the Hamiltonian. In addition, one
can show MR )M(Ry) = M(R; 4+ R;). With these prop-
erties, we can prove the Bloch theorem for the magnetic
translation operators.

The Bloch theorem now states that the Hamiltonian and
the magnetic translation operators can be simultaneously di-
agonalized. An eigenstate ¥, x(r) is characterized by a band
index m and a quasimomentum k and satisfies

MR 1 (1) = ¥ Rep, i (1), (C7)
On the other hand, using (C6), one obtains
MR k(1) = e EOTR)Y,, k(r)
= e ROy L (r+R). (C8)
This means
Y k(r + R) = NRIERO Y (), (€9)
The Bloch wave function u,, (r) is defined by
Y k(1) = € 1y, (). (C10)

From (C9) and (C10), one obtains the twisted boundary condi-
tion for the Bloch wave functions upon translation by a lattice
vector:

U (r + R) = ROy, 1 (r). (C1D)

In the absence of the magnetic field, the Bloch wave function
satisfies uy, k(r + R) = u,, kx(r). So, the additional factor of
e'*r(™ is the peculiarity of having nonzero magnetic field. We
note that the condition Eq. (C11) defines the sections of a
nontrivial line bundle over the unit magnetic cell in real space,
which topologically is a torus. The quantities {¢’®}, where R
ranges over the lattice, form what is known in the mathematics
literature as a system of multipliers for the line bundle.

Now, let wus explicitly take the Landau gauge
A(r)=(0,Bx). Then we can take &, (r)= Ba,y and
&,,(r) =0. The boundary condition for the Bloch wave
function for the Landau gauge is then

:Ba,
Py (x, ),

Up (X, Y+ ay) = up x(x,y).

um,k(x + ay, y) =e€

(C12)
We now want to find eigenstates of H, which satisfy
He it (1) = Enke™ "ty (X) (C13)

and the boundary conditions (C12). Once we find the Bloch
wave functions u,, x(r), it is straightforward to calculate the
Berry curvature and the Chern number from their definitions.
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Under the Landau gauge, the momentum along y direc-
tion is a good quantum number. Writing an eigenstate as
e (x, 1), the Schrodinger equation becomes

e _ pi+ (ky— BR) oy
l—te Yr(x,t) = Te Yx, 1),

This equation can be rewritten to become

A 32 2
ziw(x,n:[px +—( —"-) }p(x o, (1)

(C14)

ot 2M  2M B

This is the Schrodinger equation of a particle in a one-
dimensional harmonic oscillator with the frequency w =
|B|/M and the origin shifted at xo = k,/B. This means that,
for a given value of k,, the energy level is w(m + 1/2) with an
integer m > 0. We note that the lowest Landau level is given
by m = 0. The (unnormalized) eigenstate is

h(x — ky/B) = e~ R/ 2H, (x — ky/B)/lg),  (C16)

where [z = 1/4/[B] is the magnetic length and H,, is the
Hermite polynomial with degree m. This eigenstate does not
obey the periodicity of the Bloch wave function Eq. (C12).
To obtain the Bloch wave function, we consider the following
linear combination of states where values of k, are separated
by 27 /a, times an integer:

o
Z e”‘f“*lei(ky+2”l/”>')yhm(x _ (ky + 27Tl/ay)/B)

[=—00

1pm,k(r)

o0
— Z ekl gtk 2nlfayp (o g 1

l=—00

— ky/B).

(C17)

Each term in the sum is an eingenstate of the original Hamilto-
nian with the eigenvalue w(m + 1/2), so the linear combiation
Yk (r) is still an eigenstate of the original Hamiltonian with
the same eigenvalue:

Hux (1) = o(m + ) Y,x(r).

We now define

U () = €T, (1)

o]

=2

I=—00

(C18)

@7ikxu7axl)+i2nly/a"]’lm()C _ axl _ ky/B)

(C19)

One can confirm that this function u, k(r) is the desired
Bloch wave function, which obeys the boundary condition
Eq. (C12).

Using the Bloch wave function (C19), we can now cal-
culate the quantum geometric tensor and the Chern number.
We note that the Bloch wave function (C19) is not normal-
ized. We introduce an unnormalized Bloch wave function in
a “ket” form |ii,, k) which satisfies, in position representation,
(r|fm,k) = Wn,x(r)- Its inner product with itself satisfies

(ttyn ke | e} =f dx/ dylu (e, ). (C20)
0 0

In terms of the unnormalized Bloch wave function, one can
show that the quantum geometric tensor when the lowest r

bands are occupied takes the following form:

B i (O, T 1 (1 —

P(k))|akjﬁm,k>

Xij(K) — (C21)
/ =0 (um,k|um,k)
where
P(k) = M (C22)
m=0 (um,k |um,k)

The denominators take care of the normalization of the wave
function. The matrix elements can be calculated using stan-
dard properties of Hermite polynomials. For example,

(Gl ) = / dx f Ayl (5, )

:ay/O dx Z (X — a,l — ky/B)?

l=—00

=ay/jo B (x — ky/B)? :ay/jo Iy (x)?

o0
= aylp / dXd X Hy(X)>
—00

= aylp/72"n!. (C23)
Also,

(8k U, klak Mm k

/ dx/ dyak Mm k('x y)ak U, k(x y)

_ay/O dx Z (¢ — ael)h(x — a,l — k,/B)?

I=—00

=a, / ” dx(x + ky/B)*hy(x)*

o0
=a, f_ dx(x* + k} /B*) i (x)*,

where in the final step we used that &,,(x)? is an even function
of x. Using the recurrence relations of the Hermite polyno-
mial, one can show

(C24)

Xl () = 5[ G2 (0) + (m 4 3) i (x)

+ m(m — Dhy_2(x)]. (C25)

Then, using the orthogonality of the Hermite polynomials, we
obtain

(ak ﬁm k|ak,’:'lmAk> 1 ( 1) k%
R B e (C26)
(G icllimi)  |B] 2) B
Similarly, one can show
O T, c| O, Tl 1 1
O e Oy ) _ <m + ) (27)
(um,k|um,k) |B| 2
0, Nm b ‘~m 1
Onlin kO Bk} _ T (C28)
(um,klum,k) 2B
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Furthermore, the interband matrix elements are

ﬁm’ 0, ﬁm .
o lOhBin) 1 m 4 1341

(ﬁm,kmm,k)
+ (lB/z)Sm—l,m’ + (ky/B)am,m’) (C29)
(B x| Ok B xc) 1
+“:___m+18tn m'
(T | 1) ' Do,
+ (1/2)5m—1,m/)~ (C3O)

From these relations, we can compute the full quantum geo-
metric tensor. Below we first consider the quantum geometric
tensor or each band, and then consider the quantum geometric
tensor of multiple bands combined.

1. Single band

We first derive the quantum geometric tensor when only
single mth band is in consideration. The quantum metric of
mth band is

1 1
Zmxx(K) = g yy(K) = 3] <m + E)’ (C3D)
gm.xy(k) = 09 (C32)

which has been obtained in Ref. [35]. The quantum volume
for each band is then

T/ay 7 /ay
vol, = / dk, / dky/det(g)
—1 /ay —7/ay
T /ay m/ay 1 1
=/ dkx/ dkv—<m+—>
—7T/ay —7/ay i |B| 2
_ 2w 2w 1 n 1 _5 n 1
T ap\"T2) T\ a)

(C33)

Note that since the quantum metric is flat in momentum space,
the quantum volume of the twist-angle space takes the same
value: vol, = volg. For the Berry curvature,

1
Qyy(ky, ky) = —3 (C34)
The Chern number is then
1 7 /ay 7 /ay
C=— de/ dky Q2 (ky, ky)
2r —7 /ay -7 /ay
1 272 1

- AT sien(B). (C35)

Therefore, the Berry curvature of Landau levels is a constant
—1/B irrespective of the band index m, and the absolute value
of the Chern number is always one.

2. Multiple bands

We finally consider the situation where the lowest r bands
are all occupied, and thus the quantum geometric tensor is
given by the expression Eq. (C21). From a straightforward
calculation, one obtains

r r
oK) =g, (K) = —, wkK) =0, Q,=——.
8rux(K) = gyy(K) 28| 8xy(K) y B

(C36)
Therefore, the quantum volume and the Chern number are

vol, = voly = rm, C = —r sign(B). (C37)

We see that the equality vol, = vol; = 7 |C| holds for the
collection of the lowest r Landau levels. The fact that the
equality vol, = vol; = m|C| holds even though each single
Landau level does not satisfy the equality apart form the
lowest Landau level reflects the property that the quantum
metric and quantum volume of combined bands is not just a
sum of each band [35].
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