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Nonlinear optical processes in cavity light-matter systems

Markus Lysne and Philipp Werner
Department of Physics, University of Fribourg, 1700 Fribourg, Switzerland

(Received 6 May 2021; revised 10 July 2021; accepted 15 July 2021; published 29 July 2021)

We study nonlinear optical effects in electron systems with and without inversion symmetry in a Fabry-Perot
cavity. General photon up- and down-conversion processes are modeled by the coupling of a noninteracting
lattice model to two modes of the quantized light field. Effective descriptions retaining the most relevant states
are devised via downfolding and a generalized Householder transformation. These models are used to relate
the transition amplitudes for even order photon-conversion processes to the shift vector, a topological quantity
describing the difference in polarization between the valence and conduction band in noncentrosymmetric
systems. We also demonstrate that the truncated models, despite their small Hilbert space, capture correlation
effects induced by the photons in the electronic subsystem.
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I. INTRODUCTION

Understanding the properties of light-matter coupled sys-
tems is a long-standing challenge in condensed matter
physics. The goal of controlling material properties with clas-
sical light has been pursued actively in recent years, and
remarkable phenomena such as interaction tuning or quali-
tative changes in the band structure via Floquet engineering
have been theoretically demonstrated [1–8]. On the spec-
troscopy side, research on high-harmonic generation (HHG)
has shown that nonlinear optical processes inherit important
fingerprints of the electronic structure and even the Berry
curvature of solids [9–14].

Another stimulating prospect is the exploration and con-
trol of strongly coupled light-matter systems in cavities,
where the quantized nature of the photon field plays an im-
portant role [15–19]. Despite decades of studies of cavity
quantum electrodynamics (CQED) problems, as exemplified
by the Rabi or Dicke model [20], this field has attracted
renewed interest in the condensed matter community with
the discussion of purported superradiant states and the
possibility of engineering novel states of matter [21–25].
With phenomena such as HHG in mind, one may ask
how photon up and down conversion occurs in these fully
quantized light-matter systems, and what these nonlinear
phenomena reveal about the (topological) properties of the
material.

Following up on the pioneering work of Sipe et al. [26,27],
a recent Floquet study by Morimoto and Nagaosa [28] showed
that in systems with time-reversal symmetry (TRS), but
without inversion symmetry (IS), nonlinear optical processes
can be related to topological quantities. Specifically, it was
demonstrated that Floquet theory for an effective two-band
model provides a suitable framework to investigate the shift
current and nonlinear Hall conductivity. Here we extend this
approach to a cavity setup with quantized light. Instead of
Floquet sidebands, we will consider a low-energy theory in
a system with two dominant photon modes. This simple
setup allows us to derive expressions for photon up- and

down-conversion processes which are analogous to those in
Refs. [26–28].

We further show that it is possible to capture the most
relevant effects of the photons on the electronic states in an
effective description involving a small number of “molecular
orbitals.” This description is obtained by a block Householder
transformation, which enables systematic truncations of the
Hilbert space. Even after a truncation to just four states,
the effective model correctly describes the photon-conversion
processes, and provides qualitatively correct results for the
kinetic energy and charge correlation functions.

The paper is organized as follows. In Sec. II we derive
our minimal model for photon conversion in solids interacting
with quantized light. This model is downfolded to an effective
photon model in Sec. III, and it is shown that the transition
amplitudes for even order up or down conversion are related
to the shift vector. In Sec. IV we introduce the block House-
holder transformation and derive few-states electron-photon
models. Section V tests the few-states effective description
against the full model for a one-dimensional chain coupled
to two photon modes.

II. MODEL

A. Coulomb gauge Hamiltonian

We consider a matter Hamiltonian representing a nonin-
teracting lattice model with two orbitals in each unit cell. To
describe the coupling to an electromagnetic field, we employ
here the Coulomb gauge [29] (similar to the velocity gauge in
Ref. [30]). The form of our Hamiltonian is thus different from
the Hamiltonians encountered in recent studies which employ
either a dipole gauge, obtainable through a Power-Zienau-
Wolley (PZW) [22,31] gauge transformation of the Coulomb
gauge Hamiltonian, or the multicenter PZW transformation
which preserves translational invariance [22,31,32]. We refer
to Appendix A for a discussion of the mappings between these
different representations.
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FIG. 1. Top panel: Sketch of a Fabry-Perot cavity with two rel-
evant photon modes, and a one-dimensional material placed at an
antinode of the second mode. The box indicates a possible choice
of unit cell. Bottom panel: Illustration of the undressed valence and
conduction bands (black lines), and the valence band dressed with
two additional photons of energy �1 (red), as well as the valence
band dressed with one photon of energy �2 (blue). Here the box
encloses the states considered in the low-energy model. The bottom
right part of the figure illustrates the energy levels of the many-body
system (see text).

The Coulomb gauge Hamiltonian in a second quantized
form can be written as [30]

ĤCG =
∑
k,α,β

ĉ†
k,α

〈
uk,α

∣∣ĥ0

(
k − q

∑
μ

gμÂμ

)∣∣uk,β

〉
ĉk,β

+
∑

μ

�μ

2

(
�̂2

μ + Â2
μ

)
, (1)

with μ denoting the different modes of the transverse electro-
magnetic field. The vector potential and its conjugate variable
are defined as Âμ = 1√

2
(âμ + â†

μ) and �̂μ = i√
2
(â†

μ − âμ)

in terms of the photon creation (annihilation) operators a†
μ

(aμ), and satisfy the commutation relations [Âν, �̂μ] = iδμ,ν

(all other commutators being zero). The photon energy for
mode μ is �μ, and the photon coupling (which we assume
to be real) is denoted by gμ. ĉ†

k,α
creates an electron in a

Bloch state with momentum k and band index α: ĉ†
k,α

|vac〉 =
|ψk,α〉 = eikr̂ |uk,α〉, ĥ0(k)|uk,α〉 = εα (k)|uk,α〉, with εα (k) the
corresponding energy. Here ĥ0(k) = e−ikr̂ Ĥ0eikr̂ with Ĥ0 the
Hamiltonian of the noninteracting matter system. We will use
units where the charge q = −|e| = −1.

For the study of general nonlinear optical processes involv-
ing two modes (see top panel of Fig. 1), one may expand

ĥ0(k + g1Â1 + g2Â2)

=
∑
m,n

1

m!n!

∂m+nĥ0(k)

∂km+n
(g1Â1)m(g2Â2)n, (2)

where we assume that each term for n or m > 0 in Eq. (2)
scales as 1√

N
with lattice size N . Specifically, we will con-

sider a two-band system with a conduction band (α = c)
and a valence band (α = v), and we will be primarily inter-
ested in photon up- and down-conversion processes where
�2 = 2�1 < mink (εk,c − εk,v ) (splitting between the conduc-
tion and valence band, see bottom left panel of Fig. 1), and
where the couplings gμ are so small that we only need to
consider one and two-photon transitions in modes μ = 2 and
μ = 1 respectively. In this case, one can restrict the sum in
Eq. (2) to the first order term in Â2 and the second order term
in Â1 and write

ĥ0(k + g1Â1 + g2Â2) ≈ ĥ0(k) + v̂(k)g2Â2 + 1
2 v̂′(k)g2

1Â2
1, (3)

with v̂(k) = ∂kĥ0(k) and v̂′(k) = ∂2
k ĥ0(k). Note that the latter

two operators may have off-diagonal elements in the band
basis, since generically Ĥ0 does not commute with [r̂, Ĥ0]
and [r̂, [r̂, Ĥ0]], so that there is no complete set of common
eigenstates of ĥ0(k) and v̂(k) or ĥ0(k) and v̂′(k).

In addition to the weak coupling assumption, we will
employ the rotating wave approximation (RWA) and neglect
terms such as ĉ†

k,v
ĉk,cg2â2, ĉ†

k,v
ĉk,cg2â2

1, etc. Also the contri-

bution from â†
1â1 in the expansion of Â2

1, which leads to a
level renormalization O(g2

1), will be neglected. With these
approximations, the Coulomb gauge Hamiltonian becomes

ĤCG ≈
∑

k

n̂k,αεα (k) +
∑

k

[
g2√

2
vvc(k)ĉ†

k,v
ĉk,câ†

2

+ g2
1

4
v′

vc(k)ĉ†
k,v

ĉk,c(â†
1)2+H.c.

]
+
∑

μ

�μ

2

(
�̂2

μ + Â2
μ

)
,

(4)

with vαβ (k) = 〈uk,α|v̂(k)|uk,β〉 and similarly for v′
αβ (k).

The photon coupling strengths g2 and g1 are assumed to
scale with system size N as g2 = g̃2/

√
N and g2

1 = g̃2
1/

√
N

where g̃1 and g̃2 are fixed parameters. This scaling yields
results independent of system size, but requires some justi-
fications. The canonical scaling of the coupling with cavity
volume V is gi ∼ 1/

√
V and assuming V ∼ N one finds

gi ∼ 1/
√

N . If there are
√

N photons in mode 1, the matrix
element 〈√N, 0|â2

1|
√

N + 2, 0〉 ≈ √
N contributes a factor

which leads to a total scaling of 1/
√

N in the second term of
Eq. (4). Assuming that such large-N photon matrix elements
are being subsumed into g2

1, we will henceforth consider states
with 0, 1, or 2 photons.

The specific setup which we have in mind is illustrated
in Fig. 1 and consists of a one-dimensional material placed
within a Fabry-Perot cavity with two relevant photon modes.
The polarization of the modes is along the direction of the
chain (x axis) and the propagation direction perpendicular to
the chain (y axis). By placing the sample at an antinode of
the higher energy mode, we can assure a coupling to both
modes. Additionally, the dipole approximation is employed
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along the direction of the chain. In this situation the canon-
ical commutation relations read [Âx(y), �̂x(y′)] = iδ(y − y′)
[33]. A convenient mode expansion is Âx(y) =∑μ φx,μ(y)Âμ,
�̂x(y) =∑μ ε(y)φ∗

x,μ(y)�̂μ with ε(y) the dielectric function
in the cavity, [Âμ, �̂ν] = iδμ,ν , and

∫
dyε(y)φ∗

x,μ(y)φx,ν (y) =
δμ,ν [22,34]. As noted in Ref. [34], the free-field part of Eq. (1)
will depend on ε(y) in dielectric media. In the following we
will use ε = 1 for simplicity. If ε(y) 	= 1, one can apply a
suitable scaling transformation on the variables in Eq. (1). The
cavity may be finite or infinitely extended along the directions
x and z, as long as there is no mixing with any modes with
wave vectors kx,z 	= 0.

B. Low-energy model

For the electron-photon coupled many-body system, it is
convenient to introduce the basis states |α〉|m, n〉, where |α〉 ≡

⊗N
i=1|αi〉 with |αi〉 ∈ {|ci〉 ≡ |ψki,c〉, |vi〉 ≡ |ψki,v〉} represent-

ing an electron with momentum ki in either the conduction or
valence band, and m (n) the number of photons with frequency
�1 (�2). The relevant states for photon up and down conver-
sion can be identified by looking at the bottom panel in Fig. 1.
This figure displays the band structure, including photon-
dressed states, and suggests to consider a subspace (black
box) comprised of conduction band states (states of the type
|v1, . . . , vi−1, ci, vi+1, . . . , vN 〉|0, 0〉) as well as the valence
band dressed with 1 or 2 photons of frequency �2 and �1,
respectively (states |v1, . . . , vN 〉|0, 1〉 and |v1, . . . , vN 〉|2, 0〉).
These many-body states, along with their energies, are
sketched in the bottom right panel of the figure. The corre-
sponding low-energy model is described by the Hamiltonian
matrix H low expressed in the basis {|v1, v2, . . . , vN 〉|0, 1〉,
|v1, v2, . . . , vN 〉|2, 0〉, {|v1, v2, . . . , ci, . . . , vN 〉|0, 0〉}}, which
reads

H low =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�2 0 g2√
2
vvc(k1) g2√

2
vvc(k2) . . .

g2√
2
vvc(kN )

0 2�1
g2

1

2
√

2
v′

vc(k1) g2
1

2
√

2
v′

vc(k2) . . .
g2

1

2
√

2
v′

vc(kN )
g2√

2
vcv (k1) g2

1

2
√

2
v′

cv (k1) εc(k1) − εv (k1) 0 . . . 0
g2√

2
vcv (k2) g2

1

2
√

2
v′

cv (k2) 0 εc(k2) − εv (k2)
...

...
...

. . .
...

g2√
2
vcv (kN ) g2

1

2
√

2
v′

cv (kN ) 0 . . . εc(kN ) − εv (kN )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (5)

III. PHOTON CONVERSION AND SHIFT VECTOR

Even though model (5) has no direct coupling between
the different photon states, photon conversion processes are
induced via the coupling to electron-hole excitations. Similar
phenomena are observed in HHG experiments on semicon-
ductors [35], where electron excitation and de-excitation
processes result in photon up conversion. More specifically,
the conversion from two �1 photons to a single �2 pho-
ton in our cavity setup is reminiscent of second harmonic
generation in semiconductors (without inversion symmetry),
where electrons are excited from the valence to the con-
duction band by an electric field with frequency �1, while
the de-excitation process generates radiation with frequency
�2 = 2�1. Analogous photon up and down conversions have
also been discussed in atomic physics [36].

Following Ref. [36] we introduce the states |i〉, | f 〉 repre-
senting the initial and final states of the photon conversion
process, respectively, and evaluate the transition amplitude
through time-dependent perturbation theory. This calculation
is valid if |i〉, | f 〉 are similar in energy and their energy dif-
ference to other states | j〉 is sufficiently large. Splitting the
Hamiltonian in Eq. (4) into

Ĥ0 = �1â†
1â1 + �2â†

2â2 +
∑
k,α

εα (k)n̂k,α, (6)

where we have used that �μ

2 (�̂2
μ + Â2

μ) = �μâ†
μâμ up to a

constant, and

ĤI = g2â2√
2

∑
k

vcv (k)ĉ†
k,cĉk,v+g2

1â2
1

4

∑
k

v′
cv (k)ĉ†

k,cĉk,v+H.c.,

(7)

we obtain in second order perturbation theory the effective
photon model

Ĥph = dtrans| f 〉〈i| + d∗
trans|i〉〈 f | + dz(| f 〉〈 f | − |i〉〈i|), (8)

with

dtrans =
∑
j 	=i, f

〈 f |HI | j〉〈 j|HI |i〉
Ei − Ej

. (9)

Equation (9) corresponds to the amplitude for second or-
der photon conversion if we choose |i〉 = |2, 0〉 and | f 〉 =
|0, 1〉, where |m, n〉 ≡ |v1, . . . , vN 〉|m, n〉, and Ei = 2�1 +
Ev = �2 + Ev = E f (Ev denotes the energy of the full valence
band). The state | j〉 describes the system with one or two
photons less, but the electron with momentum k j in the con-
duction band, which has energy Ej = εc(k j ) − εv (k j ) + Ev .

Hence 〈 j|ĤI |2, 0〉 = g2
1

2
√

2
(v′)cv (k j ), 〈0, 1|ĤI | j〉 = g2√

2
vvc(k j ),

and we get

d (2)
trans = g2

1g2

4

∑
k

vvc(k)(v′)cv (k)

2�1 − [εc(k) − εv (k)]
, (10)

where the superscript (2) indicates that this is the amplitude
for the second order photon conversion process (�2 = 2�1).
Furthermore, d (2)

z is given by

d (2)
z = 1

2

∑
k

[ g2√
2
|vvc(k)|]2 − [ g2

1

2
√

2
|(v′)vc(k)|]2

2�1 − [εc(k) − εv (k)]
. (11)

Assuming time reversal symmetry [vαα (−k) = −vαα (k)
and εα (−k) = εα (k)] one can show that d (2)

trans is purely imag-
inary. In fact, in the numerator of the sum in Eq. (10) we

035209-3



MARKUS LYSNE AND PHILIPP WERNER PHYSICAL REVIEW B 104, 035209 (2021)

recognize the product [28]

vvc(k)(v′)cv (k)

= |vvc|2
[
∂klogvcv − i(ξc − ξv ) + vcc − vvv

εc − εv

]
, (12)

where we have used that (v′)cv = ( ∂v
∂k )cv = ∂kvcv −

〈∂kuk,c|v̂(k)|uk,v〉 − 〈uk,c|v̂(k)|∂kuk,v〉 and inserted
|uk,v〉〈uk,v| + |uk,c〉〈uk,c| = 1 in order to obtain the last
two terms above. Furthermore, we note that

〈uk,c|∂k|uk,v〉 = − vcv (k)

εc(k) − εv (k)
(13)

and recall the definition of the Berry connection [30,37]

ξα (k) = i〈uk,α|∂k|uk,α〉, (14)

which is real, since ∂k〈uk,α|uk,α〉 = 〈∂kuk,α|uk,α〉 +
〈uk,α|∂kuk,α〉 = 0. Using that Re[∂k log vcv] =
Re[∂k|vvc|/|vvc|], that ∂k|vvc| (|vvc|) is an odd (even) function
of k, and that the denominator is real and even, one thus finds
that the real parts in the sum cancel. The remaining imaginary
terms can be expressed as

d (2)
trans = i

g2
1g2

4

∑
k

|vvc(k)|2Rcv
k

2�1 − [εc(k) − εv (k)]
. (15)

In Eq. (15) we introduced the shift vector Rcv
k , defined as [28]

Rcv
k = ∂kIm(log vcv ) − (ξc − ξv ). (16)

The shift vector is a quantity which appears in the second or-
der optical response of systems that break inversion symmetry
and its integral over the Brillouin zone can be related to the
polarization difference between the valence and conduction
band [38].

These results can be readily generalized to higher order
photon conversion processes, although the low-energy models
derived from them may be more difficult to justify. If the
mode frequencies are tuned to satisfy the resonance condition
�2 = n�1, with n > 1 some integer, the low-energy model is
given by

ĤCG ≈
∑

k

n̂k,αεα (k) +
∑

k

[
g2√

2
vvc(k)ĉ†

k,v
ĉk,câ†

2

+ gn
1

2
n
2 n!

(∂nĥ(k)

∂kn

)
vc

ĉ†
k,v

ĉk,c(â†
1)n + H.c.

]

+
∑

μ

�μ

2

(
�̂2

μ + Â2
μ

)
,

and Ĥph involves the coupling

d (n)
trans = gn

1g2

2
n+1

2

√
n!

∑
k

vvc(k)(v(n−1))cv (k)

n�1 − [εc(k) − εv (k)]
, (17)

where we introduced v̂(n−1)(k) = ∂nĥ(k)
∂kn . If ĥ(k) is time-

reversal symmetric and comprised of trigonometric functions,
then ∂3

k v̂(k) = −∂k v̂(k), which leads to

vvc(v(n−1))cv =
[

sin

(
nπ

2

)
|vvc|2 − cos

(
nπ

2

)
vvc(v′)cv

]
.

(18)

FIG. 2. Depiction of different low-energy models corresponding
to second, third, and fourth order photon conversion, and the corre-
sponding values of d projected onto the x-y plane.

The calculation of d (n)
trans and d (n)

z then proceeds as before. In
particular, if we repeat the calculation for third order processes
(n = 3), assuming �2 = 3�1, we find that d (3)

trans is real, and
not related to the shift vector:

d (3)
trans = − g3

1g2

4 · √
3!

∑
k

|vvc(k)|2
3�1 − [εc(k) − εv (k)]

. (19)

For even n, the result is purely imaginary, and nonzero only
in the presence of a nonvanishing shift vector, while for n
odd, the result is real and independent of the shift vector. As
illustrated in Fig. 2, we can define a vector d = (dx, dy, dz )
with dx = Re[d (n)

trans], dy = Im[d (n)
trans], dz = d (n)

z , which rotates
(in steps of 90◦) around the z axis in a generically elliptic
spiral pattern as n increases. If dz is nonzero, as is usually
the case, the expectation values of σx, σy in the downfolded
model are less than one.

In Appendix D we show that the same effective photon
model Ĥph can also be obtained from the low-energy model (5)
by a downfolding procedure in which the states with excited
electrons are integrated out.

IV. EFFECTIVE ELECTRON-PHOTON MODEL

The model derived in the previous section allows us to
analyze the photon-conversion process, but does not provide
information on how the coupling to the photons affects the
charge degrees of freedom. We will next devise a simple few-
states model which captures this back action on the electrons.

The matrix of the low-energy model (5) represents a gen-
eralized star geometry, illustrated in the top left panel of
Fig. 3, in which two photon states (black dots) are cou-
pled to i = 1, . . . , N electronic states (gray dots representing
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FIG. 3. Illustration of the mapping from a star geometry to a two-
leg ladder with cross hoppings. Block Householder transformations
are successively applied to arrive at the ladder representation in the
top right panel. The lower panels show a sketch of the nonzero ele-
ments of the corresponding Hamiltonian matrices. The black square
represents the submatrix diag(�2, 2�1), which is not affected by the
transformation.

|v1, . . . , ci, . . . vN 〉|0, 0〉). In this geometry it is not obvious
how to optimally truncate the model and to derive a few-states
model which captures the essential physics. For example, a
naive truncation from N to two conduction band states does
not yield an appropriate model, since the effect of excitations
at other k points is simply ignored. Instead, we implement a
procedure which is analogous to the mapping of the Anderson
impurity model from a star geometry to a chain geometry.
After the latter transformation, the coupling to the first site
of the chain is given by the geometric mean of all possible
impurity-bath couplings [39]. The first site in the chain hence
represents a “molecular bath orbital,” and even after a trunca-
tion of the chain, the model captures some relevant nonlocal
physics.

In the following we employ a similar mapping involving
2 × 2 block matrices. In deriving this transformation, we draw
on previous results for block transformations of symmetric
matrices [40,41]. For notational convenience, we subsume
some symbols in Eq. (5) and write

H low =

⎛
⎜⎜⎜⎜⎜⎜⎝

�2 0 V1 V2 . . . VN

0 2�1 V ′
1 V ′

2 . . . V ′
N

V ∗
1 (V ′

1 )∗ ε1 0 . . .

V ∗
2 (V ′

2 )∗ 0 ε2
...

...
. . . 0

V ∗
N (V ′

N )∗ 0 . . . 0 εN

⎞
⎟⎟⎟⎟⎟⎟⎠. (20)

The high degree of entanglement is evident by the off-
diagonal couplings between the electronic subsystem and the
photons. In analogy to the chain representation of the Ander-
son impurity model [39], we seek a generalized Householder
transformation that can transform the problem into a tridiag-

onal block matrix form. Adapting the derivation of Ref. [41]
to suit the present problem of a Hermitian starting matrix, we
define the following block Householder transformation:

U1 =
(

12×2 02×N

0N×2 h1

)
,

where [42]

h1 = 1 − 2VA(V †
A VA)−1V †

A (21)

and VA is defined in terms of a still to be determined matrix X
as

VA =
(

A1 + X
A2

)
, (22)

with

A1 ≡
(

V ∗
1 (V ′

1 )∗
V ∗

2 (V ′
2 )∗

)
, A2 ≡

⎛
⎝V ∗

3 (V ′
3 )∗

...
...

V ∗
N (V ′

N )∗

⎞
⎠. (23)

[We will denote the N × 2 matrix
(A1

A2

)
by A.] Using the invert-

ibility of A1, one can derive the following result for X :

X =
√

1 + �†�A1, � = A2A−1
1 . (24)

To ensure that the Householder transformation changes the
Hamiltonian matrix H low into the form

U †
1 H lowU1 =

(
H low

photon (h1A)†

h1A h1H low
(1,...,N ),(1,...,N )h1

)

≡

⎛
⎜⎜⎜⎝

H low
photon E†

1 0 · · ·
E1

0 h1H low
(1,...,N ),(1,...,N )h1

...

⎞
⎟⎟⎟⎠
(25)

(with H low
photon denoting the first 2 × 2 diagonal block and

H low
(1,...,N ),(1,...,N ) the last N × N diagonal block), we demand

that

h1

(
A1

A2

)
=
(

E1

E2

)
≡
(

E1

0

)
. (26)

This implies

E2 = A2 − 2A2(V †
A VA)−1V †

A A

= A2(V †
A VA)−1[(V †

A VA) − 2V †
A A] = 0, (27)

or (V †
A VA) = 2V †

A A. Writing out Eq. (27) using Eq. (22), we
find A†

1X = X †A1. To solve for X , it is useful to define the
quantity Z = XA−1

1 , which due to the above has the property
[43] Z† = Z and

Z2 = Z†Z = 1 + �†�, (28)

with � = A2A−1
1 . The transformation [44] Z2 = PDP−1 =

PDP† to the diagonal matrix D allows us to express X as

X = P
√

DP−1A1. (29)

In general, a diagonal non-negative n × n matrix can have at
most 2n square roots. To avoid any possible ambiguities we
select all non-negative roots on the diagonal of

√
D.
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The repeated application of such unitary transformations
leads to the block tridiagonalization of the matrix and the
ladder structure sketched in the upper right panel of Fig. 3.
The second unitary transformation U2 is defined as

U2 =
(

14×4 04×(N−2)

0(N−2)×4 h2

)
,

with h2 determined by an analogous procedure as described
above. This and subsequent transformations are designed to
transform the remaining parts of the matrix to a block tridiag-
onal form. The unitary matrix U defined by the product

U = U1 · U2 · · ·UN/2−2 · UN/2−1 (30)

thus produces the desired mapping.
Since as in the case of the Anderson impurity model,

the first sites of the ladder represent molecular orbitals, the
truncation of the model at this level (four-states model) still
captures the coupling of the photons to the entire lattice. We
will show in Sec. V that this simple model indeed provides an
accurate description of the photon conversion amplitudes, and
a meaningful description of the back action of the photons on
the electrons.

To measure observables in the effective four-states model,
we need to perform the same basis transformation on the
corresponding operator matrices prior to truncation, symbol-
ically denoted by O → TU †OUT , where T represents the
truncation of the transformed operator to a given number of
states.

In particular, the photon conversion in our model will be
described by the operator matrices

Sx =
(

σx 02×N

0N×2 0N×N

)
, Sy =

(
σy 02×N

0N×2 0N×N

)
, (31)

where σi, i = x, y are the Pauli matrices.
To conclude this section, we briefly address the compu-

tational complexity of the Householder approach. The entire
algorithm can be thought of as a series of matrix multi-
plications and 2 × 2 matrix inversions. In Appendix C we
demonstrate a O(N2) scaling of the algorithm based on an-
alytical estimates. This clearly outperforms the usual O(N3)
cost of the matrix diagonalization.

V. RESULTS

A. The model

As in the previous sections, we consider a spinless electron
system with two bands, which is coupled to two photon modes
with frequencies �1, �2 and coupling constants g1 and g2,
and we assume �2 = 2�1. The electronic part is given by a
one-dimensional chain with a staggered potential Q and bond
strength t̃ , corresponding to the real-space Hamiltonian [45]

Ĥ0 =
∑

i

2[t − t̃ (−1)i](ĉ†
i ĉi+1 + H.c.) + Q(−1)iĉ†

i ĉi. (32)

This model has TRS but breaks IS if both t̃ and Q are
nonzero [28]. In a sublattice basis we can write Ĥ0 =∑

k ψ†(k)h0(k)ψ (k) with

h0(k) =
( −2t cos(k) 2it̃ sin(k) + Q

−2it̃ sin(k) + Q 2t cos(k)

)
(33)

FIG. 4. Plot of the band structure of model (32), together with
the off-diagonal matrix elements of v̂(k) and v̂′(k) = ∂ v̂(k)

∂k , for the
parameters �2 = 0.853, t = −0.2, t̃ = 0.1, Q = 0.6. The x axis has
been extended in the two rightmost plots to show how the functions
v̂(′)(k) are periodic over an extended BZ.

and ψ
†
k = (c†

k , c†
k+π

) where k ∈ [−π
2 , π

2 ] . The energy bands
for the model parameters �2 = 0.853, t = −0.2, t̃ = 0.1,
Q = 0.6, as well as the corresponding matrix elements vvc and
v′

vc in the band basis are shown in Fig. 4. In calculating vvc and
v′

vc we fix the arbitrary complex phase of the Bloch functions
in such a manner as to keep the first entry of the eigenstates
real. We will use this setup in the following analysis.

A realistic estimate of the photon conversion rate [Eq. (10)]
for this model is provided in Appendix B.

B. Tests of the few-states model

To investigate the accuracy of the few-states models de-
rived by the Householder scheme we focus on the expectation
values of Ŝx and Ŝy. In the practical implementation there is a
freedom in choosing the ordering of the k points in the matrix
(20). Let us define an ordered set of points k̃i = −π/2 + (i −
1)(π/N ), i = 1, . . . , N . The upper panel of Fig. 5 shows the
convergence of the truncated models towards the exact results
(light red and light blue lines) with increasing number of
retained states, for the choice ki = k̃i. The results derived by
the simple truncation of the matrix (cross symbols) converge
very slowly, and these models require the full set of k points
to recover the exact reference values. On the other hand, the
few-states models obtained through the Householder transfor-
mation produce the correct expectation values independent of
the number of states retained, and in particular already for the
smallest four-states model.

The lower panels of Fig. 5 illustrate how this result changes
under cyclic permutations of the k points: πcycl(k̃i ) = k̃i+1

(with periodic boundary conditions applied). The label n on
the horizontal axis refers to the number of cyclic permu-
tations, i.e., the corresponding k points are defined as ki =
πn

cycl(k̃i ). What is shown on the vertical axes are the expecta-

tion values of Ŝx and Ŝy from the four-states models obtained
by the Householder scheme (left panel) and by the simple
truncation (right panel). Again, the light red and light blue
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FIG. 5. Test of the accuracy of the truncated models for 〈Ŝx〉 and
〈Ŝy〉. The light red and light blue horizontal lines show the exact
reference values from the full model, while dots (crosses) indicate the
values obtained by the truncated Householder model (simple trunca-
tion). The top panel shows the convergence with the number of states
kept, while the bottom panels show results for different four-states
models obtained by cyclic permutations of the k points. Here we
consider an ordered set of k points (see text). The model parameters
are g̃1 = 0.035, g̃2 = 0.005, �2 = 0.85, t = −0.2, t̃ = 0.1, Q = 0.6,
N = 100. The corresponding band structure is shown in the inset of
the top panel.

lines indicate the exact reference values from the solution
of the full model, while the dashed horizontal lines in the
right panel show the average of the results over all cyclic
permutations. In the simple truncation scheme, even such an
average does not recover the correct result for Ŝy.

Next, let us consider the effect of a random permutation
πrand of k̃i. Figure 6 shows the results analogous to the bot-
tom panels of Fig. 5, but after such a random permutation:
ki = πn

cycl[πrand(k̃i )]. Again, we compare the results from the
four-states models obtained by the Householder scheme (left)
and the simple truncation (right). The Householder approach
still recovers the exact expectation values independent of the

FIG. 6. Results analogous to the bottom panels of Fig. 5, but
for a random ordering of k points (see text). The parameters are
g̃1 = 0.035, g̃2 = 0.005, �2 = 0.85, t = −0.2, t̃ = 0.1, Q = 0.6,
N = 100.

number n of cyclic permutations, while the simple truncation
produces a large scatter of results as a function of n, whose av-
erage does not reproduce the exact value for Ŝy. Even though
these results depend on the particular random permutation, the
behavior seen in Fig. 6 is generic.

These results demonstrate the usefulness of the House-
holder approach for deriving reliable few-states models. In
fact, our numerical results suggest that in the case of Ŝx and
Ŝy, the few-states models derived by this scheme produce the
exact expectation values independent of the number of states
retained and the ordering of the k points. While we cannot
present a full proof, we show in Appendix E that in the case
of the four-states model, once the points k1 and k2 have been
fixed, the resulting model does not depend on the ordering of
the remaining k points.

C. Charge correlation functions

An interesting question is how well the few-states models
reproduce observables of the electronic subsystem, such as the
charge correlation functions,

�α (ω) = 〈N̂αN̂α〉(ω) − 〈N̂α (ω)〉2, (34)

where N̂α is the electronic density operator for band α = v, c.
Even though the conduction band correlation function does
not scale with N , the measured �α are small. For this reason
we multiply the measurements by N in all figures.

We should also discuss a subtle point about the proce-
dure used to compute the above correlation function. The
frequency content is computed by means of the Lehmann rep-
resentation, i.e., by inserting the resolution of unity in between
the operators N̂α (t ) and N̂α (0) [46]. It makes a difference if
this is the unity resolved in the truncated or non-truncated
Hilbert space. To be precise, for any operator expression,
we perform the unitary transformation on all the electronic
density operators in the expression and subsequently apply a
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FIG. 7. Charge correlation function measured in the conduction
band. The top panel shows the spectrum of the full model, with the
shaded background indicating the energy range of possible single-
particle excitations. The middle and lower panels show the results
of the truncated models after i Householder steps, both as a function
of frequency, and as a function of time. The corresponding Hilbert
space sizes are (2i + 2). The model parameters are g̃1 = 0.035,
g̃2 = 0.005, �2 = 0.853, t = −0.2, t̃ = 0.1, Q = 0.6, N = 50, for
which the band structure is shown in the inset. All shown results are
multiplied by 50.

truncation. Specifically,

Ôk (t ) → eiT̂Û †ĤÛ T̂ t T̂ Û †ÔkÛ T̂ e−iT̂ Û †ĤÛ T̂ t , (35)

which is consistent with the implicit rule we have employed
when truncating the Hamiltonian (which is only comprised
of electronic density terms). Following this convention, in the
Lehmann formula, we insert the unity 1 =∑n |n〉HH〈n|HH in
between the operators n̂k,α (t ) and n̂k,α (0), where |n〉HH are
the eigenstates of T̂ Û †ĤÛ T̂ with Ĥ the Hamiltonian operator
corresponding to Eq. (5). (For an additional subtlety regarding
the representation of the full model see Appendix F.)

In the top panel of Fig. 7 we display the absolute value of
the charge correlation function of the full model for α = c.
The region of nonzero weight covers the semicontinuum of
energy excitations obtained from the diagonalization of model
(5). In the middle panel, results from the truncated models
obtained by the indicated numbers of Householder iterations
are shown. With just two “molecular orbitals” the four-states
model is of course not able to accurately capture the full range
of possible excitations, but it provides two peaks which in
a reasonable way represent the continuum of excitations in

the full model. At the next iteration (six-states model) the
energy range of possible excitations is already well captured,
while after ten iterations (22-states model) the envelope of the
excitation spectrum starts to be correctly captured. In contrast,
the simple truncation produces an erratic collection of peaks
that converges very slowly with increasing dimension of the
truncated space (not shown).

Alternatively, the accuracy of the Householder scheme can
be assessed by looking at the time-dependent density-density
correlations and in particular at the critical time after which
the approximate correlation functions start to deviate from the
reference data from the full model (gray line in the bottom
panel of Fig. 7). The four-states model captures the first os-
cillation, the six-states model the first three oscillations, while
the 22-states model correctly reproduces all oscillations up to
t ≈ 200.

One may wonder if it is also possible to compute site-
dependent correlation functions. By assuming translational
invariance, we may define the charge correlation function
between sites 0 and R as

ξα (R, t ) ≡ 〈n̂R,α (t )n̂0,α (0)〉 − 〈n̂R,α〉〈n̂0,α〉. (36)

Focusing on the conduction band and using ĉ†
k,c =

N−1/2∑
R eikRĉ†

R,c, the Fourier transform ξc(q, t ) =∑
R e−iqRξc(R, t ) becomes

ξc(q, t ) = δq,0N−1
∑
k,p

[〈n̂k,c(t )n̂p,c〉 − 〈n̂k,c〉〈n̂p,c〉]. (37)

Here we have used that in our truncated space ĉ†
k,cĉk′,c =

n̂k,cδk,k′ , see also Appendix F. The δq,0 factor implies infinitely
long-ranged correlations. For the conduction band, we find
that �c(t ) = Nξc(q = 0, t ), which means that it is sufficient
to analyze the total charge correlations.

D. Kinetic energy results

In Figs. 8 and 9 we present results for the contribution of
the conduction band to the kinetic energy. Again, we compare
the results of different iterations and truncations of the House-
holder method to the full model.

Figure 8 plots

Ec =
∑

k

εc(k)〈n̂k,c〉, (38)

which, just like the charge correlation functions discussed
previously, is a quantity that does not scale with system
size in our model. The inset panel shows the modifications
in the band structure as Q is changed from a low value,
where the photon-dressed valence band touches the con-
duction band (semitransparent band structure), to the the
higher values corresponding to a substantial gap (opaque
band structure). The thick gray line represents the results
obtained for the full model [Eq. (5)]. For all values of Q, the
accuracy of the truncated Householder model increases sys-
tematically with increasing i, but the deviations get larger for
smaller Q.

Close to the value Q = 0.38, where the bands touch,
we observe a strong enhancement of the kinetic energy. In
this parameter regime, electron-hole excitations become more
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FIG. 8. Kinetic energy contribution of the conduction band for
different values of Q in the vicinity of the band touching between
the conduction band and the photon-dressed valence band (see inset:
Q = 0.38 corresponds to the semitransparent bands and Q = 0.5 to
the opaque bands). The remaining parameters are g̃1 = 0.035, g̃2 =
0.005, �2 = 0.85, t = −0.2, t̃ = 0.1, N = 100. The thick gray line
shows the results of the full model, while the other lines indicate
the results after i Householder steps and subsequent truncation to a
(2i + 2)-states model.

probable due to the decreased energy gap. We caution how-
ever that even the full model must be treated with care in
this region, due to the increased likelihood of multielectron
excitations to the conduction band, which are not captured
in Eq. (5). Unless the coupling strengths are decreased cor-

FIG. 9. Kinetic energy contribution of the conduction band for
different values of the photon coupling strength g̃2. The param-
eters are g̃1 = 0.035, �2 = 1.1, t = −0.2, t̃ = 0.1, Q = 0.6, and
N = 100, and the corresponding band structure is shown in the
left inset. The exact result is plotted as a thick gray line, while
the other curves indicate the results after i Householder steps
and subsequent truncation to a (2i + 2)-states model. The up-
per right inset shows the difference in Ec between the full and
truncated model.

respondingly, even the full model description will become
inaccurate.

In general, in the presence of band crossings, new basis
states must be introduced in the low-energy model, including
states that have a substantial fraction of electrons in the con-
duction band.

Finally, we plot in Fig. 9 the kinetic energy contribution of
the valence band as a function of the photon coupling strength
g2, for a setup with a sufficiently large splitting between the
bands that our low-energy model (5) is justified. The devi-
ations between the full calculation (thick gray line) and the
results from the truncated Householder models increase with
increasing coupling strength, but the results of the truncated
models systematically and rapidly converge towards the exact
result with increasing number of states kept in the effective
description (see also the right inset, which plots the difference
to the exact result). These data confirm that the effective few-
states models derived via the Householder transformations
correctly capture the effect of the photon coupling on the
electronic properties.

VI. CONCLUSIONS

We have introduced a minimal model describing photon
conversion processes in cavity light-matter systems. If the
lattice model representing the matter subsystem has TRS, but
no IS, even order nonlinear processes are activated, with a
transition amplitude that is related to the shift vector. This
result generalizes previous analyses for lattice models driven
by classical light [26–28] to the quantum domain. It should
be noted, however, that the setup considered in our study
differs in one important respect from the Floquet study in
Ref. [28]. There, a low-energy model was considered which
describes a Floquet sideband of the valence band overlapping
with the conduction band. In the present study we considered
situations with a sufficiently large gap between the photon-
dressed valence band and the conduction band, and weak
photon couplings, so that it is meaningful to restrict the
low-energy model to states with at most one electron in the
conduction band. Another difference is that in the classical
description, a periodic electric field drives a time-dependent
current which (in a system with broken inversion symmetry)
contains even and odd harmonics. These different frequency
components in turn determine the emitted radiation. In the
cavity setup, the expectation value of the current will be zero
and photon conversion occurs without the induction of a net
current in the electron system. The photon conversion in the
cavity case corresponds to the formation of a light-matter
entangled ground state which mixes the different energy
photon states.

While a photon-only model capturing the effect of the
light-matter coupling on the photon states can be easily
derived by time-dependent perturbation theory [36] or down-
folding, the long-ranged correlations induced by the photons
make the derivation of an effective few-states model with
electronic degrees of freedom a nontrivial task. We employed
a generalized Householder transformation to introduce a
coupling of the photons to extended molecular orbitals. This
transformation enables systematic truncations to effective
models with a small number of electronic degrees of freedom,
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which nevertheless capture the interplay between the photons
and the electronic subsystem. In particular, we showed that
the photon conversion processes are still accurately described
even by a four-states model, while the back action of the pho-
tons on the electronic subsystem can be at least qualitatively
captured with a modest number of states. This is in stark con-
trast to a simple truncation in the original basis of our minimal
model, which due to the highly entangled nature of the pho-
ton and electron subsystems, does not result in a meaningful
description.

We illustrated the usefulness of the Householder approach
by demonstrating the fast convergence of the effective model
descriptions to the full result with increasing number of
states kept, for different observables related to the elec-
tronic and photonic subsystems. This is in particular the case
if there exists a sufficiently large energy gap between the
nonzero photon states and those with electronic excitations.
As this gap shrinks, states with multiple electrons in the
conduction band become more likely, and both our original
model and its effective few-states descriptions will eventually
break down.

Generalizations of the Householder method to multi-
mode systems or other light-matter systems with a high
degree of entanglement are interesting prospects. It is also
worthwhile to investigate more closely the structure of the
effective orbitals generated by the Householder scheme, and
to search for models in cavity QED, for which the applica-
tion of the block Householder transformation results in an
analytically solvable problem. This could produce valuable
insights into the nontrivial correlations induced by strong
light-matter coupling.
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APPENDIX A: GAUGE CONSIDERATIONS

1. General remarks

Traditionally, light-matter coupled systems in the semiclas-
sical approximation have been described in either the length
gauge or velocity gauge [47,48]. Both representations have
their merits, and the effect of basis truncations in both of
them has been discussed in terms of the (multicenter) PZW
transformation [22,31,32]. Here we demonstrate that these
representations are connected by unitary transformations and
hence equivalent in the nontruncated Hilbert space. The strat-
egy is to pass via the length gauge, corresponding to a term
r̂ · E in the Hamiltonian in first quantization. Since this breaks
translational invariance (something which is also apparent
in the Hamiltonian of Ref. [32]), one needs to consider the
infinite volume limit. Blount [49] showed that in this limit,
the matrix element of r̂ between Bloch states can be defined in
terms of Eq. (A5) below. In a subsequent step, we will perform
yet another unitary transformation which restores translational
invariance and establishes the equivalence between the Hamil-
tonian forms encountered in some recent literature [22,32,50]
and this work. Despite the fact that these transformations are
based on the infinite volume limit, our starting Hamiltonian
does not break translational invariance and can therefore be
studied with periodic boundary conditions.

2. Coulomb gauge Hamiltonian

Using the notations and definitions of the main text, the Coulomb gauge Hamiltonian of the light-matter coupled system,
obtained through the minimal-coupling procedure [29], reads

ĤCG = 1

(2π )d

∫
dkĉ†

k,α
〈uk,α|ĥ0(k − qgÂ)|uk,β〉ĉk,β + �0

2
(�̂2 + Â2). (A1)

For simplicity, we consider here a single photon mode with energy �0, �̂ = i√
2
(â† − â), Â = 1√

2
(â + â†), and [Â, �̂] = i,

while the fermionic operators satisfy {ĉk,α, ĉ†
k′,β} = (2π )dδα,βδ(k − k′). Furthermore, we define Â = Â · n, �̂ = �̂ · n with n

the polarization direction of the mode.
In this Appendix we discuss how to generate the above Hamiltonian from the one without field by means of a unitary

transformation. The PZW transformation can be written as [51]

Û = eigqÂ·∫ dr�̂†(r)r�̂(r), (A2)

where in the Bloch basis ∫
dr�̂†(r)r�̂(r) = 1

(2π )d

∫
dkdk′∑

α,β

ĉ†
k,α

〈ψk,α|r̂|ψk′,β〉ĉk′,β (A3)

:= 1

(2π )d

∫
dkdk′∑

α,β

ĉ†
k,α

rα,β (k, k′)ĉk′,β . (A4)

Note that this matrix element is ill defined, except in the infinite volume limit, where it is to be interpreted as [30,49]

rα,β (k, k′) = (2π )dδα,β[−i∇k′δ(k′ − k) + ξk,α,βδ(k′ − k)] + (2π )d (1 − δα,β )ξk,α,βδ(k′ − k), (A5)
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which suggests to define intra- and interband matrix elements as follows: rα,β (k, k′) = (ri )α,β (k, k′) + (re)α,β (k, k′), with
(ri )α,β (k, k′) = (2π )dδα,β[−i∇k′δ(k′ − k) + ξk,α,βδ(k′ − k)] and (re)α,β (k, k′) = (2π )d (1 − δα,β )ξk,α,βδ(k′ − k), with ξk,α,β =
i〈uk,α|∇k|uk,β〉. Application of the Baker-Campbell-Hausdorff (BCH) formula eBAe−B =∑n

1
n! [B, . . . [B, [B, A]]] gives

Û 1

(2π )d

∫
dkĉ†

k,α
〈uk,α|ĥ0(k)|uk,α〉ĉk,αÛ† = 1

(2π )d

∫
dkĉ†

k,α

∞∑
n=0

1

n!
[(−qgÂ · ∇k)nĥ0(k)]α,β ĉk,β

= 1

(2π )d

∫
dkĉ†

k,α
〈uk,α|ĥ0(k − qgÂ)|uk,β〉ĉk,β . (A6)

Note that the off-diagonal elements in (A6) are generated by re. Using Eq. (A6), we may write the Hamiltonian in Eq. (A1) as

ĤCG = Û 1

(2π )d

∫
dkĉ†

k,α
〈uk,α|ĥ0(k)|uk,α〉ĉk,αÛ† + �0

2
(�̂2 + Â2). (A7)

3. Connection to the dipole gauge Hamiltonian

We define the dipole gauge Hamiltonian as

ĤDG = Û†ĤCGÛ . (A8)

By another application of the BCH formula, one finds

Û†�̂Û = �̂ + qg
1

(2π )d

∫
dkdk′∑

α,β

ĉ†
k,α

rα,β (k, k′)ĉk′,β , (A9)

such that

ĤDG = 1

(2π )d

∑
α

∫
dkĉ†

k,α
〈uk,α|ĥ0(k)|uk,α〉ĉk,α + �0

2

(
�̂+qg

1

(2π )d

∫
dkdk′∑

α,β

ĉ†
k,α

rα,β (k, k′)ĉk′,β

)2

+ �0

2
Â2. (A10)

References [22,31,32] all used the so-called multicenter PZW transformation, motivated by the fact that the standard PZW
transformation in (A2) leads to a Hamiltonian breaking translational invariance. However, ĤDG above is unitarily equivalent to
the Hamiltonian in the mentioned references, as one can show by applying the following unitary transformation:

ˆ̃U = e
−qgÂ 1

(2π )d

∫
dkdk′∑

α ĉ†
k,α

∇k′ δ(k′−k)ĉk′ ,α . (A11)

The action of ˆ̃U on some operator Ô = 1
(2π )d

∫
dk
∑

γ ,δ ĉ†
k,γ

Oγ ,δ (k)ĉk,δ is

ˆ̃U†Ô ˆ̃U = 1

(2π )d

∫
dk
∑
γ ,δ

ĉ†
k,γ

Oγ ,δ (k − qgÂ)ĉk,δ. (A12)

The Hamiltonian in Eq. (A10) thus transforms as

ˆ̃U†ĤDG
ˆ̃U = 1

(2π )d

∫
dk
∑

α

ĉ†
k,α

εα (k − qgÂ)ĉk,α + �0

2
ˆ̃U†

(
�̂ + qg

1

(2π )d

∫
dkdk′∑

α,β

ĉ†
k,α

rα,β (k, k′)ĉk′,β

)2

ˆ̃U + �0

2
Â2.

(A13)
Using

ˆ̃U†�̂ ˆ̃U = �̂ + iqg
1

(2π )d

∫
dkdk′∑

α,β

ĉ†
k,α

∇k′ (k′ − k)ĉk′,β

and

ˆ̃U†

(
qg

1

(2π )d

∫
dkdk′∑

α,β

ĉ†
k,α

rα,β (k, k′)ĉk′,β

)
ˆ̃U = −iqg

1

(2π )d

∫
dkdk′∑

α,β

ĉ†
k,α

∇k′ (k′ − k)ĉk′,β

+ qg
1

(2π )d

∫
dk
∑
α,β

ĉ†
k,α

ξk−qgÂ,α,β ĉk,β

we get

ˆ̃U†ĤDG
ˆ̃U = 1

(2π )d

∫
dk
∑

α

ĉ†
k,α

εα (k − qgÂ)ĉk,α + �0

2

(
�̂ + qg

1

(2π )d

∫
dk
∑
α,β

ĉ†
k,α

ξk−qgÂ,α,β ĉk′,β

)2

+ �0

2
Â2, (A14)

which corresponds to an infinite volume version of the dipolar Hamiltonian in momentum space [Eq. (54)] presented in Ref. [22].
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One could in principle also compute the results of the main text in one of these alternative gauges. However, the observable
related to photon conversion [Eq. (31)] can be expected to become a mixture of photon and electron operators if one applies
the transformations above. Hence, the analysis relating photon conversion to the shift vector is most conveniently done in the
Coulomb gauge.

APPENDIX B: EXPERIMENTAL SETUP

In this Appendix we estimate if the photon conversion in
our model occurs on short enough timescales compared to
realistic photon lifetimes in a cavity. The specific setup we
have in mind is one in which chains along the z direction
are stacked along x to fill the x-z plane with atoms, i.e., the
number of atoms along a chain as well as the number of chains
will scale proportional to the Lx and Lz dimensions of the
cavity, keeping Ly fixed.

In SI units, the Fermi golden rule for the transition from the
|i〉 = |v1, . . . , vN 〉|2, 0〉 to the | f 〉 = |v1, . . . , vN 〉|0, 1〉 state
can be written as

�i→ f = π

8h̄

[(qg1

h̄

)2 qg2

h̄

]2

×
∣∣∣∣∑

k,λ

|vvc(k)|2Rcv
k

2h̄�1 − [εc(k) − εv (k)]

∣∣∣∣2ρc(�), (B1)

where λ indicates a sum over chains. The expression for the
coupling constants is [51]

gi =
(

h̄

2ε0�iV

)1/2

, (B2)

where ε0 is the permittivity of free space. The photon density
of states is approximated by a Lorentzian

ρc(�) = 1

h

��

(� − �2)2 + (��
2

)2 (B3)

centered at the final photon frequency �2, as described in
Ref. [52]. �� corresponds to the inverse photon lifetime.

For the Rice-Mele model, we take the parameters represen-
tative of polycarbonitrile [53],

t̃ = 0.28 eV, t = 3.0 eV, Q = 0.42 eV, (B4)

and choose the lattice spacing as a = 1 Å, an estimate based
on Ref. [54]. Since we assume the two cavity modes to have
spatial variation only in the y direction, we can write our

mode functions as φμ(r) =
√

2
V êx cos(kμ,yy) with μ = 1, 2, . . .

and kμ,y = πμ

Ly
. This assumption is valid provided we have

Lx, Lz � Ly [55]. Since these functions must satisfy [56]

�φμ(r) + �2
μ

c2
φμ(r) = 0, (B5)

the frequency is related to Ly as �μ = πμc
Ly

. Finally, we
choose the photon-dressed states in the middle of the band
gap, h̄�μ=2 = 1

2�Ek=± π
2a

(�E = 1.4 eV for the parameters
above), which implies

Ly = 2hc

�E
= 1.8 μm. (B6)

Specifically, we choose the following cavity dimensions:

Lx = Na, Lz = 5Na, Ly = 1.8 μm, (B7)

and N = 106. Since the cavity volume V scales as N2, the
coupling constants scale as gi ∼ 1/

√
V ∼ 1/N , while the sum

over k and λ in Eq. (B1) goes as ∼N2. Hence, the photon
occupation should be adapted in order to make Eq. (B1) inde-
pendent of system size. The most natural setup is to consider
a pumped cavity with N photons in the first mode, so that

〈N, 0|â2
1|N + 2, 0〉 ≈ N, 〈N, 0|â2|N, 1〉 = 1. (B8)

The cavity lifetime is computed from the quality factor Q
as

τc = Q
�2

(B9)

and the time for the transition as

τtr = 1

�i→ f
. (B10)

Setting these times equal to each other results in a Q of less
than 105, which according to Ref. [57] is well within the range
of quality factors (Q � 1011) that can be achieved with state of
the art supermirrors. Hence, the nonlinear processes discussed
in our paper should indeed be experimentally detectable.

APPENDIX C: COMPUTATIONAL COMPLEXITY

In order to give an estimate of the computational complex-
ity of the Householder algorithm, it is useful to write a generic
Householder iteration as a block matrix multiplication

Hi+1 =
(

12i,2i 0
0 hi

)(
Hi

11 Hi
12

Hi
21 Hi

22

)(
12i,2i 0

0 hi

)

=
(

Hi
11 Hi

12hi

hiHi
21 hiHi

22hi

)
, (C1)

where i = 1, 2, . . . , N/2 with

hi = 1 − 2V i
AV i,

⊕
A (C2)

and H1 = H . V i
A and V i,

⊕
A ≡ (V i,†

A V i
A)−1V i,†

A are constructed
from Hi. The evaluation of the lower right block of matrix
(C1) is the computationally most expensive step. One of the
matrix multiplications needed is(

V i
A︸︷︷︸

N×2

((
(V i,

⊕
A︸︷︷︸

2×N

· Hi
22︸︷︷︸

N×N

) · V i
A︸︷︷︸

N×2

)
V i,

⊕
A︸︷︷︸

2×N

))
, (C3)

which is easily seen to be of order O(N2) if the multiplications
are done in the order indicated by the parentheses.

Supposing that the algorithm is stopped for i � N/2, we
can assume that the diagonalization of the truncated problem
does not contribute significantly to the computational time.
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Therefore, the entire procedure can be thought of as a se-
quence of O(N2) operations.

APPENDIX D: DOWNFOLDING

In the downfolding approach [58] we split a generic Hamil-
tonian into low-energy and high-energy subspaces,

H =
(

Hll Hlh

Hhl Hhh

)
. (D1)

In the present context, Hll corresponds to the top left 2 × 2
block of Eq. (5) or Eq. (20). To obtain an effective model for
the low-energy space we can iteratively solve the eigenvalue
equation Heff(ε)|ψl〉 = ε|ψl〉 with

Heff(ε) ≡ Hll + Hlh
1

ε − Hhh
Hhl . (D2)

To a first approximation one may use the eigenenergy of the
unperturbed low-energy space ε = �2 = 2�1. This yields

Heff(�2) =
(

�2 + dz ddown

d∗
down 2�1 − dz

)
, (D3)

with

ddown =
∑

j

VjV ′∗
j

�2 − [εc(k j ) − εv (k j )]
, (D4)

dz = 1

2

∑
j

|Vj |2 − |V ′
j |2

2�1 − [εc(k j ) − εv (k j )]
. (D5)

This Heff is identical to the effective Hamiltonian obtained
from the second order perturbation calculation.

APPENDIX E: PERMUTATION OF k POINTS

The numerical evidence presented in the main text sug-
gests that the four-states models derived via the Householder
scheme do not depend on the ordering of the k points in the
original Hamiltonian matrix. Here we will provide a proof that
for given k1 and k2 (states selected in the first Householder
step), the result does not change upon permutation of the
remaining k points.

We have

A2 →

⎛
⎜⎜⎝

Vπ (3) V ′
π (3)

Vπ (4) V ′
π (4)

...

Vπ (N ) V ′
π (N )

⎞
⎟⎟⎠ := UA2, (E1)

where π (m) denotes a permutation of the index m. Due to
the fact that permutation matrices are orthogonal (and hence

unitary since they have real entries), we have V ′†
A V ′

A = V †
A VA

and Eq. (21) becomes h′
1 = 1 − 2V ′

A(V †
A VA)−1V ′†

A . Equation
(25) now takes the form

h′
1H ′,low

(1,...,N ),(1,...,N )h
′
1 =

(
12×2 02×(N−2)

0(N−2)×2 U

)

× h1H low
(1,...,N ),(1,...,N )h1

(
12×2 02×(N−2)

0(N−2)×2 U †

)
, (E2)

leading us to conclude that h1H low
(1,2),(1,2)h1 is unaffected by the

permutations of k3 through kN .

APPENDIX F: DETAILS ON THE CHARGE
CORRELATION FUNCTIONS

In this Appendix we provide further details on how the
form of Eq. (37) was obtained. We will consider the string
of operators

eiĤt ĉ†
kl ,c

ĉkm,ce−iĤt ĉ†
ki,c

ĉk j ,c,

which will be evaluated in our truncated space. Let B de-
note the Hilbert space comprised of all the states entering
into Eq. (5). Denoting an arbitrary state in B as |B〉, we
have that

ĉ†
ki,c

ĉk j ,c|B〉 = |vk1 · · ·{ckivki}· · ·0· · ·vkN 〉〈vk1 · · ·ckj · · · vkN |B〉

if i 	= j, and effectively that 〈B′|ĉ†
ki,c

ĉk j ,c|B〉 = 〈B′|n̂ki,c|B〉δi, j

if |B′〉 is another state in B. To obtain frequency dependent
quantities, we will employ the Lehmann representation and
insert unity in the basis B:∑

n

〈B′| eiĤt ĉ†
kl ,c

ĉkm,ce−iĤt |n〉〈n|ĉ†
ki,c

ĉk j ,c|B〉. (F1)

Given that |n〉 ∈ B together with the fact that eiĤt with Ĥ in
Eq. (5) induces transitions within B, the following simplifica-
tion will arise:∑

l,m,i, j

∑
n

〈B′|eiĤt ĉ†
kl ,c

ĉkm,ce−iĤt |n〉〈n|ĉ†
ki,c

ĉk j ,c|B〉

=
∑

l,i

∑
n

〈B′|eiĤt n̂kl ,ce−iĤt |n〉〈n|n̂ki,c|B〉

=
∑

n

〈B′|eiĤt N̂ce−iĤt |n〉〈n|N̂c|B〉. (F2)

It is important to stress that inserting unity in the way done
above involves an implicit truncation to B.

[1] T. Oka and H. Aoki, Phys. Rev. B 79, 081406(R) (2009).
[2] N. Linder, G. Refael, and V. Galitski, Nat. Phys. 7, 490 (2011).
[3] N. Tsuji, T. Oka, P. Werner, and H. Aoki, Phys. Rev. Lett. 106,

236401 (2011).
[4] M. Bukov, L. D’Alessio, and A. Polkovnikov, Adv. Phys. 64,

139 (2015).
[5] J. Mentink, K. Balzer, and M. Eckstein, Nat. Commun. 6, 6708

(2015).

[6] M. Claassen, H.-C. Jiang, B. Moritz, and T. Devereaux, Nat.
Commun. 8, 1192 (2017).

[7] N. Dasari and M. Eckstein, Phys. Rev. B 98, 235149
(2018).

[8] T. Oka and S. Kitamura, Annu. Rev. Condens. Matter Phys. 10,
387 (2019).

[9] S. Ghimire, A. DiChiara, E. Sistrunk, P. Agostini, L. DiMauro,
and D. Reis, Nat. Phys. 7, 138 (2011).

035209-13

https://doi.org/10.1103/PhysRevB.79.081406
https://doi.org/10.1038/nphys1926
https://doi.org/10.1103/PhysRevLett.106.236401
https://doi.org/10.1080/00018732.2015.1055918
https://doi.org/10.1038/ncomms7708
https://doi.org/10.1038/s41467-017-00876-y
https://doi.org/10.1103/PhysRevB.98.235149
https://doi.org/10.1146/annurev-conmatphys-031218-013423
https://doi.org/10.1038/nphys1847


MARKUS LYSNE AND PHILIPP WERNER PHYSICAL REVIEW B 104, 035209 (2021)

[10] T. T. Luu, G. M., S. Y. Kruchinin, M. A., M. T. Hassan, and E.
Goulielmakis, Nature (London) 521, 498 (2015).

[11] G. Vampa, T. J. Hammond, N. Thiré, B. E. Schmidt, F. Légaré,
C. R. McDonald, T. Brabec, D. D. Klug, and P. B. Corkum,
Phys. Rev. Lett. 115, 193603 (2015).

[12] R. Silva, I. V. Blinov, A. N. Rubtsov, O. Smirnova, and M.
Ivanov, Nat. Photonics 12, 266 (2018).

[13] Y. Murakami, M. Eckstein, and P. Werner, Phys. Rev. Lett. 121,
057405 (2018).

[14] T. T. Luu and H. J. Wörner, Nat. Commun. 9, 916 (2018).
[15] D. Basov, M. Fogler, and F. G. De Abajo, Science 354, aag1992

(2016).
[16] S. Dufferwiel, S. Schwarz, F. Withers, A. A. P. Trichet, F. Li,

M. Sich, O. Del Pozo-Zamudio, C. Clark, A. Nalitov, D. D.
Solnyshkov et al., Nat. Commun. 6, 8579 (2015).

[17] K. F. Mak and J. Shan, Nat. Photonics 10, 216 (2016).
[18] X. Liu, T. Galfsky, Z. Sun, F. Xia, E.-c. Lin, Y.-H. Lee, S. Kéna-

Cohen, and V. M. Menon, Nat. Photonics 9, 30 (2015).
[19] M. A. Sentef, J. Li, F. Künzel, and M. Eckstein, Phys. Rev.

Research 2, 033033 (2020).
[20] B. M. Garraway, Philos. Trans. R. Soc. A: Mathematical,

Physical and Engineering Sciences 369, 1137 (2011).
[21] G. Mazza and A. Georges, Phys. Rev. Lett. 122, 017401

(2019).
[22] J. Li, D. Golez, G. Mazza, A. J. Millis, A. Georges, and M.

Eckstein, Phys. Rev. B 101, 205140 (2020).
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