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Time-evolving Weiss fields in the stochastic approach to quantum spins
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We investigate nonequilibrium quantum spin systems via an exact mapping to stochastic differential equations.
This description is invariant under a shift in the mean of the Gaussian noise. We show that one can extend the
simulation time for real-time dynamics in one and two dimensions by a judicious choice of this shift. This can
be updated dynamically in order to reduce the impact of stochastic fluctuations. We discuss the connection to

drift gauges in the gauge-P literature.
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I. INTRODUCTION

Quantum spin systems play a ubiquitous role in condensed-
matter physics, with a myriad of applications ranging from
magnetic materials to quantum computers. Out of equi-
librium, they exhibit a wealth of phenomena, including
anomalous thermalization in low dimensions [1,2] and dy-
namical quantum phase transitions [3,4]. In one dimension
they permit especially strong links between theory and exper-
iment, as exemplified by the recent observation of dynamical
quantum phase transitions using a one-dimensional (1D)
chain of trapped ions [5]. They have also been instrumen-
tal in the development of numerical algorithms, including
time-dependent density matrix renormalization group and ten-
sor network approaches [6—8]. These methods have enjoyed
widespread applications in one dimension, but they are much
harder to apply to nonequilibrium problems in higher dimen-
sions. For state-of-the-art progress in this direction see, for
example, [9-12].

Recently, an exact mapping between quantum spin dynam-
ics and classical stochastic differential equations (SDEs) has
emerged based upon the Hubbard-Stratonovich decoupling of
the exchange interactions [13—19]. This stochastic approach
allows for the numerical evaluation of time-dependent quan-
tum observables in addition to analytical insights obtained
from the classical stochastic formulas [16—-19]. A notable
feature is that it treats integrable and nonintegrable problems
on a similar footing, including those in higher dimensions.
It also offers opportunities for developing links to a diverse
body of phase space approaches which have attracted attention
in recent years [20-35]. In previous work [18], we showed
that the stochastic approach to quantum spins could be sig-
nificantly improved by a two-patch parameterization of the
Bloch sphere, in conjunction with a higher-order numerical
integration scheme. We also highlighted the link between the
onset of stochastic fluctuations and the non-Hermiticity of the
effective stochastic Hamiltonian. In this work, we show that
the method for real-time dynamics can be further improved
by the use of a dynamical Weiss field to reduce the effects of
non-Hermiticity and stochastic fluctuations [18]. In essence,
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the Weiss field tracks the mean-field dynamics of the quantum
spin system, which facilitates more efficient sampling. Similar
conclusions have been drawn in imaginary time using saddle-
point techniques [19]. We demonstrate these improvements by
presenting results for the quantum Ising model in both one and
two dimensions, with up to 121 spins. In the Appendixes, we
discuss the link between the SDEs employed here and phase
space methods using gauge-P density matrices [20-22,24,36].
We show that it is possible to map between the two formalisms
using a suitable choice of drift gauge, previously considered
for bosonic systems [21,26,36-38]. We conclude with direc-
tions for future research.

II. STOCHASTIC APPROACH

Recalling the principal steps of Refs. [13,15-18], the
stochastic approach can be applied to a generic quadratic spin
Hamiltonian

Ly LR
ijab i

where Ji“jb is the interaction between spins at lattice sites
i, j and A is an applied magnetic field. The spin opera-
tors S7 obey the canonical commutation relations [SY, Sf] =

jeabes; jS'j, where a, b € {x,y, z} label the spin components,
€’ is the antisymmetric symbol, and /i = 1. The interac-
tions in the corresponding time-evolution operator U (7, t;) =

Te i h AOd can pe decoupled by performing a Hubbard-
Stratonovich transformation over auxiliary fields ¢f:

Oy, 1)=T f Dy S0 I 2 955 )

where T denotes time ordering. Here, Do = [] ja D¢}, and
Q= %(pj + h§ € C plays the role of an effective, complex
magnetic field. The path integral weight

1
Stgl = 5 f dr > gt (bt )

ijab
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is referred to as the noise action [17] since it allows one
to interpret the fields ¢} as Gaussian distributed random
variables. The problem therefore reduces to the dynamics
of individual spins coupled to noisy complex fields, where
the decoupled spins evolve under the stochastic Hamiltonian,
H =— Zja d>j‘$‘j“ The spatial and temporal correlations be-
tween the spins are encoded in the correlations of the noise
fields. By diagonalizing the noise action [15-18] one may
introduce new white noise variables ¢f via gf — ) b Of,-b @b,
where OT J7'0 = 1; here, we recast 0;‘]1? and Ji”jb in terms of
matrices O = Owiyejy and J = Jiywj), where (ai) is a two-
component index.

The stochastic Hamiltonian gives rise to a stochastic
evolution operator US(t) = Te~ o B dr" = I, U;(t), which
factorizes into on-site contributions. Using the Lie algebraic
structure of H*, we may parametrize U (1) via a so-called dis-

entanglement transformation: U ) = & D3] E 05 &5 (055
[15]. The & variables evolve according to SDEs:

—ifF = ot + PUF — dTE, (4a)
—ié; =) — ZCID;;;*, (4b)
—if; =D e, (4c)

where <I>]¢ = %(CD’;- F i<I>};). The latter can be written in terms
. . N 1 b b

of the white noise variables as <I>‘j‘- = Zjb ij j—i-hjf,

where [15-18]

(67 ()] (")) = Sandij(t — 1), (#f'(1)) = 0. &)

To calculate quantum observables, (@(Z)) =
(W (0)|U 100 [v(0)), both the forwards and backwards
time-evolution operators must be independently decoupled
[16]. Observables thereby reduce to averages of functions
of the associated decoupling fields, & and & [16]. To solve
the SDEs (4a) and (4b), we use the Heun predictor-corrector
integration scheme in the Stratonovich formalism [39,40],
with a time step dt = 0.01, unless stated otherwise. We also
remove coordinate singularities via the two-patch approach
given in [18].

III. EFFECTIVE WEISS FIELD

A key feature of the representation (2) is that it is
invariant under shifts of the Hubbard-Stratonovich fields
o(t) = @(t) + Ag(t) since the fields correspond to dummy
integration variables in the path integral. This leaves the
time-evolution operator unchanged, which was recently used
to develop an importance sampling approach in imagi-
nary time [19,41]. In this work, we show that a judicious
choice of Ag(t) can significantly improve numerical sim-
ulations of real-time dynamics over a broad range of
parameters. To gain some intuition for this, we note
that under this transformation, the effective magnetic field
transforms as &7 — \sz > b Of]'? (¢_§’ + Aqb_']? ) + h¢. Denot-
ing A@Y =iy .m0, this can be rewritten as ®f =
%[i X 0% b + hi + b Jm’. At this stage the parameter
? is completely arbitrary. However, as we will expand upon

. . . ab b
in Secs. IV and V and the contribution }_, J{’m] can be

m
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FIG. 1. Comparison of the breakdown time #, for simulations of
the 1D quantum Ising model with 10 spins, following a quantum
quench from the fully polarized initial state |{}) to different values
of I'/J. The results are obtained by numerical solution of the SDEs
without a Weiss field (m® = 0), in the presence of an optimal static
Weiss field (g, ), and with a time-evolving Weiss field m*(¢). The
use of a Weiss field leads to longer simulation times. Inset: rescaling
t, by /J*+ (2I')?, which is proportional to the Hilbert-Schmidt
norm of the Ising Hamiltonian ||H; ||, facilitates the comparison of
1, for different values of I" /J. With this rescaling, the smallest break-
down time for both static and time-evolving Weiss fields occurs at
the critical point I' = J/2.

interpreted as an effective Weiss field due to the neighboring
spins. For example, in the special case of isotropic nearest-
neighbor interactions, this reduces to ZJ' abyb where m? = m®
and Z is the coordination number. This mirrors the mean-field
contribution of neighboring spins to the local Weiss field,
where mi’ is the component of the magnetization in the di-
rection specified by b. More generally, we may choose the
parameter mf () to be time dependent, in accordance with the
dynamics of the neighboring spins. The shift of the fields ¢
also induces a transformation of the probability measure via
the noise action (3) [19,41]:

S[¢] — Sl¢, m] = S[p] + AS[¢, m], (6)

where

Iy

AS =% /t dt 2ﬁzm?03f¢f + iZJ,f;”mfmf; 9
‘ ijab ijab

and S[¢] = % f,tf dt Zm(¢f)2 is the diagonal form of the
noise action. This reweights the stochastic trajectories by
terms involving the dynamical Weiss field m (¢).

In Fig. 1 we highlight the improvements obtained by the
use of a Weiss field. Figure 1 shows the breakdown time of
numerical simulations 7, following a quantum quench in the
1D quantum Ising model

N
. 1 . .
H[ = —E E JIISIZS) -r E It (8)
(i) J=1

with N = 10 spins and nearest-neighbor interactions J;; = J,
from the fully polarized state [{}) = ]_[j [{); to different values
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of I'/J. The relevant SDEs are

.. T (1 ] r
—igj =S+ (z > 0% + ijkmi)éf - 5& )
k k

L1 ]
—i§j = i Y 0%+ Jum; —TE], (9b)
k k
oo _ g
_lé:j = Ee 7, (9C)

In practice, the variable §;~ can be neglected since it drops out
of observables involving the initial spin-down state at site j
[18]. The data in Fig. 1 correspond to (i) the SDEs without
a Weiss field (mj = 0); (i1) an optimal choice of spatially
uniform static Weiss field, as discussed in Sec. IV; and (iii)
a spatially uniform time-evolving Weiss field m®(t), which
is determined self-consistently in Sec. V. The key point is
that the use of a Weiss field leads to longer breakdown times
over a broad range of parameters. In the remainder of this
work, we will consider each of these cases in turn. In Sec. IV
we consider the case where mf- is spatially homogeneous
and static and investigate its impact upon the dynamics of
quantum expectation values. In Sec. V we consider time-
dependent extensions via a self-consistent choice of m? (t). In
the Appendixes, we demonstrate that the generalized SDE:s,
including a Weiss field, can be obtained within the gauge-P
approach for a particular choice of drift gauge.

IV. STATIC WEISS FIELD

In this section we explore the improvements in numerical
simulations obtained through the use of a static Weiss field.
We consider quantum quenches in the 1D quantum Ising
model (8), with periodic boundary conditions and J = 1. We
start in the fully polarized initial state |{) = ]_[fv=1 [{) and
quench to different values of I'/J. The expectation value of
the spin operator S ; has an intuitive representation in the
stochastic approach [18]:

A 2
(S;(t)) = <WH AG] n,-(r)> :
i .9

where (---), 5 denotes averaging over the Gaussian white
noise variables. The weight W) = ¢~ 2SI¢mI=AS"e.ml g dig-
cretized in time, and it weights the stochastic trajectories via
the Weiss field. This mirrors the reweighting of trajectories
performed in imaginary time [19]. The vector n;(¢) corre-
sponds to the position of a spin on the Bloch sphere, expressed
in terms of projective coordinates [18]:

= b 2Re[5F ()] —2ImlEf ()] —1+ |67 ()
MO+ O T+ 15 OF 1T+1EOF )

(10)

an

The factor of |y (¢ )f corresponds to the norm of the stochas-
tic state |7 (¢)) = U (¢)|¥(0)) and is given by

[y (0)? = e RO 4 157 (1)]2).

In writing (11) and (12), it is implicit that the conjugate
variable £7* is independent of §; we denote this via the

12)

Jt

FIG. 2. Time evolution of the magnetization M (t) following a
quantum quench from the fully polarized initial state |{}) in the 1D
quantum Ising model with 25 sites. (a) Quench to I'/J = 5 using the
SDEs in the absence of a Weiss field with m* = 0 (solid line) and
using tensor network matrix product operator methods (dashed line).
(b) Quench to I'/J = 0.4 with m* = 0 (solid line) and using tensor
networks (dashed line). The accessible timescale for the stochastic
approach is reduced in comparison to (a). This can be extended
by using a well-chosen static Weiss field. (c) Quench to I'/J = 0.4
with m* = —0.3 (solid line) showing improved simulation times. In
all the cases we average over N = 10° trajectories. The norm of
the quantum state is also shown to indicate the reliability of the
simulations, and the eventual breakdown time.

replacement £7* — 51“* Although (10) is formally exact, the
norm of the quantum state is not preserved in numerical simu-
lations with a finite number N of stochastic samples [18]. As
such, we further rescale by the quantum state norm [18]

W@ = <Wl_[ |wf(r)|2>
i ¢.$

In Fig. 2(a) we show the time dependence of the mag-
netization, M(t) = %27:1 (S‘j), with N = 25, following a
quantum quench from the initial state |{}) to the paramagnetic
phase with I' = 5J. The results are obtained in the absence
of a Weiss field (mj. = 0) and are in excellent agreement with
those obtained via the tensor network matrix product operator

13)

024408-3



S. E. BEGG, A. G. GREEN, AND M. J. BHASEEN

PHYSICAL REVIEW B 104, 024408 (2021)

6
(a) I'/J=0.1
S 11sns
s L0 h
!!--.
0 I'.Oooo.-.?..a-----A?-A4-AA-AA7
0.6
(b)T/J =5
= 0.4 4 ll'!!!!!!!!!!I{{}{
= 02 }}{
iii"'l---.--....
oL . . . ..T
-0.5 -0.25 0 0.25 0.5
m*
-0.2 ;
(¢ .
0.3
N% i L L L [ 2
S e e
...;.
05] e |
0 1 2 3 4 5)
r/J

FIG. 3. Breakdown time f, versus the static Weiss field m* for
quenches in the 1D quantum Ising model with 10 spins from the fully
polarized state ||} to (a) '/J = 0.1 and (b) I'/J = 5. The optimal
Weiss field, corresponding to the longest simulation time, is given
by mg, &~ —0.45 in (a) and mg, ~ —0.2 in (b). (c) Variation of mg,
as a function of the postquench value of I'/J. The optimal value is
selected from the range —0.5 < mg, < 0, which is discretized in
steps of 0.05. The breakdown times are obtained as the average of
the breakdown time from 10 batches of N = 10, 000 runs. The error

bars in (a) and (b) correspond to the standard error of these batches.

technique (MPO) W' [42] for the time-interval displayed.
For comparison, we also show the norm of the time-evolving
quantum state as calculated via (13). It is readily seen that
departures from coincidence occur when the norm deviates
from unity [18]. Throughout this work, we define the break-
down time #;, of our numerical simulations as the time at which
this deviation reaches 1%. In Fig. 2(b), we show results for a
quench to I' = 0.4J, within the ferromagnetic phase. The re-
sults are obtained in the absence of a Weiss field (m% = 0) and
break down at an earlier time than those in Fig. 2(a). For com-
parison, in Fig. 2(c) we show results for the same quench as in
Fig. 2(b) but in the presence of a static Weiss field m5 = —0.3;
as we will discuss below, this turns out to be a near-optimal
choice of the static Weiss field for this particular quench.
Since the model (8) contains only z interactions, we consider
Weiss fields in only the z direction. It is evident that the
simulation time is extended beyond that in Figs. 2(a) and 2(b).

In order to gain some insight into the variation of the
breakdown time #, with m* = m%, we consider quenches to
different points in the phase diagram as a function of m*. To
aid the comparison, we fix the number of stochastic samples
to A/ = 10000. In Fig. 3(a) we plot the dimensionless break-
down time Jt,, versus m* for a quench to I' = 0.1J within the

ferromagnetic phase. It can be seen that the best choices for
the static Weiss field lie in the range —0.5 < m® < —0.35.
In Fig. 3(b) we do the same analysis for I' = 5J. It can be
seen that this larger value of I" reduces the magnitude of the
optimal choice for m*. In Fig. 3(c) we show the variation of
the optimal Weiss field mg, for quenches to different points
in the phase diagram. It can be seen that the optimal choice of
m*® interpolates between m* = —1/2 and m* = 0 as one passes
from the ferromagnetic region (I' < J/2) to the paramagnetic
region (I" > J/2).

In Fig. 1 we show the breakdown time corresponding to
the optimal static Weiss field. It can be seen that the use of
a Weiss field leads to a significant improvement in the sim-
ulation time throughout the phase diagram. The inset shows
the same data rescaled by /J2 + (2I')2, which is propor-
tional to the Hilbert-Schmidt norm of the Ising Hamiltonian
[|H||» = v/ Tr(H?) [43]. This facilitates the comparison of
the timescales for different quantum quenches. It can be seen
that the shortest rescaled simulation times occur for quenches
close to the quantum critical point at I' = J/2, as one would
naively expect due to enhanced fluctuations.

V. TIME-EVOLVING WEISS FIELD

In this section we examine the possibility of choosing the
value of m% as a function of time. A natural choice is evident
if we write the stochastic Hamiltonian for the quantum Ising
model in the form

A1) = = T8 = > Jmi(t)s;
i ij

1 R R
- EZ‘”"Z[S"Z —minl], (14)

where I is the identity operator and ¢; is the original decou-
pling field with probability measure (3). The additional terms
that would arise via (7) have been absorbed into H*(r); the
O(m?) terms can be neglected since they result in a determin-
istic phase for |y*(¢)) which is identical for all trajectories.
Choosing mj (¢) to be the instantaneous average of (S’;) allows
one to reduce the effects of non-Hermiticity arising from (14):

CAGINIVAG)
‘y=({—————) , 15
m;(1) < P OF >¢ (15)

where the average is over the noise variables associated with
the forwards time evolution; the Weiss field for the backwards
evolution takes the same value. Enforcing the Bloch-sphere
normalization explicitly in (15) results in contributions to
the average that are comparable in size. The result therefore
converges with far fewer samples than are needed for quan-
tum observables such as (10). The choice (15) also generates
the physically transparent mean-field term ), iJi jm;ﬁj in the
stochastic Hamiltonian (14). This is analogous to the optimal
shift for imaginary-time evolution, corresponding to a mean-
field saddle point [19]. Since [¢°(¢)) is itself a function of
mj.(t), the Weiss field should be determined iteratively. To
do this, we first set m_zj(t) = 0 and simulate trajectories to
yield (15). This is then used as mj (¢) for the next simulation.
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FIG. 4. Determination of the time-evolving Weiss field m*(z)
following a quantum quench in the 1D quantum Ising model with 10
sites from the fully polarized state |{}) to I'/J = 0.4. The results cor-
respond to five iterations of the procedure discussed in the text, where
each iteration corresponds to A" = 10 000 stochastic trajectories. As
shown in the inset, the results converge to a fixed time-dependent
profile for m*(t).

We proceed in this iterative fashion until mj(t) converges
to a fixed time evolution. For translationally invariant states,
we may consider a single Weiss field m*(¢) = }%] Z_[,\.lzl mjx(t)
applied to all the sites. As we discuss in Appendix E, one can
estimate this field from a small subsystem that captures the
local interactions.

In Fig. 4 we plot m*(t) as a function of time for simula-
tions of the 1D quantum Ising model with N = 10 spins. We
consider a quantum quench from the fully polarized state |{})
to I' = 0.4J, showing the results from each iteration. After
four iterations of A" = 10000 samples the data converge to
a fixed-point value of m*(¢), to a high level of accuracy. As
shown in Fig. 1, the time-evolving Weiss field performs at
least as well as the optimal static choice. For small I"/J, a key
advantage of the time-dependent procedure is that one does
not have to survey different static Weiss fields. For I" > J the
performance of m*(t) is superior to mg., as it self-consistently
tracks the mean-field dynamics. In comparison, the optimal
static Weiss field, mf,pt = 0, captures only the time average of
the time-evolving mean field.

VI. IMPLEMENTATION

Having established a protocol for determining the time-
evolving Weiss field m*(¢), we now explore its effectiveness
in numerical simulations. We focus on moderately large sys-
tem sizes in both one and two dimensions. Throughout this
section, the Weiss field is determined by four iterations of
the self-consistent approach with a relatively small number
of N/ = 1000 samples. In Fig. 5(a) we show results for the
transverse magnetization, M*(t) = %Zi(ﬁf), following a

“[(a) 1D
- m*(t)
m* =0
—  Tensor

Jt

"
a oA Y
SRR W o RO
ag

0 05 1 15 9 25
Jt

FIG. 5. Dynamics of the transverse magnetization M*(¢z) fol-
lowing a quantum quench in the (a) 1D and (b) 2D quantum Ising
models, from the fully polarized initial state |{}) to I'/J =0.3.
(a) One-dimensional results for a 101-site system obtained from the
SDEs using a time-dependent Weiss field m?(t) and N = 5x10°
trajectories (dashed line). The results are in agreement with those
obtained via tensor networks (solid line) until the breakdown time.
It can be seen that the results for m* = 0 (dotted line) break down
earlier. (b) Two-dimensional results for a 5x5 lattice with N = 10°
(dots) and an 11x11 lattice with A" = 5x10° (dashed line). The
former are in agreement with the results obtained via QuSpin’s ODE
solver [44] (solid line). In the absence of a comparison to other
techniques, the 11x11 results are seen to be in good agreement
with the 5x5 results until the breakdown time; beyond this, strong
fluctuations occur in the 11x 11 case. Once again, the m* = 0 results
(red dotted and light solid lines) break down earlier. In all cases, the
results are plotted until fluctuations cause departures from the true
dynamics. In each panel, the time-dependent Weiss field m*(¢) is
obtained by four iterations of the procedure discussed in the main
text using N = 10° stochastic samples.

quantum quench from |{}) to I' = 0.3/, in the 1D quantum
Ising model with N = 101 spins. The results are in very good
agreement with tensor network methods until J#, = 2.11; this
is a significant improvement over the m* =0 case where
Jt, = 0.05. In Fig. 5(b) we show results for M*(¢) following
a quantum quench in the 2D quantum Ising model with N =
5x5and N = 11x11 sites. In the former case, the results are
in excellent agreement with those obtained via QuSpin’s ordi-
nary differential equation (ODE) solver [44] until J#, = 2.56;
this exceeds the m* = 0 case, which has a breakdown time of
Jt;, = 0.09. In the absence of another method with which to
compare, the results for the N = 11x 11 case are compared to
those obtained for smaller system sizes. The data track each
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other until the breakdown time #,, suggesting that the results
for the larger system size are reliable. There is a similarly large
improvement over the m* = 0 case.

VII. CONCLUSIONS

In this work, we have introduced time-evolving Weiss
fields into the stochastic approach for real-time quantum spin
dynamics. We have shown that they can significantly extend
the timescales for numerical simulations in both one and two
dimensions. In the Appendix, we have further demonstrated
that these Weiss fields can be obtained via the use of drift
gauges in the gauge-P phase space formulation. It would be
interesting to explore this connection in future work.

Note added in proof. Recently, we became aware of forth-
coming work [46] which extends [19] to real time.
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APPENDIX A: FOKKER-PLANCK DESCRIPTION

As highlighted in the main text, we can make contact
between the SDEs employed here and the gauge-P approach
[20,22-24], through the use of drift gauges [21]. To see this,
we first consider the Fokker-Planck description of the stochas-
tic approach to quantum spin systems [13]. This will enable
us to develop connections to a broad class of “phase space”
methods, which describe quantum systems via mappings to
classical coordinates.

As usual, one may switch between a Langevin-type
description of a stochastic process and a Fokker-Planck de-
scription by introducing a probability distribution P(&) for the
stochastic variables &. For a quantum spin system, this can be
introduced by means of the density matrix p = (p*)4 5, where
p* is the stochastic density matrix p* = |y°(¢, 1)) (¥ (P, 1)].
More explicitly,

p* = U (. DY ) (W (DI (. 1), (AD)
where U*(¢, 1) is the stochastic time-evolution operator and
we highlight its noise dependence. The density matrix can also
be expressed as an integral over the classical coordinates & (¢)
and £(1):

ﬁ(t)=/d2€d2§ PEPE) D', 6), (A2)

where p*(€,&) = U*(£)|¥(0))(¥(0)|U*(€) and both P(§)
and P(&) satisfy the Fokker-Planck equation
a A
EP@) = FP(§). (A3)
Here, the differential operator F contains only first- and
second-order derivatives with respect to the coordinates & (¢).
Quantum expectation values can be computed within the
Fokker-Planck representation by
(Ow) = f IEd’E PEPE) TP, 501 (A4)
Without loss of generality, we may consider initial states that
are obtained by time evolution from the spin-down state ||)

[18,19]:
—e — (x+x* )1_[ |$

where |§].+) =55 [{) is a spin coherent state and x =
> i& As we will discuss in Appendixes B and C, Eq. (A5)
enables us to make contact with the representation of p in
the phase space literature [21,22]. The Weiss field m] is
interpreted as a drift gauge parameter, which we discuss in
Appendix C. To make the connection more explicit we use

(AS5)

the parameterization z; = ln(é;r) and w = —%, as used in
Refs. [22,24]. In this representation
pt= et ]Iz, (A6)
J
where
2y = eIy = 1) + €9 11) (A7)
and z; € C.

APPENDIX B: PHASE SPACE REPRESENTATIONS

In this section we give a brief introduction to the phase
space methods developed in Refs. [20-24]. The initial starting
point is to consider a general parameterization of a density
matrix p in terms of phase space variables A:

p = /dAW(A)A(A), (B1)

where W (L) is a quasiprobability distribution and A(%) is
an operator kernel. Since W (L) can be negative, it cannot
be interpreted as a true probability distribution. However, for
bosons [20] and spins [22], W ()) can be made positive by us-
ing a generalized kernel built from off-diagonal coherent state
projectors: A2y = ]_[j |Aj)(k}|, where A, A € C [20,22].
For example,
Al

2 2
/dAdAP(AA)H /\/IM (B2)

where P(A, )) is positive definite. For bosonic systems, the
decomposition (B2) in which the normalization is explicitly
enforced is known as the positive-P representation [20]. Anal-
ogous representations for spin systems have been considered
in Refs. [22,24]. Phase space distributions over coherent states
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are not unique due to the overcompleteness of the basis.
This can be exploited by using a more general representation
that includes a complex weight 2. This enlarges the variable
space:

D= / AN EQPOLN Q[ [N (B3
J

With the inclusion of the weight this is referred to as the
gauge-P representation [21]. This mirrors Eqs. (A2) and (A6),
provided we identify Q = e~2*+%"), The integrations over A
and A can be further identified as the forwards and backwards
time evolutions involving £+ and £*. Physical observables are
calculated according to

(O = / A2Ad*N d*Q PN, Q) QTr(A(, 1)O), (B4)

in conformity with Eq. (A4) in the stochastic approach.

Having introduced a formal representation of the density
matrix, one may obtain the Fokker-Planck equation by substi-
tuting p into the Liouville equation

ip =I[H, pl, (B5)

where H is represented by a differential operator acting on the
classical coordinates. Assuming that the Hamiltonian contains
no derivative terms higher than second order, one obtains [22]

d 3 1 d
5P = [v + Ej a—}\j(—Aj +3 El 8—}\10,»,”1)(7\),
(B6)

where A = {X, '} and we neglect boundary terms in perform-
ing partial integrations. For V = 0 this is a Fokker-Planck
equation, where A; is the drift vector and D, is the diffusion
matrix. The mapping to stochastic Langevin equations can be
carried out provided a “noise matrix” Bj; exists satisfying
Dj; =), BjxBix [20]. The resulting Langevin equations in
Ito form are given by [47]

Aj=A;+ ) Bugx. (B7)
k

where ¢ is Gaussian white noise satisfying
(Be)pr (1)) = S8t — 1)), {(e()) = 0. (B3)
Observables can be calculated as averages over the noise
(0) = (QTr(A D))y, (B9)

where ¢ includes the forwards and backwards time evolution
and © = 1 is the unweighted case.

APPENDIX C: DRIFT GAUGES

As discussed in Appendix B, the phase space distribution
is not unique. The use of different gauges enables one to move
between these representations. The gauges can be introduced
by adding a vanishing term to the Liouville equation (BY).
Denoting Q2 = e“, the identity (% — 1)e“A =0 [21] allows
one to add

/d2 Ao PN, o) f(N, w)(% — 1>ew2\ =0, (Cl)

where f(A, w) is an arbitrary function. To produce a
valid Fokker-Planck equation, without introducing additional
noises, f(A, ) can be constrained [21]:

1 0 d
fO @)=V + ;gm)z% + %&(A)Bak(x)@.

(€2

The first term eliminates V (A) from Eq. (B6), yielding an
equation with only first and second derivatives. The functions
gr(A) are known as “drift gauges” [21] as they modify the drift
terms in Eq. (B7). The resulting Fokker-Planck equation is
of the form (B6), but with A, — Ay — Y, gkBox and Dyp —
Dy left unchanged. One must also introduce additional drift
and diffusion terms for the weight variable w:

1 2 1 2
Aw:V_E;gky wa: E;gk’ (C3)

Dy = Do = ), 8kBuk- (C4)
k

The drift of the coherent state parameters A has thus been
modified via diffusion and drift in the weight variable w. The
modified Langevin equations are given by

Ao =A0— ) &Buc + ) _ Buxdr, (C5)
k k

. 1 5
w=V—§ijgk+;gk¢k. (C6)

In Appendix D, we use this formalism to link the Weiss field
mf to the drift gauge gi(A).

APPENDIX D: SPIN COHERENT STATES

In order to make the discussion in Appendixes A, B, and
C more explicit, we introduce spin coherent states following
Refs. [22,24]. We consider the spin-% state decomposition

) = / Izd’0 Pz 0)e” [ 12,

J

DD

where w is a complex weight and |z;) are the un-normalized
coherent states defined by (A7). The spin operators are rep-
resented by differential operators acting on the coherent state
parameters:

(D2)

5 1 0
§ilz, 0) = (Eezf - sinh(zj)a—z>|z, w), (D3)

J

S';IZ, w) = (%eZ,i — icosh(zj)aizj)k, ), (D4)
where |z, w) = e [] j |z;) are weighted basis states. For a
given spin Hamiltonian, we may substitute the decomposition
(D1) into the Schrodinger equation, id, |y (¢)) = H|Y (1)), in
order to derive the corresponding Fokker-Planck equation for
P(z, w). In this representation the analog of (C1) is

[d2 zd* w P(z, o) f(z, w)(% - 1)|z, w) =0, (D5)
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where f(z, w) is defined by (C2). To begin with we set the
gauges g (z) to zero. However, V (z) must be chosen to remove
the zeroth-order terms. Decomposing  into on-site contribu-
tions w =} ; w; yields the SDEs

.. 3 1
_lzjch;—rsmh(z,-)—EXZ:Jﬂ, (D6)
—io; = —iV;(x) = e + le it (D7)
where CD;: = — ) . iBji¢y is given in terms of the independent

white noises ¢y and we have set V. =3}, V;. The “noise
matrix” Bj; is defined via the diffusion matrix Dj; = iJ;; =
> BjkBix. We can make contact with the SDEs (4a) and (4b)
discussed in the main text, including the Weiss field mj, by
introducing the drift gauge

1
g=—)_ <§ + m;.)Bjk. (D8)
J
The SDEs (D6) and (D7) become
—izj = (D; — I'sinh(z;), (DY)
. r1.....
—zwj:Ee”f—§d>j+lijBjk¢k, (D10)
k

where now <I>§ =Y Jum; — ), iBjx¢y. The variables used
here can be related to those in the SDEs (4a) and (4b) via

the identification z; = In§/", w; = —%, and By = \%Oi;{
In writing (D10) we have neglected the contribution % > gﬁ
since it results in a deterministic phase for [{°(¢)) which
is identical for all trajectories. The additional noise term in
(D10) appears via the noise action (7), rather than the SDE
(4b) for E,Z-; the two are equivalent since w enters via e“ in
(D1).

APPENDIX E: WEISS-FIELD CALCULATION

To calculate the time-evolving Weiss field for the simula-
tions of the Ising model presented in the main text we use
the following procedure. In the first step we take N samples
of the SDEs (9a) and (9b) with mj(t) = 0, where we use a
two-patch approach to avoid coordinate singularities in (9a)
[18]. In the second step, we use these trajectories to calculate
mj(t) via (14). For translationally invariant systems we con-
sider a single Weiss field obtained from the spatial average
m*(t) = % Zj mjt(t). We then use this as the local Weiss field
in the next simulation. We repeat steps 1 and 2 until m*(¢) con-
verges to a sufficient level of accuracy over the timescales of
interest or until it decays to zero. The resulting Weiss field can
now be used in simulations to obtain quantum observables.
As discussed above, throughout this work we take the spatial
average over the entire system to estimate m*(¢). However,
as noted in the main text, it can, in principle, be calculated
from a small subsystem which captures the local interactions
between the spins. To see this, it is convenient to introduce
a variant of the Hubbard-Stratonovich transformation which
places decoupling fields on the bonds between the spins,
rather than on the sites of the lattice. We consider again the

0 i
= -02
kS
x N=3
041 = N=5
N =10
— N =25
0 5 10 15

Jt

FIG. 6. Time-dependent Weiss field m*(¢) following a quantum
quench in the 1D quantum Ising model from the fully polarized
state |{) to I'/J = 0.3 for different system sizes. The simulations
are carried out using site noise, with four iterations of N = 5000
stochastic samples and d¢ = 0.1. Only the final iteration is shown.

generic quadratic spin Hamiltonian (1). The interactions in the
time-evolution operator can be decoupled by performing an
integral transformation over auxiliary fields nl“l” e C, which
correspond to the interactions between spins:

0(tf~, tH)=T / DnDn* e*S["/q'f]‘H’fd[Z/.a <1>l;.§f;. (E1)

Here, DnDn* =[] anibDni“;’*, where the prime indicates
that the product is over the bonds linking the spins. We label
every spin in the array, in arbitrary dimension, with numbers
1 to N, so that nf‘f’ is associated with the bond between sites i

and j. The effective magnetic field ®¢ is given by

a 1 / ab 1 / bax a
¥ =— > t 7 > e g, (E2)
bj bj

(<D G >0
where the prime indicates that the summation is restricted to
bonds. The path integral weight is given by

%) 4 1
St = [ ar Y sgnton o, )

ijab 1

The Gaussian “bond noises” satisfy (nf;’ (t)n,‘j*(t’)) = Jlflj”&k
8,18%8%8(r — 1), with (¢(1)) = 0 and (ns ()l (1)) = 0.
Since the number of bond noises scales with the coordination
number and each complex noise is the sum of two real noises,
they are computationally more intensive to draw numerically
than site-based noises. However, bond noises can offer some
advantages for Weiss field estimation. For example, in the
case of nearest-neighbor interactions, the spins that are not
nearest neighbors will evolve independently. In addition, since
every spin experiences fluctuations of the same strength they
will have identical mean-field dynamics if the initial state is
translationally invariant. As a result, in this case it is possible
to calculate the time-evolving Weiss field from a single spin,
coupled to its nearest neighbors. Adding additional spins does
not change the stochastic evolution of the selected spin.

A similar approach to Weiss field estimation can be taken
using site noise, but it requires additional justification. Recall
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that the stochastic magnetic field in direction a experienced
by each spin is given by %(pj‘ where ¢} = Db O?fqﬁf. In
general, the matrix O?If ensures that the spins do not evolve

independently since they experience common noise fields ¢,f .
However, only the strength of the noise is relevant for Weiss
field estimation as (15) is an average for a single spin; the cor-
relations between spins on individual stochastic trajectories
are not required. In particular, if )_,, IO;’.,}<’|2 is translationally
invariant (i.e., independent of j) and we consider translation-
ally invariant initial states, the Weiss field can be estimated
from N~ (). This is true for all the simulations con-
sidered in this work.

As in the case of bond noise, it is possible to estimate
the Weiss field from an appropriate subsystem that reflects
the local interactions, provided that ), |0§f,’{’ |? is approxi-

mately independent of the system size. For nearest-neighbor
interactions, we find that it indeed exhibits only very weak
N dependence. For example, for the N = 101 site system

simulated in Fig. 5(a), /Y, |0§:§{|2 ~ 1.128, while for an
N =3 spin system />, |0j.§c|2 ~ 1.155, corresponding to
a 2% difference. In Fig. 6 we demonstrate the similarity in
the extracted Weiss field for a range of system sizes follow-

ing a quantum quench in the 1D quantum Ising model. For
the nearest-neighbor 2D simulation of an 11x11 lattice in

Fig. 5(b) the difference in /> ", |0j.§6|2 compared with a 3x3
system is approximately 4.3%. Given the effectiveness of a
well-chosen static Weiss field, this difference is not expected

to be significant. It should therefore be possible to estimate
the Weiss field by using a smaller system size.
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