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We report on a theoretical study on ferromagnetic superconductors URhGe and UCoGe and identify the
pairing state as a nonunitary spin-triplet one with time-reversal symmetry broken, analogous to the superfluid
*He-A phase. A recently found superconductor UTe, with almost ferromagnetism is analyzed by the same
manner. Through investigating their peculiar upper critical field H., shapes, it is shown that the pairing symmetry
realized in all three compounds can be tuned by their magnetization curves under applied fields. This leads to the
reentrant H,; in URhGe, an S-shaped in UCoGe and an L-shaped H., in UTe, observed for the magnetic hard
b-axis direction. The identification with double chiral form d(k) = (b + ié)(k, + ik.) in UTe, naturally enables
us to understand (1) multiple phases with A;, A,, and A, phases observed under pressure, (2) the enhanced
reentrant H,, for the off-axis direction associated with first-order metamagnetic transition, and (3) Weyl point
nodes oriented along the magnetic easy a axis. All three compounds are found to be topologically rich solid-state

materials worth further investigation.
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I. INTRODUCTION

The competing orders are at the heart of the strongly corre-
lated systems in general where multiple long- or short-range
orderings, such as superconductivity (SC), ferromagnetism
(FM), spin, and charge density waves are emerging out of
the strong interactions in condensed matter systems. This is
particularly true in the case of unconventional superconductiv-
ity, which is often associated with other orderings mentioned
[1-3]. A good example is high-temperature cuprate super-
conductors in which various coexisting or mutually repulsive
orderings are found [4].

There has been much attention focused on ferromag-
netic superconductors [5], such as UGe, [6], URhGe [7],
and UCoGe [8] in recent years. A new member of such a
superconductor, UTe,, whose T, = 1.6 K [9,10], with ferro-
magnetic fluctuations is discovered quite recently and attracts
much excitement. Those systems are contrasted with the
coexisting materials of magnetism and superconductivity in
(RE)Rh4By (RE: 4f rare-earth elements) and Chevrel com-
pounds (RE)MogSg in that the 4f electrons responsible for
magnetism are localized spatially and distinctive from the
conduction electrons [11]. Here the 5f electrons responsible
for magnetism are more subtle in that they participate in both
magnetism and superconductivity.

UTe, has been investigated experimentally [12-29] and
theoretically [30-38]. Simultaneously, renewed interest on the
former three compounds is developing. These heavy-fermion
materials belong to a strongly correlated system that is heavily
governed by the 5f electrons, which form a coherent nar-
row band with a large mass enhancement below the Kondo
temperature. Because the upper critical field H., in those
compounds exceeds the Pauli paramagnetic limitation, a spin
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triplet or odd parity pairing state is expected to be realized
[5]. However, detailed studies of the pairing symmetry remain
lacking despite the fact that previous knowledge of the first
three compounds is accumulated for over two decades. Thus,
now it is a good chance to understand those “old” materials
URhGe and UCoGe together with the new UTe, by seeking
some common features.

The prominent SC properties observed commonly in these
superconductors are as follows: When H is applied parallel
to the magnetic hard b axis in orthorhombic crystals, H.,
exhibits the reentrant behavior in URhGe, where the SC state
that disappeared reappears at higher fields [39], or an S shape
in UCoGe [40] and an L shape in UTe, [12] in the H-T
plane. Above the superconducting transition temperature T,
ferromagnetic transition occurs in URhGe and UCoGe. Thus,
the SC state survives under a strong internal field, resulting
from an exchange interaction between the conduction and the
5f electrons. However, in UTe, “static” FM has not been
detected although FM fluctuations are probed [9,14,18,19]
above T, i.e., there is a diverging static susceptibility along
the magnetic easy a axis [9,14] and the nuclear relaxation time
1/T; in nuclear magnetic resonance (NMR) [18].

The gap structure is unconventional, characterized by ei-
ther a point in UTe; [9,10] or line nodes in the others [5].
There is clear experimental evidence for double transitions:
The two successive second-order SC phase transitions seen
in specific-heat experiments as distinctive jumps systemat-
ically change under pressure (P) in UTe, [13]. A similar
indication for double SC transitions in ambient pressure is
observed in UCoGe at T, ~ 0.2 K [41,42] where the nuclear
relaxation time 1/777T in NMR experiments exhibits a plateau
corresponding to the “half-residual density of states (DOS)”
value at the intermediate 7" below 7, = 0.5 K. Upon further
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lowering of T, it starts decreasing again at 0.2 K. Recent
specific-heat C/T data for several high-quality samples of
UTe; [9,10,29] commonly show the residual DOS amounting
to 0.5N(0), which is half of the normal DOS N (0), while some
exhibit zero residual DOS [16]. Thus, this “residual” half
DOS issue is currently controversial. We propose a method
to resolve this issue, discussed later in this paper.

To understand these three spin-polarized superconductors
URhGe, UCoGe, and UTe; in a unified way, we develop a
phenomenological theory based on the assumption that the
three compounds are coherently described in terms of the
triplet pairing symmetry analogous to the superfluid *He-A
phase [43]. It is instructive to remember that the A;-A, phase
transition is induced by an applied field, which is observed
as the clear double specific-heat jumps [44]. The originally
degenerate transition temperatures for the A phase are split
into the A and A, phases under applied fields [45].

Therefore, to address those experimental facts, we postu-
late the A-phase-like triplet pair symmetry, which responds to
the spontaneous FM and/or induced moment under perpen-
dicular external fields, to yield the A;-A, double transitions.
This scenario coherently explains the observed reentrant H.,
in URhGe, the S shape in UCoGe, and the L shape in UTe, for
the field direction along the magnetic hard b axis in a unified
way.

The A;-A, phase transition in the SHe-A phase [44] is
controlled by the linear Zeeman effect due to the applied field
which acts to split 7. [45]. In the spin-polarized superconduc-
tors T; is controlled by the spontaneous and/or field-induced
magnetic moment, which is linearly coupled to the nonuni-
tary order parameter. We employ the Ginzburg-Landau (GL)
theory to describe these characteristic H., curves. We also
identify the pairing symmetry by group-theoretic classifica-
tion [46] based on our previous method [47,48]. The pairing
symmetry is a nonunitary triplet [46,49,50], where the d vec-
tor is a complex function that points perpendicular to the
magnetic easy axis in zero field. The gap function possesses
either a point or line node with a possibly chiral p-wave orbital
form. This is maximally consistent with the SC characteristics
obtained so far in UTe,, such as the STM observation [17]
of chiral edge states, the polar Kerr experiment [21], which
shows time-reversal symmetry breaking, and other various
thermodynamic measurements. We note that the realization
of a nonunitary triplet pairing is discussed in connection with
LaNiGa, [51].

The arrangement of this paper is following. We set up the
theoretical framework to explain those experimental facts in
the three compounds URhGe, UCoGe, and UTe, in Sec. II.
The theory is based on the Ginzburg-Landau theory for the
order parameter with three components. The quasiparticle
spectra in the triplet states are examined to understand thermo-
dynamic behaviors for the materials. In Sec. III we investigate
the generic phase transitions of the present pairing state un-
der fields applied to various field directions relative to the
orthorhombic crystalline axes. In order to analyze the exper-
imental data for URhGe, UCoGe, and UTe, which exhibit a
variety of the H., such as reentrant SC (RSC), S-shaped, and
L-shaped one, the magnetization curves for three compounds
are studied in detail and the curves evaluated when the ex-
perimental data are absent in Sec. IV. We apply the present

theory to the three compounds and explain the peculiar H,
curves observed in Sec. V, including the multiple phase dia-
grams in UTe, under pressure. Section VI devotes to detailed
discussions on the gap structure, and the pairing symmetries
for each material. A summary and conclusion are given in
the final Sec. VII. Throughout the paper we assume that the
magnetism is uniform. The roles of magnetic inhomogeneity
may become important, but it is beyond the scope of the paper.
Here we assume that magnetism is homogeneous. This paper
is a full paper version of the two short papers by the author
[52,53].

The main differences of this version from the previous brief
papers lie in the following aspects:

(1) In the present version we substantiate the basic ideas
only briefly described in the previous papers by explicitly
utilizing the magnetization curves in order to reproduce the
characteristic H,, shapes. The magnetization curves are taken
from experimental data when available, or accurately evalu-
ated theoretically when unavailable.

(2) In the previous papers we only discussed the H.,
curves for the magnetic easy axis. Here we cover not only
three principal axes, a, b, and ¢ axes in orthorhombic crystals,
but also the angles between them. It will turn out that this is
important because those provide us clean theoretical testing
grounds without changing the material environments, such as
impurities or alloying, etc., maintaining the same condition.

(3) Here we try to exhaust the available experimental data
as possible as we can while in the previous ones it is lim-
ited and quite sketchy. Thus, we convince ourselves that the
present version is consistent with experiments.

(4) Since this research field is rapidly evolving, we take
into account recent experimental progresses after the publica-
tions of the two papers to sharpen our theory. This includes a
remarkable observation of the d-vector rotation seen by the
Knight shift experiments [54,55] on UTe,, which precisely
agrees with the prediction made in the present version.

(5) Through those detailed and exhaustive analyses we are
now able to precisely pin down the pairing symmetries real-
ized in all three compounds, in particular UTe,, and furnish
various predictions to further check our scenario.

II. THEORETICAL FRAMEWORK

A. Ginzburg-Landau theory

In order to understand a variety of experimental phenom-
ena exhibited by the three compounds in a common theoretical
framework, we start with the most generic Ginzburg-Landau
(GL) theory for a spin-triplet state. This is general enough to
allow us to describe the diversity of those systems. Among
abundant spin-triplet or odd-parity paring states we assume an
A-phase-like pairing state described by the complex d vector
with three components:

d(k) = (k)1 = p(k)(#' + ii"). e))

7’ and 7" are real three-dimensional vectors in the spin space
for Cooper pairs, and ¢ (k) is the orbital part of the pairing
function. This is classified group theoretically under the over-
all symmetry:
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with the spin, orbital, and gauge symmetry, respectively
[46,56].

In this study, we adopt the weak spin-orbit coupling
scheme [47,48] which covers the strong spin-orbit coupling
(SOC) case as a limit. The strength of the SOC depends
on materials and is to be appropriately tuned relative to the
experimental situations. It will turn out to be crucial to choose
the weak SOC case in understanding the H., phase diagrams
with peculiar shapes: This allows the d-vector rotation under
an applied field whose strength is determined by the SOC.
Note that in the strong SOC scheme the d-vector rotation field
is infinite because the Cooper pair spin is locked to crystal
lattices.

There exists U(1)xZ, symmetry in this pairing, i.e.,
invariance under d — —d and gauge transformations. We
emphasize here that this SO(3) triple spin symmetry of the
pairing function is expressed by a complex three-component
vectorial order parameter 7j = (1, 1y, 1;) in the most general
case. It will turn out later to be important also to describe com-
plex multiple phase diagrams, consisting of five distinctive
phases, but this is a minimal framework which is necessary
and sufficient.

Under the overall symmetry expressed by Eq. (2), the most
general Ginzburg-Landau free-energy functional up to the
quadratic order is written as

F® = ao(T — To)7i - ii* + bIM - 7> + cM*5 - 3*
+ikM - x it 3)

with b and ¢ positive constants. The last invariant with the co-
efficient x comes from the nonunitarity of the pairing function
in the presence of the spontaneous moment and field induced
M(H), which are to break the SO(3) spin-space symmetry in
Eq. (2). We take k > 0 without loss of generality. This term
responds to external field directions differently through their
magnetization curves. Here we neglect explicit magnetic field
effect by assuming that it comes through M (H). Thus, upon
increasing H, the d vector can rotate when the magnetization
direction changes so to maximally gain this term. It will turn
out that this d-vector rotation is a key to understanding the
peculiar H,, curves.

The magnetic coupling «, which is a key parameter to
characterize materials of interest in the following, is estimated
[45] by

__N'(0)
K = N(O) —In(1.140/T,), )

where N’(0) is the energy derivative of the normal density of
states N (0) at the Fermi level and w is the energy cutoff. This
term arises from the electron-hole asymmetry near the Fermi
level. « indicates the degree of this asymmetry, which can be
substantial for a narrow band. Thus, the Kondo coherent band
in heavy-fermion materials, such as in our case, is expected
to be important. We can estimate N'(0)/N(0) ~ 1/Eg with
the Fermi energy Ep. Because 7, =2 mK and Er =1 K in
superfluid *He, ¥ ~ 10~3. In the present compounds 7, ~ 1 K
and Ep ~ Tx with the Tx Kondo temperature being typically
[5] 10 ~ 50 K. Thus, « is much larger than that of superfluid
3He and is an order of 1 ~ 10~'. We will assign the « value

TABLE I. Magnetic properties and « values.

Materials Curie temp. (K) Easy axis Moment (ug) « (K/ug)
URhGe 9.5 ¢ axis M. =04 2.0
UCoGe 2.5 c axis M. =0.06 1.8
UTe, aaxis /(M?) =0.48 6.9

for each compound to reproduce the phase diagram in the
following as tabulated in Table 1.

The fourth-order term in the GL functional is given by
[46,56]

F® — ﬁl( 'a*)z ﬁ22|ﬁ2|2. (5)
Because the fourth-order terms are written as
ﬂ“—“a?”+ﬁﬂ”>+%( A7)
+4G 7" 6)
for Bi, B> > 0, we can find a minimum when |7'| = |7}”| and

77" L 7j”. Notably, the weak coupling estimate [46] leads to
ﬂ1 /B> = —2. Thus, we have to resort to the strong coupling
effects in the following arguments in order to stabilize an A;
phase.

It is convenient to introduce

1
N+ = ﬁ(”y +in,) 7

for M = (M,, 0, 0) where we denote the x axis as the mag-
netic easy axis in this section. From Eq. (3) the quadratic term
F® is rewritten in terms of 7. and 7, as

F® = oo{(T -
+(T —

) ? + (T = To)ln_|?
Te3)|nel*} ®)

with
TCI,Z - cO + M)n

b
Ty = Tog — —M. ©))
oo

-

We have neglected the term cM?7j - 7* in Eq. (3) because
it causes the parallel shifts for T;; (j =1, 2, 3) by the same
amount. The actual second transition temperature is modified
to

KMx ;31 - :32
ag 2B

because of the fourth-order GL terms in Eq. (5). Also, T3
starts decreasing in the linear |M,| instead of Mf mentioned
above just near |M,| < 1. This comes from the renormaliza-
tion of 7,3 in the presence of [n4)? o (T.; — T) and |n_|*
(T, — T). Those terms give rise to the |M,|-linear suppression
of T3 through fourth-order terms. Here we note that among
the GL fourth-order terms, Re(nfmrr)_) in Eq. (5) becomes
important in interpreting the H., data later because it is in-
dependent of the signs of the GL parameters 8; and B,. For

T), =T — (10)
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FIG. 1. Generic phase diagram in the 7" and M, planes. T, (T,)
for the A; (A,) phase increases (decreases) linearly in M,. The third
phase A, decreases quadratically in M, away from the degenerate
point at M, = 0.

1< Bi/B2 <3,
T), > Tio = Tog — —M,. (11)
Qo

This could lead to the modification of the otherwise symmetric
phase diagram:

T — Too = Too — Toa. (12)

The fourth-order contribution of Eq. (10) to 7., may become
important to quantitatively reproduce the H-T phase diagram,
such as the asymmetric L-shape H,, for H || b axis observed
in UTe, [12].

Note that the ratio of the specific heat jumps to

ACT) _Ta B
AC(T2) TaBi+B

The jump at T,, can be quite small for T.; 3> T,,. The FM
moment M, acts to shift the original transition temperature
Two and split it into T, T;», and T;3 as shown in Fig. 1. Here,
the A; and A, phases correspond to | 11) pair and | | | ) pair,
respectively and the Ay phase is [1]) + || 1) for the spin
quantization axis parallel to the magnetization direction M,.
According to Eq. (9), T, (T;,) increases (decreases) linearly
as a function of M, while 7,3 decreases quadratically as M>
far away from the degeneracy point shown there (the red dot).
The three transition lines meet at M, = 0 where the three com-
ponents n; (i = +, —, x) are all degenerate, restoring SO(3)
spin-space symmetry. Thus, away from the degenerate point at
M, = 0, the Ay phase starting at 7¢3 quickly disappears from
the phase diagram. Below T, (T.3) the two components 74
and n_ coexist, symbolically denoted by A; + A;.

Note that because their transition temperatures are differ-
ent, A} + A is not the so-called A phase which is unitary,
but generically nonunitary except at the degenerate point
M, = 0 where the totally symmetric phase is realized with
time-reversal symmetry preserved. Likewise below T3 all the
components coexist: A} + A, + Ay realizes.

Under an applied field with the vector potential A, the
gradient GL energy is given by

Fyaa = ) (KDl + KDy, [P + K Do), (14)

V=X,),Z

13)

where D; = —ilid; — 2eA;/c and the mass terms are char-
acterized by the coefficients K; (j =x,y,2) in Dy,. We

emphasize here as seen from this form of Eq. (14) that H,
for the three components each starting at Tg; (j =1,2,3)
intersects each other, never avoiding or leading to a level
repulsion. The level repulsion may occur for the pairing states
belonging to multidimensional representations (see, for exam-
ple, [57-60] in UPt3). The external field H implicitly comes
into T;; (j = 1, 2, 3) through M,(H) in addition to the vector
potential A. This gives rise to the orbital depairing mentioned
above.

B. Quasiparticle spectrum for general triplet state

If we choose 7' =1,y and 7" = 5,z with n, =0 for
the magnetic easy x axis, the quasiparticle spectra are
calculated by

Epo = etk + (171 £ [7 x 7*)p(k)> (15)

or

Ek,a =V E(k)z + Aa(k)zs (16)

where the gap functions for two branches are
Ar(k) = [ny + nzlp k),
A (k) = Iny — n:l@ k),
Ao(k) = |n«lg (k). 17)

Note thatif [n,| = 0, A4(k) = A (k), which is nothing but the
A phase [43]. When |ny] = 1], Ap(k) #0 and A (k) =0,
which is the nonunitary A phase for , = 0. The gap in one
of the two branches vanishes and the other remains ungapped.
Therefore, if we assume that in the normal state N;(0) =
N (0), the A; phase is characterized by having the ungapped
DOS N (0) = N(0)/2 with N(0) = N4+(0) + N (0). Generi-
cally, however, since N;(0) # N (0), that is, N4(0) > N (0)
in the A; phase, which is energetically advantageous than the
A, phase, the “residual DOS” is equal to N| (0), which is likely
less—than—half rather than more—than—half physically. In the
nonunitary state with the complex d vector, the time-reversal
symmetry is broken.

In the most general case where all components 7,, 7, and
n, are nonvanishing, the quasiparticle spectra are calculated
by diagonalizing the 4 x4 eigenvalue matrix. Namely, in terms
of Eq. (17) the spectrum is given by

E; = e(k)’ + 3{ AT (k) + AT (k) 4+ 2A5(k)

+ /18300 — AP +4830)IAF () + AT ()1}
(18)

It is easy to see that this spectrum is reduced to Eq. (16) when
Ag(k) = 0. This spectrum characterizes the phase A; + A; +
Ay realized in UTe; under pressure as we will see shortly.

III. PROTOTYPES OF PHASE TRANSITIONS

Let us explain the phase diagram displayed in Fig. 2(a) by
considering the action of the external field H, applied to the
magnetic hard b axis on the FM moment M,,, pointing parallel
to the a axis. The a-axis component of the moment M,(H;)
generally decreases as it rotates toward the b axis as shown
in Fig. 2(b). As discussed in the next section in more details
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FIG. 2. (a) Prototype phase diagram in the T and H, planes
where H, is parallel to the magnetic hard b axis and the moment M,
points to the easy a axis. The two transition lines of T and T, (red
curves) are separated by 2M,, at H, = 0. Initially, 7., decreases and
T, increases as H, increases toward the degeneracy point at 7. There
the projection of the FM moment M,, vanishes. Up to this field the
SOC is assumed to lock the d vector, thus, 7.; and T, follow M, (H},).
Approximately above Hy by rotating the d-vector direction to follow
the magnetization M,(H,) (the green lines) instead of M,(H,), Hc(zl)
and H} turn around their directions. (b) Under the perpendicular
field H, the spontaneous moment M, rotates toward the b direction.
The projection M, (H,) of M, on the b axis increases. (c) The rotation
field Hy is indicated as the red dot where M,,(H,) = M,(H = 0).

based on experimental data, it is observed in URhGe through
the neutron experiment [39]. Here we display the generic and
typical magnetization curves of M, and M, in Fig. 2(c) where
Hpy denotes a characteristic field for M,(H,) = M,(H, = 0).
The induced moment M, reaches the spontaneous FM mo-
ment M, at zero field by rotating the FM moment, implying
that the FM moment points to the b axis above Hg. Experimen-
tally, it is realized by the so-called metamagnetic transition
via a first-order transition in URhGe [39] and UTe, [14] or
gradual change in UCoGe [61].

As displayed in Fig. 2(a), by increasing Hp, T (T;,) de-
creases (increases) according to Eq. (9). The corresponding
Hc(zl) and Hc(22 ) are starting there, whose forms will be derived
shortly. The two transition lines T (Hp) = T.2(Hp) meet at
H, = Hg. As H,, is further increased, 7, also increases by
rotating the d-vector direction such that the d vector becomes
perpendicular to Mj, which maximally gains the magnetic
coupling energy ixM - jx7i* in Eq. (3). This process occurs
gradually or suddenly, depending on the situations of the
magnetic subsystem and the spin-orbit coupling that locks
the d vector to the underlying lattices. Therefore, Hr may
indicate simultaneously the d-vector rotation. It should be
noted, however, that if the spin-orbit coupling is strong, the
d-vector rotation is prevented. In this case H exhibits a Pauli
limited behavior as observed in UTe, under pressure [28].

In Fig. 3 we show prototype phase diagrams for different
situations. In addition to that displayed in Fig. 3(a), which is
the same as in Fig. 2(a), there is the case in which T,; is bent
before reaching Hy as shown in Fig. 3(b). The magnetization
curve My(Hp) starting at T,y exceeds the decreasing M, at

Te2 Teo Ter T
— M — Mo—>|

FIG. 3. Two types (a) and (b) of the phase diagram for H || b with
the b axis (hard axis). (a) The same as in Fig. 2(a). (b) At Hcg defined
by M,(H,) = M,(H,), Hc(zl) turns around by rotating the d vector to
follow M), starting from 7. (c) H || ¢ with the ¢ axis (another hard
axis). (d) H || a with the a axis (easy axis). The green lines are the
respective magnetization curves and the red curves are H,’ and HS .

a lower field Hcr defined by M,(Hp) = M,(Hp). Hc(zl) turns
around there by rotating the d vector. We will see this case in
the following analysis.

In the H, case for the field direction parallel to another
hard ¢ axis, the phase diagram is shown in Fig. 3(c). Since
H, does not much influence on M,(H,.), both Hc(zl) and Hc(zz)
are suppressed by the orbital depression of H.. When the
magnetic field is applied to the magnetic easy a axis, the spon-
taneous moment M, (H,) increases monotonically, as shown in
Fig. 3(d). According to Eq. (9), T; (T;,) increases (decreases)
as H, increases. Thus, theoretically ch) can have a positive
slope at 7,;. However, the existing data on UCoGe [62] indi-
cate that it is negative, as seen shortly. This is because the
strong orbital depairing H/J overcomes the positive rise of
T.,. Moreover, H;zz) is strongly suppressed by both 7., and
the orbital effect Hc’g, resulting in a low HY, compared with
chz- This H,, anisotropy is common in these compounds [5].
From the above considerations, the enhanced H is observed
because the higher part of the field in H., belongs to H 522)
which has a positive slope.

Within the GL scheme it is easy to estimate H,; as follows.
We start with the H,, expression valid near the upper critical
temperature and low field, which can be derived by combing
Egs. (8) and (14) and minimizing the free energy,

Ho(T) = AVT.(Hy) — T) (19)

with A® = 2:%2 4may, m effective mass, and @y quantum
unit flux. 7, depends on H though M,(H) is as described
above. We assume this simple H,, formula to estimate the
phase diagram at lower temperatures instead of that given by
the standard Werthamer-Helfand.Hohenberg (WHH) formula
[63], which describes the behavior at low temperatures beyond
the above GL formula more accurately. We denote it as H 1.
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Teo T T

FIG. 4. H,, changes due to the competition between the orbital
depairing and 7,.(M). (a) T.(M) decreases as a function of the applied
field H. The orbital depairing is added up to further depress H.,
than HYH. (b) T.(M) increases as a function of the applied field H,
competing with the orbital depairing. The resulting H,, is enhanced
compared with HY™. (¢) T.(M) increases strongly as a function of
the applied field H. H, has a positive initial slope and keeps growing
until hitting the absolute upper limit H5". Then, H,, follows this
boundary.

The initial slope of H., at T, is simply given by
dT,
H,(T) = A<0>EHC/2 - A, (20)

It is seen that if d7./dH = 0 for the ordinary supercon-
ductors, HS(T) = —A® < 0. The slope H/,(T) is always
negative. However, Eq. (20) is expressed as

—A©®
H(T) = ———— 1)
1= AO(3)
or
1 ‘ dT;
| |HE|  |dHe
1 1 22)
- 0 1 dHa |°
|H RV
The condition for attaining the positive slope H,,(T) > 0

implies |H’ | > ( A at He,. This is a necessary condition
to achieve S- shape(i or L-shaped H,, curves experimentally
observed. This is fulfilled when |H(3] is large enough, that is,
the orbital depairing is small, |;’—f1‘| at H., is large, or the T
rise is strong enough.

It is noted that when 1 — A(O)(%) =0, the H»(T) curve
has a divergent part in its slope, which is observed in UCoGe
as a part of the S shape. It is clear from the above that
when dT,./dH < 0, |H,(T)| < |HJ| because the two terms
in Eq. (22) are added up to further depress He(T). In thlS
case the slope |H/,| is always smaller than the original |H |
as expected.

In Fig. 4 we show the changes of H;, when the competition
between the orbital suppression and T.(M) varies. We start
from the orbital-limited H% ™ curve with 7, unchanged as a
standard one. When 7.(M) decreases with increasing H, the
resulting H,, is further suppressed compared with HYHH as
shown in Fig. 4(a). T.(M) as a function of H through M (H)
becomes increasing as shown in Fig. 4(b), H,, is enhanced
compared to HY"H, exceeding the HY"™ value. Figure 4(c)
displays the case where T.(M) increases stronger than that in
Fig. 4(b), H., has a positive slope and keeps increasing until
it hits the upper limit HA"". There exists the absolute upper

HS (c)

AUL
He2

~
|

~
A
X -~ Al

0 Tc2 TeoTel T Te2 0 Tco Tel T

Tc2 Teo 0 Tel

FIG. 5. Schematic typical phase diagrams for H parallel to the
b axis with A}, A,, and A phases, whose structure depends on the
position of Ty and the separation of 7,; and T.,. The A phase is
a mixture of A; and A, phases. The absolute upper limit H5U" is
indicated as the gray region. (a) The reentrant SC situated at high
fields such as in URhGe. (b) S-shape H., with the double transitions
from the A to the A phase such as in UCoGe. (c¢) L-shape H., where
the high field phase is the A, phase such as in UTe,.

limit (AUL) for H,,. Even though 7;.(M) keeps increasing with
increasing M (H), H,, terminates at a certain field because a
material has its own coherent length £ which absolutely limits
HAUL = &y /27£2. Beyond HAYL there exists no supercon-
ductlng state. The precise temperature dependence of HC‘}UL
is unknown and should be investigated in near future by a
microscopic theory.

There could be several types of chz curves for H applied
to the b axis (hard axis), depending on several factors: (i) the
magnitude of the spontaneous moment M,, (ii) its growth rate
against Hp, (iii) the coupling constant k, and (iv) the relative
position of T,y on the temperature axis.

Possible representative H’ 7, curves are displayed in
Figs. 5(a)-5(c). When the hypothetical T is situated in the
negative temperature side, the realized phase is only the A
phase at H, = 0. In high field regions SC reappears as the
reentrant SC (RSC) by increasing M;,(H;), which is shown in
Fig. 5(a). The reentrant SC is separated from the lower SC.

As shown in Fig. 5(b) the two transition temperatures 7
and T, are realized at H, = 0, that is, it shows double tran-
sitions at zero field, giving rise to the A; and A, phases. The
three phases A, A, and A appear in a finite-H, region where
the A phase is a mixture of A; and A, phases. H; could have
an S shape. This corresponds to either Fig. 3(a) or 3(b).

When the separation between T;; and T, becomes wider
because of increasing the spontaneous moment M, and/or the
larger magnetic coupling «, H, has an L shape as displayed
in Fig. 5(c). This could happen also when the moment rotation
field T is situated at relatively lower field than the overall H,,.

In the following we discuss those typical H; behaviors
based on the realistic magnetization curves for each com-
pound, reproduce the observed H., curves, and predict the
existence of the multiple phase diagram. Note that the result-
ing H., curves do not sensitively depend on the choice of the
triplet pairing function.

IV. MAGNETIZATION CURVES

In order to understand their peculiar H, shapes and re-
sulting pairing symmetry in three compounds, it is essential
to know their magnetic responses to applied magnetic fields.
Here we analyze their magnetism and estimate the magnetiza-
tion curves of the spontaneous moment under the transverse
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0.6
MKy C(Hc)ouﬂ".

FIG. 6. The ferromagnetic spontaneous moment M, (H,) rotation
indicated by the green arrow under the field H || b in URhGe. At
H, = Hp, it completely orients along the b-axis direction via a first-
order transition where Mj,(H,) shows a jump of the magnetization.
Hcg is defined by the field M.(H,) = M, (H,). The rotation angle
o from the ¢ axis is measured by neutron experiment [39]. The
magnetization curves M;,(H,) and M.(H,) are from [64].

field, which is not probed by conventional magnetization mea-
surements. In the following, we consider the cases of URhGe
and UCoGe, and UTe, with the c axis and a axis are the easy
axes, respectively, as tabulated in Table I. We mainly discuss
URhGe as a typical example. The concepts introduced here
are applied to the other systems with appropriately changing
the notation for the magnetic easy axis.

A. Rigid rotation picture: Spontaneous moment rotation

When the applied field H, is directed to the hard axis, or
the b axis, the spontaneous moment M. (H,) pointing to the
c axis in URhGe rotates gradually toward the applied field
direction. At around Hg = 12 T, M.(H}) quickly turns to the
b direction by rotating the moment as shown in Fig. 6. We
define the crossing field Hcg at which M (Hp) = My(Hp).
Note that Hg and Hcg are different concepts as is clear from
Fig. 6 and also in UCoGe where Hcg ~ a few T and Hy =
45 T [61]. Simultaneously and correspondingly, the My(H})
moment jumps via a first-order transition. Above Hj, > Hpg
the spontaneous moment is completely aligned along the b
axis as seen from Fig. 6. This phenomenon is often called
as the metamagnetic transition. But this is just the moment
rotation since it is demonstrated that the total magnetization
v/ Mf(H;,) + Mg (Hp) hardly changes and remains a constant
during this first-order transition process [39].

This implies that M.(H,) = M, cos[a(H}p)], and M, (Hp) =
M. sin[a(Hp)] with a(H;) being the rotation angle of M.(H;)
from the ¢ axis. The rotation angle «(H,) is accurately mea-
sured by the neutron scattering experiment by Lévy et al. [39]
who construct the detailed map of the rotation angle in the H,
and H, planes. This rotation process is mirrored by the mag-
netization curve of M,(H}) so that the projection of M, (H})
onto the b axis manifests itself on M,(H;) as shown in Fig. 6.

0.4

1.2 H(:T) 1‘4

FIG. 7. (a) The magnetization component of M,(H) in URhGe
under the field direction tilted from the b axis toward the ¢ axis by
0, estimated from the experimental data of M(H) [69]. The inset
shows the coordinates and the projections of M, and M, onto the
¢ axis. (b) The magnetization M(H) in URhGe under the field
direction tilted from the b axis toward the a axis by ¢ estimated from
the experimental data (dots) of M (H) [64], including magnetization
curves for three a, b, and ¢ directions for reference.

The crossing of M} (Hj) and M (Hp) occurs around at Her =
9 ~ 10 T, corresponding to roughly M.(H,)/~/2 ~ My(Hp).
That is, M.(Hp) rotates by the angle « = 45° from the ¢ axis
at Hcr. However, since the moment rotation process depends
on materials, Hcr is only estimated within an order of magni-
tude. This first-order phase transition phenomenon in URhGe
under the transverse field is neatly described by Mineev [65]
using the GL theory. This is within a more general framework
of the so-called metamagnetic transition theory based on the
GL phenomenology [66—68] for itinerant ferromagnets.
Those considerations based on the experimental facts
demonstrate to hold “a rigid moment rotation picture.” We
assume this picture applicable to the other compounds too.

B. Extraction of the M, moment for the tilted
fields from the b-axis data

When the applied field direction is rotated from the b axis
toward the easy axis c by the angle 6, the magnetization curves
are measured by Nakamura et al. [69]. It is obvious that the
measured magnetization M (6) contains the contribution from
the spontaneous moment M, projected onto the applied field
direction, that is, M, sin(@). This is confirmed experimentally
at least at lower fieldsupto H < 5 Tand T = 2 K [70]. Thus
in this situation, we can extract the M,(H) curves by simply
subtracting the contribution M, sin(6) from the measured data
[69]. The result is shown in Fig. 7(a). It is seen that by in-
creasing the angle 6, the first-order transition field Hg shifts to
higher fields and the jump gets smaller compared to the b-axis
case, reflecting that the moment projection onto the applied
field direction decreases. This method is valid only for the
small angle 6 and relatively small field regions because here
the M. moment is assumed to be fixed under the action of
small field component along the c axis.

It may be difficult to extract reliably the M} (H ) information
for further high fields even though the tilting angle is small,
and also for larger angles 6. There are two factors to be taken
into account, which are internally related: One is that the
c-component magnetic field acts to prevent the moment from
further rotating it toward the b axis upon increasing tilting
field H by 6 from the b axis. This “rotation angle locking
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effect” becomes important for the field just before Hg(6)
where the moment ultimately rotates completely along the b
axis in the higher fields. The other factor to be considered is
the modification of the free-energy landscape of the M), versus
M, space.

The first-order transition of the moment rotation is de-
scribed by Mineev [65] who considers the competition
between the ferromagnetic state at M, and the paramagnetic
state with M, stabilized by the Zeeman effect due to the ex-
ternal field H, within a GL free-energy theory. The transverse
field Hj, necessarily destabilizes the second-order FM phase
transition at Hg because H, contributes negatively to the quar-
tic term coefficient of M2, giving rise to a first-order transition.
The extra term coming from the tilting field helps to stabilize
the ferromagnetic state, preventing the first-order transition,
thus making Hy to higher field and the magnetization jump
smaller. Thus, it is not easy to extract reliably the M;,(H ) under
this free-energy landscape modification. In the following, we
confine our arguments for small & and use approximate M (H )
forms, which are enough for our purposes to understand the
peculiar H,,.

C. Applied field rotation from the b axis to the hard axis

In the case for the tilting angle ¢ from the b axis toward
the other hard axis a of URhGe, it is known [71] that Hg(¢) is
scaled to Hg(¢) o 1/ cos(¢), which is also the case in UTe,
[15]. This means that only the M, projection onto the field
direction matters to understand the magnetization process.
Therefore, we can easily reconstruct the M (¢) by using the ex-
perimental data of M,(H,) except for the fact that the induced
M, (¢) also contributes to M (¢). This can be accomplished by
an “elliptic formula” derived as follows:

We start with My,(H,) and M,(H,) measured by usual
magnetization experiments shown in Fig. 7(b). Assuming
the linearity assumption My(¢) = xpH cos(¢) and M,(¢p) =
XqH sin(¢) with x; (i = a, b) being the magnetic susceptibil-
ity, we add up the two components as explained in the inset of
Fig. 7(a):

M(¢p) = Mycos¢p + M, sin¢
= [xpc0s*(¢) + xasin’*(¢)1H
= My (H,,) cos® ¢ + M, (H,) sin* ¢. (23)

We call it an “elliptic formula.” Since the rotation field is given
by
b

Hi($) = —k 24)
k - cos(¢)
with H ,? the rotation field for the b axis, we obtain at H = Hp
)
Xa SIN” ¢
M@PJ@WMGm¢+l ; ) (25)
Xb COS* @

This formula gives the magnetization curve consisting of a
straight line from H = 0 up to Hg. The magnetization jump
at Hy is calculated by projecting the jump M, in My(Hp),
namely, M}, cos(¢).

The resulting reconstructions of M(¢) for various tilting
angles are shown in Fig. 7(b). By construction, when ¢ —
90°, M(¢) - M,(H,). We notice that the resulting M(¢)

(a) UCoGe

Hr ]
20 40 H(T) 60

0 2 4 H(T) 6 8

FIG. 8. (a) The magnetization curves for three a, b, and ¢ axes in
UCoGe. Here the crossing points HZ, and H&, at which each curve
surpasses the spontaneous moment M.(H = 0) = 0.06up. (b) The
magnetization curves of M,(H) for the field directions tilted from
the b axis toward the ¢ axis by the angle 6 (degrees) in UTe,. 8 =
23.7° corresponds to H || (011) direction measured by [72]. Those
are estimated by the method explained in the main text. The inset
shows the magnetization curves for three a, b, and ¢ axes in UTe,.
Hp, is the first-order transition for the moment rotation from the a
axis to the b axis.

includes the contribution from M,. Those results should be
checked experimentally and will be used to reproduce the
RSC in URhGe. As shown in Fig. 8(b) this idea is also applied
to UTe, where the RSC appears centered around 6 = 35°
from the b axis toward another hard axis c.

As a final comment on the magnetization of UCoGe shown
in Fig. 8(a), it should be mentioned that since Hg ~ 45T [61],
for the following discussions on this system the characteristic
magnetic fields Ho ~ 6 T and Hé ~ 7 T are relevant to
notice from this figure. We also note that two magnetization
curves M;, and M, behave similarly. It is anticipated that H,,
for the two directions should be resemble. This is indeed the
case as will be seen next.

V. APPLICATION TO EXPERIMENTS
ON THREE COMPOUNDS

Let us now examine the present theory to understand a va-
riety of experiments on the three compounds URhGe, UCoGe,
and UTe;. In order to clarify the essential points of the prob-
lem and for the discussions followed to be transparent, and to
minimize the free adjustable parameters, we take a simplified
minimal version of the present theory. It is quite easy to finely
tune our theory by introducing additional parameters such
as B; and B, in the GL theory (3) for each compound if
necessary. We assume that

T;:l == T;:O + KMa’
Too = Teo — kM, (26)
Ty = Too — DM,

for the spontaneous FM moment M, with the easy a axis.
We have redefined « /oy as k and b/« as b, ignoring the
correction in Eq. (10) from the higher-order GL terms. Since
Kk is a converter of the units from g to K, we further simplify
the notation in that kM having the dimension of temperature
in K is denoted as M in K in the following phase diagrams. We
use the « values for three compounds throughout this paper
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Hy(T) |
1l

0.2

FIG. 9. The phase diagram for the H,(T) versus T(K) plane.
M_.(H,) is estimated from the neutron scattering data in Ref. [39] and
M,,(H,) comes from the magnetization curve measured in Ref. [64].
The red dots for H,, are the experimental data points in Ref. [5].
The red continuous line indicates H,, which starts at 7., and is
suppressed by the orbital depairing effect. It reappears again by fol-
lowing the formula 7,1 (Hp) = T.o + kM, (H,) near Hy = 11 T. HS®
and H/,(M) are the slopes due to the orbital depairing and T (M),
respectively.

as shown in Table I where the magnetic properties are also
summarized.

In the following, we intend to produce the observed H.,
curves only qualitatively, not quantitatively. This is because
the experimental H., shapes somewhat depend on the ex-
perimental methods. For example, see Fig. 1 in Ref. [73]
where H., shapes slightly differ from each other, depending
on the criteria adopted either by the midpoint of the resistivity
drop, the zero resistivity, or by thermal conductivity. We here
consider the sharpest curve among them when several choices
are available.

A. H || b: Reentrant SC

URhGe exhibits the ferromagnetic transition at Tcyie =
9.5 K where the magnetic easy axis is the ¢ axis and the FM
moment M, = 0.4up. The superconducting transition is at
T. = 0.4 K under the ferromagnetic state which is persisting
to the lowest 7. When the field H is applied parallel to the
b axis, the superconducting state reappears in a higher field
region while the low field SC phase disappears at H,, ~ 2 T.
This reentrant superconducting state (RSC) is explained in
Fig. 9, using the knowledge shown in Fig. 7.

First we plot the magnetization curves for M.(Hp) and
My(Hp) in the H-T plane by choosing the k = 2.0 K/up
in Eq. (26) with M, replaced by M.. M.(H,) starts from
T.; and T, and decreases by increasing H, which acts
to rotate the spontaneous ferromagnetic moment toward
the b axis. Thus, T, (Hy) = Too + kM.(H,) and T.,(Hp) =
T.o — kM (Hp) decreases and increases, respectively, with
increasing H), according to Eq. (26). The splitting 2x M. (H})
between T, (H}) and T,,(H,) diminishes and meets at the ro-
tation field Hg = 12 T where the two transition temperatures
are going to be degenerate. M;,(H,) starting at T,o quickly

H(T)
0 M(up) 0.1 0.2 0.3 0.4

15~ 15

6=5.64deg
:I’gg‘ RSC
0.79 7

0 0 Te1 0.4 T(K)

FIG. 10. Reentrant SC (Ref. [71]) for various 0 values measured
from the b axis (6§ = 0) toward the c axis in URhGe. As 6 increases
(0.79°, 1.65°, 3.64°, and 5.64°), the magnetization curves (far left
scale) starting at T,y grow slowly, pushing up the RSC regions to
higher fields. The magnetization data are from Fig. 7(a) for 6 # 0
and Ref. [64] for 6 = 0.

increases there. Thus, as shown in Fig. 9, H, starting at
T., disappears at a low field because the orbital depairing
dominates over the magnetization effect as explained above.
Namely, since the decrease of T;|(H,) is slow as a function of
H,, H, obeys the usual WHH curve, a situation similar to that
shown in Fig. 4(a). Here |[H,(M)| > [HS™®|.

However, in the higher fields the upper transition tempera-
ture 7., (H,) becomes

T.1(Hp) = Teo + kMy(Hy) 27

by rotating the d vector so that now it is perpendicular to
the b axis to follow the magnetization My (H,). This d-vector
rotation field corresponds to the field where

To1(Hy) = Too + kM (Hp) = Too + kMp(Hp), (28)

namely, the M.(H,) vector projection onto the b axis
MC/\/E ~ My(Hp) as understood from Fig. 6. Since M;(Hp)
is strongly enhanced at and above Hg, the A; phase reap-
pears by following the magnetization curve T + xMy(Hp).
It ultimately hits the HA"" boundary. The RSC finally ceases
to exist beyond this boundary. This corresponds to that in
Fig. 4(c). The existence of the H4U" will be demonstrated
later in Fig. 14 where we compile various H., data for URhGe,
including those under hydrostatic pressure [74] and uniaxial
pressure [75] along the b axis.

B. 60 rotation from b to ¢ axis

When the direction of the magnetic field turns from the b
axis to the easy c axis, Tg moves up to higher fields and disap-
pears quickly around 6 ~ 5° as shown in Fig. 7(a). According
to those magnetization behaviors, we construct the H,, phase
diagram in Fig. 10. It is seen that the field direction tilting
away from the b axis to the c axis results in the decrease of the
magnetization M, (H ), corresponding to the counterclockwise
changes of the magnetization curves in Fig. 10. Thus, the RSC
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T(K) URhGe M(uy)
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6=0.79d
0.3F 165 g
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0.1

FIG. 11. Detailed RSC structures (Ref. [71]) in T-H plane (left
scale) are displayed. The triangle areas in each 6 are RSC. RSC
moves right as 0 increases. The magnetization curve data (right scale)
corrected as explained in Fig. 7(a) are originally from Ref. [69].

region shifts to higher fields with shrinking their areas and
eventually disappears by entering the HA"" region.

The detailed phase diagram in the reentrant region is de-
picted in Fig. 11 where the magnetization curves of M;,(H)
in Fig. 7(a) are overlaid. According to the present theory, H.,
follows faithfully M,(H ) in the high fields because the strong
increase tendency of the magnetization M,(H) overcomes
the orbital depression. The characteristics of those phase di-
agrams are as follows. As 6 increases, (1) the RSC moves
up to further higher fields; (2) as H further increases, within
the small angles of 8 up to 6° ~ 7°, the RSC fades out upon
entering H5"" region.

Those characteristics (1) and (2) nicely match with the
experimental observations. The trianglelike shapes for RSC
will be seen later in UTe; (see Fig. 23).

C. ¢ rotation from b to a axis

When the magnetic field direction turns to the other hard
a axis from the b axis by the angle ¢, the expected mag-
netization curves are evaluated in Fig. 7(b). Using those
magnetization curves, we construct the H,, phase diagrams
for various ¢ values in Fig. 12. As the angle ¢ increases, the

0.4

0.2

1
5 10 H(T) 20 25

FIG. 12. RSC phase diagram in the 7-H plane for various fields
rotated from the b axis toward the a axis by the angle ¢. This is
constructed by using the magnetization data (right scale) shown in
Fig. 7(b). When the magnetization hits the real axis 7 > 0, RSC
appears in high field regions. The lower field H,, is common for
all ¢.

5k

A A A AH02A A A A A
0 1 1 SC 1 1 1

0 10 20 30 (])(deg) 50

FIG. 13. Phase boundary of the reentrance SC (RSC) as a func-
tion of the angle ¢ measured from the b axis to the a axis constructed
from Fig. 12. The blue (green) line indicates the upper (lower)
boundary of the RSC. The brown line is the magnetization rotation
field Hg(¢). The dots are experimental data points by Ref. [71]. The
triangles denote the lower field H,, which is almost independent
of ¢.

magnetization M(H) decreases, corresponding to the clock-
wise changes in Fig. 12 and the first-order rotation field Hy, is
pushed to higher fields simply because of the projection effect
onto the b axis as mentioned in Sec. IV C. As a consequence,
the RSC moves to higher fields persisting up to higher angle ¢
until finally entering HC‘AQUL region. It is confirmed experimen-
tally that it persists at least up to Hep ~ 25 T [39]. According
to the present results, the RSC can exist still to higher fields.
This can be checked by experiments.

Here we notice an important fact that in order to explain the
persistence of RSC as a function of ¢ up to higher fields, it is
essential to use the magnetization curves in Fig. 7(b) where
the magnetization contains the component M, in addition to
My, 1t is clear that only M), fails to reproduce the RSC phase
diagram. This means that the d vector rotates so as to follow
both components M, and M,, thus, the d vector is always per-
pendicular to the vectorial sum M, + M. This is contrasted
with the 6 rotation case where the d vector is perpendicular to
M,,. This intriguing anisotropy in the d-vector rotation relative
to the magnetic easy axis might be related to the underlying
magnetism in URhGe and/or the spin structure of the Cooper
pair symmetry assumed as SO(3) originally. This spin-space
anisotropy should be investigated in the future.

In Fig. 13 we summarize the phase boundary of the RSC
determined above. The band of the RSC region is tightly
associated with the Hg(¢) curves, which are proportional to
Hg(¢) o< 1/ cos(¢). This is contrasted with the lower field H,,
which is nearly independent of the angle ¢. The intrinsic H.,
anisotropy is quite small in URhGe. This means the impor-
tance of the magnetization rotation field Hg(¢), ensuring the
appearance of the RSC, and pointing to the simple mechanism
for the origin of RSC. It grossly follows the M, projection
onto the b axis. This is also true for the RSC in UTe,, which
will be explained shortly. The physics is common.
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FIG. 14. Phase diagram for H || b taken under hydrostatic pres-
sure (Ref. [74]) and uniaxial pressure along the b axis (Ref. [75])
on URhGe. All data at the rotation field H line up along the H5'"
boundary, evidencing the existence of H5"".

D. Pressure effects

Before starting out to analyze the experimental data taken
under hydrostatic [74] and uniaxial pressure [75] on URhGe,
we summarize the relevant data for the H., phase diagram
with the field applied to the b axis in Fig. 14. Here we list
up the data under hydrostatic pressure and uniaxial pressure
along the b axis. (1) It is clear to see that all the H, are limited
by the common boundary HA"". Beyond H4" there exist no
H., data. (2) It is also evident to see that the Hi data points
under pressure remarkably line up along the bottom of the
boundary, forming H5"" as an envelope. In the following we
utilize those experimental facts and take into account those in
investigating and reconstructing the H,, phase diagrams.

4 H(T) 6=1.0GPa

10

0

0 T,T.oT,, 1.0 T(K)

FIG. 15. Multiple phase diagram consisting of the A; and A,
phases under uniaxial pressure ¢ = 1.0 GPa in URhGe. The data
points of H,, || b are taken from Ref. [75]. Two transitions at 7;,; and
T, separated by 2M, are identified. Hy is the moment rotation field
found experimentally [75]. The green line indicates the magnetiza-
tion curve of M, starting at 7.

(2) o=0 (b) 6=0.2GPa (c) 6=0.6
H(D} H(T)
10 x 10
Al | ~
o P
5 7 g
| \ Ars, {
~0 — 06K T ~—0 —~ 06T 0 L 06 T
M¢ Mc c
H(T) (d) 6=0.8 A H(T) () 0=1.0
10 | 10 10
| :/ ST A ’
0 ol Pas® 0
o 06 T 0A2 W 05 T

FIG. 16. Phase diagrams (H || b) under uniaxial pressure, in-
cluding the ambient pressure (a) in Fig. 9 and o = 1.0 GPa (e) in
Fig. 15. The data are from Ref. [75]. Continuous and systematic
evolution of the multiple phase diagrams with guide lines are seen.
(a)o =0 GPa, (b)o = 0.2 GPa, (¢c)o = 0.6 GPa, (d) o0 = 0.8 GPa,
(e) 0 = 1.0 GPa, and (f) 0 = 1.2 GPa.

In Fig. 15 we show the H,, data points taken when H is
applied along the b axis under uniaxial pressure o = 1.0 GPa,
which is listed in Fig. 14. Those data are explained in a similar
way shown above. Here H,, starting at T, is strongly bent
due to the sharp M, (H,) rise concomitant with the d-vector
rotation to follow M;,(H,) shown by the green line in Fig. 15.
Since My(H}) starts at the temperature 7,9 midway between
T.1 and T,, separated by 2M,, the second transition temper-
ature T, is found to locate there where the A, phase begins
developing while the remaining large region is occupied by
the A; phase. Now we see the multiple phases in this situation,
which are absent under the ambient pressure in URhGe. We
can estimate the spontaneous moment M, under o = 1.0 GPa
as M, = 0.06p on the simple assumption that x is unchanged
under the uniaxial pressure.

We analyze the experimental data available under uni-axial
pressure [75] displayed in Fig. 16. It is seen the continu-
ous and systematic evolution of the multiple phase diagrams
under uniaxial pressure. Namely, as uniaxial pressure o in-
creases, three characteristic temperatures 7.;, T.9, and T,
shift together to higher temperatures. T, appears at a finite
temperature (7 > 0) around o ~ 0.8 GPa, keeping to move
up with increasing further o. The separation of 7., and T,
becomes narrow because the spontaneous moment M, gets
diminished, corresponding to the observed Curie temperature
decrease under uniaxial pressure [75] [see Fig. 17(b)].

We show the changes of three temperatures T;;, T;o, and
T., assigned thus in Fig. 17(a). The separation between T,
and T, determined by M, diminishes simply because M, de-
creases as o increases. This results in 7, > 0 appearing above
o > 0.8 GPa, where the double transitions at H = O should
be observed. It is remarkable to see that upon approaching
o = 1.2 GPa from below, all the transition temperatures are
converging toward o, = 1.2 GPa. This means that above this
pressure, the genuine symmetric A phase is realized because
the symmetry-breaking parameter M, vanishes where the spin
symmetry of the pair function restores SO(3) full symmetry,
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FIG. 17. (a) The resulting T;;, T;9, and 7, obtained from the
analysis in Fig. 16 are displayed. The linear changes of those char-
acteristic temperatures 7., T., and T, are found, corresponding to
the linear decrease in M,.. The second transition 7, begins appearing
above o > 0.8 GPa where the double transitions are expected at
H = 0. (b) The resulting M, change as a function of uniaxial pressure
o. The observed Curie temperatures (Ref. [75]) are also shown.
It is consistent with the obtained decreasing tendency of M. as o
increases.

a situation similar to that shown in Fig. 1 (also see Fig. 25
later). At the critical pressure o, = 1.2 GPa the pairing state
is analogous to the superfluid *He -A phase.

The resulting analysis of the spontaneous moment M, is
shown in Fig. 17(b), revealing a monotonous decrease as o
increases. This tendency is matched with the lowering of the
Curie temperature, which is observed experimentally [75]. It
is interesting to see the linear changes of T, T.o, T2, and M,
near the critical uniaxial pressure o, = 1.2 GPa. This linear
relationship is similar to those in UTe; under hydrostatic pres-
sure around the critical pressure P, = 0.2 GPa (see Fig. 25
later).

E. UCoGe

UCoGe is another ferromagnetic superconductor worth
checking our theory in the same framework for URhGe. Major
differences from URhGe in the previous section lie in the
fact that (1) the small spontaneous moment M, = 0.06u5;
(2) the field-induced moments of M, and M, in the hard
axes are comparable in magnitude as shown in Fig. 8(a); (3)
the magnetization rotation field Hg ~ 45 T is far above H.,.
Those are contrasted with URhGe with the distinctive induced
moment for M, that ultimately leads to the RSC. However,
Hcr is situated at low fields 6 ~ 8 T in UCoGe.

1. H || b: S-shaped H, and multiple phases

In Fig. 18 we show the result for the phase diagram in
H || b, assuming that « = 1.8%. The two transition tem-
peratures 7., and T, are split by M, = 0.06uz. Under the
applied field H;, the spontaneous moment M.(H},) decreases.
T.; and T, approach each other to meet at HZ, ~ 6 T. Before
meeting there, the upper 7;;(H},) increases and follows the
magnetization M, (H,) by rotating the d-vector direction from
the c-perpendicular direction to the b-perpendicular direc-
tion. This results in an S-shaped H,, curve which eventually
reaches HA'Y, giving the extrapolated HY ~ 25 T. We notice
here that the initial slope of HY is small, extrapolated to HY

02Tz Teo T 0.6
M =0.06H,

T(K)

FIG. 18. The S-shaped phase diagram for UCoGe in H || b. HY,
starts at 7;; and is initially depressed by the orbital depairing. At
around the crossing field Hcy it turns toward higher 7 due to the d-
vector rotation to follow M,(H,) denoted by the green line, forming
the S shape. At further high fields after hitting H5'Y, H, follows it.
The experimental data points come from [40] and the pointat 7 = 0
and 10 T from [62].

less than a few T, which is comparable to Hg, ~ 0.5 T. This
means that the intrinsic H,, anisotropy is within the range of
the usual effective mass anisotropy. The same nearly isotropic
H., behavior was just emphasized in URhGe (see Fig. 13).
The superficial He, anisotropy with the order of HY/HS, =
25T/0.5 T ~ 50 is an artifact due to ignoring the origin of
the S-shaped HY. This is often pointed out as one of the major
mysteries in UCoGe [5].

It is important to notice that because we identify T, =
0.2 K there must exist the phase boundary of A; and A;
phases. According to thermal-conductivity measurement in
Ref. [62] as a function of H},, there indeed exists an anomalous
thermal-conductivity jump at 10 T and low 7 indicated as the
red dot on the H axis in Fig. 18. This nicely matches our
identification of the A, phase boundary line, a situation similar
to the characteristics in Figs. 4(c) and 5(b). This assignment
is consistent with the HS, phase diagram as shown shortly.

2.Hla

As already shown in Fig. 8(a), the magnetization curves
of M), and M,, are quite similar. The crossing field Hly (i =
a and b) at which M,(H,) and M,(H,) reach M, = 0.06p
is seen to be H¢; ~ 8 T and HéR ~ 6 T. Thus, H} curve is
anticipated to be similar too. Indeed the result is shown in
Fig. 19(a). Even though the S-shaped HY, is weakened, it is
still seen as a weak anomaly at around Hf; ~ 8 T which is a
signature that 7;; (M) in Eq. (26) follows M,(H,) by rotating
the d vector whose direction is perpendicular to the ¢ axis. It
is now perpendicular to the a axis. We also point out that the
A; and A, phase diagrams are essentially the same asin H || b
and the extrapolated H% ~ 22 T is comparable to HY ~ 25 T.

3. H || ¢ and multiple phases

We display the analysis for the phase diagram in H || ¢
in Fig. 19(b). The existing experimental data clearly indicate
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FIG. 19. (a) Weakened S shape H, for H || a in UCoGe because
Hcr moves up compared to HY case shown in Fig. 18. The data are
from Ref. [40]. (b) HS, for H || ¢ in UCoGe. The data [62] clearly
show the anomaly around 0.3 T, indicating the multiple phases
identified as Aj, A,, and A;. The magnetization curve of M .(H,) is
displayed as the green dots, showing the weak rise in this scale. Both
H¢, starting at 7., and T;, are thus dominated by the orbital depairing
without help of the magnetization. The four points denoted by the red
triangles are read off from the thermal-conductivity anomalies [76].

that Hg, consists of the two parts where the H, enhancement
is visible at low T and high H. Thus, the phase diagram is
divided into the three phases A, A,, and Az, where Aj is
genuine spin down-down pair while A, is a mixture of up-up
and down-down pairs, or a distorted A phase with different
population of the two spin pairs.

As indicated in Fig. 19(b) as the green dots, the magne-
tization curve of M (H,) is weakly increasing in this scale.
Thus, the slope at T is exclusively governed by the orbital
depairing, implying that this comes from the effective mass
along the c axis. The anisotropy of the initial slopes in H,, at
T, is determined by their effective mass anisotropy.

4. Rotation ¢ from the b axis toward the a axis

Finally, we touch upon the case of the field rotation from
the b axis toward the a axis by ¢ as shown in Fig. 20. As
H is turned from the b axis toward the other hard a axis,
the crossing field Hcg increases as shown in Fig. 8(a). Since
M (H) becomes slowly increasing as H increases, the or-
bital depression gets stronger and flattens the initial slopes
of Hy(¢) at T, eventually approaching H, as shown in
Fig. 19(a). This is already realized in the ¢ = 11.4° case seen
from it. It should be pointed out again that those initial slopes
at T, for those ¢ values only slightly change, implying that
the initial slope is determined by the effective masses, namely,
the orientational-dependent Fermi velocities.

So far we assumed that x = 1.8 K/up under the condition
of the existence of the second transition 7, = 0.2 K. But we
are warned that if those suggestive signatures of the second
phase A, coming from thermal-conductivity measurements
[62,76] may be an artifact, then the forgoing arguments go
through and are almost unchanged by taking ¥ = 3.6 K/up
without the A, phase. Namely, we are still in ambiguous sit-
uations to finally pin down the system parameters. Therefore,

H(T)

20 F

15F

T, T 06

Mc

FIG. 20. H,(¢) for ¢ = 0°, 3.2°,6.8°, and 11.4° from the b axis
toward the a axis in UCoGe. The data are from Ref. [40]. As ¢
increases, M, grows slowly as a function of H (the counterclockwise
rotation of the M, curves), pushing up Hcr to higher fields. This
results in the decrease of H.(¢) because the orbital suppression
becomes dominant. The enhanced H, becomes diminished as ¢
increases.

it is urgent to confirm or refute the existence of the second
transition in order to go further from here.

F. UTez

To coherently explain a variety of physical properties of
superconducting state in UTe, accumulated experimentally
in the same context of the other compounds, URhGe and
UCoGe, we need a basic assumption that the ferromagnetic
fluctuations are slow enough compared to the electron motion
of the conduction electrons, which condense at 7,.. The slow
FM fluctuation moments characterized by the nonvanishing
square root-mean averaged value /((§M,)?) over time and
space (...) are assumed to be able to break the spin sym-
metry SO(3) of the Cooper pairs. In the following we denote
this spontaneous and instantaneous FM moment simply M, =
V{((8M,)?), whose magnitude is adjusted in order to best
reproduce the H,, phase diagram as we will see next.

1. H || b axis

We follow the same method for URhGe and UCoGe to
understand the observed L-shaped chz applied to the mag-
netic hard b axis. Here we assume that M, = 0.48up and
k = 6.9K/up. As seen from Fig. 21, chz starts from T, =
1.6 K, following M, (H}) which decreases with increasing H,
toward Hcr. Hcr is roughly estimated from the magnetiza-
tion curves shown in the inset of Fig. 8(b) as around 20 T.
Above H, > Hcg the d vector rotates in order to follow the
magnetization M(Hp), which strongly increases from T.
H?, begins following it to grow and forms the upper part
of the L shape. It eventually reaches Hg = 32 T where the
first-order transition occurs. As shown in the inset of Fig. 8(b)
the magnetization jump at Hg amounts to 0.6z known ex-
perimentally [14]. The reached magnetization (the horizontal
green line) is deep outside HA"" shown by dark black colored
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FIG. 21. The L-shaped HC”2 observed in [12] is shown (red dots).
HY, starting at 7., follows the orbital suppression plus the M, depres-
sion by H,, toward Hcg. When it approaches the strong increasing
M,,(H,), the d vector rotates and follows M, (H,,) to grow. This forms
the upper part of the L shape. In further high fields H% reaches Hg =
32 T and disappears there by hitting H5U". The green curve denotes
the magnetization curve M, (H};) shown in the inset of Fig. 8(b) [14].

region in Fig. 21. Therefore, H’ simply stops when it hits
the Hp line. Those features nicely reproduce the experimental
characteristics shown in Fig. 21.

2. ¢ rotation from the b axis toward the a axis

When the field tilts from the b axis toward the magnetic
easy a axis by the angle ¢, the magnetization M,(H,) growth
becomes slow compared to that for the b axis as shown in
Fig. 22. Those counterclockwise changes of M,(H}) for vari-
ous angle ¢ in Fig. 22 are estimated by the method explained

A
50 AUL 60
Heo @) H(D
H(T)
30
20
0 2 4 eg) 40
Hy
o 0=0//b
M . e
-\b o) e 52
I
T, 0 Lot TK

FIG. 22. H,(¢) for ¢ = 0°,2°,4°,5.2°, and 6.3° from the b axis
toward the a axis. M,(H) grows slowly with increasing ¢. He(¢)
curves bent over. Before hitting Hg(¢) which ultimately limits it,
H.,(¢) turns around with the negative slope because they reach their
own HAY(¢). M,(H) for each ¢ is estimated by Eq. (25). The
data (dots) are from [12]. The inset shows H5"(¢) estimated by
extrapolating the straight lines toward higher fields beyond Hg(¢).

FIG. 23. H.(0) for various 6, which are measured from the b
axis toward the ¢ axis. The magnetization curves of M,(H ) starting
at T, and T, evaluated before [see Fig. 8(b)] lead to the reentrant SC
for & = 35° in addition to the low H.,. For the lower angle of 6 =
12° the two separate SC are formed. Here the 6 = 0° case (H || b)
is shown for reference. It is seen that the magnetization curves only
around 6 ~ 35° allow RSC to appear.

in Sec. IV. Therefore, H, is bent upward in the upper part of
their L-shaped ones while the lower parts are hardly changed
because this is mainly limited by the orbital suppression.
Those H»(¢) curves for various ¢ values eventually reach
their own HA“ which depends on ¢, followed by the or-
bital suppression. Then, H,(¢) finally disappears abruptly by
hitting Hg(¢). If those H,(¢) curves extrapolate naively to
higher fields beyond Hg(¢), we find H5U"(¢) as shown in
the inset of Fig. 22, indicating that H""(¢) changes strongly
within a few degrees, peaking at H | b sharply. We are not
able to explain this peaking phenomenon at this moment. A
similar peaking phenomenon is also observed in the 6 side
too, where the H,,(0) peak occurs at & ~ 35°.

Thus, the SC region in the ¢-H plane is quite limited to
small angles up to ¢ ~ 6.3°. As will show next, this is similar
to the 6 case where the high field SC H, (6 ~ 35°) = 60 T is
observed in a narrow angle 6 region above Tz(60).

3. O rotation from the b axis toward the c axis

It is remarkable to see the extremely high H,, (6 = 35°) ~
60 T when the field is tilted from the b axis toward the other
magnetic hard c axis [15]. This is detached from the low field
H(0) ~ 8 T. This low field SC part is nearly independent of
6. This H, isotropy was seen also in URhGe (see Fig. 13) and
UCoGe. This extremely high H.;(8 = 35°) can be understood
by the present framework as follows.

We begin with the H || b case discussed in Fig. 21. Upon
increasing 6, the magnetization M;,(H ) becomes slow to grow.
Around 6 = 12° the upper part of the L-shaped H, separates
into two parts as shown in Fig. 23 which is observed [77].
Eventually this RSC part disappears above 6 > 12°, leaving
only the lower H, part at around 10 T.

Further increasing 6, the magnetization M,(H) starting
from T, becomes relevant because as explained in Fig. 8(b),
My(H) becomes small and the magnetization jump also
diminishes. Around 6 = 35° the magnetization curves are just
available for the reentrant SC to appear at higher fields above
the respective Hg(6). This RSC is shown in Fig. 23. This is
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FIG. 24. H., and the associated internal phase transition lines
under hydrostatic pressure P in UTe,. (a) P = 0.4 GPa and H || b.
(b) P=04GPaand H ||a. (c) P=1.0GPa and H || b. (d) P =
0.7 GPa and H || a. The data denoted by the red dots are from
Ref. [28]. T;; and T,, at H = 0 are split by the magnetization M,
which decreases under the applied field H, as shown in (a) and
(c). This decrease of M,(H,) is compensated by growing of the
magnetization M,(H}) as denoted by the green lines there.

because the state reached after the first-order jump is now
within the HA"" allowed region. Thus, RSC only appears
within the narrow angle region centered at & = 35°. Those
RSC regions are characterized by a trianglelike shape as ob-
served in [15]. This RSC shape resembles those in Figs. 9 and
10 for URhGe.

4. Phase diagrams under pressure and multiple phases

Let us examine the pressure effects on the H, phase di-
agram, which give us another testing ground to check the
present scenario. In Fig. 24(a) we show the data (dots) of chz
for H || b under P = 0.4 GPa [28] together with our analysis.
It is seen that since the magnetization curve My(H,) denoted
by the green line strongly increases, H2 started at 7,; exhibits
a bent toward higher temperatures at around Hcg. The two
magnetization curves started from 7;; and T, meet at Hcg.
After passing the field Hcg, chz with a positive slope heads
toward Hr = 30 T, which is observed as the first-order transi-
tion [28]. The same feature is observed so far several times in
URhGe under uniaxial pressure such as in Fig. 15 and UCoGe
in Fig. 18.

The second transition at T, with the A, phase is clearly
found experimentally shown there detected by AC calorimetry
by Aoki et al. [28]. Moreover, the lower chz started from T,
shows an anomaly at around 5 T in Fig. 24(a), suggesting
the third transition 7;3. This identification is quite reasonable
when we see Fig. 24(b) where the H || a case is displayed for
the same P = 0.4 GPa. Indeed, we can consistently identify
T.; in this field orientation too. According to our theory,
three phases A, A,, and Aq correspond to T;i, 1,2, and T3,

1.0 P(GPa)

FIG. 25. T-P phase diagram in UTe, with three transition tem-
peratures 7., T,,, and T.; corresponding to the A;, A, and Ag
phases, respectively. At the degenerate point of P, = 0.2 GPa all
three phases converge. The lines for 7., and T, as a function of
P indicate that the underlying symmetry-breaking field M, changes
linearly with P, leading to the globally quadratic variation of T3
from the degenerate point. The red (dark blue) round dots are from
the experiment [28] ([13]) except for the three red triangle points
at P = 0.40, 0.54, and 0.70 GPa for T.;, which are inferred from
Fig. 24.

respectively, as shown there. In the high fields, we enumerate
further phases A4 and As. Those lower T and high H phases
are the mixtures of the fundamental three phases A;, A,, and
Ay except for As, which is genuine Ag. For example, the A4
phase consists of the A} and A phases.

In Fig. 24(c) we show the data of chz for H || b under
P = 1.0 GPa [28] together with our analysis. As P increases,
the first-order transition field Hi becomes lower: Here it is
Hg =20T at P = 1.0 GPa from 30 T at P = 0.4 GPa. H%,
just follows a straight line due to the orbital depairing all the
way up to Hg where the magnetization M;(H,) denoted by
the green line exhibits the magnetization jump. This jump
is large enough to wipe out the SC state there. Thus, HC”2
now follows a horizontal line at Hy = 20 T. This is the same
case as in HY seen in the ambient pressure (see Fig. 21).
The main difference from the ambient case is that the second
transition at T, is now visible and observable because the FM
moment M, diminishes under pressure and the pressure P =
0.4 GPa is situated near the critical pressure at P = 0.2 GPa
(see Fig. 25). This proves the consistency of our scenario.

As shown in Fig. 24(d) where at P = 0.7 GPa for H || a the
H,, data points are quoted from Ref. [28], we draw the three
continuous lines to connect those points. We find the missing
third transition along the T axis at 7.3 = 0.5 K. Note that the
tricritial point with three second order lines is thermodynam-
ically forbidden [78]. The multiple phases are enumerated,
such as Ay, A,, and Ay at the zero field and A4 and As at finite
fields. Those phases are consisting of the coexistence of the
plural fundamental three components A, A,, and Ay. Namely,
those are characterized by A, at T¢y, A, = A + A, at T,
A() — Al —|—A2 —|—A0 at Tc3, A4 — A1 —|—A0, and A5 — A().
It is understood that this phase diagram is quite exhaustive,
and no further state is expected in our framework. At the
intersection points in Fig. 21(d) the four transition lines should
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TABLE II. Possible pairing functions.

Compound Spin part Orbital part ¢ (k)

URhGe a+ib kakyke(A ). kp(B1a), ke(Bay), ka(Bs,)
UCOGC Zi + ll; kakbkz:(Alu)7 kb(Blu)a kz:(BZu), ka(B3u)
UTe, b+ic ky + ik,

always meet together according to the above general rule and
thermodynamic considerations [78]. T3 could be raised by the
presence of the A; and A, phases due to the fourth-order term
Re(nf,rprn_) mentioned in Sec. II.

In Fig. 25 we compile all the data [13,28] of the phase
transitions in the T-P plane at H = 0. As P increases from
P =0, T, (T.,) decreases (increases) to meet at the critical
pressure P, = 0.2 GPa where 7.3 is also merging to converge
all three transition lines. This critical pressure corresponds to
the degenerate point where the symmetry-breaking parameter
M, vanishes and the three phases A;, A;, and Ay become de-
generate, restoring the full SO(3) spin symmetry at this critical
point. Upon further increasing P, the three phases are depart-
ing from there. The three data points for 7,3 (the three red tri-
angles on the 7.3 line in Fig. 25) are inferred from Fig. 24. The
fact that 7y and T, behave linearly in P is understood as the
linear relationship between P and M, (P), leading to the linear
changes of T,; and T,,. This linear relationship is also seen in
Fig. 17. Simultaneously, a strong departure of 7.3 comes from
the critical pressure. This is because 7,3 changes in proportion
of M? [see Eq. (26)]. This T-P phase diagram is similar to
that shown in Fig. 1 globally and topologically, proving that
the present scenario is valid for this compound too.

VI. PAIRING SYMMETRY

A. Gap symmetries and nodal structures

The classification of the gap or orbital symmetries allowed
in the present orthorhombic crystal has been done before
[49,56]. Among those classified pairing states, the appropriate
gap function ¢ (k) is selected as follows: ¢(k) = k kpk. (A1y),
(b(k) = kp (B1a)s d)(k) = k. (B2,), and ¢(k) =k, (B3,). The
gap structure is characterized by the line nodes for those
states. They are all candidates for URhGe and UCoGe as
tabulated in Table II. This leads to the overall pairing function
dk)=(ax il;)qb(k), which breaks the time-reversal symme-
try. This gap structure with the line nodes is consistent with
the NMR experiment [41], reporting that 1/7; is proportional
to T2 at low temperatures. The line nodes are also suggested
by other experiments on UCoGe [62,76]. Note that the spin
part and orbital part are independent in our weak SOC sce-
nario.

As for UTe,, the specific-heat experiments [9,10,16,29]
exhibit C/T ~ T?, suggesting that the gap structure is char-
acterized by point nodes. This is also consistent with the
microwave measurements [22]. Then we have to resort to
an ad hoc orbital function, namely, ¢ (k) = k; + ik., beyond
the group-theoretical classification scheme [47,48], thus the
resulting overall pairing function is given by d(k) = (5 +ic)
(kp + ik.). This pairing state is also the time-reversal bro-
ken state both in spin and orbital parts. The point nodes

are oriented along the a axis determined by angle-resolved
specific-heat experiment [29]. This is characterized by the
Weyl nodes analogous to superfluid *He-A phase [79,80]. This
double chiral state both in the spin space and orbital space
might be energetically advantageous because the spin and
orbital moments for Cooper pairs are parallel, namely, the
orbital angular moment L that is spontaneously induced by
this chiral state can gain the extra energy through the coupling
M; - L with the spontaneous magnetic moment My oc dxd*.
This is consistent with the experiments by angle-resolved
specific-heat measurement [29], the STM observation [17],
and the polar Kerr experiment [21], among other thermody-
namic experiments [20].

B. Residual density of states

All the compounds exhibit more or less the residual density
of states at the lowest-7" limit in the specific-heat measure-
ments [5,29]. This is not a dirt effect of the samples used, but
it is intrinsic deeply rooted to the pairing state identified as
the A; phase. In the A phase the superconducting DOS has
intrinsically the “residual density of states.” Since T;; with the
A phase is higher than T, with the A, phase, it is reasonable
to expect the the DOS Ny, (0) in the A; phase is larger than
that in the A, phase, that is,

Np, (0) > Ny, (0)

because in the Zeeman split bands, the major spin component
band with larger DOS preferentially forms the higher-T, su-
perconducting state rather than the minority band. It is quite
reasonable physically that in UTe, at the ambient pressure the
observed “residual density of states” corresponding to Ny, (0)
is less than 50%.

C. Multiple phase diagram

Our three-component spin-triplet state leads intrinsically
and naturally to a multiple phase diagram consisting of the Ag
phase at T.3, Ay at T, and A, at T, as shown in Fig. 1 under
nonvanishing symmetry-breaking field due to the spontaneous
moment. Depending on external conditions, such as 7', H, and
its direction, or pressure, etc., the structure of the multiple
phase diagram is varied as explained. In fact, under P, the
successive double transitions are clearly observed in UTe,
[13] and they vary systematically in their P-T phase diagram
of Fig. 25. We see even the third transition centered around
the critical pressure P., = 0.2 GPa. At the ambient pressure
on UTe, the occurrence of the second transition is debated
[21,26], including the detailed internal phase lines. But they
agree upon the existence of the multiple phases.

As for UCoGe, the thermal-conductivity experiment [76]
indicates an anomaly at 7 = 0.2 K, which coincides roughly
with our prediction shown in Figs. 18 and 19. As a function
of H(|| b), the thermal-conductivity anomaly is detected as
a sudden increase at H ~ 0.6H., (see Fig. 5 in Ref. [73]).
Moreover, under H parallel to the easy c axis, the H,, curve
in Fig. 19(b) shows an enhancement at low T indicative of the
underlaying phase transition [see Fig. 2(b) in Ref. [62]]. Ac-
cording to the NMR by Manago et al. [41,42], 1/T T, presents
a similar 7' behavior, such as a plateau at ~N(0)/2 and then a
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sudden drop upon lowering T'. We propose to conduct further
careful experiments to detect the A;-A, transitions in this
compound.

In URhGe at the ambient pressure shown in Fig. 9 both
low field phase and the RSC phase belong to the A; phase.
However, under the uniaxial pressure along the b axis, there is
a good chance to observe the second transition as explained in
Figs. 15 and 16.

Therefore, to confirm the generic multiple phase diagram
for all three compounds shown in Fig. 1 is essential to estab-
lish the present scenario and also to detect characteristics of
each pairing state associated with those multiple phases.

D. Symmetry-breaking mechanism

For URhGe and UCoGe the “static” FM transitions are
firmly established, and there is no doubt for the sponta-
neous FM moment to be a symmetry-breaking field. Slow FM
fluctuations are found in UTe, [9,14,18,19] which could be
the origin of the symmetry breaking of 7i; # T, under the
assumption that FM fluctuations are slow compared to the
conduction electron motion. A similar observation is made in
UPts: The fluctuating antiferromagnetism (AF) at Ty = 5 Kis
detected only through the fast probe: “nominally elastic” neu-
tron diffraction [81,82] and undetected through other “static”
probes, such as specific heat, ©SR, and NMR. Thus, the AF
fluctuating timescale is an order of MHz or faster. This is
believed to be the origin of the double transition in UPt;3
[83,84].

In UTe, it is essential and urgent to characterize the
observed ferromagnetic fluctuations in more detail, such as
fluctuation timescale or spatial correlation. Elastic and inelas-
tic neutron scattering experiments are ideal tools for it, which
was the case in UPt;. It may be too early to discuss the pair-
ing mechanism before confirming the nonunitary spin-triplet
state. There already exists an opinion [85] which advocates
longitudinal ferromagnetic fluctuations to help stabilizing a
spin-triplet state before the discoveries of those compounds.
A problem of this sort is how to prove or refute it, otherwise,
it is not direct evidence and remains only a circumstantial one.
We need firm objective “evidence” for a pairing mechanism.

E. Common and different features

As already seen, URhGe, UCoGe, and UTe, are viewed
coherently from the unified point: The nonunitary triplet state.
They share the following common features: (1) The unusual
H_, curves occur for the field direction parallel to the magnetic
hard b axis, where the magnetization curve M;(H}) exhibits
the first-order transition at Hr for URhGe and UTe,, corre-
sponding to the FM moment rotation. (2) Under pressure they
show the critical point behaviors P,, = 0.2 GPa for UTe, and
o, = 1.2 GPa for URhGe at which the split 7.; and T, con-
verges, leading to the SO(3) spin symmetry for Cooper pairs.
(3) The multiple phases, including the reentrant SC, are ob-
served and explained in URhGe and UTe, and expected to be
confirmed for UCoGe. (4) The GL parameter « characterizing
the strength of the symmetry breaking is tabulated in Table I,
showing the similar values for three compounds. As a general
tendency, « is likely larger when the FM moment is larger

because it is originated from the particle-hole asymmetry of
the density of states N (0) at the Fermi level.

There are two different features: (1) The nodal structures
are points oriented along the magnetic easy a axis in UTe,
while lines in URhGe and UCoGe. (2) Under the ambient
pressure, Hc, curves are seemingly different as in Fig. 9 for
URhGe, Fig. 18 for UCoGe, and Fig. 21 for UTe,. But it is
now understood as mere differences in Ty or the FM moments
as the symmetry breaker.

From this comparison, the superconductivity in UTe,,
URhGe, and UCoGe should be understood by the unified
viewpoint, which is more resourceful and productive than
considered differently and individually.

F. Double chiral nonunitary state in UTe,

Since UTe, attracts much attention currently, it is worth
summing up our thoughts on this system to challenge novel
experiments. When combining the experimental observations
of the chiral current along the wall by STM [17] and the angle-
resolved specific-heat experiment [29], the double chiral
nonunitary symmetry described by d(k) = (b + ie)(kp + ik.)
is quite possible: This pairing state produces the chiral current
at the edges of domain walls, consistent with the former ob-
servation. And it is consistent with the polar Kerr experiment
[21] which shows the broken time-reversal symmetry. In this
pairing state the point nodes orient along the magnetic easy
a axis, which is supported by the angle-resolved specific-
heat experiment [29]. This experiment further indicates the
unusual Sommerfeld coefficient y (H) in the superconducting
state for H along the a axis. The low-energy quasiparticle
excitations naively expected for the point nodes [86] are ab-
sent. This lack of the nodal excitations is understood by taking
into account that 7, depends on H through the magnetization.
This is indeed consistent with the notion of the field-tuned SC
developed throughout this paper.

G. Rotation of d vector observed in UTe,

Throughout the paper we have assumed that the spin-orbit
coupling (SOC) is not in the strong coupling limit which
prohibits the d-vector rotation due to the strong locking to
lattices. In contrast, in a finite SOC case the d vector reorients
under the action of magnetic fields. It is true that SOC in the
single-particle level is strong in those U-based heavy-fermion
superconductors, which play key roles in understanding var-
ious magnetic properties, such as magnetic anisotropy. Since
one-body SOC is already taken into account to the formation
of the band structure, etc., the resultant effective SOC in
the many-body level acting for the Cooper pairs is different
from it. Generically, it is finite whose magnitude depends on
situation. But the weak SOC, or more precisely finite SOC, is
a conjecture in this paper.

Then, the d-vector rotation phenomena have been dis-
cussed in connection with various spin-triplet superconduc-
tors, such as UPt; [60,87], UBe;3 [88], its candidates Sr,RuOy4
[89,90], and also with heterostructures [91-94]. For UPt; the
c-axis external field around a few kG has been observed to
reorient the d vector through the Knight shift experiments
[95].
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The recent observation of the d-vector rotation in UTe,
[54,55] by the Knight shift experiments at around H || ¢ ~
5T [54] and H || b~ 12.5 T [55] is a direct manifestation
that the effective SOC is finite. In particular, Hcr ||  shown in
Fig. 21 approximately agrees with the latter observation. The
former is somewhat unexpected, but shows that the strength
of the SOC is small.

VII. SUMMARY AND CONCLUSION

We have discussed the superconducting properties of
URhGe, UCoGe, and UTe; in detail in terms of a nonunitary
spin-triplet pairing state in a unified way. The spontaneous
static ferromagnetic moment in URhGe and UCoGe, and
the slowly fluctuating instantaneous ferromagnetic moment
in UTe,, break the spin SO(3) symmetry in the degenerate
triplet pairing function with three components. Those produce
the various types of the H., curves that are observed. The
possible pairing function is described by the complex d vector,
whose direction is perpendicular to the magnetic easy axis at
zero field. Its direction changes under applied field parallel to
the magnetic hard b axis common in three compounds. This
d-vector rotation is driven by the induced magnetic moment
under applied fields. Thus, the SC order parameter is tunable
by the magnetic field in this sense, ultimately leading to the
reentrant SC in URhGe, S shape in UCoGe, and L shape H.,
in UTe,.

As for UTe,, we can study a variety of topological prop-
erties, such as Weyl nodes associated with the point nodes,
known in *He -A phase [79,80], which was difficult to ac-
cess experimentally and remains unexplored in the superfluid
3He. We can hope to see in UTe, similar exotic vortices and
Majorana zero modes predicted in 3He phase [79,80,96,97].
Specifically, (1) Majorana zero modes, or the fermion zero
modes [98], exist in this chiral superconductor, either at
the boundary edges or the vortex core as the zero-energy
bound state. (2) Half-quantum vortex: There are several exotic
vortices, which are different from the conventional singular

Abrikosov vortex with the unit winding number, associated
with the (b + ic)(pp + ip.) pairing. The half-quantum vortex
with the half-winding number is expected to be stabilized
where the spin and orbital components with the half-quantized
winding are responsible for the total unit winding [99,100]. (3)
Skyrmion: The Mermin-Ho vortex or the so-called skyrmion
may be stabilized under certain conditions [101]. It is known
that the Majorana zero modes do not exist in this Mermin-Ho
vortex, which is a nonsingular vortex. (4) Vortex lattice struc-
tures [102,103] and chiral domains: Since the chiral pairing
state p;, %+ ip, is intrinsically degenerate, they inevitably form
the chiral domain structure where the domain boundary is
a pinning center of vortices. This gives rise to the complex
magnetization process of this superconductor [104]. Also, it is
interesting to see the chiral-nonchiral transition in the vortex
lattice state under external fields [105].

There are several outstanding problems to be investigated
in the future, such as the pairing mechanism leading to the
present nonunitary state where longitudinal spin fluctuations
are plausible. As a next step, microscopic theory and de-
tailed calculations are definitely needed beyond the present
GL framework where the most simplified version is adopted
in order to just illustrate the essential points. For example,
we did not seriously attempt to produce the observed H,
curves quantitatively because of the reasons mentioned at
the beginning of Sec. V. Thus, we only scratched its surface
admittedly. It is our hope that the present theory motivates
ingenious experiments in this fruitful and flourishing research
field.
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