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The recent discovery of two-dimensional (2D) van der Waals magnets is a crucial turning point in the
quantum magnet research field, since quantum fluctuations and experimental difficulties often elude stable
magnetic orders in two dimensions. This opens new doors to delve for novel quantum and topological spin
configurations, which may or may not have direct analogs in bulk counterparts. Here we study a twisted bilayer
geometry of 2D magnets in which long-range spin-spin interactions naturally commence along the interlayer
Heisenberg (J⊥) and dipole-dipole (JD) channels. The J⊥-JD parameter space unveils a hierarchy of distinct
skyrmion phases, including point-, rod-, and ring-shaped topological charge distributions. Furthermore, we
predict a topological antiferroelectric phase, where oppositely charged antiskyrmion pairs are formed, and the
corresponding topological dipole moments become ordered in a Néel-like state—hence dubbed the topological
antiferroelectric state. The results indicate that the twisted magnetic layer provides a versatile setting to engineer
and tune a plethora of skyrmion phases and their dynamics.
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I. INTRODUCTION

A skyrmion is a particle dual to a topological configuration
of the O(3) fields (read spin) in a 2+1 dimension [1–4].
Such a spin configuration is an allowed classical solution
of the nonlinear sigma model. However, the main challenge
lies in stabilizing a skyrmion solution at a saddle-point en-
ergy minimum, requiring distinct magnetic interactions and
frustration. Long-range dipole-dipole interaction, in addition
to easy-plane magnetic anisotropy and magnetic field, was
initially proposed to mediate skyrmion solution [5]. The
Dzyaloshinskii-Moriya interaction (DMI) brings in the chiral
spin-spin interaction required for a skyrmion solution [2,6–
9]. Competition between DMI and ferromagnetic exchange
interactions makes a spatially varying magnetic texture have
a lower energy than the mean-field long-range magnetic or-
der. Geometrical and magnetic frustration can also stabilize
skyrmion structures [10–13]. This is induced, for example, in
a triangular lattice by the competition between a ferromag-
netic nearest-neighbor exchange with an antiferromagnetic
next-nearest-neighbor interaction. Apart from these, more re-
cently, spin-orbit coupling (SOC) [14], Kondo coupling [15],
and magnetic disorder with the application of magnetic pulse
[16] are shown to assist skyrmion solution. Proposals to ob-
tain skyrmions via quantum Hall substrates [17] and optical
lattices [18] are also presented.

By now, there have been several material realiza-
tions of the skyrmions, mainly in systems with DMI,
such as Bloch-type skyrmions in MnSi [19], Co0.5Fe0.5Si
[20–22], Cu2OSeO3 [23], CoZnMn [24], and FeGe [25],
and Néel-type skyrmions in ferromagnetic heavy metals [26],
Kagome lattice Fe3Sn2 [27], magnetic films [28], and an-
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tiskyrmions in Mn2RhSn [29,30]. Experimental abilities to
breed [22,31], mobilize [32], and rotate [33] skyrmions
have been also demonstrated recently [28,34]. Owing to
topological robustness, skyrmions have numerous potential
applications in quantum information [35] and racetrack mem-
ory [36,37], which demand enhanced material flexibilities and
tunabilities.

Obtaining skyrmion solutions in two-dimensional (2D)
systems will give new opportunities for science and applica-
tions. Recently, long-range magnetic order has been observed
in 2D van der Waals (VDW) chalcogenides, halides, and re-
lated materials. Intrinsic antiferromagnetic order is observed
in monolayer FePS3 [38,39], and in MPX3(M = Mn, Fe,
Co, Ni; X = S, Se) [40,41]. Later on, many VDW mate-
rials such as Fe3GeTe2 [42,43], MnX2(X = S, Se) [44,45],
and VX2(X = S, Se, Te) [46–48] were found to be in-
trinsic ferromagnets. Another exciting family of 2D VDW
magnets is the Cr based materials CrX3 (X = I, Br, Cl)
[49,50], which are ferromagnets in monolayer, but anti-
ferromagnets in bilayer structure, and the two orderings
are externally tunable [51,52]. Theoretical and experimen-
tal efforts to obtain skyrmions in 2D systems are present.
Continuum theory of magnetization fields in the nonlinear
sigma model and Landau-Lifshitz-Gilbert model in mono-
layer and bilayer moiré systems show the existence of Neél
type skyrmions [53–57]. Recently, a skyrmion phase was ob-
served in 2D Fe3GeTe2 on the (Co/Pd)n superlattice [58] and
Fe3GeTe2/h-BN heterostructure [59] due to their sizable DMI
strength.

To strategize a new mechanism of the skyrmion, it is worth
revisiting its key ingredients. First, topological skyrmion
configurations in 2+1 dimension generally belong to the ho-
motopy group π2(S2) ∼= Z. The homotopy mapping is exact
when both the coordinate space and the target (spin) space
are compact S2. The constraint |S| = 1 compactifies the spin
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FIG. 1. Twisted bilayer setup and five distinct topological spin configurations in real space. (a) Schematic diagram of a twisted bilayer
honeycomb (θ = twist angle) lattice with a moiré pattern shown along with two lattice translation vectors R1,2. A 3D illustration is shown in
the lower right corner, in which a single spin of the upper layer (bright magenta color) interacts with bottom-layer spins within a circular region
(dark green color) of radius rcut. (b)–(f) Five distinct spin textures (enumerated by phase I to phase V, see Fig. 5 for zoomed view) obtained in
the J⊥-JD parameter space (see Fig. 2). Arrows denote the spin s vector, while the red to green color gradient denotes sz = 1 to −1 values. The
dashed thin line in each panel indicates the direction along which a 2D spin projection is shown in the corresponding inset. (b), (d), (f) Three
skyrmion structures with distinct charge density (shown in Fig. 3) and integer topological charge Q. (c) Phase II corresponds to a higher-order
topological phase with streamlines of down spins, and topological dipole moments of antiskyrmions pairs (see Fig. 4). (e) A trivial topological
phase with finite noncollinear ferromagnetic moment.

space. When a spin configuration has a one-to-one correspon-
dence with the spatial dimensions, this in turn compactifies
the position space R2 → S2. The resulting one-to-one map-
ping guarantees the spin configuration to be topological with
its skyrmion charge Q ∈ Z—an integer winding number. We
can reverse the above reasoning for a bottom-up approach.
If the effective magnetic field B(r), experienced by a local
spin due to the surrounding spins and extrinsic fields, lives
on a Bloch sphere S2, then within the minimal Zeeman-like
coupling, the field would lay the ground for a topological
configuration for the spins. The second essential requirement
is that the local field configuration must concomitantly pro-
mote a saddle-point energy minimum to stabilize a skyrmion
structure.

Guided by these principles, and with the recent discoveries
of 2D magnets, we lay a blueprint for multifaceted skyrmions
(and antiskyrmions) in twisted magnetic bilayers. We con-
struct a moiré superlattice of spins formed in a twisted bilayer
of VDW magnetic layers with ferromagnetic order at the
bottom and O(3) spin dynamics on the top layer. The setup
is illustrated in Fig. 1(a). We include Heisenberg exchange
terms J|| (for intralayer) and J⊥ (for interlayer) interactions,
and the interlayer dipole interaction JD as shown in density
functional theory (DFT) calculations to be dominant in such
a setup [53]. We carry out Monte Carlo simulations to deter-
mine the microscopic ground state spin configurations at low
temperature, and sweep the entire J⊥/J|| and JD/J|| parameter

space. We identify three distinct skyrmion phases with topo-
logical charges Q = ±1, the topological charge distributions
of which reveal a previously unknown hierarchy of point, rod,
and ring shapes in different topological phases. We predict
a distinct topological spin configuration in the vicinity of
J⊥/JD ∼ −0.4. We find that near the moiré lattice sites, a pair
of spatially separated and oppositely charged antiskyrmions
is formed and governs a topological (“electric”) dipole mo-
ment. More interestingly, such dipoles are found to align
antiferroelectrically between the nearest-neighbor sites of the
moiré lattice, and produce a Néel-like order for the topolog-
ical electric dipole moment. We explain these results with a
dual electromagnetic theory, demonstrating the “electric field”
lines for all topological charge distributions. We also study the
“x-ray-diffraction” (XRD) pattern of the topological charges
(topological charge-charge correlation function) as well as the
spin-spin correlation functions to elucidate the crystallization
and phase transitions of the topological charge centers and
dipoles. These results expand the list of possible skyrmion and
magnetic phases (Néel and Bloch phase) obtained in contin-
uum models to a hierarchy of skyrmions and its higher-order
topological phase [54,60].

II. REALIZATION

We consider a single layer honeycomb magnet (magenta
color) placed on a single layer magnetic substrate (green
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color) of the same lattice structure and lattice constant, as
shown in Fig. 1(a). The distance between the layers d is
taken to be the same as the lattice constant of the honeycomb
lattice. The spin in the substrate layer is fixed to be a collinear
ferromagnetic state. This can be achieved with a strong bulk
ferromagnetic material as studied in the literature [56]. We
primarily focus on small relative twist angles θ which give the
commensurate moiré superlattices. We focus on θ = 1.61◦,
which gives a hexagonal moiré lattice with a = 35.6a0, where
a0 is the lattice constant of the single layer system. A critical
number of atoms in a moiré supercell, determined by the twist
angle, is important to stabilize a skyrmion. Above this critical
value, the obtained topological phase diagram remains essen-
tially invariant to twist angles and number of atoms, except
that the skyrmion radius grows with the moiré cell dimension.
So, there is an upper critical value of the twist angle (≈2◦)
above which the moiré unit cell becomes small enough and the
magnetic unit cell is no longer commensurate with the moiré
unit cell.

The general computational strategy is as follows. We split
the full Hamiltonian into two parts: H = H1 + H2, where H1

and H2 are the intralayer and interlayer parts. The intralayer
Hamiltonian consists of a nearest-neighbor Heisenberg ex-
change and a spin asymmetry term, for both layers. The
interlayer term consists of a many neighbors Heisenberg ex-
change term and the dipole-dipole interaction term. We then
integrate out the bottom layer’s spin to obtain an effective
Hamiltonian for the top layer as Htop ∼ H1 + B · s, where
B is the effective magnetic field exerted from the bottom
layer on the top layer spin s. The moiré periodicity is im-
posed by expanding these terms in the plane wave basis of
the moiré supercell. We solve Htop within the Monte Carlo
simulation.

We now give the details of the model. We label the spin
variables for the top and bottom (substrate) layers by s and
S, respectively. The 2D VDW systems in single and bilayer
setups are observed to show an in-plane ferromagnetic (and
out-of-plane ferromagnetic or antiferromagnetic) order with
the spin quantization axis to be out of plane (z direction)
[61,62]. Such a magnetic ground state is reproduced by the
model

H1(s) = −J||
∑
<i j>

si.s j − K
∑

i

(siz )2, (1)

where i and j are lattice sites within a moiré supercell. The
first term is the nearest-neighbor Heisenberg interaction with
coupling constant J|| > 0 for a ferromagnetic phase, and K
gives the z-axis asymmetry, breaking the O(3) spin degen-
eracy. H1(S) gives the corresponding Hamiltonian for the
bottom layer, with J|| and K kept fixed.

The interlayer interaction H2 is the crucial part. Depend-
ing on the twist angle, especially at small twist angles,
a spin at the top layer interacts with several neighbor-
ing bottom layer spins, and hence the interlayer interac-
tion involves terms beyond the nearest-neighbor exchange
interaction. The interlayer interaction is mainly domi-
nated by several nearest-neighbor exchange interactions Hex

and dipole-dipole interactions (HD) as H2(S, s) = Hex + HD

where

Hex = −
∑

i j

J⊥(ri j )Si.s j, (2)

HD = JD

∑
i j

1

r3
i j

[Si.s j − 3(Si.r̂i j ).(s j .r̂i j )]. (3)

i and j are the site indices in the bottom and top layer, re-
spectively. ri j = ri − r j with r̂i j being the corresponding unit
vector. Since both interactions are long ranged, we need to
set a cutoff radius rcut, Fig. 1(a) (inset). Due to higher power
of ri j in the denominator, the result converges quickly by
rcut < 20a0 which is much smaller than the moiré lattice size
≈35a0.

Next, we integrate out the bottom layer’s spins S, and de-
fine an effective magnetic field at the top layer at ri as B(ri ) =
Bex(ri ) + BD(ri ), where Bex and BD distinguish the contribu-
tions from the exchange and dipole-dipole interaction terms
as Bex(ri ) = − ∂Hex

∂si
= J⊥

2

∑
a eiGa.ri and BD(ri ) = − ∂HD

∂si
.

We set S j = ẑ for all unit spins at the bottom layer. Ga(a =
1–6) are the six minimal reciprocal lattice vectors of the
moiré superlattice. We include the six possible smallest re-
ciprocal lattice vectors in the moiré lattice and the results do
not change with the inclusion of negligibly small contribu-
tion of higher reciprocal lattice vectors. Dipole interaction is
known to be a useful ingredient for (generally bubble-type)
skyrmions and antiskyrmions [3,5,30], but is significantly
weaker in strength in real materials. In a twisted bilayer sys-
tem, however, the interlayer dipole interaction is considerably
enhanced, and is found here to be detrimental to the bubble or
Bloch skyrmion phases (see below), while promoting distinct
skyrmion phases.

In this algorithm, the bottom layer’s effects can be cast
into a Zeeman-like term at the top layer. The full Hamiltonian
hence takes the form

H = H1 −
∑

i

B(ri ) · si. (4)

In this way, the total Hamiltonian simplifies to the form used
in the introduction for discussing how the in-plane spin is
enforced to lie on a topological compact space S2 by tailoring
the “long-range” Zeeman coupling.

In our Monte Carlo simulation we minimize the local
Hamiltonian for a single spin with temperature annealing as
well as parameter annealing, and check for the total energy
convergence of the system in each case. In all our calculations,
the minimization of the local Hamiltonian corresponds to
minimization of the total energy. Details of our Monte Carlo
simulation can be found in Appendix B.

Our model and parameters are justified as follows. Note
that the dipole-dipole interaction JD is only included in the
interlayer Hamiltonian. This is because, in VDW magnets,
DFT calculation has indicated that the intralayer exchange
is almost ten times larger than the interlayer exchange [53].
Therefore, any small amount of interlayer dipole-dipole inter-
action can have considerable effect on the spin configuration,
whereas the intralayer dipole interaction is always subsided
by the large exchange interaction. Furthermore, the DMI in
the existing 2D VDW magnets is small compared to strong
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FIG. 2. Phase diagram of five distinct topological and quantum
phases. The interlayer exchange coupling J⊥ and dipole interaction
JD are varied with respect to the in-plane exchange coupling J||.
JD < 0 is an unphysical value; however, mathematically it leaves the
phase diagram symmetric when the sign of J⊥ is also reversed. Red
and blue color distinguishes skyrmion charges of Q = ±1. Phase
II, although it features a net Q = 0, exhibits a topological dipole
moment of antiskyrmions which produces an antiferroelectric order
state. The horizontal dashed line indicates the realistic parameter
range as deduced in a DFT calculation [53].

intralayer exchange interaction. Therefore, realistic small val-
ues of the intralayer dipole interaction and DMI interaction do
not impact our phase diagram (see Discussion section). The
realistic parameter range in CrI3 is indicated by the horizontal
dashed line in Fig. 2, as deduced from a DFT calculation [53].
Interestingly, the phase diagram essentially remains the same
below and above this parameter range, emphasizing that all
the phases are attainable in the existing materials.

III. RESULTS

A. Phase diagram

Our simulation yields a plethora of quantum and topologi-
cal phases; five such distinct configurations are identified in
Figs. 1(b)–1(f). We do not however find any homogeneous
mean-field solutions at finite twist angles, while at zero twist
angles we only find either a ferromagnetic or an antiferromag-
netic order depending on the sign of J||. The corresponding
phase diagram is presented in Fig. 2 for J⊥/J|| and JD/J||
with J|| > 0. In the phase diagram, the red and blue shaded
areas denote distinct skyrmion phases with topological in-
variant Q = ±1, respectively. The white regions represent
a higher-order dipolar antiskyrmion phase (phase II), and a
trivial phase (phase IV). From Figs. 1(b), 1(d), and 1(f), it
is evident that the three skyrmion phases, denoted by phase
I, III, and V, are characteristically exclusive, which will be
distinguished below in multiple ways. Phase II has zero net
topological charge, but possesses fractional charge centers of
opposite sign, and hence a topological dipole moment which
is antiferroelectrically ordered. Phase IV bears no topological
or exotic quantum order (except a finite magnetization due to
a collinear spin ordering).

The particle dual of the skyrmion is a topological charge
denoted by Q = ∫

d2rρ(r), where ρ(r) is the topological
charge density. With its corresponding current density Jx,y,
we concisely define the three-component density operators

Jμ = (ρ,Jx,Jy) as

Jμ(r) = εμντ

8π
n · ∂νn × ∂τ n, (5)

where μ, ν, τ = 0, x, y are time-space indices, and the r de-
pendence on the unit vector field n = s/|s| is implied. We
define the vortex density as v(r) = εντ ∂νn × ∂τ n. In our lay-
ered geometry and with the z-axis asymmetry, it is natural to
expect that the vorticity of the spin texture commences in the
xy plane, i.e., vz dominates. Then the corresponding polarity
density is simply governed by nz(r). The z components of the
polarity density nz(r), the vortex density vz(r), and the charge
density ρ(r) are illustrated in Fig. 3 in three different rows for
the five distinct phases (different columns).

The mechanism of skyrmions and antiskyrmions is re-
trieved as follows. It is known from the topological band
theory [63] that the polarity field (equivalent to the Dirac
mass for fermion fields) forms a nodal (closed) contour, across
which nz(r) changes sign—this is called the domain wall (see
top row in Fig. 3). The vorticity field vz(r) inside the domain
wall acquires singularity—either point-, rod-, or ring-shaped
singularity—and cannot be removed with a trivial gauge trans-
formation (see middle row in Fig. 3). Hence the topological
charge density ρ(r) becomes confined within the domain wall
(see bottom row in Fig. 3). The homotopy mapping of the n(r)
field on S2 in the r space quantizes the topological charge
Q ∈ Z, where the integration of r is performed within a single
domain wall of the polarity density [see black solid lines in
Figs. 3(f)–3(o)].

B. Skyrmion hierarchy

Phase I is a topological phase with Q = −1, and is present
in most of the J⊥/J|| < 0 region. It is destabilized at a small
value of J⊥ by stronger dipole interaction JD. The distributions
of nz, vz, and ρ for phase I are shown in the leftmost column
in Fig. 3. The polarity density map nz(r) demarcates a sharp
and circular domain wall boundary, which reminds us of a
magnetic bubble observed in astronomical space, as well as in
magnetic systems [64]. The vorticity and charge densities of
this phase, however, reveal much richer structures unknown
before. In Fig. 3(f), we find that the nodal ring of the polarity
density (black line) encloses a circular vortex density vz(r)
structure. In fact, vz(r) is positive (negative) outside (inside)
the domain wall, and shares the same nodal ring as that of
nz(r). In what follows, the charge density ρ(r) also acquires a
singular ring geometry, confined by the domain wall boundary
[see Fig. 3(k)]. This phase is also topologically equivalent to
the Dirac nodal ring state [65] in the electronic structure in
which the topology is defined via Berry gauge connection.

As we switch J⊥ → −J⊥, keeping all other interactions
fixed, we obtain a characteristically distinct skyrmion texture
(denoted by phase V) with opposite charge Q. Unlike the
sharp domain wall in phase I, nz varies smoothly with r, and
forms a (nearly) elliptical domain wall in phase V. Moreover,
the phase V has a pointlike topological charge center sitting
at the moiré supercell center. Hence as opposed to ring sin-
gularity in phase I, phase V acquires point singularity. The
asymmetry between phase I and phase V at ±J⊥ for fixed JD
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FIG. 3. Local variation of polarity, vorticity, and topological charge densities in the five different topological phases. (a–e) The z component
of the polarity density nz(r) (see main text) is plotted in a blue to red color map, denoting down- to up-spin components of sz. (f–j) We plot
the vorticity density vz(r) with a blue to red color map. The black solid line marks the nz = 0 domain wall boundary. (k–o) Corresponding
topological charge density ρ(r). In phase II and IV, although charge centers are formed, the net charge Q = 0. In phase II, fractional charge
centers are confined by the streamline domain wall, giving a topological dipole moment. There is no domain wall of nz in phase IV and hence
it is a trivial phase. (Different color scales are for the five phases in the middle and bottom panels.)

results from the competition between J⊥ and JD. The phase
diagram is reversal between ±J⊥ for JD → −JD.

The skyrmion phase III occurs in the vicinity of J⊥ ∼
0, and is mainly stabilized by the long-range (out-of-plane)
dipole-dipole interaction JD. The magnetic domains are el-
liptical in shape, and concentrated at two sides of the moiré
supercell. As seen in Figs. 3(h) and 3(m), the nz nodal contour
confines a fixed-sign vorticity field (positive), and hence the
topological charge distribution (negative since nz < 0) be-
comes quantized. The topological charge density is distributed
inside the elliptical domain wall and gives a rodlike singu-
larity. Such a rodlike topological charge distribution repeats

periodically [see Fig. 3(m)] and gives a nematic or smectic
crystal.

In all three skyrmion phases, each moiré supercell contains
a single skyrmion configuration. Therefore, a suitable charac-
teristic length scale associated with different skyrmions can be
defined by the domain wall contour rd where nz(rd ) = 0. This
condition is very much satisfied where the effective magnetic
field due to the bottom layer along the z direction vanishes,
i.e., Bz

ex(rd ) + Bz
D(rd) = 0. From the expression for Bex and

BD given in Appendix A, we see that rd depends on the
ratio J⊥/JD, and the interlayer distance d for a given moiré
lattice. Depending on the ratio J⊥/JD, the condition can turn
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into an equation of a circle or an ellipse, as we also find
numerically. In phase III, the domain wall takes an elliptic
shape in Fig. 3(h) and the two topological charge centers we
find here in Fig. 3(m) sit at the two focal points.

It is then easy to grasp that a skyrmion phase transition
occurs when domain wall radius rd either shrinks to zero or
expands to the moiré cell boundary R1,2. The phase transition
between phase I and phase II occurs when rd = R1 or R2. The
rotational symmetry breaking renders a small domain wall to
form in phase III with opposite polarity at one of the moiré
supercell’s site for small values of J⊥, as seen in Fig. 3(c).
This small domain wall then shrinks to zero with the sign
reversal of J⊥ which disfavors the domain wall of negative
polarity. Curiously, there still exists a finite vortex structure
and a finite charge density in the trivial phase IV. But owing to
the absence of a compact domain wall of the polarity density,
the net topological winding number vanishes. Hence, phase
IV corresponds to a quasiuniform ferromagnetic phase (or
antiferromagnetic phase if J|| < 0) as seen in the untwisted
CrI3 bilayer samples [53]. Finally, large J⊥ creates another
compact domain wall at the center of the moiré supercell in
which the topological charge is Q = −1.

C. Topological antiferroelectric phase

Phase II is very intriguing and requires separate discus-
sions. The naive spin texture of this phase [Fig. 1(c)] is
reminiscent of a spin spiral phase. However, unlike in the
other trivial spiral phases, here several new types of topo-
logical charge centers are formed as shown in Figs. 3(l) and
4(a). First, we observe that the polarity density has a stream-
line flow diagram with a one-dimensional domain wall [see
Fig. 3(b)]. But it fails to commence a compact geometry to
produce full skyrmion charge centers. However, there exist
five sharp charge centers [three inside the nz = −1 (blue)
region and two outside]. This structure periodically repeats
in a smectic pattern. These charge centers have different ori-
gins from the previous three skyrmion phases with compact
polarity density, and result from splitting of the vorticity by
streamline flow of polarity density.

A zoomed-in view of the spin texture on top of the topo-
logical charge density, as shown in Fig. 4(a), unravels the
mechanism of these charge centers. The charge center at
the middle (blue-colored charge density) is a “meron”-like
structure, but with a fractional charge of Q ∼ 2/9 ± 0.025.
The other four charge centers form in pairs with opposite
sign of charges at the moiré zone corners. The corresponding
spin textures reveal that they are antiskyrmions [29,30], with
fractional charges Q ∼ ±2/9 ± 0.025. We note that although
there are five distinct meronlike charge centers with ±2/9,
they are shared between neighboring moiré supercells. Apart
from these concentrated point charges, another +2/9 (red) is
spread over the moiré cell which is not clearly visible in the
color map of Figs. 4(a) and 4(b). Hence, the total charge (point
charge and background charge) within a given Moire supercell
vanishes.

Each pair of oppositely charged antiskyrmions acts as a
topological electric dipole, sitting at each lattice site of the
moiré lattice. The dipole moment is estimated to be (0.05 ±
0.005)a, where a is the moiré lattice constant. More inter-

(c) (d)

(a)

(b)

p1 p2

Phase-II

Phase-II

Phase-II Phase-III

FIG. 4. Antiferroelectric phase II. (a), (b) Zoomed-in view of
the topological charge density in blue to red color map plotted in
the background, with arrows denoting spins s in (a), and emergent
electric field E vector in (b). The spin texture clarifies the forma-
tion of topological charge at the moiré lattice side, and a pair of
antiskyrmions with opposite charge centers near the moiré lattice
corners. The electric field lines in (b) confirm the formation of
topological dipole moment (long arrows) between the antiskyrmion
pairs. (c), (d) Real space view of the topological charges in many
moiré unit cells for phase II and phase III, respectively. (c) We clearly
observe the Néel analog of the ordering of the topological dipole mo-
ments, giving an antiferroelectric phase. (d) As we move from phase
II to phase III, the antiskyrmion pairs are annihilated and integer
topological charges become confined by a compact domain wall on
different lattice sides. Inset: The structure factor of the corresponding
topological charge density, showing no charge ordering in phase II,
as opposed to Bragg peaks in phase III.

estingly, the dipoles are aligned antiferroelectrically between
the nearest neighbors. This gives a Néel-like ordering of the
topological dipole moments, in close analogy to the Néel
order of magnetic moments in a honeycomb lattice.

Comparisons of the spin textures between phase II
(antiferroelectric) and phase III (skyrmions) throw light on the
phase transition between them. The phase transition occurs
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FIG. 5. Zoomed views of the spin structure in five different phases.

when the antiskyrmion pairs coalesce. This also results in the
closing of the streamline flow of the polarity density to form
a compact domain wall [see Fig. 3(c)]. Hence a topological
winding number description becomes appropriate in phase III.

D. Electromagnetic duality

To visualize the formation of the dipole moment in phase
II, we write down a gauge-dual theory, and calculate the
topological electric field lines. In an electronic quantum Hall
analog, we know that a physical charge is attached to a mag-
netic flux via the Chern-Simons coupling—also known as the
Stréda formula [66]. Using this analogy, we affix an emergent
gauge field aμ = (φ, a) with the topological charge density
ρ as Jμ = εμντFντ . Here Fντ = ∂νaτ is the corresponding
curvature field tensor (an emergent electromagnetic field, but
not the same B field seen by local spins). The emergent
“electric field” is read as E = −∇φ − ∂t a. This electric field
follows the Gauss law, and acquires distinct spatial depen-
dence according to the topological charge distributions. Using
the Gauss law, the electric field lines can be found numerically
from

∫
E.dS = ρ. The electric field lines shown by black

arrows in Fig. 4(b) confirm the existence of the dipole moment
and their antiferroelectric ordering. We extend the calculations
of electric field lines to all the other phases, and find that the
field line configurations are consistent with the ring-, rod-, and
pointlike charge centers as obtained in phase I, phase II, and
phase V, respectively (see Fig. 9).

E. Topological correlation function

In what follows, the topological dipole moment indeed
provides a measure of the order parameter in phase II: It
continuously disappears in going from phase II to phase III.
To elucidate this further, we compare larger views of the moiré
lattice in phase II and phase III in Figs. 4(c) and 4(d). We
also calculate the topological charge susceptibility as χc(r) =∫

d2r′ρ(r′)ρ(r + r′). The corresponding Fourier transforma-
tion gives the structure factor Sc(q), which mimics the XRD
pattern as seen by transmission electron microscopy (TEM),
and may be indirectly probed by Lorentz TEM [21]. The
corresponding structure factors are plotted in the inset figures

to Figs. 4(c) and 4(d). As expected, we observe Bragg peaks in
phase III as the topological charges form a triangular lattice.
The lattice also features a broken spatial rotation symmetry,
and gives a smecticlike skyrmion lattice. In phase II the charge
centers do not exhibit any Bragg peak up to the third Brillouin
zone. As the appearance of the new Bragg-like peaks at the
antiferromagnetic wave vector in the spin-spin correlation
function indicates an antiferromagnetic order, similar Bragg
peaks in the dipole-dipole correlation function indicate an
antiferroelectric ordering of the topological dipole moments.

IV. DISCUSSIONS AND CONCLUSIONS

So far, our discussions were primarily devoted to delin-
eate the mechanism of skyrmion charges and antiskyrmion
dipoles. Although not our primary focus here, it is worthwhile
to outline a few possible mechanisms to destroy topological
configurations, and the corresponding phase transitions. We
discussed that the size of the compact domain wall (rd) as it
reduces to zero or expands all the way to the moiré lattice
vector as a function of J⊥/JD and bilayer thickness d destroys
the skyrmion configuration. Moreover, energy makes another
dominant factor to destabilizing the saddle-point minima of
skyrmions. Once fluctuations are included, the topological
charge centers oscillate, creating “phonon”-like excitations,
which melt the skyrmion crystals [67]. We have studied the
short-range (nearest-neighbor) topological charge correlation
function, and find that it exhibits a similar divergence be-
havior at all phase transition points (see Appendix C). In
addition, we observe that the phase transition from phase II
to phase III occurs via the coalescence of the antiskyrmion
pairs and vanishing dipole moment. This is reminiscent of the
Kosterlitz-Thouless (KT) like transition, but generalized to the
O(3) field.

Can we probe the topological electric field, dipole mo-
ment, and KT transition of the topological charge of the
skyrmions? The electric field is the mediator of the force
between two charge particles. Since a skyrmion charge is a
topological charge, it cannot be destroyed without deforming
all the spins in a skyrmion. This prohibits two skyrmions
of the same charge to come close to each other—as if they
experience a Coulomb repulsion between them. This phe-
nomenon can be associated with an electric field. Much like
how we measure an electric field by adding a test charge,
here one can think of adding a test skyrmion in a skyrmion
background, and study its dynamics. It will be found that the
test skyrmion of same (opposite) charge will be repelled (at-
tracted) from the skyrmion background. Similarly, when two
skyrmions/antiskyrmions of opposite charges are spatially
separated as in phase II, one can associate a dipole moment
in the usual way. With tuning, the two opposite charges can
either annihilate each other or the two charges can become
unbound from each other. The second phenomenon is anal-
ogous to the KT transition as seen in the vortex case. In the
case of the KT transition in vortices, pairs of vortices of op-
posite charges are energetically favorable at low temperature,
which forms a dipole moment, and the material behaves as a
dielectric. With increasing temperature, the vortex pairs split
and the vortex charges become unbound, giving a plasmalike
phase. The phase transition between them is denoted by the
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KT transition. In our present case, we can speculate that a
similar splitting of the dipole may occur with increasing tem-
perature in phase II, giving us a unique opportunity to explore
a possible KT transition of skyrmions.

Finally, the spin-spin correlation also plays an important
role. We have calculated the transverse and longitudinal spin-
spin correlation functions in the static limit. The transverse
component does not have any q ∼ 0 mode, and remains nearly
unchanged across all the phases. The longitudinal suscepti-
bility shows Bragg peaks in four phases, but not in phase I,
because phase I is nonmagnetic. These additional results and
discussions are given in Appendix.

One may wonder how sensitive is the phase diagram to
DMI and SOC terms. We have checked that DMI brings in
very little change to the spin configurations, and their topo-
logical properties are robust as long as the DMI strength is
considerably weaker than J⊥ and JD. With an eye to synthesize
twisted bilayers of VDW magnets [61,62], it is known that
the spins are local in nature, and the materials are charge
insulators. Thus the SOC does not play an important role to
the skyrmion configurations.
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APPENDIX A: EFFECTIVE INTERLAYER
MAGNETIC FIELD

As mentioned in the main text, the effect of Hex and HD can
be described by effective magnetic field B(ri ) coming from
exchange [Bex(ri )] and dipole [BD(ri )]. Taking all the bottom
layer’s spin S to be along the +z direction, we can explicitly
write the field components as

Bex(ri ) = J⊥
∑

a=1,2,3

cos(Ga.ri )ẑ, (A1)

BD(ri ) =
∑

j

JD

r3
i j

[
1 − 3d2

r2
i j

]
ẑ

− 3JDd

r5
i j

[(xi − x j )x̂ + (yi − y j )ŷ]. (A2)

The index i denotes a top layer spin. The sum over j denotes
a sum over bottom layer spins and is restricted up to rcut =
Ncuta0. Due to the higher power of ri j in the denominator, it
is easy to check that the summation converges very rapidly
(≈Ncut < 20), much before the moiré supercell lattice vector
R1,2 ∼ 35a0. Ga denotes the three lowest moiré reciprocal lat-
tice vectors, d is the interlayer distance, and xi and yi are x and
y coordinates of ith spin. Bex is plotted in Figs. 6(a) and 6(c)
for J⊥ < 0 (ferromagnetic) and J⊥ > 0 (antiferromagnetic),
respectively.

Clearly, a compact domain wall forms at the nodal con-
tour of sz(r) where the total magnetic field roughly vanishes,
i.e., Bz(rd ) = 0. [This approximation works better where the

R2
R1

(a) (b) (c)

JD>0

+ve

-ve

0

<0 >0

FIG. 6. Effective magnetic fields along the z direction in the
moiré unit cell. (a), (c) Field due to the interlayer exchange inter-
action (Bex) (a) for J⊥ < 0 and (c) for J⊥ > 0. (b) Field due to the
interlayer dipole interaction (BD) for JD > 0. R1 and R2 denote the
two translation lattice vectors.

in-plane spin exchange J|| 
 |B|, so that the second term in
Eq. (4) dominates.] Then the condition simplifies to

J⊥
JD

βex(rd ) + βD(rd ) = 0, (A3)

where rd is the loci of the domain wall boundary and βex and
βD are given by

βex(rd ) =
∑

a

cos(Ga · rd ), (A4)

βD(rd ) =
∑

j

1

|rd − r j |3
[

1 − 3d2

|rd − r j |2
]
. (A5)

It is not easy to find an analytical expression for this nodal
contour from Eqs. (A1) and (A2), but it is clear that the value
of rd depends on the J⊥/JD ratio and the bilayer thickness d
for a given moiré lattice denoted by G. The equation of the
nodal line can be a circle or an ellipse depending on these
parameters. As we see from the numerical simulation, the
domain wall is circular for large values of J⊥, while it takes
an elliptical form in phase III for small values of J⊥.

Again in the limit of J|| << |B|, a phase transition is
defined at J⊥/JD = −βD(rd )/βex(rd ) [from Eq. (A3)] for dif-
ferent values of rd . In phase I, the radius of the circular
patch increases as J⊥ → 0, and at the transition point to
phase II two circular regions merge together at rd = R1/2.
On the other hand, rd decreases in phase V as J⊥ → 0, which
implies rd = 0 at the transition from the phase V to phase
IV. Similarly transitions from phase II to III and III to IV
are given by rd = R2/2 and (R1 + R2)/2, respectively. By
numerically evaluating βex and βD at various rd , we extract
the approximate critical value of the ratio J⊥/JD for different
transitions, which are listed in Table I.

TABLE I. Critical values of rd and J⊥/JD at different phase
transition points.

Transitions rd J⊥/JD

Phase I to phase II R1/2 −0.57
Phase II to phase III R2/2 −0.4
Phase III to phase IV (R1 + R2)/2 0.3
Phase IV to phase V 0 1.6
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A direct comparison of transition from phase I to II and
phase IV to V reveals that |J⊥/JD| is larger on the positive
side (1.6 on the positive side and −0.57 on the negative side).
This can be understood from Fig. 6. At the corner of the
moiré supercell Bex and BD have the same sign in the J⊥ < 0
region. So their effects add up. This is also responsible for
a thin domain wall of magnetic bubbles in phase I. In the
positive J⊥ region, however, Bex and BD have opposite sign.
So a larger value of J⊥ is needed to overcome the effect JD
in the positive side. This leads to a wider domain wall in
phase V. We should distinguish the effects of the dipole-dipole
interaction HD of the present paper compared to other studies.
In earlier studies [5], such an interaction is involved for the
same intralayer spin (between s and s variables) which tends
to produce magnetic bubble phases [3]. On the other hand,
here the dipole interaction is between the interlayer (s and S),
and is detrimental to the bubble or Bloch skyrmion phases,
while promoting the streamline flow of the polarity density.

APPENDIX B: DETAILS OF THE MONTE
CARLO METHOD

As mentioned in the main text, the Hamiltonian for the top
layer can be written as

H = H1 +
∑

i

B(ri ) · si. (B1)

Here H1 is the intralayer Hamiltonian and B(ri ) is the effective
magnetic field due to interlayer interaction. The lattice site ri
spans the moiré unit cell. In our calculation at the commensu-
rate angle 1.61◦ we have 2522 basis sites per unit cell. We set
all the classical spins to have unit length (Si = 1) so that all
the spins can be specified with two parameters Sz and φ where
φ is the angle that the component of spin on the xy plane (sxy)
makes with the x axis. From these two parameters, we can
extract all three components of the spins as

sxy
i =

√
1 − (

sz
i

)2
,

sx = sxy cos(φ),

sy = sxy sin(φ). (B2)

We initialize the simulation with all spins pointing upward,
i.e., Sz

i = 1, and then the next spin is chosen randomly from
all the lattice points. The update algorithm for that spin is
given by

sz
i = sz

i + γ dsz,

φi = φi + γ dφ. (B3)

And if |sz
i | > 1 then

sz
i = 2 ∓ (

sz
i + γ dsz

)
,

φi = φi + γ dφ + π. (B4)

Here the ± signs are for sz
i > 1 and sz

i < −1, respectively. γ

is a random number between 1 and −1, and dsz and dφ are
ranges of sz and φ.

At each Monte Carlo step we calculate the local Hamilto-
nian

H (ri )loc = H1(ri ) −
∑

i

B(ri ) · si, (B5)

H1(ri ) =
∑
<i, j>

J||si · s j, (B6)

and each configuration is accepted with a Boltzmann proba-
bility e[H (ri )new

loc −H (ri )old
loc ]/kBT at temperature T . To find the low

temperature Monte Carlo ground state we perform tempera-
ture annealing as well as parameter annealing, and check for
convergence of the total ground state energy. We use dSz =
0.4 and dφ = 0.4π . At low temperature we decrease the value
of dsz(= 0.1) and dφ(= 0.1π ) to increase the acceptance
ratio in Monte Carlo steps. We equilibrate the system with
108 steps and take the low energy configuration for another
108 steps.

APPENDIX C: CORRELATION FUNCTIONS
AND STRUCTURE FACTORS

From Fig. 2, it is evident that there are finite topo-
logical charge distributions even in the trivial topological
phases where the polarity density nz fails to create domain
walls. Therefore, to obtain the microscopic nature of how
the quantum fluctuations make it possible to form topological
configurations in phase I, III, and V, we investigate the follow-
ing correlation functions: topological charge susceptibility,

χc(r) =
∫

d2r′ρ(r′)ρ(r + r′), (C1)

and the spin-non-flip (or skyrmion polarity) and spin-flip cor-
relation functions

χ zz
s (r) =

∫
d2r′nz(r′)nz(r + r′),

(C2)

χ±
s (r) =

∫
d2r′n+(r′)n−(r + r′),

where n± = nx ± iny. The Fourier transformation of the cor-
relation function gives the structure factor Sc/s(q). For the
topological charge density, the topological structure factor
mimics the XRD or TEM maps, except that this is not directly
measurable and indirectly it can be mapped by Lorentz TEM.
The two spin structure factors are however measurable via
small-angle neutron scattering experiments.

Figure 7 shows structure factors and various correlation
functions for different phases. First we notice that in the non-
trivial phases, the topological structure factor shows distinct
Bragg peaks at q → 0, signifying the transnational symmetry
breaking and formation of the skyrmion lattice. (When the
dynamics is added, this peak will disperse away from the
q = 0 point as a typical acoustic Goldstone mode.) In the
trivial phase (phase II and phase IV), there are no Bragg
peaks, but some weak intensity at higher Brillouin zone of
the original moiré supercell which is often observed in dilute
gas or liquid phases.

The spin-non-flip and spin-flip components of the spin-
structure factors have the usual behavior in a skyrmion
structure, while the stark difference between phase I and phase

014410-9



SUJAY RAY AND TANMOY DAS PHYSICAL REVIEW B 104, 014410 (2021)
Ph

as
e-

I

Szz
qχ cq

Ph
as

e-
II

Ph
as

e-
II

I

(a)

(d)

(g)

(e)

(h)

(k)

(n)

(c)

(f)

(i)

(l)

(o)

Ph
as

e-
IV

(j)

Ph
as

e-
V

(m)

(b)
S+-

q

FIG. 7. Structure factors. Left: The left row gives the structure
factor of the topological charge density (Fourier transformation of the
charge-charge correlation function). Middle: Transverse spin-spin
correlation functions. Right: Longitudinal correlation function in the
momentum space. In all three cases, we give various quadrants of the
Brillouin zone with dashed lines.

IV for χ zz
s should be noted. In the case of a ring charge (phase

I) there is no q → 0 mode for the polarity density since here
we have a sharp domain wall boundary between the up- and
down-spin states. For all other cases, the q → 0 mode exists,
suggesting a finite value of the magnetic moment in these
cases on the top layer. On the other, in phase II, the total
magnetization vanishes in a moiré unit cell; however, if one
defines Néel magnetization between the up-spin domain and
down-spin domain, we have an antiferromagneticlike domain
wall ordering. In all cases, the spin-flip structure factor is sim-
ilar, while an additional spatial rotational symmetry breaking
is observed in phases II and III as expected. We find that all
the peaks are present in the second Brillouin zone, which is
due to the fact that the Moire cell here forms a honeycomb
lattice which has two sublattices.

To further elucidate the phase transition, we analyze the
topological correlation function at a fixed distance (ri − r j =

FIG. 8. (a) Average χc and (b) average magnetization (mz) and
derivative of mz as a function of interlayer exchange (J⊥/J||) at a
fixed JD = 0.3J||. Discontinuity in mz at the phase transition can be
seen from the jumps in derivative of mz [blue curve in (b)].

constant):

χc = 1

N

∑
<i, j>

ρ(ri)ρ(rj). (C3)

We plot the result as a function of interlayer exchange (J⊥)
in Fig. 8(a). This gives the short-range correlation of the
topological charge density.

We find the correlation has peaks at the phase transition
points as shown in Fig. 8(a). This result is consistent with
jumps in the effective magnetic field Mz = 〈(1/N )

∑
i Sz

i 〉
along J⊥, as shown in Fig. 8(b). Near the phase transition
points, the landscape of effective magnetic field changes over

Phase-I(a) Phase-III(b)

Phase-IV(d) Phase-V(e)

Phase-II(c)

(f)

q3

q5

q1 q4

q2

(0,0)
(-x1,-y1 )

(x1,y1 )

(x2,-y2 )

(-x2,y2 )

Schematic charge 
distribution in Phase-II

FIG. 9. (a)–(e) We have plotted the emergent topological electric
field lines on top of the topological charge density in the vicinity of
the charge centers (see Fig. 10 for larger view) in all five phases. In
(f) we show the schematic distribution of point charges for phase II
with origin of the coordinates at the charge q3.
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(e)

(a)

(d)

(b)

FIG. 10. Plots of topological charge density in many moiré unit
cells.

the moiré unit cell. As a result near the domain wall in each
phase (except phase IV where there is no domain wall) the B
field becomes small over a large area. Therefore, the Hamil-
tonian is mostly dominated by strong in-plane ferromagnetic
exchange (J||), and produces a strong nearest-neighbor corre-
lation.

We further calculate scalar chirality (not shown)χsc =
1
N 〈∑<i, j,k> Si.(S j × Sk )〉, where 〈i, j, k〉 denotes three spins
forming the smallest triangle in the honeycomb lattice. We
find that the scalar chirality vanishes in phase II and phase
IV, where the magnetization has a sharp jump at their phase
boundary [Fig. 8(b)].

APPENDIX D: DIPOLE AND QUADRUPOLE
MOMENTS IN PHASE II

Field lines for topological charge in phase II are shown in
Fig. 9(c). The field lines indicate that the charge distribution

TABLE II. Values of charge, dipole moments, quadrupole mo-
ments in the phase II for two different dipole coupling strengths (JD).
(x,y) are given in unit of moire lattice constant 35.6a0.

Quantities JD = 0.53 JD = 1.0

q1 −0.23 −0.23
q2 0.22 0.22
q3 −0.25 −0.24
q4 0.22 0.24
q5 −0.20 −0.22

(x1, y1) (0.20, 0.07) (0.20, 0.07)

(x2, −y2) (0.35, −0.09) (0.35, −0.09)

(p1x, p1y ) (0.033, 0.035) (0.033, 0.035)
(p2x, p2y ) (−0.033, −0.035) (−0.034, −0.037)
Qxx −0.035 −0.037
Qyy −0.001 −0.001
Qxy 0.021 0.020

can be approximated with point charges (qi, i = 1, 2, 3, 4, 5)
as shown in Fig. 9(f). As the total charge of this config-
uration is zero we investigate the higher moments (dipole
and quadrupole) of this charge distribution. We calculate the
dipole moment for charge pairs (q1, q2) and (q4, q5), and
taking the origin of our coordinates at one of the charge
centers [see Fig. 9(f)] we calculate the quadrupole moments,
which are given by

Q =
[

Qxx Qxy

Qyx Qyy

]
=

[∑
i ρixixi

∑
i ρixiyi∑

i ρiyixi
∑

i ρiyiyi

]
. (D1)

Values of the dipole and quadrupole moments for phase II are
given in Table II.

We caution the reader that the estimate of the fractional
charge is subjected to the integration contour around each
charge center, since there is no compact domain wall bound-
ary here.
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