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Magnetism in graphene flakes with edge disorder

Sean Deyo *

Department of Physics, Cornell University, Ithaca, New York 14853, USA

Selman Hershfield †

Department of Physics and National High Magnetic Field Laboratory, University of Florida, Gainesville, Florida 32611, USA

(Received 14 March 2021; accepted 23 June 2021; published 6 July 2021)

The magnetization of graphene flakes as a function of size, shape, boundary type, and edge defects is computed
in a tight-binding model. Flakes with Klein boundaries exhibit a smaller orbital magnetization than flakes with
other boundaries. The difference in magnitude is significant for flakes with a few hundred to a few thousand
atoms. One can tune the magnetization of a zigzag or Klein flake quasicontinuously by adding atoms, one by
one, to the edges of the zigzag flake, or removing atoms from a Klein flake. Flakes with an odd number of atoms
show a paramagnetic spin response due to particle-hole symmetry. The addition of a next-nearest neighbor
term to the Hamiltonian, which breaks particle-hole symmetry, does not destroy this effect as long as there is
approximate particle-hole symmetry. Other defects that affect the chemical potential, such as edge atoms with an
onsite potential, or doping, can affect the paramagnetism but preserve the difference in magnetization between
Klein and non-Klein flakes. These results are consistent with experiments which see paramagnetic response at
low magnetic fields crossing over to diamagnetic response at higher fields.

DOI: 10.1103/PhysRevB.104.014404

I. INTRODUCTION

The study of the magnetic properties of graphene and
related materials continues to be an active area of investiga-
tion. It has long been known that graphite, which has layers
of graphene sheets, has a large diamagnetic response [1].
Graphene consists of sp2 hybridized covalent bonds arranged
in a two-dimensional honeycomb lattice. Since each carbon
atom in the plane has three nearest neighbors, this leaves one
extra electron that does not participate in the covalent bond-
ing. These pz orbital electrons form a band making graphene
a conductor and are responsible for the diamagnetic response,
which has been both calculated and observed [2,3].

For any finite sample there are edges to the graphene. The
simplest regular edges are the zigzag and armchair edges. It is
well established that zigzag edges have a state that is localized
near the edge and has energy close to the Fermi energy at
half filling, usually referred to as zero energy [4–7]. Armchair
edges do not support such an edge state. The edge states for
zigzag edges have been observed in STM experiments on the
stepped edges of graphite [8–10]. A clear peak in the density
of states is seen near zero energy for zigzag edges. Edge states
are believed to play an important role in the magnetic response
of graphene and graphite [11]. Indeed there are calculations
which show that edges can be ferromagnetic and even half
metallic [12–14].

Because the coordination number of the carbon atoms at
the edges is smaller than that of the atoms in bulk, an edge
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creates dangling bonds. This makes edges more reactive than
the bulk. There is now an extensive literature looking at
functionalizing edges of graphene with different types of
atoms and molecules [15]. The most common atom to bind
to the edge of graphene is hydrogen. This is called hydrogen
passivation and has been shown to increase the stability of
graphene edges [15–18]. Without hydrogen passivation simu-
lations on small graphene flakes show that the lowest energy
state is not always one with a hexagonal pattern [18,19].
Rather there are some atoms near the edge which form pen-
tagons and heptagons. Other types of atoms and molecules
are also known to be energetically favorable [20,21] and in
some cases lead to local magnetic moments [22]. Another
type of edge that has been considered is a single carbon atom,
which is then bonded to two hydrogen atoms. An array of
such atoms with dihydrogenation is called a Klein edge and
has been shown to lead to another type of zero energy edge
state [23,24]. Thus, the nature of the edges with defects or
reconstruction also influences the magnetism.

There have been a number of experimental reports of fer-
romagnetism in graphene-related materials [25,26]. Some of
these materials have been intentionally damaged by irradi-
ation [27–30] or etching [31]. Others are materials related
to graphene like carbon nanocones and nanodisks [32] and
graphdiyne [33]. The experimenters do see a small hys-
teresis in magnetization versus field plots. It is not clear
whether this is a phase transition or just a sign of in-
teraction between magnetic moments. At the same time
there have been theoretical calculations indicating the pos-
sibility for permanent magnetism, such as ferromagnetism,
ferrimagnetism, or antiferromagnetism in graphene-derived
materials [12–14,34–45]. Some of these calculations rely on
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the magnetism of edge states and others on specific kinds of
defects.

As indicated above there is always the possibility of de-
fects in any graphene-based small systems because of the
edges. Exfoliated nanographite experiments, which aim to
reduce the number of impurity atoms to a minimum, have
seen a small paramagnetic response at low temperatures in
addition to the diamagnetic response [46]. Once the diamag-
netic response was subtracted off, the paramagnetic response
was found to be isotropic. Other experiments have found a
paramagnetic response in graphene-based materials at low
temperatures [17,47–52]. Most of these studies intention-
ally introduce specific impurity atoms on the edges. Thus,
there is good evidence for some paramagnetic response in
graphene flakes, although it is not clear what the source of
the moments is.

In this paper we calculate the magnetic response of small
graphene flakes with different types of edge disorder. There
have been a number of papers focusing on the magnetic
response of small graphene flakes, but previous work has fo-
cused on highly regular shapes, largely flakes with triangular
or hexagonal shape and edges of one type: either all zigzag or
all armchair [53–57]. These papers do see the importance of
edge states for the diamagnetic response. Changing the chem-
ical potential to move away from half filling and not include
the edge states can change the overall magnetic response from
diamagnetic to paramagnetic, although this paramagnetic re-
sponse does not correspond to a free spin since it cannot be fit
to a Brillouin function [57].

The reason for including defects on the edges is that we
know they exist from experiment. STM experiments on the
edges of graphene show peaks in the density of states near
zero energy in small zigzag regions embedded in armchair
edges and in other kinds of irregular edges [9,10]. Irregular
shapes largely along crystal axes are observed in experiment
[46]. There are many cases where specific types of atoms or
molecules on edges have been shown to lead to magnetic
moments [58–63]. Defects in bulk have also been shown
experimentally [51,52,64,65] and theoretically [52,66–69] to
lead to magnetic moment formation, although we do not con-
sider those here.

The model we use is the conventional tight-binding model
for graphene. This has been shown to describe edge states
well [70]. There are interacting models of the edges that
show ferromagnetism and other types of magnetic order at
the edges [12–14,44], which our model does not include. At
the end of the paper we discuss the relation of our results to
experiment and to the predictions of these interacting models.
We first consider different shapes and sizes of graphene flakes,
including flakes with mixtures of zigzag and armchair edges.
These correspond to graphene edges which have hydrogen
terminations to stabilize the edge structure. We next move on
to considering single defects on the edges such as an edge
with an extra carbon atom or an edge missing a few carbon
atoms. For these defects we are able to understand under what
conditions a paramagnetic response is seen. Thus, while our
tight-binding model is simple, the understanding allows one
to see the range of possible magnetic responses and under
what conditions they may arise. This is particularly useful
because for a given experiment one usually does not know the

actual configuration of impurities or the exact structure of the
edge.

We compute both the orbital and spin contributions of
the magnetic susceptibility. As seen in many experiments,
we find a paramagnetic response visible at low temperatures
superimposed on a diamagnetic response. The edge disorder
affects both the diamagnetic and paramagnetic response. Our
model does not include interactions so we can not see any
vestiges of ferromagnetic or spin glass behavior. However,
this noninteracting model would form the starting point for
distinguishing in experiments between noninteracting and in-
teraction effects and in building a full model to include both
disorder and interactions.

The rest of the paper is organized as follows. In the next
section we describe the equations which we solve numeri-
cally to find the magnetization and susceptibility. In Sec. III
we present results and discussion for the magnetization for
regularly shaped graphene flakes and flakes with defects along
their edges. Conclusions are given in Sec. IV.

II. MODEL

The nearest-neighbor tight-binding Hamiltonian for
graphene is

H = −γ
∑

(m,n),s

eiφm,n c†
m,scn,s + gμBB

∑
n,s

s c†
n,scn,s, (1)

where g = 2 and μB is the Bohr magneton. The summation
variables m and n represent sites in the two-dimensional hon-
eycomb lattice of graphene, with the parentheses indicating
that the first sum is over nearest neighbor pairs. We assume the
graphene sheet is in the x-y plane and let s be the spin quantum
number in the z direction, summing over s = ±1/2. The hop-
ping parameter γ can be obtained by fitting to first principles
band structure calculations [71] with values ranging between
2.5 and 3.0 eV. We will use a value of 2.8 eV. Next-nearest-
neighbor hopping, which is known to break particle-hole
symmetry, will be included later in Sec. III C to test for the
robustness of the effects observed. The orbital contribution of
magnetic field is included via the Peierls phase factor,

φm,n = e

h̄

∫ rn

rm

�A · �r′. (2)

Here rm and rn are the positions of the m and n sites, and
e = |e| is the magnitude of the charge of an electron.

The magnetization is the derivative of the free energy with
respect to the magnetic field B:

M = −∂�

∂B
. (3)

The free energy in the grand canonical ensemble is

� = −kBT
∑
α,s

ln(1 + e−β(εα,s−μ) ), (4)

where β = 1/kBT and εα,s are the energy eigenvalues ob-
tained by diagonalizing the Hamiltonian in Eq. (1). The grand
canonical ensemble is used as a calculational technique. We
find that the number of electrons is constant to a high degree
in all cases except when we move away from half filling, in
which case it varies slightly, so these results apply equally
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well to the canonical ensemble. Taking the derivative of this
with respect to B the magnetization is

M = −
∑
α,s

1

1 + eβ(εα,s−μ)

∂εα,s

∂B
. (5)

There are two contributions to the energy and the magne-
tization, one from the orbital motion and one from the spin
degree of freedom. In the absence of spin-orbit coupling these
are independent. Rather than take the derivative of the energy
numerically one can use first-order perturbation theory to take
the derivative analytically. The result can be expressed in a
fashion that is numerically efficient and makes connection to
a classical expression for the magnetization. It is written in
terms of the current operator I from site rm to rn:

I (rm → rn) = ie

h̄
γ

∑
s

{eiφm,n c†
m,scn,s − H.c.}. (6)

With this operator the orbital part of the magnetization is

Morb = 1

4

∑
(m,n)

〈I (rm → rn)〉(�rm × �rn)z. (7)

The angular brackets around the current operator I denote a
thermal average. The summand in Eq. (7) is even under the
interchange m ↔ n. One can show that this expression for the
magnetization is gauge invariant using the continuity equation
for the density.

The energy derivative for the spin component is gμBs so
the spin contribution to the magnetization is

Mspin =
∑
α,s

−gμBs
1

1 + eβ(εα,s−μ)
. (8)

In the following we diagonalize the Hamiltonian, Eq. (1),
for a given lattice and applied magnetic field. We then apply
Eqs. (7) and (8) to compute the magnetization as a function of
magnetic field and temperature.

The orbital diamagnetic response will be linear for most
experimentally accessible field scales, so we can express the
orbital response in terms of the susceptibility, which we de-
fine as χ = ∂M/∂B. The natural scale for the susceptibility
is χo = γ e2a4/h̄2 = 2.63 × 10−9 eV/T2, where γ = 2.8 eV
is the nearest-neighbor hopping energy and a = 1.42 Å is
the distance between neighboring atoms. The scale of the
magnetization used for the spin and total magnetic response
is set by the Bohr magneton μB. Finally, in describing the
size of our flakes, we will use the circumradius R, which
is simply the radius of the smallest circle that encloses the
flake.

III. RESULTS & DISCUSSION

A. Ordered boundaries and shapes

We begin by considering the four different ordered bound-
ary types of hexagonal flake depicted in Fig. 1: (a) armchair
with peninsular corners, (b) armchair with rounded corners,
(c) zigzag, and (d) Klein. These ordered cases will act as a
reference and motivate the disordered edges considered later.
Both zigzag and armchair edges are seen in STM images
of edges in graphene. In practice they can be realized by

(b)(a)

(d)(c)

FIG. 1. Illustration of the four types of ordered boundaries con-
sidered: (a) armchair with peninsular corners, (b) armchair with
rounded corners, (c) zigzag, and (d) Klein.

hydrogenating the extra carbon bond at the edge. A Klein edge
has two extra carbon bonds so it needs two hydrogen atoms
per carbon edge atom to stabilize.

The orbital susceptibility as a function of circumradius
for the four different boundary types of hexagonal flakes is
shown in Fig. 2. The armchair and zigzag flakes have similar
magnitudes for their orbital susceptibilities, whereas those of
the Klein flakes are markedly smaller. The only difference
between the zigzag and the Klein flakes is their boundaries.
While one might expect a large difference based on the bound-
ary type for small flakes, this difference persists even for
larger flakes. We will have an extensive discussion including
the spin component of the magnetization once we consider
single defects along the edge, but for now we only consider
the orbital response.

0 20 40 60 80
R/a

-2.5

-2

-1.5

-1

-0.5

0

/
o

zigzag
Klein
peninsular
rounded

FIG. 2. Orbital susceptibility vs circumradius for hexagonal
flakes with four different types of boundaries at zero temperature.
The scale χo is γ e2a4/h̄2, where γ is the tight-binding hopping and
a is the nearest-neighbor distance.
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FIG. 3. Orbital susceptibility vs circumradius for various shapes
at zero temperature, comparing Klein and non-Klein boundaries. The
blue circles are for the non-Klein boundaries, and the red x’s are
for the Klein boundaries. In all cases the susceptibility for the Klein
boundaries is substantially smaller in magnitude than for the non-
Klein boundaries.

The only regular polygons that fully respect the symme-
try of graphene’s lattice are the hexagon and the triangle.
However, we can still investigate the Klein vs non-Klein phe-
nomenon for other shapes. To ensure a flake has no Klein
boundaries, one can remove all carbon atoms with only one
nearest neighbor; likewise, to maximize Klein boundaries,
one can remove all carbon atoms with two nearest neighbors.
This latter method requires at least some portion of the flake’s
boundary to be of the zigzag type, since an armchair boundary
cannot be made Klein in this fashion. Arbitrary flakes gen-
erally have a mix of armchair and zigzag/Klein boundaries,
so the comparison is not as stark for shapes without trigonal
symmetry.

Nonetheless, we can make an analog of Fig. 2 for other
shapes. This is given in Fig. 3. We do not distinguish between
armchair and zigzag boundary types, since both are present in
flakes that lack trigonal symmetry, but we can still distinguish
between maximum Klein and no Klein, as described above.
The difference in magnitude between the two is clear, albeit
smaller than it was for the hexagons. Shape does indeed affect
the susceptibility; however, non-Klein boundaries produce
greater susceptibility than Klein ones regardless of shape.

The difference between the Klein edges and the other edges
raises the question of whether the orbital susceptibility could
somehow be tuned between the two extremes. To answer this
question, we begin with a zigzag flake and randomly add
atoms to the boundary, one at a time, to gradually convert it to
a Klein flake. At each step we compute the magnetic response.
One can also add atoms in order, picking a starting point
and following the boundary in, say, the clockwise direction.
Figure 4 shows the change in orbital susceptibility, one atom
at a time, for both the random and the orderly methods starting
with a hexagonal zigzag flake of circumradius 14a/

√
3. One

can see that the change is steeper for the first few atoms
added than for the last few atoms. The orderly method exhibits
six cycles of a steeper change followed by a brief respite,

0 10 20 30
Number of atoms added

-0.8

-0.6

-0.4

-0.2

/
o

orderly
random

FIG. 4. Orbital susceptibility vs number of atoms added to the
boundary for a hexagonal zigzag flake, with the atoms added either
randomly or sequentially.

corresponding to each side of the hexagon being altered. Apart
from this phenomenon, the change is almost monotonic for
both methods. In short, the answer appears to be yes, one can
tune the response quasicontinuously between the Klein and
non-Klein by adding (or removing) an appropriate number of
boundary atoms, and the order in which atoms are added does
not drastically affect the tuning process.

B. Defects

Because there is a substantial change in the magnetic re-
sponse for only a single defect, as seen in Fig. 4, we next
consider single localized defects on otherwise perfectly or-
dered zigzag and armchair flakes. Here we consider the total
magnetization, including both the orbital and spin contribu-
tions. For the previous flakes with perfect zigzag and armchair
edges the spin contribution was not important. Here it will
be. We have considered a large number of different possible
defect configurations. In Fig. 5 we show four of them: (a) a
zigzag edge with an extra atom, (b) a zigzag edge missing
an atom, (c) an armchair edge with an extra atom, and (d) an
armchair edge missing two atoms. We have also considered
multiple extra atoms and flakes with mixtures of armchair
and zigzag edges. These are not localized defects. However,
we can understand all cases by first understanding the four
cases shown in Fig. 5. In the following plots we will keep the
same order (a)–(d) for these results so, for example, (a) always
refers to the zigzag case with an extra atom.

In Fig. 6 the magnetization due to both spin and orbital
contributions is shown for a magnetic field perpendicular to
the flakes. There is a strong paramagnetic response for cases
(a)–(c) at lower temperatures, gradually transitioning to a
diamagnetic response as the temperature is increased. Only
case (d), which is the armchair hexagon with two missing
sites, shows no paramagnetic response. For comparison, the
dashed black line in this figure is the magnetic response for
the corresponding flake without a defect—that is, the zigzag
or armchair magnetic response examined in the previous
subsection. As noted in the introduction, behavior like this
has been observed experimentally, including in experiments
which have sought to minimize defects. It is well know that
zigzag edges support edge states while armchair edges do not;
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(c) (d)

(a) (b)

FIG. 5. Different types of defects. These are representative types
of surface defects that we have considered. (a) Zigzag flake with an
extra atom on the edge. (b) Zigzag flake missing an atom on the edge.
(c) Armchair flake with an extra atom. (d) Armchair flake missing
two atoms. Cases (a)–(c) have an odd number of sites, while case
(d) has an even number of sites. In the following figures (a)–(d) will
refer to these cases.

however, the difference between case (d) and the other three
cases is not the difference between zigzag and armchair edges
because case (c) is based on an armchair edge.

The key difference between case (d) and the other cases
can be seen by looking at the energies of the states near zero
energy. Graphene with nearest-neighbor hopping is a bipartite
lattice with an energy spectrum which is symmetric about
E = 0 due to particle-hole symmetry. In Fig. 7 we plot the
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-10 0 10
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(d)

FIG. 6. Magnetization due to both spin and orbital contributions
for a magnetic field perpendicular to the flakes. The cases (a)–(d) are
the same as in the previous figure. The colors refer to different
temperatures T = 0.02 K (blue line), 0.52 K (orange, �), 1.02 K
(yellow, �), 2.02 K (purple, •), 4.02 K (green, �), 8.02 K (light blue,
�). All the temperature curves overlap for case (d). For comparison
the black dashed line is the magnetic response for a zigzag flake,
(a) and (b), or armchair flake, (c) and (d), without a defect.
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FIG. 7. Energy versus state index for states near zero energy. For
cases (a), (b), (c) there is a state exactly at zero energy, which is
required by symmetry if there is an odd number of sites. Case (d) with
an even number of sites does not have a state at zero energy.

energy of the orbital states near zero energy for the same four
cases. The indices are those of the states with 1 being the
lowest-energy state. One can see that in cases (a)–(c) there
is a state exactly at E = 0. With an odd number of sites,
and thus an odd number of orbital states, there must be an
odd number of states at zero energy because of the symmetry
about E = 0. In particular, there must be at least one state
at zero energy. That state is the source of the paramagnetic
response. It behaves within this noninteracting model as a spin
1/2 defect. On the other hand, case (d) has an even number
of sites, so the symmetry about E = 0 requires that there be
an even number of states at zero energy. In particular, zero
states is a possibility. Since there is no state at zero energy
for case (d), there is no paramagnetic response. These results
are consistent with the more general theorem of Lieb for the
case of repulsive Hubbard U interactions on an unbalanced
bipartite lattice [72].

We have found some cases with an even number of sites
where there are two states very nearly at zero energy, but that
is a coincidence and not required by symmetry. The difference
between an even and odd number of sites is the key differ-
ence between paramagnetic and nonparamagnetic response.
All flakes show diamagnetic response at large magnetic fields.
Thus, if one has a number of defects along the edges, perhaps
of different types, paramagnetic response is determined by
whether there is an even or odd number of states on the
flake.

A key fact here is that the flakes are at half filling. While
we work in the grand canonical ensemble, which does not
fix the number of electrons, we have checked our calculation
in the temperature and field regime shown in the figures and
find that the variation in the number of electrons is negligible.
For example in a flake with 601 sites the number of electrons
calculated in the grand canonical ensemble is 601 ± 10−8 for
plots like those in the figures. This extremely small variation
is due to the density of states being symmetric about the Dirac
point.
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(a) (b)

(c) (d)

FIG. 8. Visualization of the state closest to zero energy. The area
of the circles is proportional to the wave function squared at a given
site. The cases (a)–(d) are the same as in the previous figures.

To visualize the states responsible for the paramagnetic
response we have plotted in Fig. 8 the states closest to zero
energy. For cases (a)–(c) this is a state at zero energy, while
for case (d) it is the state closest to zero energy. The area of
the circle plotted at each site is proportional to the magnitude
squared of the wave function. Thus, a state which is localized
on a few sites shows up as a few large circles, while an
extended state consists of many small circles. The zero-energy
states for the zigzag hexagons, cases (a) and (b), are localized
along the edges. This shows strong hybridization of the edge
state with the defect. In fact, by comparing Figs. 5 and 8
one can see there is actually a greater probability that the
electron will be on an edge adjacent to the defect than on the
edge containing the defect. Armchair edges do not support
edge states like zigzag edges do, so their zero-energy states
are not spread along edges: In case (c) the zero-energy state
is localized just around the defect, not the entire edge; in
case (d), the flake that had no paramagnetic response and no
zero-energy state, the state closest to zero energy is extended
throughout the lattice, despite a slight bias toward the edge
where the defect lies.

C. Particle-hole symmetry broken

The particle-hole symmetry about E = 0 is broken once
one includes next-nearest neighbor hopping. The next-nearest
neighbor hopping is much smaller than the nearest-neighbor
hopping in graphene, but is nonetheless nonzero. In Fig. 9
we show the magnetic response for the same cases but with
a next-nearest neighbor hopping of 0.28 eV, which is one
tenth the magnitude of the nearest-neighbor hopping of γ =
2.8 eV. The plots are very nearly the same as in Fig. 6 with
one fine point: Turning on next-nearest neighbor interactions
shifts all the energies. The half-filling point is no longer at
zero energy. Thus, in these plots we have placed the chemical
potential at half filling. For an odd number of atoms or sites
this means that there is at least one state right at the chemical
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(d)

FIG. 9. Magnetization in the presence of next-nearest neighbor
hopping. Colors and labels are the same as for Fig. 6.

potential. For an even number of sites, we place the chemical
potential between the middle two energy eigenstates, so there
is no state at the chemical potential unless the middle two
eigenstates are degenerate. The important point is that next-
nearest neighbor hopping does not destroy the effect described
in the previous subsection. It breaks particle-hole symmetry,
but the primary consequence is just an overall energy shift
that varies weakly from one state to the next. For this case as
for the particle-hole symmetric case the number of electrons
calculated is constant for the field and temperature scale in the
figures.

Another way to break the particle-hole symmetry is to have
an onsite potential for the edge defect. Even if the edge defect
is a dihydrogenated carbon, the effective onsite potential will
not be zero. The contribution to the spin magnetization for a
state with energy E is

μB

{
1

eβ(E−μBB−μ) + 1
− 1

eβ(E+μBB−μ) + 1

}

= μB

2

{
tanh

μBB − E + μ

2kBT
+ tanh

μBB + E − μ

2kBT

}
. (9)

As |E − μ| becomes larger the two tanh functions begin to
separate and eventually there is no longer a paramagnetic
response. In Fig. 10 the spin magnetic response as a function
of magnetic field is shown for a zigzag flake with a defect
that has a nonzero onsite energy (black x’s). An energy at
the site of the defect of εo = 0.014 eV produces an energy
shift of E = 1.12 × 10−4 eV. The ordinary spin 1/2 Brillouin
function is starting to split into two different step functions.
The solid line is the fit to Eq. (9). The reason the energy shift is
so much smaller than the onsite potential is that the states near
zero energy are extended around the edge of the flake. The
weight of the wave function at the defect site is |ψ |2 = 0.008.
Thus, according to first order perturbation theory the energy
shift is εo|ψ |2, which is indeed 1.12 × 10−4 eV. Note that
the armchair defect states are much more localized with a
weight at the defect site of |ψ |2 = 0.4. Thus, even a very small
potential on a defect on an armchair edge is likely to move it
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FIG. 10. Effect on the spin component of the magnetization due
to a nonzero chemical potential or a nonzero defect energy. The red
circles are for a chemical potential of 1.12 × 10−4 eV. The black x’s
are for an onsite defect potential of 0.014 eV, which produces an
energy shift of 1.12 × 10−4 eV. The solid blue line is for Eq. (9)
with the same parameters. The dashed line is for Eq. (9) with the
chemical potential shifted to ensure half filling; that is, μ = E . The
temperature is 0.42 K.

substantially away from zero energy. For this reason we expect
the paramagnetic response to be more robust for zigzag edges.

The orbital magnetization is not shown in the figure
because for this onsite potential the diamagnetic response re-
mains linear and changes much less than one percent. The spin
response is more sensitive to a local potential at the defect. As
indicated earlier the orbital magnetization is sensitive to the
existence of defects or a Klein edge, but adding this size po-
tential has very little effect on the diamagnetic susceptibility.

We note that, unlike the cases in Sec. III B, the number of
electrons does vary here. If one shifts the chemical potential
so as to remain at half filling in the presence of an onsite
potential, the spin paramagnetism is preserved. This is shown
as the dashed line in Fig. 10. Thus, the paramagnetic effect is
more robust when the number of electrons is fixed. However,
if one introduces doping instead of an onsite potential, half
filling no longer applies. This is illustrated in Fig. 10 by
the red circles which correspond to a chemical potential of
μ = 1.12 × 10−4 eV. Shifting μ while keeping E fixed has
the same effect as shifting E while keeping μ fixed.

IV. CONCLUSIONS

In this paper we have computed the magnetic response in
graphene flakes with different shapes and edges, including
defects along the edges. While the orbital magnetic response
does depend on the size and shape of the flake, we found the
largest effect to be the reduction in the orbital diamagnetic
response for Klein edges as opposed to armchair, zigzag, or

some combination thereof. Even a few defects of the kind
present in a Klein edge can lead to a substantial reduction in
the diamagnetic response.

Many different kinds of defects can induce a paramag-
netic response. We have considered flakes with single or
multiple defects, zigzag or armchair edges, or mixtures of
zigzag and armchair edges along with multiple defects. How-
ever, all cases can be understood from the four representative
examples we have shown—adding a single atom along the
edge or taking away one or two atoms along the edge for
zigzag and armchair hexagons. The origin of the effect here
is zero-energy states or, more generally, states at the chemical
potential. Such states must exist in a system with an odd num-
ber of sites and particle-hole symmetry or near particle-hole
symmetry. They can also occur for an even number of states
but are not required by symmetry. The states near zero energy
are extended along the edge for zigzag edges indicating strong
hybridization with the edge states. On the other hand the
zero-energy states are localized on the defect for an armchair
flake because armchair flakes do not support edge states. Con-
sequently, the paramagnetic response in zigzag flakes is more
robust to perturbations by a local onsite potential. The effect
is also more robust for isolated flakes where the number of
electrons is constant at half filling, although doping could re-
move the half filling requirement and disrupt the paramagnetic
response.

Parts of these results are consistent with experiments such
as Ref. [46], which tries to examine the intrinsic magnetism in
graphene flakes. The experiments would suggest a magnetic
moment of at most a few μB per flake. Roughness would
increase the number of moments without the need for special
impurities. As noted in the introduction there are a number
of calculations that show ferromagnetism, particularly for
zigzag edges in nanoribbons. If each zigzag edge is ferro-
magnetic or superparamagnetic, then the response would be
much larger than what is observed [46]. On the other hand, if
the curved nature of flakes means that some of the ferromag-
netic response is destroyed, that could either account for the
magnetization observed directly or in coupling with the effect
studied here by enhancing the paramagnetic spin response.
Interactions between moments on different flakes could also
produce a larger effective moment. The calculated field de-
pendence here is that of a spin 1/2 impurity, not the higher
spin seen in many experiments, but it is an open question what
happens when one includes interactions between the spins of
these defects and other possible interaction effects.
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