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Negative thermal Hall conductance in a two-dimer Shastry-Sutherland model
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We introduce an effective two-dimer tight-binding model for the family of Shastry-Sutherland models with
geometrically tunable triplon excitations. The Rashba pseudospin-orbit coupling induced by the tilted external
magnetic field leads to elementary excitations having nontrivial topological properties with π -Berry flux. The
interplay between the in-plane and out-of-plane magnetic field thus allows us to effectively engineer the band
structure in this bosonic system. In particular, the in-plane magnetic field gives rise to a Berry curvature hotspot
near the bottom of the triplon band and at the same time significantly increases the critical magnetic field for the
topological triplon band. We calculate explicitly the experimental signature of the thermal Hall effect (THE) of
triplons in SrCu2(BO3)2 and show pronounced and tunabled transport signals within the accessible parameter
range, particularly with a change of sign of the thermal Hall conductance. The tilted magnetic field is also
useful in reducing the bandwidth of the lowest triplon band. We show it can thus be a flexible theoretical and
experimental platform for the correlated bosonic topological system.
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Introduction. The Shastry-Sutherland model (SSM) [1]
is a paradigmatic Hamiltonian for studying the interplay
between geometric frustration and strong interactions in quan-
tum magnets. The canonical SSM consists of the S = 1/2
antiferromagnetic Heisenberg model on the geometrically
frustrated Shastry-Sutherland (SS) lattice [Fig. 1(a)]. In the
strongly frustrated regime, the ground state is comprised of
singlet dimers on the short bonds highlighted by the translu-
cent ellipses. Its realization in SrCu2(BO3)2 enabled various
experimental studies [2–7] revealing rich many-body physics.
In SrCu2(BO3)2 layers of strongly interacting S = 1/2 copper
atoms are arranged on the SS lattice with the nearest-neighbor
(NN) spin moments on Cu atoms forming the singlet dimers
arranged in a frustrated geometry [4,5,8]. Both theoretical and
experimental developments explored the possibility of exotic
states including spin liquids, spin supersolids, and complex
magnetic textures [9–14]. In SrCu2(BO3)2, small but nonzero
anisotropies from the Dzyaloshinskii-Moriya (DM) interac-
tions [15–18] impart a topological character to the lowest
magnetic excitations. Because of the gapped dimer-singlet
ground state and triplet elementary excitations [2,5–7], exotic
phases of triplons can be obtained by varying the model pa-
rameters and employing field effects [7,16,19].

Bosonic analogs of topological phases have steadily gained
interest over the past several years and have already been
proposed with photons, phonons, and skyrmionic textures
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[20–23]. Recently, using a single dimer model, it was pro-
posed that triplon excitations exhibit a topological phase
transition in SrCu2(BO3)2 in a weak magnetic field [7,16].
The out-of-plane magnetic field opens up a nontrivial band
gap at the threefold degenerate Dirac point, giving rise to
nonzero thermal Hall signals that can be, in principle, exper-
imentally verified with transport measurements [16]. Since
they are bosonic quasiparticles, triplon bands are normally
populated by either thermally excited or magnetic field driven
triplons. However, the bands retain their topological character
only below a critical field and thermal excitations populate
higher bands as well. These two factors could strongly sup-
press the strength of the THE in experiments. Moreover, at
the theoretical level, the single-dimer model does not fully
describe the nature of triplon excitations. Thus it is neces-
sary to extend the tunable parameter space and the degrees
of freedom (DOF) to uncover more interesting physics. The
pseudospin DOF from the nonequivalent dimers can also have
nontrivial physical consequences by coupling to the external
magnetic field [24], and this is relatively unexplored in the
literature.

In this Letter, we construct a two-dimer model for the
frustrated Shastry-Sutherland model with the sublattice pseu-
dospin DOF that couples to a tilted external magnetic field
with both in-plane and out-of-plane components. Remark-
ably, the in-plane component gives rise to a new Dirac point
between the lowest two triplon bands around the Brillouin
zone (BZ) center. The elementary excitations—Dirac triplons
(DT)—near the Dirac point have nontrivial topological prop-
erties with π -Berry flux [25]. With the out-of-plane magnetic
field, the Dirac point is gapped with nonzero Berry curva-
ture hot spot near the band minimum. We explicitly compute
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FIG. 1. Lattice structure of SSM and atomic structure of
SrCu2(BO3)2. (a) Lattice structure of Shastry-Sutherland model.
(b) Top view of the monolayer SrCu2(BO3)2. The magnetically
active Cu2+ ions form a 2D arrangement of mutually orthogonal
dimers.

the Hall response with different tilt angle and magnetic field
strength, showing the pronounced tunable experimental sig-
nature for the THE, and provide theoretical evidence for the
existence of external field induced DT. We point out there is a
sign change of the thermal Hall signals as a function of the tilt
angle, which is the typical feature of DT. The induced negative
thermal Hall conductance reveals the flexible tunability of the
thermal transport by the tilted magnetic field.

Microscopic model. At the microscopic level, the spin
Hamiltonian with external magnetic field is given by [16]:

H = J
∑
n.n.

�Si · �S j + J ′ ∑
n.n.n.

�Si · �S j +
∑
n.n.

�Di j · (�Si × �S j )

+
∑
n.n.n.

�D′
i j · (�Si × �S j ) + Hm, (1)

where J is the isotropic intradimer exchange, �S j denotes the
spin operator at site j, �Di j is the intradimer DM coupling,
J ′ is the interdimer exchange with J ′/J ≈ 0.63, and �D′

i j is
the interdimer exchange. The dispersive triplon excitations
come from the interactions between these spin dimers, and
Hm = −gμB

∑
i
�h · �Si is the Zeeman energy in the presence

of an external magnetic field �h = (hx, hy, hz ), with g as the
g factor [7,16] and μB being the Bohr magneton [26]. Using
the bond-operator language, and a mean field approximation,
we transform the spin Hamiltonian in (1) into an effective
tight-binding (TB) model: H = Hsite + Hhop. Hsite and Hhop

are the onsite energy terms for the two dimers and hopping
terms, respectively. The explicit form of the TB model is
expressed as:

Hsite =
∑

�r
A†

�r N A�r +
∑

�r′
B†

�r′N B�r′ ,

Hhop =
∑

�r

4∑
n

B†

�r+�δn
M(�δn)A�r + H.c.,

(2)

where A†
�r = (t̃†

Ax,�r, t̃†
Ay,�r, t̃†

Az,�r ) and B†
�r = (t̃†

Bx,�r, t̃†
By,�r, t̃†

Bz,�r ) are
the elementary excitations on individual dimers in the pres-
ence of DM interaction for the A and B dimers, respectively.

The new triplon operators t̃A,�r (t̃B,�r ) are formed by linear com-
binations of the standard triplon operators, in other words, a
rotation in the local spin Hilbert space [26]. N is the diagonal
onsite energy matrix. The coordinate �r runs over the position
of all unit cells, �δn is the nearest neighbor bond describing
the two-dimer geometry as shown in Fig. 1(a), and M are
the hopping matrices between the dimers, with the following
forms:

M(±�δ1)(M(±�δ2)) = 1

2

⎛
⎝ 0 −D′

⊥ 0(∓D̃′
‖)

D′
⊥ 0 ±D̃′

‖(0)
0(±D̃′

‖) ∓D̃′
‖(0) 0

⎞
⎠,

(3)

where D′
⊥ is the out-of-plane component of interdimer DM

vector, and D̃′
‖ = D′

‖,s − DJ ′
2J is the effective in-plane DM com-

ponent. We set J = 1, |D̃′
‖|/J = 0.03, and D′

⊥/J = −0.03 in
accordance with previous studies [7,16]. The external mag-
netic field part in Eq. (1) is given by:

Hm =
∑
β,γ ,�r

igεαβγ hα t̃†
Aβ,�r t̃Aγ ,�r +

∑
β,γ ,�r′

igεαβγ hα t̃†
Bβ,�r′ t̃Bγ ,�r′ .

(4)

This term modifies the onsite energy matrix N with addi-
tional off-diagonal elements:

N =
⎛
⎝ J ighz −ighy

−ighz J ighx

ighy −ighx J

⎞
⎠, (5)

which gives rise to exotic topological properties [7,16]. We
fix the in-plane component of the magnetic field to be along
the x direction, let �h = (hi, 0, hz ). To ensure the validity of
the models in Eqs. (2) and (4), the external magnetic field �h
has to be of the same order as the DM strength which is small
compared to the exchange strengths J and J ′. Thus, only terms
linear in D̃′

‖, D′
⊥, and �h are kept when transforming the spin

Hamiltonian in Eq. (1) to the effective TB model.
Triplon band and π -flux Dirac boson. Starting from Eq. (2),

the Hamiltonian of triplon excitations with pseudospin in mo-
mentum space can be written in the following form:

H (k) = σx ⊗ mx + σy ⊗ my + σ0 ⊗ N , (6)

where mx(k) = M (k)+M †(k)
2 , and my(k) = i M †(k)−M (k)

2 .

M (k) = ∑4
n e−i�k·�δn M(�δn) is a 3 × 3 traceless matrix that can

be obtained from Eq. (3). σx and σy are Pauli matrices for the
pseudospin, and σ0 is 2 × 2 identity matrix. The calculated
band structures with and without magnetic fields are shown
in Fig. 2. The original lowest bands in Fig. 2(a) show a
parabolic feature at the BZ center is twofold degenerate.
When the out-of-plane magnetic field hz is turned on, the
degeneracy of the lowest triplon bands is lifted. The gap of
the excitation spectrum near the zone center is proportional to
hz but vanishes at the points X and Y of the BZ edges. With
only the in-plane magnetic fields, the lowest triplon bands
undergo a Rashba-like splitting and form a gapless Dirac
point at the 	 point as shown in Fig. 2(c). The anisotropic
dispersion of the DT is also shown in Fig. 2(e), which depends
on the orientation angle of the in-plane component. Thus the
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FIG. 2. Band structure of triplon excitations in SSM. (a) The
lowest triplon bands are twofold degenerate at �h = 0. (b) The low-
est triplon bands split into two subbands (hz/J = 0.008). (c) The
Dirac point of the lowest triplon bands at the 	 point (hi/J = 0.04).
(d) The Dirac point in (c) is gapped (hi/J = 0.04, hz/J = 0.004).
The triplon band (e) near the 	 point at hi/J = 0.04, and (f) near the
	 point at hi/J = 0.04, hz/J = 0.004. (g) The Berry curvature hot
spot is nearly 0 (hz/J = 0.008). (h) Large Berry curvature hot spot
(hi/J = 0.04, hz/J = 0.004).

direction of the in-plane magnetic field can be a novel tuning
knob for the transport of DT in this quantum magnet system.

We shall particularly focus on the case when the applied
magnetic field has both nonzero in-plane and out-of-plane
components. A finite hz component lifts the twofold degen-
eracy of the Dirac point and opens up a gap in the dispersion
at the 	 point as shown in Figs. 2(d) and 2(f). The nontrivial
excitation gap results in a finite Berry curvature distribution
around the zone center, which is near the bottom of the band
as depicted in Fig. 2(h). In contrast, with only the out-of-plane
magnetic field (hz/J = 0.008), the Berry curvature is nearly
zero at the band bottom [Fig. 2(g)].

To better understand the different roles of external mag-
netic components, we construct an effective low-energy
theory of the lowest two bands near the 	 point from the
original TB Hamiltonian as follows:

H (k) = h̄2k2

2μ
+ αhi(σxkx + ησyky) + βhzσz, (7)

where μ is the effective mass of parabolic triplon band. α,
β are constants determined by D′

⊥ and D̃′
‖, and η is the

coefficient for the anisotropic feature determined by the ori-
entation of the in-plane component of the magnetic field. This

(a)

(c)

(b)

(d)

FIG. 3. The thermal Hall conductivity at 10 K. (a) The diagram
of thermal Hall conductivity is a function of the magnetic field in the
hx − hz plane. (b) Thermal Hall conductivity along the hz axis with
different magnitudes of hx component. (c) The angle-dependent Hall
conductivity under a tilted magnetic field with different magnitudes.
(d) The Berry curvature distributions of lowest triplon band.

effective model exactly reproduces the band structure near
the 	 point and reveals the low energy behavior of the DT
excitations. One can immediately identify it with the Rashba
spin-orbit coupling (SOC) Hamiltonian in the fermionic sys-
tems [27,28]. In our case, hi plays the role as the Rashba
pseudospin-orbit coupling coefficient. The Dirac boson thus
hosts a π flux from the Berry phase of a closed circle around
the Dirac point:

∮
C 〈ψk|i∂k|ψk〉dl = −π . When DT anticross-

ing is gapped by the out-of-plane magnetic field hz, this
pointlike flux φ gives rise to the nonzero Berry curvature hot
spot near the 	 point.

Bosonic thermal Hall effect. Given that the triplons are
charge neutral, the THE allows us to probe the Berry cur-
vature distribution in the bosonic systems. The thermal Hall
conductivity κxy is given as follows [16,29]:

κxy = k2
BT

(2π )2h̄

∑
n

∫
d2kc2(ρn)�xy

n (�k), (8)

where kB is the Boltzmann constant, ρn = 1
eωnβ−1 is the Bose-

Einstein (BE) distribution function, β = 1/(kBT ). c2(u) is
the population function given by [29], and �

xy
n (kx, ky) is the

Berry curvature. In the low-temperature limit, the dominant
contribution to κxy comes from the lower bands, and the
nonzero Berry curvature shown in Fig. 2(h) contributes to
the thermal Hall conductivity. Thus, the change of the total
thermal Hall conductivity provides a way to probe this π -flux
boson in the triplon system. Figure 3(a) shows the calculated
Hall conductivity in the hx − hz parameter space. When hx >

0.04, the Hall signal becomes negative at a positive hz and
positive at a negative hz as shown clearly in Fig. 3(b). This
interesting feature is due to the fact that the Berry curvature
around the gapped DT point is always opposite those around
the M point when the gap is opened by the hz field. Since
at the high-symmetric M point with its reciprocal position
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(1/2,1/2) in BZ, the spin-1 Dirac cone is present, which also
contributes to the THE as discussed in Ref. [16]. To illustrate
this, we plot the schematic distributions of Berry curvature
at the 	 and M point of the lowest triplon band at hx = 0.02
and hz = 0.001, which is shown in Fig. 3(d). The Berry cur-
vature in the zone center (	 point) shows a negative value,
while a positive Berry curvature develops at the zone corner
(M point).

The switch of the sign of the thermal Hall signal can be
easily probed with an angle-dependent Hall measurement,
which provides a concrete test for the existence of magnetic
field-induced DT excitations. As shown in Fig. 3(c), the angle-
dependent Hall signal with different magnetic field strength
are plotted, where θ = arctan(hx/hz ) is the angle between
tilted magnetic field �h and the vertical z axis. The Hall sig-
nals are large at a very small hx/hz ratio and decay fast by
increasing the ratio when |�h| < 0.08 (red line). When the
threshold magnetic field strength hc ≈ 1.4 T is reached, the
topological nature of the triplon bands is lost and the Hall
signal κxy is suppressed. One can see the angle-dependent
Hall signal (purple line with |h| = 0.1) is almost 0 at very
small angle, where the band is trivial when θ < 30◦. How-
ever, the situation is quite different when tuning the tilted
angle larger than a critical value. The Hall signal shows a
sign change and reaches a maximal negative value around
the angle 77◦. This sign change could be the solid evidence
for the gapped π -flux DT induced by the in-plane magnetic
field.

The thermal Hall signal in SrCu2(BO3)2 is small due to
the weak DM interaction, making the experimental detection
more challenging. Increasing the orbital hybridization at the
interface by proximity effect can potentially enhance the DM
interactions. In order to maintain the validity of the effective
TB model, we limit the enhancement of the DM parameter D̃′

‖
and D′

⊥ to be within three times the current values. Since the
bandwidth is proportional to the DM interactions, the large
DM interaction will give rise to a large triplon bandwidth.
In addition, increasing of DM interactions will decrease the
excitation gap, which gives rise to larger triplon populations.
Both will lead to a more pronounced triplon thermal Hall
signal.

Numerical calculations show the bandwidth without mag-
netic field is linear in the DM interactions as plotted in
Fig. 4(a). The analytic solutions of bandwidth can also be
found by solving the Hamiltonian H (k) at k = 0, which
gives the bandwidth �ω = 2D′

⊥. We calculate the maximal
negative Hall conductivity induced by gapped DT by search-
ing the hx − hz plane, which also shows the surprising linear
behaviors with respect to the increasing of D′

⊥(D̃′
‖). One

can roughly understand this linear relation from the change
of the activation gap �E = J − 2D′

⊥ between the singlet
and triplet excitations. The total population is approximately
Pt = e−�E/kBT ≈ 1 − β�E . The maximal negative Hall con-
ductivity mainly dominated by the gapped DT in the lowest
triplon bands is κ

xy
N ≈ Pt�

xy(0)S	 , where �xy(0)S	 gives the
−π flux. Thus we have κ

xy
N ≈ −π (1 − βJ + 2βD′

⊥). With in-
creasing the D′

⊥(D̃′
‖), the maximal negative Hall conductivity

also follows the linear relation.
Selective triplon density amplification by a driving field

is another way to enhance thermal Hall signal without
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FIG. 4. (a) Enhancement of Hall signal by changing strength DM
interactions. The x axis is the strength of DM term from D′

⊥ to
3D′

⊥. Both bandwidth and maximal negative Hall signals are plot.
(b) The schematic plot of triplon density amplification by external
electromagnetic field at different k points, which shows the direction-
tunable features of the thermal Hall flow.

altering the nature of the ground state or the topologi-
cal character of the magnon bands [30]. With a coherent
driving electromagnetic (EM) field, the anomalous triplon
pairing terms can be created. The triplon density is deter-
mined by the time-dependent equation of motion as follows
[30]:

i
dTk (t )

dt
= �̃kTk (t ), (9)

where Tk (t ) = (〈tk〉, 〈t†
−k〉) are the classical amplitudes of the

triplon fields, and �̃k is the dynamical matrix, which has the
eigenvalues:

ωk,± = ωk − ω−k

2
− iγ

2
±

√
(ωk + ω−k − �0)2

2
− ε2,

(10)

where γ gives the dissipative damping, and ε is the overall
coupling strength. When the detuning term ωk + ω−k − �0 ≈
0, the imaginary part of ωk,+ becomes ε − γ /2, and the
triplon density at k is 〈tk〉 ∝ e(ε−γ /2)t . When the coupling
strength ε exceeds the dissipation γ , there is an exponential
growth of the triplon density of mode k, thus the resonant
amplification is achieved. Due to the linear band dispersions
ω = ω	 + v	k + O(k2) with slope v	 of DT, the momentum
and energy matching is easily fulfilled. We can estimate the
resonant driving frequency �0 = 2ω	 around the DT only
with the linear dispersion. We use the exchange parameter
J = 722 GHz in SrCu2(BO3)2 system, and it gives rise to
the resonant frequency �0 = 1.34 THz. The linear-dispersive
triplon at the M point has a relatively higher energy level,
which requires a higher resonant frequency of about 1.44 THz
to achieve the amplification. Thus, one can realize the triplon
density amplification at selected momenta by choosing the
driving light with different frequencies. It is also possible to
achieve directional tunability of thermal Hall flow by pre-
cisely controlling the EM field at different k points, as shown
in the schematic plot Fig. 4(b).

Conclusions. To summarize, we found that the in-plane
magnetic field (hx) gives rise to a new type of Dirac point in
the lowest bands at the BZ center (momentum k = 0) of the
SSM, which has a π Berry flux nature. The induced negative
thermal Hall conductance shows the possibility of the tunable
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nontrivial thermal transport. We also show that the negative
thermal Hall conductance can be potentially enhanced by
increasing the DM interaction and using an EM field-driven
amplification. Based on the TB model, we develop an effec-
tive low-energy model showing that hx induces a Rashba-like
SOC, leading to useful insight into the bosonic Rashba SOC
physics. One can possibly detect this SOC induced pseudospin
texture distributions in momentum space. It is also worth
noting that the tilted magnetic field induces flat lowest bands.
Once these interaction effects are added, bosonic systems hold
the promise of realizing new interaction-driven topological
phases, where magnetic-induced flat triplon bands are ideally

suited for realizing the complex bosonic phases in a control-
lable manner.
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