PHYSICAL REVIEW B 103, L100409 (2021)

Difference between angular momentum and pseudoangular momentum
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In condensed matter systems it is necessary to distinguish between the momentum of the constituents of the
system and the pseudomomentum of quasiparticles. The same distinction is also valid for angular momentum
and pseudoangular momentum. Based on Noether’s theorem, we demonstrate that the recently discussed orbital

angular momenta of phonons and magnons are pseudoangular momenta. This conceptual difference is important
for a proper understanding of the transfer of angular momentum in condensed matter systems, especially in

spintronics applications.
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In 1915, Einstein, de Haas, and Barnett demonstrated
experimentally that magnetism is fundamentally related to
angular momentum. When changing the magnetization of a
magnet, Einstein and de Haas observed that the magnet starts
to rotate, implying a transfer of angular momentum from the
magnetization to the global rotation of the lattice [1], while
Barnett observed the inverse effect, magnetization by rota-
tion [2]. A few years later in 1918, Emmy Noether showed
that continuous symmetries imply conservation laws [3], such
as the conservation of momentum and angular momentum,
which links magnetism to the most fundamental symmetries
of nature.

Condensed matter systems support closely related conser-
vation laws: the conservation of the pseudomomentum and
pseudoangular momentum of quasiparticles, such as magnons
and phonons. While the distinction between momentum and
pseudomomentum (or quasimomentum) is well known [4—13]
and is crucial for understanding the momentum of light in
dielectric materials [14], the concept of pseudoangular mo-
mentum has not been widely discussed in the literature, so
far only in the context of optical and acoustical vortices [15]
and for chiral phonons with a discrete rotational symmetry
[16-19].

The transfer of angular momentum between lattice and
magnetization has been investigated in several recent works,
for example, the dynamics of a single spin embedded in an
elastic solid [20-22] and the transfer of angular momentum in
magnetic insulators [23-27]. The spin angular momentum of
phonons was first introduced by Vonsovskii and Svirskii [28],
which was later rediscovered [29], as well as experimentally
confirmed [30]. It has been suggested that phonon spin could
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be used to transfer angular momentum over longer distances
than would be possible with electrons or magnons [25,31,32].

Several recent publications have discussed the orbital an-
gular momentum of phonons [21,22,33] and magnons [34,35].
The phonon orbital angular momentum plays an important
role in the relaxation process of a single spin [21,22], whereas
the magnon orbital angular momentum could be used for the
transfer of information due to its topological stability [34] and
for the manipulation of Skyrmions [35], analogous to using
the orbital angular momentum of light [36]. However, there
is a conceptual issue related to these recent advances: neither
phonons nor magnons carry an orbital angular momentum. We
demonstrate in this Letter that these orbital angular momenta
are actually pseudo-orbital angular momenta, which phonons
and magnons may carry.

The difference between pseudomomentum and momentum
can most easily be explained by considering under which
conditions they are conserved. Conservation of momentum
follows from the uniformity of space and the invariance under
translations of the whole system,

r —>r+a, (D

where r is the position coordinate and a is an arbitrary
translation vector. The conservation of the pseudomomentum
associated with a field f(r) follows from invariance of the
Lagrangian under translations of the field,

fr) = f(r—a), (2)

which is only valid in a uniform medium. For a crystal,
pseudomomentum (“crystal momentum”) is only conserved
modulo 7 x reciprocal lattice vector [37]. The pseudomomen-
tum of a quasiparticle with wave vector k is simply given by
7k, where k is defined by an expansion of the field in plane
waves,

fi(r) ~ e*T. A3)

The difference between pseudomomentum and momentum
arises only for fields in a medium and not in vacuum where
both momenta are the same since the two transformations
(1) and (2) are then equivalent [6,10]. The pseudomomentum
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FIG. 1. (a) Invariance under rotations of the whole system im-
plies conservation of angular momentum, while (b) invariance under
rotations of fields with a fixed background implies conservation of
pseudoangular momentum.

of quasiparticles in condensed matter systems is an impor-
tant quantity and the qualifier “pseudo” is usually omitted
in the literature. A well-known example is the momentum of
phonons [6,10,38]. The momentum of a phonon with pseudo-
momentum 7k is exactly zero since the sum of the momenta of
the atoms cancels. We note that it is possible to define phonons
in liquids in such a way that they carry momentum [6,7,11].

The definition of pseudoangular momentum is completely
analogous to that of pseudomomentum. While the conser-
vation of angular momentum follows from invariance under
rotations of all the constituents of a solid, the conservation
of pseudoangular momentum follows from invariance under
rotations of fields while keeping the solid fixed, as illustrated
in Fig. 1. The corresponding conserved quantities can then be
derived from Noether’s theorem [3]. Scalar fields only have
an orbital angular momentum, while vector and spinor fields
also have a spin angular momentum, which can be identi-
fied as the intrinsic contribution to the angular momentum
that is independent of the origin of the coordinate system
[39,40]. Similarly to pseudomomentum, pseudoangular mo-
mentum cannot be exactly conserved in a real material due
to the discrete nature of atoms. However, for long-wavelength
excitations the discrete atomic structure of a material is not
important and the pseudoangular momentum can be approx-
imately conserved if the material is very isotropic. A prime
example is the magnetic insulator yttrium iron garnet (YIG),
for which the energy dispersion of long-wavelength magnons
and phonons is isotropic [41-44]. YIG is widely used in
magnon spintronics applications due to its record-low mag-
netization damping [32,45-47].

While in the case of pseudomomentum we can identify the
pseudomomentum with the wave-vector k of a plane wave,
in the case of pseudoangular momentum, we can identify the
pseudoangular momentum projection along the z axis with
the angular momentum quantum number m of an expansion
of the field in terms of spherical harmonics Y}, for spherical
geometries [22], or in terms of Bessel functions for cylindrical
geometries [34]. In both cases, the fields have the typical

azimuthal angle dependence

fu(@) ~ ™, )

which is the angular analog to the plane wave (3).

Since we have these two different types of symmetries in
condensed matter, invariance under translations or rotations of
the whole system or only of some fields, we have to consider
two different types of conservation laws: the conservation of
momentum and angular momentum and the conservation of
pseudomomentum and pseudoangular momentum. The ele-
mentary particles that constitute condensed matter systems
are photons, electrons, and nuclei, disregarding the decompo-
sition of nuclei into proton and neutrons or quarks, which is
only relevant at much higher energy scales. For the elementary
particles in vacuum their momentum and pseudomomentum
and their angular momentum and pseudoangular momentum
are identical, respectively.

The total angular momentum of a material can be decom-
posed into

JZLe+Se+Ln+Sm (5)

where L, and L, are the orbital angular momenta of the
electrons and nuclei and S, and S, are their spin angular
momenta. Both the orbital and spin angular momenta of the
corresponding elementary fields are related to a circulating
momentum flow [48-50]. In the following, we will denote the
pseudomomentum and pseudoangular momentum by a tilde,
e.g., P for the pseudomomentum, to distinguish them from
momentum and angular momentum.

As a first example, we consider the inelastic neutron scat-
tering process where a phonon is created [6]. The incoming
neutron carries a momentum and pseudomomentum 7k. In
the scattering process the pseudomomentum is transferred to
the phonon with pseudomomentum 7K. Since the phonon does
not carry momentum, the momentum %k of the neutron has to
be absorbed by the center of mass motion of the lattice. As
the associated kinetic energy of a body of mass M is given
by (sz)2 /(2M), the contribution of this kinetic energy term
can be disregarded in the conservation of energy for macro-
scopic bodies and the energy lost by the neutron is completely
transferred to the phonon. For a complete understanding of
this process, we therefore have to consider the conservation
of both momentum and pseudomomentum.

When considering symmetries and their corresponding
conservation laws, it is important to take the boundary con-
ditions into account. For lattice vibrations, periodic boundary
conditions imply that the lattice cannot rotate and angular
momentum is not conserved, as it can leave the system via
the boundary conditions. Lenstra and Mandel showed that
the angular momentum of the quantized electromagnetic field
is also not conserved under periodic boundary conditions
[51]. Experimentally, a sample is usually fixed to a sample
holder, which prevents the sample from moving or rotat-
ing. Therefore, momentum and angular momentum are not
conserved within the sample, whereas pseudomomentum and
pseudoangular momentum can still be conserved. This has
two implications: the conservation of pseudomomentum and
pseudoangular momentum is immensely useful for describing
experimentally relevant situations and, if we find that the total
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momentum or angular momentum is not conserved, it most
likely has been lost to the boundary conditions via the lattice.

Nakane and Kohno have derived from Noether’s theo-
rem two different expression for the angular momentum of
phonons [21], which they call angular momentum in field the-
ory and angular momentum in Newtonian mechanics. Their
angular momentum in field theory follows from invariance
under global rotations of the phonon (or displacement) field
u(r),

u(r) > Ru(R'r), (6)

where the rotation matrix R appears twice because both the
positions and the directions of the fields are rotated. The
phonon field u(r) is a vector field that describes the dis-
placement of the atoms at position r. From our discussion
of pseudoangular momentum, it is clear that this angular mo-
mentum corresponds to the pseudoangular momentum of the
phonon field, since it is based on the invariance under rotations
of an emergent field. It takes the form [21]

Jon = Lon + Spn, @)

D= Y [ pir x <V’ ®)
a=x,y,z

S = [ ptux i’ ©)

where p is the mass density of the solid and both the orbital
contribution I:ph and the spin contribution Sph are bilinear in
the phonon field. The corresponding phonon pseudomomen-
tum reads [21]

P = Z /pua(—V)uad3r. (10
oa=x,y,2

The “Newtonian” angular momentum derives from invari-
ance under rotations of the whole lattice [21],

u(r)+r — Rlu(r) +r]. (11)

Therefore this angular momentum is the orbital angular mo-
mentum of the atoms and is given by [20,21]

A R f plu+r]x d’r,  (12)

Loh = /,o(r x w)d’r, (13)

Sph = / p(u x w)d’r, (14)

where the spin contribution Sy, is formally identified as the
intrinsic contribution which is independent of the origin of the
coordinate system [20]. The momentum of the lattice,

P = [ pid'r (1)

is only finite when there is a center of mass motion of
the whole lattice, contrary to the pseudomomentum which
is finite for phonon excitations without a center of mass
motion.

Comparing the angular momentum and pseudoangular mo-
mentum associated with the phonon field, we see that spin

and pseudospin are identical, while orbital and pseudo-orbital
angular momentum are not. Both the momentum P, and the
orbital angular momentum Ly, are linear in the phonon field
and vanish for phonon excitations, e.g., for any plane wave
with k # 0,

Py, ~ / XT3 r = 0. (16)

A finite value of Ly, corresponds to a global rotation of the
whole lattice. Like Py, and Py, Lyy and Ly, do not repre-
sent the same physical quantity, contrary to the suggestion in
Ref. [21]. The phonon spin is finite for circularly polarized
phonons, analogous to the spin angular momentum of light
[52].

The importance of distinguishing between the angular mo-
mentum and the pseudoangular momentum of phonons can
be demonstrated by considering two recent publications. Ref-
erence [22] considers a single spin embedded in an elastic
medium, where angular momentum is transferred from the
spin to the orbital angular momentum of phonons. Since we
have established that phonons do not carry orbital angular mo-
mentum, the phonon orbital angular momentum in Ref. [22]
has to be the pseudo-orbital angular momentum ﬂph, which
phonons may carry. This can be confirmed by considering
that the orbital angular momentum of the phonon modes in
Ref. [22] is based on an expansion in spherical harmonics
Y1, which is analogous to an expansion in plane waves with
pseudomomentum k. The angular momentum of the embed-
ded spin enters the conversation of pseudoangular momentum
because the system is only invariant under rotations of both
the phonon fields and the spin direction as both are coupled
[21]. Therefore a change in spin has to be balanced by a
change of the phonon pseudoangular momentum. The key
question is: what happens to the angular momentum of the
spin if it is not transferred to the phonons? As Ref. [22]
applies periodic boundary conditions to the phonons, the
total angular momentum is not conserved. Physically, the
angular momentum is in this case absorbed by the boundary
conditions and would be transferred to a global rotation of
the lattice if it were not for the boundary conditions that
prevent such a rotation. Reference [24], on the other hand,
considers the transfer of angular momentum among magnons,
phonons, and the global lattice rotation of a magnetic insu-
lator. There, the orbital angular momentum of phonons is
not mentioned at all since the quantity under consideration
is the angular momentum of the phonons, which is carried
only by the phonon spin. The apparent contradiction between
Refs. [22] and [24] is resolved by taking into account that
Ref. [22] is considering the pseudoangular momentum and
Ref. [24] the angular momentum of phonons. Both approaches
are valid, but it is important to be aware of which kind of
angular momentum is described and which conservation laws
apply.

Similarly to the phonon case, we analyze next the angular
momentum of magnons in a collinear ferromagnet, motivated
by recent advances related to their orbital angular momen-
tum [34,35]. We define the classical magnon field i (r) in
the following way. We start from the Holstein-Primakoff
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transformation of the spin operator S‘li = S'j‘ + zS‘f at lattice

site i [53],
8 = nv2s,/1 - 2Lb;, (17)
28
87 = n/2Sh!, /1 — ;_s (18)

85 = h(S — ), (19)

where § is the dimensionless spin quantum number, 7; = BIIQi
is the magnon number operator, and Bj and 13,- are the magnon
creation and annihilation operators with the commutation re-
lations
[bi, b1 = 8j, [bi, b;1=1b],b1=0. (20)
J

[ J

We can introduce the continuous magnon field U (r),

N U P
- 21
b; \/Vi/‘/,w(r)d r, 21

where V; is the volume of the unit cell associated with the spin
at lattice site i. The replacement of the magnon operators b;
by the field 4/ (r) is valid for long-wavelength magnons (i.e.,
in the continuum limit). The normalization is chosen such that
the magnon field fulfills

[ (r), ¥ ()] = 8(r — 1. (22)
This allows us to define the canonically conjugate field
A (r) = iy (r), (23)

with the canonical commutation relation
[Y(r), #(r)] = id(r —1'). (24)

The corresponding classical magnon field fulfills then the
canonical Poisson bracket relations at equal times,

(Y, t), 7@, 1)} =8 —1r). (25)

Because a general spin Hamiltonian H[vy, 7] is a func-
tional of the fields and their gradients but not of their time
derivatives, we obtain the classical Lagrangian [40]

L= /m/} d*r—Hy, 7. (26)

It is now straightforward to apply Noether’s theorem to this
Lagrangian [40] and to derive the classical magnon pseudo-
momentum and pseudoangular momentum,

P, = —ih/ VIV dir, 27)

L, = —ih/r x (Y*Vy)d>r. (28)

The magnon field ¥ (r) is a complex scalar field and therefore
the magnon pseudoangular momentum has only an orbital
contribution and no pseudospin. The pseudomomentum #k of
magnons enters the conservation of pseudomomentum, which

is, for example, important in spin transfer processes [54,55].
The total spin angular momentum is determined by the num-
ber of excited magnons,

Siot = Sior — Z(ﬁz)

= Sy — /i / Y)Y (0)dr, (29)

where Sg)t = ANS, with N the number of lattice sites, is the
total spin if no magnons are excited.

We note that it is also possible to derive the pseudoangular
momentum of the magnetization field M(r), which is a vector
field with a spin contribution to its pseudoangular momentum
[56,57], although there are complications with respect to the
application of Noether’s theorem since the resulting pseu-
domomenta are gauge dependent and not uniquely defined
[57-60]. This is, however, not a fundamental issue because
these quantities are pseudomomenta and not proper momenta,
which would have to be well defined. Similarly, the pseudo-
momentum and pseudoangular momentum of magnons are
only defined with respect to a given magnon quantization
axis, which is in principle arbitrary. However, magnons usu-
ally describe fluctuations with respect to a given magnetic
equilibrium configuration that physically defines a preferred
quantization axis for each spin.

By comparing our results for the magnon pseudomomen-
tum and pseudoangular momentum [Egs. (27) and (28)] with
the magnon momentum and magnon orbital angular momen-
tum of Ref. [34], we find that they are indeed the same
quantities: the pseudomomentum and pseudoangular momen-
tum of magnons. Reference [35] uses instead the definition of
the pseudo-orbital angular momentum of the magnetization
field [56,57].

Since a magnon excitation is only associated with a change
of the magnetization and therefore of the angular momentum,
a magnon cannot have any momentum, only pseudomomen-
tum. The angular momentum associated with the magnon field
is determined by the number of magnons alone [Eq. (29)]
and does not depend on the spatial structure of the magnon
field, whereas the pseudo-orbital angular momentum L,
shows such a dependence and does not correspond to any
contribution to the angular momentum. If the magnetization
is not due to the electron spin alone but does also have
an orbital contribution, then there is a correlation between
the electron orbital angular momentum and the number of
magnons.

We point out that the recently proposed orbital magnetic
moments of phonons [61] and magnons [62] are not related
to pseudoangular momentum. Magnetic moments are always
due to the angular momentum of charged particles. In the case
of Ref. [61], the underlying angular momentum is the orbital
angular momentum of ions and in the case of Ref. [62] the
orbital angular momentum of electrons.

In summary, we have shown that the conservation of
pseudoangular momentum arises when a condensed matter
system is invariant under rotations of the emergent fields that
are associated with quasiparticles. We have considered the
pseudoangular momentum of phonons and magnons, which
are derived from Noether’s theorem, and demonstrated that
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the recently discussed orbital angular momenta of phonons
[21,22,33] and magnons [34,35] are in fact pseudoangular
momenta. In general, we conclude that when Noether’s the-
orem is applied to emergent quasiparticle fields, the resulting
conserved momenta are pseudomomenta. The examples dis-
cussed here show that it is important to consider the difference
between angular momentum and pseudoangular momentum,
which is especially important in spintronics applications
where angular momentum is used as an information carrier.
While angular momentum is in principle always conserved
in a closed system, pseudoangular momentum is not exactly
conserved in real materials, which should be kept in mind for
potential experimental applications. The distinction between
angular momentum and pseudoangular momentum could

also be crucial for the analysis of the angular momentum
associated with the pseudospin in graphene, which has been
argued to represent a real angular momentum [63,64].
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