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Superconductivity-enhanced spin pumping: Role of Andreev resonances
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We describe a simple hybrid superconductor–ferromagnetic-insulator structure manifesting spin-resolved
Andreev bound states in which dynamic magnetization is employed to probe spin related physics. We show that,
at low bias and below Tc, the transfer of spin angular momentum pumped by an externally driven ferromagnetic
insulator is greatly affected by the formation of spin-resolved Andreev bound states. Our results indicate that
these bound states capture the essential physics of condensate-facilitated spin flow. For finite thicknesses of
the superconducting layer, comparable to the coherence length, resonant Andreev bound states render highly
transmitting subgap spin transport channels. We point out that the resonant enhancement of the subgap transport
channels establishes a prototype Fabry-Pérot resonator for spin pumping.
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I. INTRODUCTION

Spatial variations in the superconducting order in a fi-
nite region lead to the formation of spin-degenerate Andreev
bound states (ABSs) with discrete excitation energies below
the superconducting gap [1]. An externally applied magnetic
field or proximity to a ferromagnetic order, on the other
hand, can induce spin splitting in the ABSs that results in
spin-resolved ABSs [2]. In this paper, we consider a normal
metal (N) sandwiched between a superconductor (S) and a
ferromagnetic insulator (FI) that serves as a simple platform
with spin-resolved ABSs, which are localized in the N layer.
The nonequilibrium pure spin current engendered from the
externally driven FI—spin pumping—is utilized to probe spin
transport in an S-N-FI hybrid structure. The spin pumping
generated from a time-dependent magnetization, on the other
hand, is a flow of spin angular momentum into adjacent
materials that dissipates energy of the ferromagnet [3]. We
suggest that the magnetic damping increase in superconduct-
ing hybrid multilayers Nb-Ni80Fe20 and NbN-GdN reported,
respectively, in Refs. [4] and [5] may be attributed to the
resonant enhancement of the spin pumping discussed here.

In the context of superconducting spintronics, combining
an s-wave superconducting order, favoring electrons to form a
singlet state, with a ferromagnetic order, favoring spin align-
ment, leads to a powerful enhancement or reduction of angular
momentum transfer [6,7]. The angular momentum transfer, as
a central effect in spintronics, is greatly modified on account
of two major underlying causes: the itinerant spin-polarized
quasiparticles (QPs) with long spin-coherence lengths [8,9]
and the creation of spin-triplet Cooper pairs [10–12] induced
at highly spin-active regions or complex magnetic multilayers
[13]. Here, the spin pumping in an S-N-FI hybrid structure,
however, is an interplay between spin-polarized QPs and
spin-triplet Cooper pairs, which are dynamically generated
by the excited FI [14,15]. The subgap ABSs accommodate
the spin-polarized QPs and spin-triplet Cooper pairs that for

a sufficiently thin S layer can tunnel across and contribute to
the spin current. To collect the spin current we have placed
a spin reservoir Nr, comprising an Nr-S-N-FI structure (see
Fig. 1). While spin pumping has been considered as a new
probe of spin dynamics in a superconducting thin film [16]
and tunable pure spin supercurrents [17], here we propose
to study spin-resolved Andreev resonances by means of spin
pumping.

II. SPIN-RESOLVED ABS

We will determine the subgap spin-resolved ABSs by
studying the resonant conditions for the spin transport in an
Nr-S-N-FI hybrid structure. In order to establish the pumped
spin current in the presence of superconducting and dynamic
ferromagnetic orders, we solve a time-dependent scattering
problem [15,18], which accounts for the relevant processes
such as Andreev reflection (AR), ABS, and a dynamic triplet-
paring generation. For subgap energies, the full scattering
matrix develops peak structures marking resonant bound
states [19] (ABSs), which result in highly transmitting subgap
transport channels for the spin flow. While we identify the
Andreev resonances in the ballistic regime, we do not expect
their perturbation by a weak disorder to significantly modify
the spectroscopic aspects of spin pumping (which should be
governed by the underlying dynamic mixing between the su-
perconducting singlet and triplet components). To capture the
essential effect of interfacial scattering on the spin-pumping
enhancement, we will consider an interface disorder at x = dS .

We proceed with establishing notations and key features of
the scattering. The incident QPs from the reservoir onto the
Nr-S interface can either transmit across the S or reflect as
holes back into the reservoir, a process known as AR. The AR
amplitude for an incident QP with energy ε is given by

r∞
A =

{
e−i arccos (ε/�), |ε| < �

ε−ε
√

1−�2/ε2

�
, |ε| > �

, (1)
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FIG. 1. Schematic sketch for an Nr-S-N-FI hybrid structure. The
FI region with precessing magnetization m(t ) injects spin angular
momentum, Is, that is carried by the QPs into the reservoir Nr (spin
pumping). For finite thicknesses of the S and N layers (dS, dN ∼
coherence length) the resonant ABSs provide highly transmitting
transport channels for spin pumping. Here, for example, we show
four resonant channels with two positive-energy ABSs. The energies
are measured with respect to the Fermi energy EF depicted in the
middle.

where � is the superconducting pair potential [20]. The AR
amplitude given in Eq. (1), by focusing on the interface, as-
sumes a bulk S (a thick S layer) [15]. A nonzero probability of
QP transmission for the thin S as well as an interfacial disorder
can reduce the AR probability, which we address below. The
transmitted QPs with spin σ ∈ {↑,↓} propagate through the
normal metal junction and acquire a spin-dependent phase eiϑσ

upon reflection from the FI interface, where the FI region is
considered an exchange-splitting insulator for the QPs [21].
This renders the full scattering matrix to be merely a reflection
matrix, which is block diagonal in the spin space due to the
conservation of the QP spin during each individual scattering
event. Consequently, multiple ARs at the N-S along with spin-
dependent reflections at the N-FI interfaces constitute the full
scattering matrix.

The spin-active interface N-FI, upon reflection, rotates a
noncollinear QP spin around the FI magnetization axis, which
in turn for a driven magnetization leads to generation of a
nonequilibrium spin current detected in Nr [22]. The conduc-
tance determining the transport of this spin current, known as
the mixing conductance g↑↓, is given by

g↑↓ =
∑
n,m

(
δm,n − r↑

ee,mn r↓∗
ee,mn + r↑

he,mn r↓∗
he,mn

)
, (2)

where rσ
ee and rσ

he represent the total spin-σ electron-to-
electron and electron-to-hole reflection matrices in the S|N|FI
hybrid structure, respectively [14,18]. The indices n and m
refer to transport channels the number of which can be de-
termined by transverse thickness of the normal metal layer
[20]. The reflection matrices in Eq. (2) are written in the
basis where the spin quantization axis is parallel to the mag-
netization in the FI (the exact expressions for the reflection
amplitudes in the ballistic regime can be found in the Supple-
mental Material [15]). In the following, we provide the results
for the single-channel scattering and postpone discussing the
case of multichannel scattering to the Supplemental Material
[15].

Generically, the mixing conductance given in Eq. (2) is a
complex number the real part of which governs the average

FIG. 2. Profile of Re g↑↓ for dN/ξ0 = 1. (a) Assuming fixed S
layer thickness (dS/ξ0 = 1.5), the spectral overlap of the spin-split
Andreev levels can be modified by �ex. (b) At the finite thicknesses
of the S, dS � ξ0, the Andreev resonances establish highly transmit-
ting transport channels. Here, we have set �ex/EF = 0.4.

spin pumping and the associated Gilbert damping [18]. After
a straightforward calculation in the ballistic regime, three
distinct regimes are recognized for subgap energies:

Re g↑↓ ≈
⎧⎨
⎩

1 − cos ϑ dS 
 ξ0

γ 2/(γ 2 + β2) dS ∼ ξ0

0 dS � ξ0

, (3)

where γ = exp[−2
√

1 − ε2/�2
0 dS/ξ0], β = [cos(4dNε/

ξ0�0 + 2θA) − cos ϑ]/4 sin ϑ sin2 θA, and θA ≡ − arccos
(ε/�0). The mixing angle defined as ϑ ≡ ϑ↑ − ϑ↓ is
controlled by the FI exchange interaction �ex [15]. Here,
�0 and ξ0 are the superconducting gap and coherence length
at zero temperature, respectively. Evidently, Re g↑↓ displays
a resonant behavior associated with the intermediate S
thickness. The resonant energy levels correspond to the ABS
energies εA determined by (β = 0):

εA = �0 sign

[
sin

(
2dNεA

ξ0�0
± ϑ

2

)]
cos

(
2dNεA

ξ0�0
± ϑ

2

)
. (4)

When the exchange interaction is absent, that is, ϑ = 0,
Eq. (4) yields a pair of solutions (−εA, εA), which is a
consequence of the particle-hole symmetry imposed on the
scattering formalism [15]. A nonzero mixing angle ϑ , on
the other hand, by lifting the spin degeneracy of each level
results in the spin-resolved ABSs with the following ener-
gies (−ε±

A , ε±
A ). As an outcome, the spectral overlap of the

spin-split bound states can be controlled by the exchange
interaction of the FI [e.g., see Fig. 2(a)]. We emphasize that,
following Eq. (3), only at dS ∼ ξ0 the resonant ABSs establish
highly transmitting transport channels for the spin flow, which
is greatly enhanced compared to either a bulk or no S layer
[see Fig. 2(b)]. This is one of the main results of this paper.

In the limit where dN → 0, Eq. (4) can be reduced to
the well-known result [23] for ABSs with magnetically ac-
tive interfaces, εA/�0 = ± cos ϑ/2. We highlight the fact that
Eq. (4) is a condition for a constructive quantum interference
in a Rowell-McMillan process for the QPs [12], that is, four
times crossing N with two Andreev conversions as well as
two reflections from FI, once as electron and once as hole.
It is clear that a constructive interference for QPs inside the
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FIG. 3. Geometric resonances of Re g↑↓. The Fabry-Pérot os-
cillations happen when the corresponding AR probability |rA| is
nonzero (the inset plot shows the probability of AR vs energy). For
a fixed �ex, the Fabry-Pérot oscillations are determined by dN that
for ε > �0 get modulated with a frequency determined by dS (i.e.,
energies for which |rA| = 0). Here, we have adopted the following
parameters: dS/ξ0 = 1, dN/ξ0 = 10, and �ex/EF = 0.2.

normal layer remains intact as long as the probability of
the AR is nonzero. This captures the essential physics of a
two-mirror Fabry-Pérot resonator with a resonator length 2dN ,
which we shall describe now. The N-FI and S-N interfaces
operate as “mirrors” for the QPs that give rise, respectively, to
a spin-dependent specular reflection (a spin-dependent mirror)
and a phase-conjugating mirror, which retroreflects electrons
with energy EF + εA as holes with energy EF − εA [24]. The
resonant enhancement of a Fabry-Pérot device occurs when its
mirrors have a near unity reflection probability [25]. Here, the
N-FI interface reflects all the incident QPs with probability 1,
while the retroreflection probability of the S-N interface, on
the other hand, is determined by the AR probability. There-
fore, the Fabry-Pérot enhancement is in accordance with the
AR amplitude, which for an S with a thickness dS [15] is given
by

rA = (1 − γ )r∞
A

1 − γ (r∞
A )2

. (5)

For subgap energies, in the limiting case of dS > ξ0, we get
γ 
 1 or equivalently |rA| ≈ 1, for which the resonant en-
hancement of a Fabry-Pérot device is expected. For energies
above the gap, on the other hand, the AR reflection amplitude
decreases. This results in highly transmitting channels near
ε � �0, which rapidly decline for higher energies (see Fig. 3).

In addition to the QP interference in the normal layer
(Rowell-McMillan resonance), which leads to the mixing con-
ductance oscillation, above the gap a quantum interference
inside the S layer can take place. An incident electronlike
QP interferes with a holelike QP reflected from the other
S-N interface, which may result in |rA| = 0. The process
known as Tomasch oscillations [26] occurs for QP energies
εn/�0 =

√
1 + (nπξ0/2dS )2 with integer n, which modulates

the amplitude for the Fabry-Pérot oscillations. The Rowell-
McMillan and Tomasch based geometric resonances of Re g↑↓
are shown in Fig. 3.

FIG. 4. The normalized effective conductance, g̃↑↓
eff , for subgap

temperatures and intermediate thickness dS ∼ ξ0 showing a signifi-
cant enhancement relative to the normal case near Tc. As the S gap
shrinks, with the increase of temperature, the enhancement peak lo-
cation creeps up to higher dS , which ultimately diminishes for higher
temperatures near Tc. Here, we have set dN/ξ0 = 2.5. The inset shows
that the enhancement feature happens for all 0 � dN/ξ0 � 5 when
dS/ξ0 = 1. For the above plots, we have used �ex/EF = 0.2.

III. SPIN-PUMPING ENHANCEMENT

The spin pumping is generated by the variations in the
magnetization direction m(t ) [3,10,27]. For sufficiently slow
variations, to the first order in the pumping parameter fre-
quency |∂t m|, the spin pumping can be written in terms of
the instantaneous mixing conductance in the magnetization
coordinate system, that is, Eq. (2). Consequently, the spin-
pumping current, assuming no voltage bias [18], is given by

Is(t ) = 1

4π
g↑↓

eff m × ∂t m, (6)

where the effective mixing conductance is defined as follows:

g↑↓
eff ≡

∫ ∞

−∞
dε ∂ε f (ε) Re g↑↓. (7)

Here, f (ε) = (1 + eε/kBT )−1 is the Fermi-Dirac distribution
and in order to properly take into account the temperature
dependence of the S order we have considered a temperature-
dependent S gap �(T ) [21].

In accordance with Eq. (6), the spin-pumping current
in the direction of m × ∂t m is simply determined by g↑↓

eff ,
which can be regarded as the mixing conductance in the
temperature domain. In order to focus on the role of ABS res-
onances, we have defined normalized effective conductance
g̃↑↓

eff ≡ g↑↓
eff (dS )/g↑↓

eff (dS = 0). Here, g↑↓
eff (0) yields the effective

conductance in the normal state. The resultant normalized
conductance is plotted in Fig. 4. We find that, for subgap tem-
peratures, g̃↑↓

eff shows a significant enhancement at the finite
thickness of the S layer, i.e., dS ∼ ξ0. The enhancement is
optimal at the midgap temperatures and diminishes down to
unity (the normal case) upon approaching Tc.
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FIG. 5. The normalized effective conductance is shown for var-
ious barrier potential strengths Z , which are plotted by increasing
Z in increments of 0.5 from 0 to 2.5. The enhancement feature
ceases to exist for strong barriers Z > 1. The inset plot shows that
the simultaneous increase of dN and �ex with Z = 0 can account for
the conductance in the weak barrier case Z < 1. The red plots are
generated by simultaneously increasing both the exchange interac-
tion �ex/EF from 0.1 to 0.6 in increments of 0.1 and dN/ξ0 from 3 to
4.5 in increments of 0.3. In the above plots, we have set dN/ξ0 = 3,
�ex/EF = 0.1.

Before closing this paper, we explore the effect of a barrier
potential at the S-N interface. Physically, this can originate
from a thin oxide layer or a localized disorder on the inter-
face. The essential effects of the interfacial scattering, caused
by this layer, can be captured by a potential of the form
Zh̄vF δ(x − dS ), where the dimensionless parameter Z deter-
mines strength of the barrier. Here, vF is the Fermi velocity
and δ(x) is the Dirac delta function.

At the S-N interface, a nonzero Z results in reduced trans-
mission and AR probabilities by introducing ordinary electron
and hole reflections [28]. This partially reflective interface
can lead to the formation of normal bound states localized
in the N layer. In contrast, the case of zero barrier (Z = 0)
leads to ABSs only. For subgap energies, with the increase
of Z the ordinary reflection probability surpasses the AR
probability [28], which leads to ABSs to be pushed away
from zero (towards the continuum of states above the gap)
and replaced with ordinary bound states [15]. Consequently,
in the strong barrier limit Z > 1, the subgap transport channels
are due to the normal bound-state resonances, where super-
conductivity suppresses the spin pumping (see Fig. 5). We
point out that the effective conductance is normalized with
respect to g↑↓

eff (dS = 0), which accounts for the contribution
of the normal bound-state resonances. The weak barrier limit

(Z < 1), on the other hand, can effectively be described within
the zero-barrier limit by an increased dN and �ex (due to the
multiple ordinary reflections) [see Fig. 5 (inset)].

IV. CONCLUSION AND DISCUSSION

We have shown that superconductivity can greatly affect
spin pumping due to the formation of the resonant ABSs,
which result in highly transmitting spin transport channels
when dS ∼ ξ0. This can be manifested experimentally by an
increase in Gilbert damping of the FI dynamics. The Gilbert
damping enhancement in an NbN-GdN structure has been
observed to peak for subgab temperatures [5], where NbN is
an s-wave superconductor with coherence length of ≈5 nm
that is adjacent to a ferromagnetic-insulator film, GdN. The
enhancement takes place for dS = 10 nm and it is suppressed
for dS = 2 nm. We believe that this is in good agreement
with our results (e.g., Fig. 4). On the other hand, unfolding
Nr-S-N-FI effectively maps our setup to an Nr-S-F-S-Nr struc-
ture, where F stands for a normal metal with a ferromagnetic
order. The hybrid structure Nr-Nb-Ni80Fe20-Nb-Nr studied in
Ref. [4] shows a significant spin-pumping enhancement only
when the Nb thickness is roughly equal to its coherence length
(dS ≈ ξ0 = 30 nm). In order to reveal a large enhancement,
they have utilized a range of spin-sink materials Nr with spin-
orbit interaction, such as Pt, W, or Ta. In Ref. [17] the same
hybrid structure of Ref. [4] has been used except for a par-
ticularly magnetized spin sink Pt/Co/Pt. It is shown that the
spin-pumping efficiency across Nb is tunable by controlling
the magnetization direction of Co.

Furthermore, hybrid Josephson junctions realizing ABSs
with near unity transmission probability for charge transport
have been proposed to coherently manipulate quantum-
information devices such as Andreev-level qubits [29,30].
From this standpoint, unfolding our setup realizes a magnet-
ically active Josephson junction [8] with resonant transport
channels, which in turn can provide a spintronic paradigm
for a coherent manipulation of quantum-information devices
involving ABSs.

Note added. Recently, we became aware of an interesting
and closely related work by Silaev [31].
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