PHYSICAL REVIEW B 103, L060404 (2021)

Editors’ Suggestion

Probing the topology of the quantum analog of a classical skyrmion
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In magnetism, skyrmions correspond to classical three-dimensional spin textures characterized by a topologi-
cal invariant that keeps track of the winding of the magnetization in real space, a property that cannot be easily
generalized to the quantum case since the orientation of a quantum spin is, in general, ill defined. Moreover, as
we show, the quantum skyrmion state cannot be directly observed in modern experiments that probe the local
magnetization of the system. However, we show that this novel quantum state can still be identified and fully
characterized by a special local three-spin correlation function defined on neighboring lattice sites—the scalar
chirality—which reduces to the classical topological invariant for large systems and which is shown to be nearly

constant in the quantum skyrmion phase.
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The broad use of topological language is one of the main
trends in contemporary physics, including condensed-matter
physics and even materials science [1-11]. Numerous nontriv-
ial topological effects in superfluid helium-3 [4], the concept
of topological quantum phases in strongly correlated systems
[5,6], topologically protected zero-energy states in magnetic
field and other topology-related issues in graphene [7], and
the quickly growing field of topological insulators [9] provide
excellent examples. When considering quantum systems, we
usually deal with topology in reciprocal k space [5,6], whereas
for classical systems topological protection of defects of a
different kind [8] plays a crucial role.

Among such defects, magnetic skyrmions [12] are cur-
rently attracting special attention due to perspectives to use
them in magnetic information storage [13—15]. The progress
in the development of experimental techniques [16-23] poses
new challenges for the theory and numerical simulations of
nanoscale topological structures [24]. Thus, skyrmions with
the characteristic size of a few nanometers have already been
observed experimentally [25,26] and predicted theoretically
in frustrated magnets [27-29], narrow-band Mott insulators
under high-frequency light irradiation [30], and Heisenberg-
exchange-free systems [31]. On such small characteristic
length scales compared to the lattice constant, quantum effects
cannot be neglected. The same difficulty also arises in low-
dimensional systems with small spin (e.g., S = 1/2) [32-35]
and itinerant systems with delocalized magnetic moments.

It is, however, not at all clear what a quantum skyrmion
(that is, a skyrmion in a system of quantum spins) could be.
There is, indeed, no way to introduce a topological charge
for the quantum spin case which would protect quantum
skyrmions similar to the topological protection in classical
systems [8]. Physically, this fact means that topologically
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protected classical spin configurations are, generally speak-
ing, not robust with respect to quantum tunneling, which can
transform them into topologically trivial states. Nevertheless,
one can assume that the existence of topologically protected
classical magnetic configurations should influence, in some
way, the properties of the corresponding quantum systems.

This fundamental problem was not clarified in the pre-
vious attempts to introduce “quantum skyrmions.” Instead,
description of this quantum state was done either semiclassi-
cally assuming that the magnetization dynamics is dominated
by classical magnetic excitations that emerge on top of the
symmetry-broken ground state of the system [36-38] or by
means of the Holstein-Primakoff transformation, which al-
lows one to compute only quantum corrections to the classical
solution [39]. Also, the standard identification of a skyrmion
by its magnetization pattern was used in recent works [40,41]
in which topological states of small clusters embedded in a
ferromagnetic environment were investigated. However, this
does not take into account the fact that, strictly speaking,
the corresponding states are not actually “topological” in the
sense of some rigorous protection. This problem will be ad-
dressed in this work.

Characterization of a quantum skyrmion. Conceptually, the
quantum skyrmion problem is somewhat similar to the for-
mation of the antiferromagnetic ordering in quantum systems
[42]. Whereas the classical skyrmion solution on the lattice
is characterized by a distinct magnetic pattern, in the infinite
quantum system all lattice sites are identical and have the
same value of the local magnetization. Assuming that modern
Lorentz and spin-polarized scanning tunneling microscopy
(SPSTM) techniques weakly affect the quantum system, the
measurement of the quantum skyrmion state will thus result
in the same value of the local magnetization for all lattice
sites (see Fig. 1, right). In the case of antiferromagnets [42],
the appearance of sublattices is expected to be induced by
applying a staggered field that selects the classical Néel state
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FIG. 1. Schematic representation of the local magnetization
measurements of the quantum skyrmion state realized on a 19-site
cluster. Upon individual von Neumann measurements, this state
collapses to different basis functions shown in the left panel. The
average of the local magnetization over all basis functions results in a
uniform magnetization pattern that could be observed in the SPSTM
experiment (right panel).
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from the quantum solution of the problem, but contrary to
the case of ferromagnets, this field is not very physical, and
it is not easy at all to understand how it can be realized in
practice. However, the same can be achieved with the use of
the analog of the quantum Zeno effect [43,44], that is, by
performing repeated local (von Neumann) measurements of
the spin [45-47], which can possibly be realized in inelastic
X-ray or neutron scattering experiments. This strong influence
on the quantum system will result in the collapse of the wave
function to one of the possible basis states with a certain
probability via formation of the “decoherence waves” [46].

For the quantum skyrmion case, it turns out that these
states do not resemble the classical skyrmion solution. To
demonstrate this point, we consider a particular example, the
quantum skyrmion state discussed below (2) stabilized on a
19-site cluster with periodic boundary conditions at magnetic
field B = 0.4. Von Neumann measurements of the local mag-
netization are modeled using a quantum computer simulator
as implemented in the QISKIT package [48]. To this aim we
obtain the ground state of the considered system and use it
for initialization of qubits. After that, each qubit is measured
several times to get the different basis functions demonstrated
in the left panel of Fig. 1. Since the considered quantum
system is translationally invariant, the local magnetization
of the ground state averaged over all basis functions (Sf) =
(\Do|§f|\lfo) is uniform. Therefore, contrary to the classical
skyrmion case, the quantum skyrmion state cannot be detected
in any modern experiment that performs a simple local mea-
surement of the magnetization.

Instead, one could calculate the momentum-space rep-
resentation of the more complicated spin-spin correlation
function (structure factor), and if there is magnetic ordering,
it is signaled by the development of Bragg peaks at momenta
that correspond to the wave vectors q of the ordering, as in
antiferromagnets. Since the classical skyrmion can be con-
sidered as a superposition of spin spirals, a similar pattern
of Bragg peaks is expected for a quantum skyrmion state.
However, due to the quantum nature of the problem and in
contrast to the classical case, the quantum helical phase is also
characterized by the quantum superposition of spin spirals.

Therefore, as we demonstrate below, the structure factor also
does not allow us to distinguish between these two phases of
the quantum system.

Strictly speaking, even in the classical case the spin-spin
correlation function is also not a sufficient measure for a
skyrmion state because different skyrmion, vortex, bubble,
and multidomain phases are indistinguishable on the level
of the structure factor (see, e.g., [49,50]), and some more
complicated correlation functions should be used as dis-
cussed in the Supplemental Material (SM) [51]. The classical
skyrmion state is actually characterized by a topological in-
variant which, for continuum models of magnetism, is given
by the following expression:

0= L/m [0ym x dym]dx dy, (1)
4

which counts the number of times the magnetization m(r)
wraps around a sphere. This characterization depends in an
essential way on the relative orientation of the local spins,
information which cannot be extracted from the quantum
ground state for the reasons explained above.

The fundamental problem is thus how to generalize the
classical topological invariant (1) to the quantum case. On a
lattice, the proper version of the classical topological invariant
was proposed by Berg and Liischer [52]. According to their
idea, the winding of the magnetization can be approximated
by a sum of all spherical surfaces that are formed by three
neighboring spins. Unfortunately, as shown in the SM [51],
their expression for the skyrmion number Qp; cannot be
easily converted into a linear quantum operator. What we
propose here is to use a discrete version of the topological
invariant, the scalar chirality (see below). As we shall see,
this quantity, which is naturally defined for both classical and
quantum spins, captures the noncollinearity of neighboring
spins, and it turns out to be almost constant inside skyrmion
phases for both classical and quantum spins. In the quantum
case, the scalar chirality reduces to a local quantity defined
for nearest-neighbor spin operators, leading to a general and
flexible characterization of skyrmions.

Results. We start with the following lattice Hamiltonian of
a quantum spin model:

HZZJ,jSlSJ—FZD”[S,XS]]—FZBZSZZ (2)
ij ij i

Here, J;; is the isotropic Heisenberg exchange interaction. D;;
is an in-plane vector that points in the direction perpendicular
to the bond between neighboring i and j sites and describes
the Dzyaloshinskii-Moriya interaction (DMI). B is an external
uniform magnetic field applied along the z direction. Quite
generally, the competition between the exchange interaction
and the DMI leads to the formation of a classical skyrmion
that is usually stabilized by a nonzero magnetic field.

Let us look at the phase diagram of the model of Eq. (2)
on the triangular lattice. To compare the classical and quan-
tum spin-1/2 cases, we have chosen to work on a 19-site
cluster that is one of the largest systems for which the exact
diagonalization solution can be obtained [53]. The exchange
interaction is set to J = —0.5D, where D is the length of the
DMI vectors, to produce a nanoskyrmion compatible with
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FIG. 2. Complete set of observables describing skyrmions in the classical and quantum cases. (a) and (b) Skyrmion number and average
magnetization, (c) and (d) local magnetization pattern of the lattice, and (e) and (f) structure factors as a function of magnetic field for
the classical (left panels) and quantum (right panels) problems for a 19-site triangular lattice with periodic boundary conditions. Roman
numbers denote different phases. Since the classical ground state is many-fold degenerate we have chosen a representative pattern for the
magnetization panel in (c). The inset in (a) shows three different types of classical skyrmions revealed in the intermediate phase by the scalar

chirality.

this cluster size. The main results are summarized in Fig. 2.
The classical model has been solved for unit magnetization
vectors. After that classical energies calculated for different
magnetic fields have been normalized to compare the result
with the quantum solution.

For the classical case, the presence of three main phases is
already clear from the average magnetization (m*) [Fig. 2(a)],
which exhibits two jumps at B,y ~ 0.21 and B, ~ 0.6, in-
dicating strongly first order phase transitions and major
reorientations of the spins. However, a closer look at the
real-space orientation of the spins [Fig. 2(c)] shows that in
the low-field phase the spins are coplanar (I), while in the
intermediate phase the spins form three different 3d textures
(L, I, and IV) in spin space, which are hardly distinguishable
from the energy plot (see the SM [51]). Above B, =~ 0.6,
the spins are fully polarized (V), so B, is the saturation
field. To further identify the nature of the various phases, it
is useful to look at several additional properties. The first
one is the static longitudinal spin structure factor defined as
X(‘,‘ = (S’SSZ_ q)- Figure 2(e) shows that in the low-field phase, it
exhibits two Bragg peaks at opposite wave vectors ¢ and —q,
typical of a helical state of pitch vector q. In the intermediate
phase, the structure factor is less specific. It looks like the
superposition of three pairs of Bragg peaks rotated by 7 /3
and of a Bragg peak at the zone center. This is, of course,
consistent with a skyrmion structure that, together with the
superposition of enclosed spin spirals, is associated with the
ferromagnetic ordering along the skyrmion boundary. How-
ever, as we have pointed out above, the real identification

comes from the topological invariant Qp; , which is calculated
here using the Berg-Liischer approach [52]. As expected, we
observe that this invariant is equal to unity in the intermediate
phase and vanishes outside it [Fig. 2(a)]. Importantly, neither
the structure factor nor the topological invariant can reflect
the presence of three types of skyrmions in the intermediate
phase.

Let us now try to perform an analysis similar to that for the
quantum case. From the average magnetization [Fig. 2(b)],
three regimes emerge, but compared to the classical case,
the first transition is rounded. Indeed, ($%) shows a rapid but
smooth increase at a field By; >~ 0.3 and a jump at By, ~ 0.7.
The identification of the nature of these phases is, by far, not
as simple, however. First of all, as anticipated in the intro-
duction, the expectation value of the local spin is uniform.
So it is impossible to detect a planar or 3d texture from this
observable, as can be seen from Fig. 2(d). The natural idea is
then to turn to the structure factor [Fig. 2(f)]. However, there is
no qualitative difference between low and intermediate fields:
in both cases, there are six maxima forming a hexagon and a
maximum at the zone center, as in the skyrmion phase of the
classical case.

Does this result mean that there is a single phase between
zero field and saturation and no well-defined skyrmion phase?
Not necessarily. Indeed, if we think in semiclassical terms,
the effect of quantum fluctuations on a helical phase will be to
stabilize a linear combination of helices if there are different
choices of equivalent wave vectors, and indeed, here there are
three equivalent choices of pitch vector. So if the low-field
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phase is the quantum version of the helical phase, we indeed
expect to have a hexagon of peaks. The problem is that this is
also expected in the case of a skyrmion phase. So it is possible
that there are two different phases for quantum spins as well.
It is just impossible to distinguish them with the structure
factor.

This example clearly calls for an alternative characteriza-
tion of quantum skyrmions. The solution we propose is based
on the following remarks. First of all, the fundamental differ-
ence between a classical helical state and a classical skyrmion
is that the helical state is a coplanar structure (all spins lie
in a given plane), while a skyrmion is a 3d texture. So these
structures can be distinguished by the mixed product of three
spins, S; - [S; x Si], where i, j, and k are three arbitrary lattice
sites. Indeed, this expression will be exactly zero for a helical
state but not for a skyrmion. In fact, the skyrmion invariant in-
volves a similar mixed product of three magnetization vectors
because the discrete form of the classical topological invariant
(1) can be written as [54]

1
Q= g— ) _m; - [m; x my]. 3)

(ijk)

Here m;, m;, and my are classical magnetization vectors of
length 1, and the summation runs over all nonequivalent el-
ementary triangles that connect neighboring i, j, and k sites.
This quantity is known in other contexts as the scalar chirality,
a term we will use from now on.

Importantly, as we show in the SM [51], the scalar chirality
(3) coincides with the topological invariant (1) in the classical
limit of the skyrmion when the magnetization slowly varies
with respect to the lattice constant. For nanoskyrmions, whose
typical length scale is comparable to the lattice constant, a
more precise result for the topological invariant is given by
the Berg-Liischer approximation. Still, the scalar chirality is
equally good when it comes to distinguishing a helical phase
from a skyrmion phase. Indeed, it vanishes identically in a
helical phase because it is strictly coplanar, and it does not
do so for a 3d texture. For the classical case this fact is
illustrated in Fig. 2(a). A closer look at the scalar chirality
in the intermediate range of magnetic fields presented in the
inset allows one to distinguish three skyrmion phases. They
are characterized by the different sizes and structures of the
magnetic pattern, which are illustrated in Fig. 2(c) in panels
IL, 111, and IV. Thus, contrary to the topological number Qp;,
the scalar chirality is sensitive to different types of magnetic
skyrmions.

Now, the main advantage of the scalar chirality over the
Berg-Liischer invariant when it comes to quantum systems is
that this quantity can be interpreted as a linear operator for
quantum spins, so that a ground state indicator can be defined
by simply calculating the expectation value of this operator in
the ground state. This leads to the following simple definition
of the quantum scalar chirality:

N . A A
Oy = ;(Sl [S2 x S31), “

where N is the number of nonoverlapping elementary triangu-
lar plaquettes that cover the lattice. Labels 1, 2, and 3 depict
three different spins that form an elementary plaquette. Here

we used the fact that the quantum ground state of the system
is translationally invariant, so that the value of the scalar
chirality is the same for any elementary triangle. Therefore,
the local three-spin correlation function defined on neighbor-
ing lattice sites (4) already gives complete information about
the topology of the entire quantum system, something that is
impossible in the classical case.

As shown in Fig. 2(b), Qy behaves differently in low-,
intermediate-, and high-field phases. Contrary to the classical
case, at low fields (By; < 0.3) the quantum chirality increases
gradually with the magnetization. Approaching the interme-
diate regime, Qy saturates and remains nearly constant in a
very broad range of magnetic fields. This remarkable result
cannot be simply interpreted as a freezing of the system
since the magnetization keeps growing as in the low-field
phase, implying that the quantum ground state of the system
evolves continuously. Finally, at the critical field By, ~ 0.7,
the system enters the fully polarized regime, as indicated by
the stepwise decrease of the quantum chirality to zero. The
physical picture for the low-field phase is that the ground state
is coplanar at zero magnetic field. But instead of remaining
coplanar as in the classical case, the linear combination of
helical states in the quantum system acquires a noncoplanar
structure upon increasing the field. In this case, spins progres-
sively move out of the plane in the direction of the field, which
results in a nonzero value of the scalar chirality proportional
to the tilting angle. By contrast, in the intermediate phase,
the relative angle between spins does not change. It is the
collective orientation of the skyrmion spin texture that allows
the system to continue developing magnetization.

Conclusion. We have introduced and analyzed a quan-
tum state of a spin system—a quantum skyrmion. We have
shown that this state can be fully characterized only by the
expectation value of a skyrmion operator related to the local
quantum scalar chirality of three neighboring spins. Indeed,
in close analogy to the topological invariant that keeps track
of the winding in classical skyrmions, the expectation value
of the skyrmion operator is field independent to very high
accuracy inside the skyrmion phase, in contrast to the simple
superposition of spin orderings, where it changes a lot with
the field. The value at which it stabilizes is related to the size
of the skyrmion, and it would approach unity for very large
skyrmions. This reduction factor is related to the value of
the nearest-neighbor correlation function and can be indepen-
dently estimated, so that, if necessary, the expectation value
of the skyrmion operator could also be used to estimate the
number of skyrmions in a quantum nanoskyrmion structure.
We believe that our results can stimulate the development
of experimental techniques to locally probe the topology of
the entire quantum system. For instance, the impact of the
scalar chirality can be seen in the topological Hall effect
[17,55-57], in the finite topological orbital moment [58—63],
and in nonlinear optical experiments [64—67].
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