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Heat capacity of nonequilibrium electron-hole plasma in graphene layers and graphene bilayers

V. Ryzhii ,1,2,3 M. Ryzhii,4 T. Otsuji ,1 V. Mitin ,5 and M. S. Shur 6

1Research Institute of Electrical Communication, Tohoku University, Sendai 980-8577, Japan
2Institute of Ultra High Frequency Semiconductor Electronics of RAS, Moscow 117105, Russia

3Center for Photonics and Two-Dimensional Materials, Moscow Institute of Physics and Technology, Dolgoprudny 141700, Russia
4Department of Computer Science and Engineering, University of Aizu, Aizu-Wakamatsu 965-8580, Japan
5Department of Electrical Engineering, University at Buffalo, SUNY, Buffalo, New York 1460-1920, USA

6Department of Electrical, Computer, and Systems Engineering, Rensselaer Polytechnic Institute, Troy, New York 12180, USA

(Received 6 November 2020; revised 29 May 2021; accepted 4 June 2021; published 11 June 2021)

We analyze the statistical characteristics of quasinonequilibrium two-dimensional electron-hole plasmas in
graphene layers (GLs) and graphene bilayers (GBLs) and evaluate their heat capacity. The GL heat capacity of
the weakly pumped intrinsic or weakly doped GLs normalized by the Boltzmann constant is equal to cGL � 6.58.
With varying carrier temperature the intrinsic GBL carrier heat capacity cGBL changes from cGBL � 2.37 at
T � 300 K to cGBL � 6.58 at elevated temperatures. These values are markedly different from the heat capacity
of classical two-dimensional carriers with c = 1. The obtained results can be useful for the optimization of
different GL- and GBL-based high-speed devices.
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I. INTRODUCTION

The properties of the graphene layers (GLs) and graphene
bilayers (GBLs), in particular, their optical characteris-
tics, conductivity, plasmonic properties, thermal conductivity
(both associated with the lattice and the carriers), heat ca-
pacity, and others, have been extensively studied theoretically
and experimentally [1–19] (see the references therein). The
contributions of the carriers in GLs and GBLs to the overall
heat capacity are small in comparison with the contributions
of the lattice vibrations [20]. However, the electron and hole
heat capacity determines the rate of carrier heating and cool-
ing. This heating/cooling rate affects the ultimate high-speed
performance, including the dynamic response and the mod-
ulation characteristics of the GL- and GBL-based devices
using a variation of the two-dimensional electron-hole plasma
(2DEHP) parameters (such as the effective carrier tempera-
ture, conductivity, and transparency of the incident radiation).
Such GL and GBL devices include the carrier bolometric
detectors [21,22], electro-optical modulators [23], fast thermal
radiation emitters [24–31], and superluminescent and lasing
diodes [32]. Many papers deal with the theoretical evaluation
of the GL- and GBL-lattice heat capacity (see, for example,
a recent review [19]). However, the carrier capacity of the
intrinsic quasinonequilibrium 2DEHP in GLs and GBLs was
not addressed. The case of highly doped GLs was briefly
discussed in Refs. [33,34]. In this paper, we calculate the heat
capacity of the 2DEHP in the equilibrium and of the 2DEHP
somewhat deviating from the equilibrium due to the radiation
absorption and/or the carrier injection.

II. GENERAL RELATIONS

The dispersion relations for electrons (upper sign) and
holes (lower sign) in the GLs and GBLs are presented as

ε±
GL = ±vW p, ε±

GBL � ±γ1

2

[√
1 + 4v2

W p2/γ 2
1 − 1

]
. (1)

Here, h̄ is the Planck constant, vW � 108 cm/s is the
characteristic carrier velocity in GL and GBLs, p = |p| is
the carrier momentum, and γ1 � 0.4 eV is the band pa-
rameter (the GBL hopping parameter) [35,36]. Since the
main contributions to the 2DEHP energy are given by the
electrons and holes located not too far from the Dirac
point, Eqs. (1) adequately describe their dynamics (see,
however, Sec. IV, where the carrier dispersion law renor-
malization associated with the intercarrier interactions is
discussed).

The electron-electron, electron-hole, and hole-hole interac-
tions in GLs and GBLs are sufficiently strong in a wide range
of 2DEHP densities (see, for example, Refs. [37–41]), so that
the pertinent characteristic times τee, τeh, and τhh are shorter or
much shorter than the relaxation times related to scattering on
impurities, optical phonons, and recombination. This enables
effective carrier Maxwellization (Fermization) and, therefore,
the formation in the 2DEHP of the electron and hole systems
described by quasi-Fermi energy distribution functions fe(ε)
and fh(ε) with a common effective temperature T , fe(ε) =
[1 + exp( ε−μe

kBT )]−1 and fh(ε) = [1 + exp( ε−μh

kBT )]−1, where kB

is the Boltzmann constant, ε � 0 is the carrier kinetic energy,
and μe and μh are the electron and hole quasi-Fermi energies,
respectively. The quasi-Fermi energies are counted from the
Dirac point. In the undoped GLs and GBLs, μe = μh = 0,
and the 2DEHP Fermi level coincides with the Dirac point.
If the GL (or the GBL) is doped by donors, μe > 0, while
μh < 0. In the equilibrium, i.e., without optical or injection
pumping and with no heating of the 2DEHP by the electric
field, μe + μh = 0, with the common Fermi level ζF > 0 in
the conduction band. In this case, μe and consequently μh

are determined by the donor sheet density �d . In the acceptor
doped GLs (GBLs), μh > 0 and μe < 0 with the Fermi level
ζF < 0 in the valence band and μh and μe determined by the
acceptor density �a.
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Due to the symmetry of the electron and hole dispersion
relations given by Eq. (1), the 2DEHP in the undoped GLs and
GBLs in equilibrium is symmetrical. In the case of interband
pumping or heating by the electric field, the 2DEHP remains
symmetrical even though it can be even far from equilibrium.
Although the frequent electron-electron, electron-hole, and
hole-hole collisions establish the common effective tempera-
ture for both the electron and hole components of the 2DEHP
driven from equilibrium, the values of their quasi-Fermi en-
ergies μe and μh being equal to each other but generally
not equal to zero (μe = μh = μ �= 0), the electron and hole
quasi-Fermi levels generally do not coincide (split).

The value of the combined quasi-Fermi energy μ de-
pends on (1) the method of forcing the 2DEHP away from
equilibrium (for example, the interband generation of the
electron-hole pairs and heating by dc or ac electric fields) and
(2) the efficiency of the interband electron-hole generation and
recombination associated with the optical phonon emission
and absorption and the Auger processes (including those with
the participation of impurities, acoustic phonons, etc. [14,42]).

The case μe + μh = 2μ > kBT is related to the pro-
nounced interband population inversion in GLs and GBLs
[14] (and the references therein). In such a situation, the quasi-
Fermi levels of the electrons and holes split. The electron
quasi-Fermi level might be in the conduction band, while the
hole level is in the valence band. The latter can be achieved
at a strong optical pumping or double injection leading to the
generation of low-energy electron-hole pairs. In this case, an
increase in the effective temperature due to the absorption of
the incident photons or due to the injected electron-hole pairs
is slower than an increase in the 2DEHP density. Even the
2DEHP cooling down is possible if the energy of the gen-
erated electron-hole pairs is smaller than the optical phonon
energy. This reinforces the degeneration of the both elec-
tron and hole components. Such situations correspond to the
formation of the interband population inversion and can be
used for the realization of graphene-based interband terahertz
and far infrared lasers (see, for example, Refs. [7,14] and
references therein).

The Auger processes try to prevent the quasi-Fermi levels
from splitting and the population inversion reducing of quasi-
Fermi levels split, i.e., establishing the tendency of μe + μh =
2μ → 0. The realization or suppression of the population in-
version or the suppression of the latter depends on the relative
efficiency of the Auger generation-recombination processes
and similar processes associated with the optical phonons.

The situation differs in GLs and GBLs. The standard
lowest-order Auger processes in GLs are formally suppressed
due to the one-dimensional character of the intercarrier col-
lisions [43]. A detailed study of the Auger processes in
graphene demonstrated [42] that the Auger processes as-
sociated with the lifting of the one-dimensional scattering
limitations imposed by the energy and momentum conserva-
tion laws [14,42,43] can contribute to the general pattern of
the generation-recombination processes. Moreover, the role
of the Auger processes can be both moderate or sufficiently
strong depending on the temperature, dielectric constant of
the surrounded layers, and the presence or absence of highly
conducting gates. In particular, the characteristic time τA of
the Auger recombination in GLs being about τA ∼ (1–10) ps

at the 2DEHP effective temperature �300 K can be about
τA ∼ (50–100) fs at T = 1000–3000 K [42].

In contrast, the 2DEHP degeneracy can be effectively lifted
at the optical pumping or injection of high-energy carriers
leading to high effective temperatures T , resulting in relatively
small values of μ. Such situations take place, for example,
in both the electric-field [24–30] and vertical injection [31]
driven GL-based thermal radiation sources.

The net carrier (electrons and holes) densities, �GL and
�GBL, in the GL and GBL, respectively, in line with Eq. (1)
are given by

�GL = 2

π h̄2v2
W

∫ ∞

0
dεε

×
[

1

1 + exp
(

ε−μe

kBT

) + 1

1 + exp
(

ε−μh

kBT

)
]

= 2(kBT )2

π h̄2v2
W

[
F1

( μe

kBT

)
+ F1

( μh

kBT

)]
(2)

and

�GBL = 2

π h̄2v2
W

∫ ∞

0
dε(ε + γ1/2)

×
[

1

1 + exp
(

ε−μe

kBT

) + 1

1 + exp
(

ε−μh

kBT

)
]

= 2

π h̄2v2
W

[
F1

( μe

kBT

)
+ F1

( μh

kBT

)

+ γ1

kBT
F0

( μe

kBT
+

)
+ γ1

kBT
F0

( μh

kBT

)]
. (3)

Here, Fξ (y) is the Fermi-Dirac integral.
The carrier energy in the 2DEHP can be calculated as

EGL = 2

π h̄2v2
W

∫ ∞

0
dεε2

×
[

1

1 + exp
(

ε−μe

kBT

) + 1

1 + exp
(

ε−μh

kBT

)
]

= 2(kBT )2

π h̄2v2
W

[
F2

( μe

kBT

)
+ F2

( μh

kBT

)]
(4)

and

EGBL = 2

π h̄2v2
W

∫ ∞

0
dεε(ε + γ1/2)

×
[

1

1 + exp
(

ε−μe

kBT

) + 1

1 + exp
(

ε−μh

kBT

)
]

= 2

π h̄2v2
W

[
F2

( μe

kBT

)
+ F2

( μh

kBT

)

+ γ1

kBT
F1

( μe

kBT

)
+ γ1

kBT
F1

( μh

kBT

)]
. (5)
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III. QUASINONEQUILIBRIUM 2DEHP
IN UNDOPED GL AND GBL

We focus on the undoped symmetrically pumped 2DEHP
(μe = μh) for the following two situations:

(1) The 2DEHP, being close to equilibrium (at which
μ = μe = μh = 0), is forced to slightly deviate from this
state by a moderate illumination or double injection. In this
situation, a possible variation of the quasi-Fermi energies
can be both positive or negative (the electron Fermi level
is in the valence band, while the hole Fermi level is in
the conduction band, both not so far from the Dirac point),
i.e., μ � kBT .

(2) The 2DEHP is heated due to the optical or injection
generation of the hot electron-hole pairs (with the energy
exceeding the optical phonon energy h̄ω � 0.2 eV). In such
a case, the interband generation-recombination processes and
the electron and hole intraband energy relaxation associated
with the optical phonon absorption and emission lead to
the quasi-Fermi energy μ < kBT in a wide pumping range
(as demonstrated by the calculations involving the equations
governed the interband transitions and intraband transitions
[14]. Other mechanisms, which could potentially affect the
interband and intraband balances of the carrier density and
effective temperature, such as interband radiative transitions,
are weak in comparison with the optical phonon medi-
ated transitions. The interband transitions involving acoustic
phonons are kinematically forbidden [8,9] and the intraband
energy relaxation on the acoustic phonons is also insignificant.
Moreover, the Auger generation-recombination processes ef-
fectively providing in a hot 2DEHP small values of μ/kBT ,
μ/kBT ∝ τA/τ0, suppress the degeneration of both 2DEHP
components [14,31]. Here, τ0 � 1 ps is the characteristic
time of the optical phonon spontaneous emission in GLs.
Considering the data for τA for a hot 2DEHP shown above
(and in Ref. [42]), one can obtain τA/τ0 ∼ (5–10) × 10−2.
Therefore, in the following we assume μ < kBT . One can
expect that the latter inequality is also valid at a moder-
ate pumping condition. Due to quasiparabolic electron and
hole dispersion relations in GBLs and the absence of es-
sential intercarrier limitations, the latter can be applicable
to the symmetric GBLs for a number of situations. At μ <

kBT , our results are also valid for weakly doped GLs and
GBLs.

Considering this, Eqs. (2) and (3) yield well-known formu-
las for the carrier densities in GLs and GBLs:

�GL =
(

kBT

h̄ vW

)2(
π

3
+ 4 ln 2

π

μ

kBT

)
, (6)

�GBL =
(

kBT

h̄ vW

)2

×
[
π

3
+ 2 ln 2

π

γ1

kBT
+

(
4 ln 2

π
+ γ1

kBT

)
μ

kBT

]
. (7)

Equations (4) and (5) result in the following expressions for
the carrier thermal energy density (thermal energy per GL and
GBL area) as a function of the carrier effective temperature T

and the combined quasi-Fermi energy μ,

EGL � 2(kBT )3

π h̄2v2
W

[
3ζ (3) + π2

3

μ

kBT

]
, (8)

EGBL � 2(kBT )3

π h̄2v2
W

[
3ζ (3) + π2

12

γ1

kBT

+
(

π2

3
+ ln 2

γ1

kBT

)
μ

kBT

]
, (9)

where ζ (x) is the Riemann zeta function ζ (3) � 1.202.
Considering that the 2DEHP heat capacities in GLs and

GBLs (per area) are defined as CGL = dEGL/dT and CGBL =
dEGBL/dT , we obtain from Eqs. (8) and (9)

CGL � 2(kBT )2

π h̄2v2
W

[
9ζ (3) + 2π2

3

μ

kBT

]

� 6.58π

3

(
kBT

h̄ vW

)2

, (10)

CGBL � 2(kBT )2

π h̄2v2
W

[
9ζ (3) + π2

6

γ1

kBT
+

(
2π2

3
+ ln 2

γ1

T

)
μ

kBT

]

� π

3

(
kBT

h̄ vW

)2(
6.57 + γ1

kBT

)
. (11)

Since in the 2DEHP under consideration μ � kBT , ac-
cording to Eqs. (6) and (7),

�GL � π

3

(
kBT

h̄ vW

)2

, (12)

�GBL � π

3

(
kBT

h̄ vW

)2(
1 + 6 ln 2

π2

γ1

kBT

)
, (13)

the pertinent heat capacitances, cGL = CGL/kB�GL and
cGBL = CGBL/kB�GBL (normalized by kB, i.e., in units of the
Boltzmann constant), per one carrier are equal to

cGL � 54ζ (3)

π2
� 6.58, (14)

cGBL � π2

6 ln 2

(
1 + 54ζ (3)

π2
kBT
γ1

1 + π2

6 ln 2
kT
γ1

)

� 2.37

(
1 + 6.58 kBT

γ1

1 + 2.37 kBT
γ1

)
. (15)

IV. COMMENTS

At kBT � γ1 (T � 300 K), Eq. (13) yields cGBL �
(π2/6 ln 2) � 2.37. When T is rather high, cGBL increases,
tending to cGBL � 6.58. Figure 1 shows the temperature de-
pendences of the energy densities EGL and EGL and the heat
capacities per one carrier cGL and cGBL calculated using
Eqs. (10), (11), (14), and (15) for μ = 0 (equilibrium 2DEHP)
assuming γ1 = 0.4 eV.

A noticeable deviation of the heat capacities cGL and cGBL

from the classical value for nondegenerate 2D systems (i.e.,
from c = 1) seen from Eqs. (14) and (15), is associated with
the nonparabolicity of the carrier spectra in both GLs and
GBLs. The nonparabolicity provides different densities of
states (a linear in GLs and a linear rising from a constant
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FIG. 1. The carrier (a) thermal energies EGL and EGBL per area,
(b) heat capacities CGL and CGBL per area, and (c) heat capacities per
one carrier cGL and cGBL, normalized by kB, vs carrier temperature T
at μ = 0 (γ1 = 0.4 eV).

at the Dirac point in GBLs), whereas the absence of the
energy gap leads to a weak degeneration near the Dirac point
[ fe(0) = fh(0) � 1/2]. In particular, if we would neglect the
partial degeneracy effect, we obtain cGL = 6 and 1 < cGBL =
(1 + 6kBT/γ1)/(1 + kBT/γ1) < 6, respectively.

The variation of μ with the effective carrier temperature
leads to a small modification of cGL and cGBL assuming a weak
deviation from equilibrium. Depending on the pumping or
heating conditions, this effect can result in either an increase
or a decrease in μ (see, for example, Ref. [14]) and, hence, in
somewhat varying cGL and cGBL.

In the case when the gapless carrier density of states is
given by a power energy dependence ρ(ε) ∝ εξ , for the heat
capacity per a carrier cξ , one can obtain

cξ = (ξ + 2)

∫ ∞
0 dxxξ+1[1 + exp(x − μ/kBT )]−1∫ ∞

0 dxxξ [1 + exp(x − μ/kBT )]−1

= (ξ + 2)
Fξ+1(μ/kBT )

Fξ (μ/kBT )
. (16)

In particular, at μ = 0, Eq. (16) yields

cξ = (ξ + 2)
Fξ+1(0)

Fξ (0)

= (ξ + 2)
�(ξ + 2)

�(ξ + 1)

ζ (ξ + 2)

ζ (ξ + 1)

[
1 − 1/2(ξ+1)

1 − 1/2ξ

]
, (17)

where �(x) is the gamma function. For GLs (ξ = 1) and
GBLs (ξ = 0, kBT � γ1), from Eq. (17) we obtain cGL =
c1 = 54ζ (3)/π2 and cGBL � c0 = π2/6 ln 2, that actually co-
incides with Eqs. (14) and (15).

The renormalization of the carrier spectrum and the den-
sity of states energy dependence in GLs, associated with the
carrier-carrier interactions (for example, Refs. [6,44–49]), can
somewhat affect the GL heat capacity. To estimate the role of
the Fermi-liquid effect in GLs associated with the intercarrier
interaction, following Ref. [47], in comparison with Eq. (1),
we modify the carrier dispersion law in GLs as follows:

ε±
GL = ±vW p

[
1 + g ln

(Kh̄

p

)]
. (18)

Here, g = e2/(8π h̄ vW κ ) is the dimensionless carrier-carrier
interaction parameter, where κ is the effective dielectric con-
stant, and K is the cutoff parameter [6,40,41] (K � 0.5 ×
108 cm−1).

Considering Eq. (16), i.e., accounting for the carrier ve-
locity renormalization, at μ = 0 for the renormalized carrier
density �∗

GL, density of the carrier energy E∗
GL, and the carrier

heat capacity per one carrier cGL, we obtain

r = �∗
GL

�GL
� E∗

GL

EGL
�

[
1 + g ln

(Kh̄ vW

kBT

)]−2

< 1 (19)

and

c∗
GL � cGL. (20)

Setting κ = 2.5, at T = (10–300) K, we obtain r �
0.59–0.72. One can see from Eq. (19) that the inclusion of
the the Fermi-liquid effect results in a natural lowering of the
thermal carrier energy (due to a decrease in the density of
states near the Dirac point), but, according to Eq. (20), this
does not lead to a change in cGL. Analogously, the inclusion
into our model of the remormalization of the carrier dispersion
law in the GBLs associated with the intercarrier interaction
[50] also does not markedly affect cGBL.

V. CONCLUSIONS

We calculated the heat capacity per one carrier of the
quasiequilibrium 2DEHP in GLs and GBLs and demonstrated
that it can be larger from its classical values. The speed of
operation (the switching time, turn-on time, and maximum
modulation frequency) of the GL- and GBL-based devices,
such as the bolometric photodetectors of terahertz and infrared
radiation, electro-optical modulators, fast thermal radiation
emitters, and superluminescent and lasing diodes, is affected
by the carrier heating/cooling and is determined by the prod-
uct of cGL or cGBL and the carrier energy relaxation time.
Therefore, our results are important for the evaluation of the
ultimate characteristics and optimization of such devices (see,
for example, Ref. [51]).
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