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Accurate ground-state energies of Wigner crystals from a simple real-space approach
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We propose a simple and efficient real-space approach for the calculation of the ground-state energies of
Wigner crystals in one, two, and three dimensions. To be precise, we calculate the first two terms in the
asymptotic expansion of the total energy per electron which correspond to the classical energy and the harmonic
correction due to the zero-point motion of the Wigner crystals. Our approach employs Clifford periodic boundary
conditions to simulate the infinite electron gas and a renormalized distance to evaluate the Coulomb potential.
This allows us to calculate the energies unambiguously and with a higher precision than those reported in the
literature. Our results are in agreement with the literature values with the exception of harmonic correction of the
two-dimensional Wigner crystal, for which we find a significant difference. Although we focus on the ground
state, i.e., the triangular lattice and the bcc lattice in two and three dimensions, respectively, we also report the
classical energies of several other common lattice structures.

DOLI: 10.1103/PhysRevB.103.245125

I. INTRODUCTION

The uniform electron gas (UEG) [1,2], otherwise known
as jellium, has proven to be a very useful model for
the understanding of electron interactions. In particular in
the solid state the UEG can be used to study a variety
of phenomena, such as plasmon oscillations [3], electron
screening [4], the quantum Hall effect [5], and Wigner lo-
calization [6-10]. Moreover, by combining the UEG with
density-functional theory (DFT) predictive calculations can be
performed on both solids and molecules. Thanks to quantum
Monte Carlo calculations [11] the correlation contribution
to the ground-state energy of the UEG as a function of
the density is accurately known. These data have been used
to approximate the unknown exchange-correlation energy of
DFT [12-14].

Almost a century ago, it was predicted by Wigner [6]
that in the limit of an infinitely dilute UEG the electrons
crystallize at fixed positions in space, thus forming a crystal
lattice. Wigner crystals were later experimentally realized in
one and two dimensions and have been shown to exhibit in-
teresting properties [15,16]. However, numerical calculations
were required to determine the ground-state crystal structures
in both two and three dimensions. By comparing the ener-
gies of several Bravais lattices it was concluded that in two
dimensions the electrons crystallize in the triangular struc-
ture [17], while in three dimensions they crystallize in the bcc
structure [6,18-20].
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The energy per electron of a Wigner crystal Eyc can be

written as an asymptotic expansion in powers of r; 2 [21]:
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where ry is the Wigner-Seitz radius. The first term on the right-
hand side is the energy corresponding to a classical charge
distribution; the second term is a correction due to the zero-
point motion in the harmonic approximation, while 1,, 13, . . .
correspond to anharmonic corrections. In this work we will
focus on the calculation of 7 and 5. These parameters have
been calculated in the past using reciprocal-space approaches.
Here we will show that they can also be calculated within a
simple real-space method. We note that Eq. (1) assumes that
the electrons are discernible [6]. However, for large r, the
corresponding error is negligible since the correction falls off
exponentially with r;.

For the three-dimensional (3D) Wigner crystal the first
accurate calculation of the classical ground-state energy per
electron was done by Fuchs and Fowler [18]. They ob-
tained ngD = —0.89593 Ha. This value was later refined to
nSD = —0.895929 Ha by Hasse and Avilov [20]. The first
estimation of the harmonic correction was done by Wigner,
who found »3P = 2.7 Ry [22]. This result is quite close to
those obtained two decades later by Coldwell-Horsfall and
Maradudin and by Carr; they found 7;? = 1.319 Ha [23] and
n3P = 1.33 Ha[21], respectively. Using the same approach as
Carr but with an improved integration over the Brillouin zone,
Nagai and Fukuyama found the most accurate value to date,
i.e., ni? = 1.32862 Ha [24].

©2021 American Physical Society
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TABLEI. Summary of the most accurate literature values (in Ha)
of the coefficients 1y and 7.

1D 2D 3D
linear lattice triangular lattice bec lattice

o —1.106 103 [17]
" 0.359 933 [25] 0.795 [17]

—0.895 929 [20]
1.328 62 [24]

Both the classical ground-state energy per electron and
the harmonic correction of the two-dimensional (2D) Wigner
crystal were calculated by Bonsall and Maradudin [17]. They
found 3P = 1.106103 Ha and »;P = 0.795 Ha. To the best
of our knowledge this is the only calculation of 73" in the
literature. Below we will show that we obtain a value with
much higher precision that differs significantly from the value
of Bonsall and Maradudin.

In one dimension the classical ground-state energy per
electron diverges because of a nonintegrable singularity in
the one-dimensional (1D) Coulomb potential in the origin.
Therefore, we will not consider the calculation of n)°. We
note, however, that regularization techniques can be used for
the Coulomb potential to allow for its calculation [25-27].
Instead, n%D can be calculated without problems, and its value
has been determined with high accuracy [25-27]. Its six-digit
approximation is 7{? = 0.359933 Ha. In Table I we summa-
rize the most accurate values for 1y and 5, that can be found
in the literature.

The goal of this work is twofold: (1) to present a simple
and general real-space approach for the calculation of the
coefficients 7y and 1, and (2) to achieve a larger precision of
those coefficients, in particular for 5, for Wigner crystals in
two and three dimensions. We will use an approach based on
Clifford boundary conditions and a renormalized distance [28]
that we previously successfully applied to the calculation of
Madelung constants [29,30].

This paper is organized as follows. In Sec. II we describe
the theoretical details of our real-space approach. In Sec. III
we discuss our results for the energies of the Wigner crystals.
Finally, in Sec. IV we draw our conclusions. We use Hartree
atomic units (& = e = m, = ag = 1) throughout this work.

II. THEORY

A. The jellium model

The Hamiltonian of an infinite uniform electron gas with a
uniform positive background that ensures the charge neutral-
ity of the system is given by

. Vi
I'Ijellium = - 7' + Uee + Upp + Uep, (2)

i
in which the electron-electron, electron-background, and
background-background contributions to the Coulomb poten-
tial are given by, respectively,
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where n is the uniform positive background density. The
charge neutrality of the system is imposed by assuming that
the constant electron density is equal to the positive back-
ground density n. Individually, each term in Eq. (2) diverges,
but their sum is finite, except for the one-dimensional uniform
electron gas.

At low density the electrons form a Wigner crystal with
the electrons localized at the lattice positions of a crystal.
Therefore, we can perform a Taylor expansion of the Coulomb
potential around the equilibrium lattice vectors R of the elec-
trons in the Wigner crystal,
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where the Greek letters o and 8 denote Cartesian components.
Since the classical energy Uy is a minimum, the contribution
of the first-order term in the expansion, U,, vanishes. Fur-
thermore, only variations in U,. contribute to U, since Uy,
is independent of the electronic coordinates and variations
in the electronic position do not change Up. because of the
uniformity of the background. In this work we will consider
the first three terms on the right-hand side of Eq. (6). This
allows us to calculate the first two coefficients in Eq. (1).

Defining the relative coordinates ii,, = 7, — R, we can
rewrite the first three terms of Eq. (6) in the following general
form [21]:

A= 0= 3 SV 45 200 Cont = Rt
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in which the real symmetric matrix C is defined as
Caﬁ (R111 - En)
1 1
OmarOn —— ) (10)
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where the derivatives are now with respect to ii.
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Thanks to the translational invariance of the system we can
use the following Fourier transformation:

1 Gy R
Uy = —= ) €7y, (11)
W
ho=—— Y e O, (12)

where N is a normalization constant and the vectors Ck can
be interpreted as reciprocal lattice vectors, so Eq. (9) can be
rewritten as

H= U0+Z|:__V2+ anﬁ(Gk)vkavkﬂ:| (13)

with

Cup(Gr) = anﬂ (Rl R (14)
I

being a real symmetric d x d matrix, with d = 1, 2, 3 being
the dimensionality of the lattice. Finally, using the eigenvec-
tors of C(ék), we can perform an orthonormal transformation
to arrive at

A= UO+ZZ|: SOy F Zkaqka], (15)

where a)ia are the eigenvalues of C(Gy) and G are normal

modes. The expression inside the square brackets in the above
equation is the Hamiltonian of a quantum harmonic oscillator
in one dimension for which the eigenenergies are known.
Therefore, the total ground-state energy per electron of the
Wigner crystal can be written as

1o m
EWCN—+_3/2+"', (16)
s Iy
with
n U
—_ = —, 17
T N an

m= ZZma (18)

The jellium problem pertains to a system with an infinite num-
ber of electrons in an infinite volume at constant density. In
practical calculations we can, of course, deal with only a finite
number of electrons in a finite volume. However, we would
like to preserve the translational symmetry of the jellium
model. Therefore, we impose periodic boundary conditions
(PBC) with respect to a finite supercell. Unfortunately, the
long-range Coulomb potential is not periodic, and it does not
vanish at the borders of any finite supercell, even a very large
one. Therefore, as explained in the next section, we impose
Clifford boundary conditions with a renormalized distance.

B. Clifford boundary conditions

We will use Clifford boundary conditions, which means
that we define a supercell that has the topology of a Clifford
torus, i.e., a finite, flat, and borderless manifold. A Clifford
supercell is linked to a Euclidean supercell defined in R“. The

Clifford supercell is then obtained by joining opposite sides
of the Euclidean supercell without deformation. This can be
achieved by defining the Clifford supercell in the embedding
space C? (alternatively, it can also be achieved in R??).

Let us consider a general orthorhombic lattice in d dimen-
sions and define d,, to be the orthogonal generating vectors of
a unit cell in R?. Then a general vector ¥ inside the unit cell

can be written as
b= Zxa?za, (19)

where 0 < x, < 1. We define a Euclidean supercell (ESC) as
the right paral]e]eplped in RY generated by the vectors A,
given by

Ay = Koy, (20)

where K, are positive integers. The ESC thus contains [ [, Ky
copies of the unit cell. A general vector 7 F5€ in the ESC can
thus be written as

FEC=04 ) kelly = ) Fulla, Q1)
withry, = x4 +ky and 0 < k, < K, — 1.

We now define the Clifford supercell (CSC) as the Clifford
torus in which the opposite borders (either points, edges, or
faces, depending on d) of the corresponding ESC are con-
nected without deformation. A general vector 7 ©5C in the
CSC should respect the translational symmetry of the Clifford
torus. This can be achieved by writing 7 € according to

K, .
- CSC __ o 2nry /Ke _ 113
7 = E _27'ri[e 1]dg. 22)

We note that the above expression is the classical equivalent
of the PBC position operator proposed by some of us in a
quantum context [28]. The above definition satisfies a number
of important constraints. In particular, it satisfies the transla-
tional symmetry, it reduces to the standard position operator
in the appropriate limit, and the corresponding definition of
the distance is real and gauge invariant [see Eq. (23)] [28].

In order to evaluate Coulomb potentials we have to define
the distance between two points in the CSC. We note that
a possibility would be to define the distance as the smallest
difference between two points on the Clifford torus. How-
ever, such a distance would have discontinuous derivatives
in those points of the CSC that correspond to the midpoints
of the edges of the corresponding ESC. This definition of
the distance would yield discontinuous forces in these points,
which is unphysical. Therefore, we choose the distance to be
the Euclidean norm in C¢ because it is both uniquely defined
and yields continuous derivatives. In other words, the distance
is defined in the embedding space of the Clifford torus. This
distance r;>¢ = |7,%C — 7 5C| is given by

CSC \/Z % gin? [r,a rja]> (23)

where we used dy, - dg = 0 for « # B and L, = K,|dy|, with
L, being the length of an edge of the ESC. We will evaluate
the Coulomb potentials in Egs. (7) and (8) using the above
renormalized distance. In Fig. 1 we show an illustration of a
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FIG. 1. Pictorial illustration of a Clifford supercell for the trian-
gular lattice of the two-dimensional Wigner crystal. The equilibrium
positions of the electrons are located at the vertices. The dashed red
line represents the renormalized distance between two electrons used
in the Coulomb potential. It is the shortest distance in the embedding
space of the Clifford torus. We note that a true Clifford torus has a
flat surface which is impossible to represent graphically.

CSC for a two-dimensional Wigner crystal and the renormal-
ized distance between the electrons.

C. The 3D Wigner crystal

With the renormalized distance the background-
background contribution in the 3D CSC is given by
csc / dxdydz
C B (] S [2] + G s []

(24)
where, thanks to the periodicity of the CSC, we could reduce
the two volume integrals to only one and we used n = N/V,

which ensures the charge neutrality of the 3D CSC supercell,
with V = L,L,L, being the volume of the supercell. With the
changes in variable 6, = %, 0y = %, and 0, = % the above
expression can be rewritten according to

d6,d6,do.

0SsC = / / / .
\/ L2sin’ 0, + L} sin® 6,4 L2 sin 6,

(25)

The triple integral in the above equation can be readily
calculated. For example, in the case of a cubic supercell, i.e.,
L =L, =L, =L, we obtain the following result:

2
OS¢ = NTV (L=L,=L,=Ly), (26)
with y. = 1.4305055275.

Thanks to the periodicity and uniformity of the posi-
tive background, each electron contributes exactly the same
amount to the summation in the expression of the electron-
background contribution in the CSC. Therefore, without loss
of generality, we can choose to consider explicitly only the
contribution of an electron located at the origin and multiply
by N. We can thus write the electron-background contribution
according to

0SsC = / dxdydz
VG (2] i (2] s 2]
27

where we once more used n = N/V. We note that in the spe-
cial case L = L, = L, = L, the integral in the above equation
can be made 1ndependent of Lina way similar to what was
done for Uyy. By comparmg Egs. (24) and (27) we find the
following identity between Uy, and U, in the CSC:

UCSC

—2055¢. (28)

Finally, the classical electron-electron contribution Uo,eg in the
CSC is given by

1

This is the only contribution that depends on the details of
the lattice structure, i.e., the equilibrium positions of the elec-
trons.

In the following we will focus on the bcc lattice since
it yields the ground-state energy of a 3D Wigner crystal. A
strategy similar to that described below can be used for other
lattices. For the bce structure it is convenient to use a cubic su-
percell, i.e., L = Ly = L, = L, and to define the equilibrium
positions of the electrons according to R; = (7 /3)"/3ri;, with
7i; being a vector of three integers, all even or all odd [21].
Therefore, L = (r /3)1/ 3(2Ny)r,, with N, being the number
of electrons per side. The total classical bcc energy Uy =

L .
= sin? [F (i =y

. (29)
D]+ 7% sin? [%(Zi - z;)]

(

UCSC UCSC

0.ce per electron can thus be written as

bee from the

Since Uy/N = ’70“ /¥s, we can easily obtain 7
above expression.
By working out the derivatives in Eq. (10) while using the

renormalized distance given in Eq. (23) and then inserting
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the definition of R; for the bcc lattice, i.e., R; = (77 /3)"/3rii;,
we obtain the following expression for the C matrix:

cos [’”‘:“ ]

sin?[mwngy /(2N))]}

- 3728
cMO)y= - [
af
8N 3 L.
L .
[, sin2lmnie /N1 |
Sap cos [ 7]

i) 37?1
i) =
ap 8NJ r3 | Y (sin® [y /(2N,)]}3/2
_ jsin[RE]sin[ 7]
> Asin® [ nia /(2N 1}/

32

} (fi; #0), (32)

where the summation in Eq. (31) is over all 7; # 0 inside the
CSC. We note that in the limit Ny — oo we have the following
identity:

lim CY(0) = ! (33)
Ny— o0 oo - rg )
The matrix C given in Eq. (14) can be rewritten as

TN (i) = 3 €% (i) cos <””}’;—”) (34)

where we used that Ci;k = 2w /(2Ny). To obtain n'l’“ it suf-
fices to diagonalize C™:(ii;) V k, take the square root of the
eigenvalues, and add them up according to Eq. (18).

D. The 2D Wigner crystal

The derivation of the various terms of the Coulomb po-
tential in two dimensions for the CSC are analogous to those
of the 3D Wigner crystal discussed in the previous section.
The background-background and electron-background contri-
butions in the CSC are given by

/ / do,.do,
\/ L2sin% 6, + L% sin? 0y
(35)
where we used the fact that in 2D n = N/(LL,). We note

that in the special case L = L, = L, we obtain the following
analytical expression:

{Esc — Ue _

A

Us  N*  of 11,1
2 TS ipapaplt) GO

where G is the Meijer G function. The classical electron-
electron contribution in the 2D CSC is given by

UCSC —

UCSC 1 1

Oee — 5 ’
2 — 2, . Lz . p
i \/% sin® [ 7= —x;)] + 7 sin’ [L_y(yi_)’j)]
(37

In the following we will focus on the triangular lattice
since it yields the ground-state energy of a 2D Wigner crystal.
For the triangular lattice it is convenient to use a rectangular

supercell and to define the equilibrium positions of the elec-

trons according to 13,- = rs,/n/(2\/§)(n,~x, n,-yﬁ)r, with n,
and n, being two integers, both even or both odd. Therefore,

L, = rA.,/ZJT/\/—NM and L, =r; 2n\/§N5. The total classi-

cal energy Uy = Uocgec U}S,SC per electron of the triangular

lattice can thus be written as

Uo A
N |, (38)
N Ny | 2424 Z T
where y; = 0.7839363355 and
_ TNy
f(#;) = sin [ZN ]+3s1n [ZNS]' 39)

By working out the derivatives in Eq. (10) while using
the renormalized distance given in Eq. (23) and then insert-
ing the definition of R; for the triangular lattice, i.e., R; =
re/ 7w/ 2v/3)(ny, my V3)T, we obtain the following expression
for the C matrix:

3/2 T Nig
cNg(6)2_<”*/§> Sap [COS[T]

2N? r§’ e f(i;)3?
iWE(/3 )(% sin? [ 2t | 0
Far? .

o i <7T\/§>3/2l 8ap COS [nnm]
" =\az) BTG
. 3(V/3)% (/3)% sin [”N”—"] sin [”]3""]
[ ()2

(ii; # 0),
(41)

0 5e-06  1e-05

-0.895929 1.5e-05 2e-05 ‘2.5e-05

-0.895930

-0.895931

ngD

-0.895932 -

106102585 ‘ ‘ ‘ m

|
[

o) -1.106102590
No

=
-1.106102595—

-1.106102600

1e-07 1.5e-07 2e-07 2.5e-07
2
N

0 5e-08

FIG. 2. The coefficient ny (in Ha) as a function of N;z for the 3D
bec lattice and the 2D triangular lattice. The dots at N;2 = 0 indicate
the extrapolated values obtained according to Eq. (45).
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TABLE II. Numerical values of #3° (in Ha) for the square and
triangular 2D crystal structures.

2D

Mo
Lattice This work Literature [17]
Square —1.100244420 —1.100 244
Triangle —1.106 102 587 —1.106 103

where the summation in Eq. (40) is over all 7; # 0 inside the
CSC. A procedure similar to that described for the 3D bcc
lattice in the previous section then leads to n3P.

E. The 1D Wigner crystal

As mentioned in the Introduction, in one dimension the
classical ground-state energy per electron diverges because
of a nonintegrable singularity in the 1D Coulomb potential.
Therefore, we will focus here on the calculation of 7. In one
dimension the C matrix defined in Eq. (10) is just a scalar that
is given by

1= 1 + cos?[wn/N]
Wﬁn:] | sin[zn/N1P3

73 1 14 cos’[nn/N]
“8N3 72 |sin[mn/N])?

(o) = ; (42)

cNn) = (n # 0). (43)

We note that in the limit N — oo we have the following
identity:
£3)

3
2r;

Nli_)rréo cN) = (44)

in terms of the Riemann ¢ function.

II1. RESULTS

We summarize here the results obtained for 7y and 7; for
various lattices in the limit of the infinite systems. To estimate
the coefficients ny and 7n; for the infinite CSC we extrapolate
the coefficients of finite-size CSCs with the following power
function:

N(N;) = neo + AN, 2, (45)

where A and 7 are the fit coefficients. This power func-
tion has also proven to work well for the extrapolation of
Madelung constants [29].

TABLE III. Numerical values of n3P (in Ha) for several 3D
crystal structures.

3D

Mo
Lattice This work Literature [20]
Simple cubic —0.880 059 440 —0.880 059
bce —0.895 929 255 —0.895 929
fce —0.895 873 614 —0.895 874
hep —0.895 838 120 —0.895 838

1.32868
1.32866
1.32864
1.32862

3D

1
L A
Il ‘ Il ‘ Il ‘ Il

|
8el05 ' 0.

0.81368595 —
0.81368590
0.81368585
0.81368580
0.81368575
0.359933170 |-
0.359933165
0.359933160
0.359933155

Il ‘ Il
0.3599331500 20:00

| | |
2¢105 7 4elos T 6elos 01

2D

1

P T T =)

| | |
2¢107 7 4elo7 T 6elo7

1D

1

‘ Il ‘ Il ‘ Il
4e-09  6e-09  8e-09
2
N
N

le-08

FIG. 3. The coefficient n; (in Ha) as a function of N;z for the 3D
bece lattice, the 2D triangular lattice, and the 1D linear lattice. The
dots at N2 = 0 indicate the extrapolated values obtained according
to Eq. (45).

A. The classical energy no

In Fig. 2 we report 3P and 3P as a function of N, for the
bce and triangular lattices, respectively.

We can use the same strategy to find the ground-state
energy for any crystal structure. For the sake of completeness
we report in Tables II and III the ground-state energies of the
most common crystal structures in two and three dimensions,
respectively. As expected, we find that in two dimensions the
triangular lattice is lower in energy than the square lattice,
while in three dimensions, it is the bcc lattice that has the
lowest energy, although the differences from the fcc and hep
lattices are small. Our results are in perfect agreement with
the literature values, while with our approach we can easily
obtain several more digits.

B. The harmonic correction, 7,

In Fig. 3 we report n; as a function of N;z for one, two,
and three dimensions. Again, the results are close to linear,
and we can extrapolate to the infinite-size CSC with the power
function of Eq. (45). We report the extrapolated values in
Table IV. We see that for the 1D and 3D Wigner crystals our
results are in agreement with the most accurate values found
in the literature. Instead, for the triangular 2D Wigner crystal
our result is significantly different from the literature value.

TABLE IV. Numerical values of n; (in Ha) for Wigner crystals
in one, two, and three dimensions.

m
Lattice This work Literature
1D (linear) 0.359 933 0.359 933 [25]
2D (triangular) 0.813 686 0.795 [17]
3D (bce) 1.328 624 1.328 62 [21]
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TABLE V. Summary of the coefficients 7y and 7, (in Ha) ob-
tained in this work.

1D 2D 3D
linear lattice triangular lattice bec lattice
1o —1.106 103 —0.895 929
m 0.359 933 0.813 686 1.328 624

IV. CONCLUSIONS

We have presented a simple real-space approach for the
calculation of the ground-state energy of Wigner crystals in
one, two, and three dimensions. Our approach yields values
with high precision for the first two terms in the asymptotic

expansion of the energy per electron of Wigner crystals. Our
results are in agreement with the values found in the literature
with the exception of the harmonic correction to the zero-point
energy of the 2D triangular Wigner crystal, for which we
found a significantly larger value than the one in the literature.
We summarize our results in Table V. Finally, we note that
all our results were obtained with simple computer codes of
no more than a few hundred lines, all of which are freely
available [31].
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