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We describe a crystalline topological insulator (TI) phase of matter that exhibits spontaneous polarization
in arbitrary dimensions. The bulk polarization response is constructed by coupling the system to geometric
deformations of the underlying crystalline order, represented by local lattice vectors—the elasticity tetrads. This
polarization results from the presence of (approximately) flat bands on the surface of such TIs. These flat bands
are a consequence of the bulk-boundary correspondence of polarized topological media, and contrary to related
nodal line semimetal phases also containing surface flat bands, they span the entire surface Brillouin zone.
We also present an example Hamiltonian exhibiting a Lifshitz transition from the nodal line phase to the TI
phase with polarization. In addition, we discuss a general classification of three-dimensional (3D) crystalline
TI phases and invariants in terms of the elasticity tetrads. The phase with polarization naturally arises from this
classification as a dual to the previously better-known 3D TI phase exhibiting quantum (spin) Hall effect. Besides
polarization, another implication of the large surface flat band is the susceptibility to interaction effects such as
superconductivity: The mean-field critical temperature is proportional to the size of the flat bands, and this type
of system may hence exhibit superconductivity with a very high critical temperature.
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I. INTRODUCTION

The best-known topological insulators [1] in two dimen-
sions are characterized by robust edge states and a (spin) Hall
conductivity [2] quantized in the units of σ0 = e2/h. In three
dimensions, conductivity scales like σ0/[�], where [�] is a
length scale characteristic to the system under consideration.
In crystalline matter, the relevant length scale is obtained from
the lattice vectors [3,4] and the quasitopological quantum Hall
response is sensitive to geometry, being different in different
directions specified by the reciprocal lattice vectors.

Another type of a quasitopological response is the electric
polarization in arbitrary dimensions, being genuinely topo-
logical only in one dimension. It has been discussed, e.g.,
in Refs. [5–10], and has recently attracted renewed interest
[11–19]. In 3D, the response is defined by the polarization
charge density that scales like 1/[�2]. As we discuss in this
paper, the multiplicative prefactor of the bulk response can
still be quantized when suitably defined in terms of lattice
geometry, as in 3D QH effect [20]. In crystalline media we
may hence expect the relevant length scales to be associated
with the crystal lattice vectors.

A natural framework to describe the interplay of topo-
logical response and lattice geometry in crystalline media
is in terms of local lattice vectors E a

μ = ∂μX a—the elastic-
ity tetrads (vielbein in general dimensions) [20–22], where
the elastic embedding X a(x) counts the number of lattice
planes in (laboratory) space along crystal direction a. They
are a convenient way to discuss semiclassical hydrodynam-
ics, elastic deformations, and conserved charges in terms

of (continuum) lattice geometry [21]. Different from the
dimensionless tetrads in the first order formulation of gen-
eral relativity, they have the canonical dimensions of inverse
length inherited from the underlying lattice. More recently,
they have been shown to enter the field theoretical topological
response of crystalline insulators with additional conserved
lattice charges, specified by integer quantized momentum
space invariants [19,20], and they can be extended [23] to
the relativistic quantum fields and gravity [24–29]. In these
cases, the associated crystal lattice is not necessarily due to
periodic real space structure on which the fermionic system
is placed but can be induced by interactions and/or other
superstructures in the relevant ground state [30].

Here we show that using a combination of the elasticity
tetrads Ea

μ and the electromagnetic gauge fields Aμ, one can
in 3 + 1 dimensions construct four different types of topolog-
ical terms in the electromagnetic action. They are presented
in Eqs. (5), (7), (9), and (13) and correspond to geometri-
cally dual responses containing different numbers of elasticity
tetrads: three and zero or one and two elasticity tetrads, re-
spectively. As we discuss in Sec. II B, the first two describe the
trivial band insulator and axion electrodynamics, respectively.
The second pair describes the 3D quantum Hall (QH) effect
[20] and topological polarization, which is the main focus in
this paper. The QH and polarization responses and their dual
relation in terms of the geometry of lattice vectors and planes
are schematically described in Fig. 1.

The topological responses with elasticity tetrads give
concrete examples of the crystalline insulators studied and
classified in Refs. [12,32–35]. One formal distinction of our
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FIG. 1. Elementary cells of a crystal in real (spanned by a, b, c)
and reciprocal spaces (Ea). Quantum Hall effect [2,31] is determined
by the topological charge Na integrated over the surface spanned by a
pair of Ea, whereas the polarization jump is described by the charge
Na integrated along one Ea.

approach to the classification of crystalline topological phases
is that only translational symmetries are necessary and the
responses arise also in quasicrystals via higher dimensional
lattice projections [22,36].

Besides quantized bulk polarization, the TI phase with
polarization implies protected boundary modes. There is
a marked difference between the boundary modes of the
QHE-type topological insulators and those exhibiting surface
polarization. Namely, whereas the previous form chiral “half-
Dirac” surface modes [37], the surface states in the latter case
form approximate flat bands spanning the entire surface Bril-
louin zone (BZ). Similar flat bands are found in the surfaces
of nodal line semimetals [38–41], nodal line superconductors
[42], and superfluids [43]. However, in those cases the flat
bands span only part of the surface BZ, corresponding to the
projection of the nodal lines to the surface.

Accordingly, here we discuss the topological polarization
and flat band using an extension of a simple model [38] to
the range of parameters relevant for crystalline insulators (or
superconductors). In this extension the multiple Dirac points
in a layered quasi-2D system evolve into a flat band, which
occupies the whole 2D BZ on the boundaries of the 3D
system when the number of atomic layers increases. This is
accompanied by the formation of a topological crystalline
insulator state in the bulk. In the numerical model, we consider
the topological response and the corresponding topological
invariants for the bulk topological insulator in terms of the
elasticity tetrads and calculate the generalized polarization,
matching the polarization by the surface flat bands.

II. TOPOLOGICAL POLARIZATION AND DUAL
INVARIANTS IN CRYSTALLINE INSULATORS

In this section, we first review the elasticity tetrads, fol-
lowing Ref. [20], representing continuum translational gauge
fields in the crystalline system. We then discuss the dual forms
of topological responses arising from the elasticity tetrads
in crystalline insulators in three dimensions. The duality is
in the sense of the lattice volume and its lower dimensional
subsystem volumes, counting the number of elasticity tetrads
appearing. These are, respectively, the total (lattice) charge
conservation and theta term, and, the three-dimensional quan-
tum Hall effect and topological polarization. We assume a
crystalline insulator with integer filling per band (without
spin). Although charge transport is suppressed by the (mobil-
ity) gap in such insulators, the system is not strictly speaking
gapped since e.g. the elasticity tetrads explicitly include sym-
metry breaking Goldstone modes. This carries over to the
responses that are quantized in terms of the invariants and
combinations of elasticity tetrads. Throughout the paper, we
work mostly in units where h̄ = e = 1.

A. Elasticity tetrads

Let us consider the theory of crystalline elasticity using
the approach of Refs. [20,21], which we now briefly review.
An arbitrary, weakly deformed crystal structure can be de-
scribed as a system of three crystallographic surfaces, the
Bragg planes, of constant phase X a(x) = 2πna, na ∈ Z with
a = 1, 2, 3. The intersection of the surfaces

X 1(r, t ) = 2πn1, X 2(r, t ) = 2πn2, X 3(r, t ) = 2πn3, (1)

represent the lattice points of a deformed crystal in terms of
an embedding. The embedding of the lattice points of the
(electronic) crystal L in coordinate space is defined in terms
of the inverse functions

L = {R = r(na)|na ∈ Z3}.
Although the lattice is always labeled by the integer (mod
2π ) functions X a, the embbedding in coordinate space can
describe arbitrary (small) deformations. The integer lattice
points can be shifted, X a ∼ X a + 2π without changing the
physical lattice, so the periodic scalars X a themselves cannot
enter the physical response. Instead, their derivatives repre-
senting local lattice vectors can appear. These tangent vectors
were termed elasticity tetrads (in three spatial dimensions) in
Ref. [20]. In the continuum limit and three spatial dimensions,
the elasticity tetrads are gradients of the phase functions:

Ea = E a
i (x) = ∂iX

a(x) i = x, y, z, a = 1, 2, 3, (2)

giving the local lattice vectors of a spatial crystal. In the
simplest undeformed case, X a(x) = Ka · r, where Ka are the
(primitive) reciprocal lattice vectors.

For simplicity, we work with the orthorhombic unit cell
lattice system, but the generalization to other lattice symme-
tries and non-Bravais bases is in principle straightforward and
does not affect the general results; a formal requirement of the
responses we discuss is that field gradients are small at lattice
scale. As a result, the elasticity tetrads refer to quantities
averaged over the unit cell and our formulas are not sublattice
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specific. We return to this briefly in Sec. IV. Generalizing to
temporal directions, in an equilibrium (spacetime) crystal lat-
tice the quantities E a

μ are lattice four-vectors of the reciprocal
(four-dimensional) Bravais lattice. Here Ea

t would describe
dynamic changes in the lattice, such as phonons, whereas E0

μ

would correspond to a periodicity in time. In what follows,
we concentrate on the static case, but the formulas are readily
generalizable to the dynamic case as well. In a deformed crys-
tal, but in the absence of dislocations, the tetrads Ea

μ satisfy the
integrability condition of vanishing torsion [20]

T a
μν = ∂νE a

μ − ∂μE a
ν = 0. (3)

In the absence of torsion, the embedding is globally well
defined and single valued. The elasticity tetrads have di-
mension of inverse length, [Ea

μ] = 1/[l], being gradients of
dimensionless scalars X a. This and the presence of finite lat-
tice symmetries is the main difference for the dimensionless
tetrads used in the theories of general relativity. However,
also in some theories of gravity, the tetrads have naturally
dimension 1/[l], see, e.g., Refs. [23–29].

Due to the periodicity of the crystal, the scalar functions X a

play the role of continuum U (1) fields, and thus the tetrads Ea
μ

play the role of tautological vector potentials, i.e., effective
gauge fields with torsion T a

μν as their field strength. When
Eq. (3) holds, they imply conserved lattice charges along
the different lattice sections a. In a crystalline topological
insulator/superconductor, their antisymmetric tensor prod-
ucts correspond to higher-form conserved currents related to
conserved particle numbers measured on lower-dimensional
lattice sections [44]. In three dimensions, this emergent charge
conservation occurs below the mobility/quasiparticle gap of
the insulator/superconductor and is therefore only valid at low
enough energies compared to the gap. For more details about
these symmetries and the topological responses, see Ref. [44].

When the ordinary electric charge response is combined
with elasticity tetrads, the bulk state can still have a (weak)
topologically nontrivial subdimensional electromagnetic re-
sponse with associated nonzero and quantized momentum
space invariants. For similar ideas, see Refs. [45,46]. The
“missing” elasticity tetrad fields enter in new crystalline topo-
logical terms and contain a mixture of the electromagnetic Aμ

and elastic Ea
μ gauge fields [44], as we discuss next.

B. Lattice volume and 3D theta term

To set the stage, we first discuss the tautological topologi-
cal conservation law of lattice charges in an insulator and its
dual response. The three-dimensional lattice volume form is

volume(BZ) = E1 ∧ E2 ∧ E3. (4)

Related to this, the insulator has an integer number of filled
electronic bands per unit cell (minus the positive background
charge) and no free charges below the mobility gap [30]. The
charge density (4) couples to the electric potential A0 via the
topological action [19,20]

S0D = 1

(2π )3

∫
d4xNωεμνλρE1

μE2
ν E3

λAρ. (5)

The invariant in terms of the (semiclassical) Green’s function
G = G(p, ω) is

Nω(p) = 1

2π i

∫ ∞

−∞
dωTrG∂ωG−1 (6)

and counts the number of occupied states in the BZ. The
invariant Nω ≡ Nω(p) can only change when the gap in the
spectrum closes. This makes Nω the simplest topological
invariant possible. Note that the lattice vectors represented
by the elasticity tetrads carry spatial indices only, therefore
singling out the potential A0. While the conservation of lat-
tice volume is tautological to charge conservation below the
(mobility) gap, and must be compensated by overall charge
neutrality over the unit cell, the response (5) can be nontrivial
when considered on the surface of a topological state with
polarization [19], see below. This arises since the boundary
response is dictated by overall conservation laws from non-
trivial higher-dimensional bulk terms and often is anomalous
as a purely lower-dimensional theory.

The response, thus understood, applies to insulators under
elastic deformations, i.e., with coordinate dependence on the
tetrads Ea. The dual topological response corresponding to the
lattice volume is the bulk theta term, corresponding to axion
electrodynamics [47],

S = 1

32π2

∫
d4xNθ (x, t )εμνλρFμνFλρ (7)

coupling to zero-dimensional lattice points, i.e., the response
of the original point charges. Here Fμν = ∂μAν − ∂νAμ is the
electromagnetic tensor and

Nθ (x, t ) = 1

96π2

∫ 2π

0
du

∫
BZ

dωd3pεuμνλρTr
[
(G∂uG−1)

× (G∂μG−1)(G∂νG−1)((G∂λG−1)(G∂ρG−1)
]
(8)

with ∂μ = (∂ω, ∂p) is the invariant corresponding to the whole
frequency-momentum space, extended by the periodic adi-
abatic parameter u from dimensional reduction and related
higher-dimensional anomalous theories defining the topologi-
cal response; for more details see, e.g., Refs. [20,47–49]. The
invariant is equal to the second Chern number and therefore
reduces to an integral over the physical BZ. Time-reversal
invariance and electric charge conservation suffice for non-
trivial Nθ but are not necessary. With some other protecting
symmetry K it reads

N ′
θ = 1

24π

∫
ω=0

d3pTr[εi jkK (G−1∂pi G)

× (G−1∂p j G)(G−1∂pk G)],

where K is the operator representation of the symmetry
transformation. Examples of such topological invariants are
provided by the superfluid 3He-B and the standard model of
particle physics [50], when they are considered on the lattice.
In other words, whereas in Eq. (6) p is fixed and the integral
goes over the frequency, for the dual invariant the frequency
is fixed and the integral goes over the momenta.

Combined with a protecting symmetry Nθ → −Nθ , such
as time-reversal or parity, and 2π periodicity due to the
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quantized second Chern class, the theta term mod π implies
the protected boundary modes on the surfaces of the insulator
[47]. The invariant Nθ (x, t ) is not quantized in general, how-
ever, and can be noninteger mod π [49,51], see also Ref. [52].

Next we discuss nontrivial topological crystalline re-
sponses that are tantamount to extra crystalline topological
conservation laws, featuring the elasticity tetrads, in addition
to electric charge conservation (gauge invariance). These also
imply protected boundary modes in associated crystal direc-
tions. In summary, the crystalline responses and invariants
require U (1) electromagnetic and some crystalline transla-
tion symmetry only but remain well defined under point and
space group symmetries, small elastic deformations, and open
boundary conditions. Breaking the idealized crystalline trans-
lational symmetry in space under elastic deformations implies
nonzero torsion in (3) associated with dislocations, see e.g.
Ref. [53].

C. Anomalous QHE in 3D topological insulators

In particular, the elasticity tetrads are important in the field
theory description of the intrinsic (without external magnetic
field) quantum Hall effect in 3D topological and axion in-
sulators [31,54–56]. The corresponding topological response
contains the elasticity tetrad as a dynamical lattice gauge
field combined with the electromagnetic gauge field with the
Chern-Simons topological term [3,20,57–59]:

S[A, A, E ] = 1

8π2

3∑
a=1

Na

∫
d4x E a

μ εμναβAν∂αAβ. (9)

The response resulting from this action is topologically
nontrivial and the prefactor is expressed in terms of the
topological charges in momentum space. This implies chiral
fermion modes on the boundary, relevant for the 3D QHE
along NaEa [see Eq. (12) below], as well as on dislocations
[3]. For superconductors Ãμ = Aμ − ∂μφ, where φ is the
symmetry breaking phase mode, can enter [60] leading to
chiral Majorana modes instead. The three independent integer
quantized coefficients Na are expressed in terms of integrals of
the Green’s functions in the energy-momentum space [57,58]:

Na = 1

8π2
εi jk

∫ ∞

−∞
dω

∫
BZ

dSi
a

× Tr[(G∂ωG−1)(G∂p j G
−1)(G∂pk G−1)]. (10)

Here the momentum integral is over the 2D torus—the 2D
boundary Sa of the elementary cell of the 3D reciprocal lattice,
see Fig. 1.

For a simple, say, orthorhombic lattice in Fig. 1, the topo-
logical charge describing the QHE in, say, the (x, y) plane is
Nz. It is the integral in the (px, py) plane of the elementary cell
of the reciprocal lattice at fixed pz:

Nz(pz ) = 1

4π2

∫ ∞

−∞
dω

∫
BZ

d pxd py

× Tr[(G∂ωG−1)(G∂px G
−1)(G∂py G

−1)]. (11)

This integral in gapped crystalline insulators with AQHE does
not depend on pz, signaling the quantized response (9).

While in 2D crystals the topological invariant describes the
quantization of the Hall conductance, the topological invari-
ants Na in 3D crystals describe the quantized response of the
Hall conductivity to deformation [3]:

dσi j

dE a
k

= e2

2πh
εi jkNa. (12)

The presence of the reciprocal lattice vector E a
k of dimension

1/[l] leads to the correct dimensions of the 3D conductivity,
as expected.

D. Polarization and flat bands in 3D topological insulators

The three topological invariants Na responsible for the 3D
QHE are expressed in terms of integrals over three planar
cross sections of the elementary cell of the three-dimensional
reciprocal lattice, specified by perpendicular lattice directions.
In three dimensions, there is another class of topological in-
variants represented by three invariants Na in terms of line
integrals along vectors of the reciprocal Bravais lattice that
couple to perpendicular planes as in Fig. 1. Such a line forms
a closed loop in the crystal that can, for example, accumulate
a Zak phase π , see, e.g., Refs. [38,39] and Refs. [13,17].

The invariants Na are related to a topological response that
can be considered dual to the action (9), where one gauge field
Aμ is substituted by the tetrad gauge field. This is given by the
following topological term in the action

S[A, E , E ] =
3∑

a=1

Na

8π2
εabc

∫
d4xEb

μEc
ν ε

μναβ∂αAβ. (13)

Likewise, since the term (13) is linear in the electric field
E = ∂t A − ∇A0, three invariants Na (a = 1, 2, 3) characterize
the topological polarization δS[A, E , E ]/δE along three direc-
tions. It leads to the induced boundary charges from the bulk,
in addition to modes bound on dislocations [19,20]. They are
described by the action, assuming constant Aμ along boundary
a for simplicity,

Sbndry[A, E , E ] = �Na

8π2
εabc

∫
bndry

d3xEb
μEc

ν ε
μναAα. (14)

This describes the surface polarization charge density cou-
pling to A0, and �Na is the (integrated) bulk-boundary jump
in Na and the integral is perpendicular to the direction a.
Similar to the case of Eq. (5), the static elasticity tetrads single
out only the A0 term. For superconductors, the combination
A0 − ∂tφ can enter [60], with Majorana modes from polariza-
tion [18]. Moreover, the boundary theory can be anomalous
when considered without the associated bulk [19,30].

From the comparison of the polarization to the Zak phase,
see, e.g., Refs. [13,17,18] for insulators and superconductors
and Refs. [38,39] for gapless systems, we conclude that in
some cases the invariants Na can be written simply in terms
of an effective Hamiltonian H (p) = 1/G(p, ω = 0), which is
the inverse of the Green’s function at zero frequency. The
polarization invariant can be more generally linked to the
semiclassical expansion for the momentum space invariants
discussed in Ref. [20]. Here we assume that the insula-
tor is PT symmetric, i.e., obeys the combination of time
reversal and space inversion symmetries, and thus the PT
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operation anticommutes with the Hamiltonian. It is important
that the operator PT is local in momentum space (see also
Refs. [61,62]), so that we can write the invariant in terms of
an effective Hamiltonian. In particular, for an orthorhombic
lattice the invariant is

Nz(px, py) = 1

2π i
Tr

[
PT

∮
d pzH

−1∂pz H

]
. (15)

Similar to the invariant Nz(pz ), which does not depend on pz

in insulators, the invariant Nz(px, py) does not depend on the
transverse momenta p⊥ in the gapped systems (insulators or
superconductors).

In noninteracting PT -symmetric insulators [17] and super-
conductors [18] these invariants determine the Berry phase
change along the loop (the Zak phase), which is 2πNa.
In nodal line semimetals the nonzero Zak phase produces
zero-energy surface states, which form a flat band [38,39].
In gapped crystalline insulators, where the invariants do not
depend on p⊥, the flat band occupies the whole Brillouin zone
on the corresponding boundaries of the sample. Note that the
exact flatness of these surface bands relies on a chiral symme-
try often present especially in nodal line superconductors [42]
but also in approximative descriptions of nodal line semimet-
als [38]. This symmetry is not necessary for the stability of
the nodal lines [41,63], but in its absence the surface states
become “drumhead” states with some dispersion. The same
is expected for the approximately flat bands of the crystalline
insulator [17].

E. Dual invariants and quantized electric polarization response

To gain insight to the dual responses, including the polar-
ization, let us consider for simplicity an orthorhombic crystal
with an electric field along z. From Fig. 1, the invariants Na

can be considered as geometric duals to the three invariants Na

in the crystalline lattice. While the invariant N3 is an integral
over the surface formed by two vectors, E1 ∧ E2, the invariant
N3 is an integral on the path along the vector E3. They respec-
tively couple to the tetrads E3 and E1 ∧ E2 in the response.

We now focus explicitly on the polarization. Then the
appropriate part of the action contains the invariant N3:

S[A, E , E ] = N3

4π2

∫
d4x(E1 × E2) · E

= N3

4π2

∫
d4x S12 · E, (16)

where S12 is the area of the 2D BZ in the plane perpendicular
to the normal of the considered boundary.

Electric polarization is determined as the response of the
action to the electric field E in the limit of infinitesimal electric
field, E → 0. From Eq. (16) it looks that for the topological
insulator with Na �= 0, the polarization is nonzero in zero elec-
tric field, which is, however, forbidden by parity symmetry or
by the PT invariance. In fact, it is forbidden for the infinite
sample, while in the presence of boundaries this is possible,
since boundaries violate parity symmetry, similar to the time-
reversal symmetry and surface modes with theta term. In the
presence of two boundaries there are two degenerate ground
states with opposite polarization. In one state the positive

electric charges are concentrated on the upper boundary (with
electric charge +|e|/2 per one state in the flat band), and
the negative charges are on the lower boundary. In the other
degenerate state the polarization is opposite. The first state is
obtained as a response to the electric field Ez → +0, while
the second state is obtained in the limit Ez → −0. This means
that the integer topological polarization can be considered as
the difference in polarization, when the electric field changes
sign.

Recent calculations of the topological polarization in nodal
loop semimetals have been done in Ref. [9]. We consider
this for crystalline topological insulators where the response
is quantized in terms of the elasticity tetrads. Similar to the
response of the QHE to deformations in Eq. (12), which
is quantized in crystalline topological insulators in terms of
invariants Na, the response of the topological polarization to
strain is quantized in terms of the invariants Na. From Eq. (16)
it follows that the quantized response corresponding to the
polarization Pi = δS/δEi|E=0 is the deformation of the cross
sectional area in the reciprocal lattice:

dPi

dSab,k
= 1

4π2
δi

kεabcNc. (17)

For the simple orthorhombic crystal and for polarization along
z this becomes

dPz

dS12
= 1

4π2
N3. (18)

The quantized variation of the polarization with respect to
deformation is an example of a well defined “differential”
polarization [6,8]. Note that the polarization itself is not quan-
tized, depending on (the surface spanned by) the reciprocal
lattice vectors, but its derivative with respect to deformation
in Eq. (17) is quantized.

III. POLARIZATION AND FLAT BAND
IN A NUMERICAL MODEL

In 3D topological insulators, the same invariant Na hence
implies both the flat band on the surface of the material and
the topological polarization in the bulk response. In general
terms, this is an example of bulk-boundary correspondence or
anomaly inflow from the bulk to the boundary, as discussed
above.

More concretely, this follows since each p⊥ in the system
represents a 1 + 1d topological insulator, and thus for each
p⊥ there should be a zero energy state on the boundary. Thus
for the topological insulators with nonzero Nc the flat band
exists on the surface for all p⊥. This is distinct from nodal
line semimetals, where the region of the surface flat band is
bounded by the projection of the nodal line to the boundary.
The topological insulator phase can be obtained when the
Dirac loop is moved to the boundary of the BZ.

This can be verified using an extension of the model

H =
(

f
f ∗

)
in Ref. [38] with f = sin px + i sin py −

te−ipz , i.e., the Hamiltonian in the limit of infinite number of
layers is

H = σx(sin px − t cos pz ) + σy(sin py − t sin pz ). (19)
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FIG. 2. Nodal lines for different parameters t . In top figures
showing the spiral lines up to t = 1, the first Brillouin zone is shown
as a box. In bottom figures, only the first Brillouin zone is plotted.

For low enough t , the nodal line can be found at the momenta
px, py, pz that simultaneously nullify the coefficients of σx,y.
This model has three different phases depending on the value
of the coefficient t as illustrated in Figs. 2 and 3. For t < 1,
the first Brillouin zone contains four spiral lines: one inside
it and others going through the Brillouin zone boundaries.
In this case there are surface flat bands at the projection of
the spirals to the surfaces. At t = 1 these lines touch and cut
each other to form closed nodal line loops when 1 < t <

√
2.

FIG. 3. Two lowest-energy eigenstates near E = 0, showing how
for t <

√
2 the flat bands extend through part of the first Brillouin

zone, and for t >
√

2 across the entire BZ. In the figure with t = 1.5,
the shown finite energy is associated to the finite number of layers
in the simulation (note the energy scale that is lower than in other
plots). All plots are computed with N = 100 layers.

The projection of these loops to the surface still marks the
boundaries of the surface flat bands. Finally, for t = √

2 the
loops shrink into four nodal points and vanish for t >

√
2

in which case the system forms a topological insulator. In
this case the flat band extends throughout the 2D Brillouin
zone of the transverse momenta. This behavior is qualitatively
similar to that found for the slightly more complicated model
of rhombohedrally stacked honeycomb lattice [63].

The topological invariant (15) is in Eq. (5) of Ref. [38],
where the PT operator is played by σz. In terms of the unit
vector of Pauli matrices in the Green’s function ĝ(p, ω) ≡ G

|G|
the invariant is in Eq. (8) of Ref. [38]:

N3(p⊥) = 1

4π

∮ π/a

−π/a
d pz

∫ ∞

−∞
dωĝ ·

(
∂ ĝ
∂ pz

× ∂ ĝ
∂ω

)
. (20)

In the case of the Hamiltonian in Eq. (19), in the nodal line
phase corresponding to t <

√
2, N3(p⊥) is nonzero inside the

projection of the nodal lines to the 2D space p⊥ and zero
outside it. On the other hand, in the topological insulator phase
with t >

√
2, N3(p) = 1 for all transverse momenta.

For a finite number of layers the Hamiltonian matrix is

Hi j = (σx sin px + σy sin py)δi j − t (σ+δi, j+1 + σ−δi, j−1).
(21)

This can be used to compute the spectrum shown in Fig. 3.
Moreover, using the (spinor) eigenstates φn( j, px, py ) of the
finite-system Hamiltonian corresponding to eigenenergy εn,
we also get the charge density at layer j

ρ j = ρ0 − e
∑

n

∫
BZ

d (2) p

(2π )2
f (εn)φn( j, px, py)†φn( j, px, py).

(22)
Here the integral goes over the 2D Brillouin zone of size S12

of the transverse momenta, f (ε) is the Fermi distribution, and
ρ0 = eS12/(4π2) ensures a charge neutral situation at zero
chemical potential. We calculate everything at zero temper-
ature.

In a given electric field, the polarization can be computed
as

Pz = 1

d

N∑
j=1

ρ j (x j − d/2), (23)

where x j = ja, d = Na is the thickness of the system, N is
the number of layers, and a is the lattice constant (layer sepa-
ration). We calculate this polarization in the case of an applied
electric field similarly to in Ref. [9] (see Appendix for details)
[64]. We concentrate on the case of negligible screening, i.e.,
disregard the backaction of the charge density to the electric
field. This corresponds to the limit α → 0 in Ref. [9]. In other
words, we consider a linearly growing potential describing
the effect of the field. The results are shown in Fig. 4. Due
to the presence of the flat bands, a small electric field leads
to a charge density that is antisymmetric with respect to the
center of the system (the average charge hence vanishes), i.e.,
a nonzero charge polarization. This polarization jumps rather
abruptly as a function of the sign of the electric field. The size
of the jump is integer

Pz(Ez > 0) − Pz(Ez < 0) = e
�FB

4π2
, (24)
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FIG. 4. Polarization as a function of the hopping parameter
t driving two Lifshitz transitions from two types of nodal line
semimetals at t < 1 and 1 < t <

√
2 to a topological insulator phase

at t >
√

2. Upper inset: charge density for a few parameter values
indicated in the legend. Lower inset: polarization as a function of the
electric field Ez. If not specified otherwise, the figures are calculated
with N = 21 layers and with electric field Ez = 0.1.

where �FB is the area of the flat band in momentum space.
In the topological insulator phase t >

√
2 the size of the flat

band becomes equal to the size of the 2D Brillouin zone,
�FB = S12, and hence we get the result of Eq. (18). This is
numerically identified in Fig. 4 where the slight deviation of
the polarization from 0.5 after the transition to the polarized
insulator is a finite-size effect.

Note that the model described here contains a chiral sym-
metry: H anticommutes with the PT symmetry operator σz.
Such chiral symmetries are typically not encountered in crys-
tal lattices, but they may be approximate symmetries in their
model Hamiltonians (for the case of rhombohedral graphite,
see Ref. [65]). Chiral symmetry breaking terms do not destroy
the surface states, but in their presence the surface states
become drumhead states with a nonzero bandwidth δε (see
Appendix B). In this case the polarization no longer contains
an abrupt jump as a function of the field, but the jump has
a finite width. Nevertheless, the size of the jump remains the
same as in Eq. (24). Note that the quantized jump requires that
the bulk states do not contribute to the polarization response
even at the finite electric field required to see it. This then re-
mains well defined in the topological insulator state provided
the chiral symmetry breaking terms are small compared to the
bulk gap.

IV. CONCLUSION AND OUTLOOK

We discuss the topological responses in three-dimensional
crystalline insulators (and superconductors) in terms of dual
pairs of invariants and the elasticity tetrads. We focus on the
topological polarization response and the associated flat bands
at the boundaries. We show the explicit momentum space
invariant linking the bulk and boundary. We also demonstrate
the formation of the topological polarization in the case of
an example Hamiltonian specified in Eqs. (19) and (21). This
polarization response and modes are distinct from, e.g., the

bulk theta term in time reversal invariant topological insula-
tors, in that they are protected only by the associated (weak)
crystalline symmetries.

We also discuss the relation of polarization to the other
possible invariants in three dimensions and the structure of
the responses in terms of the elasticity tetrads. The elasticity
tetrads themselves are defined in terms of the Bravais lattice,
taken here to be orthorhombic for simplicity. The dependence
of the crystalline response, such as polarization, on the chosen
unit cell requires some care [15]. The formal requirement of
our continuum theory is that the chosen unit cell should be
small compared to the gradients of the external fields. Thus
the unit cell is averaged over in the response and the small gra-
dients probe what was called “inter-unit-cell entanglement” in
Refs. [13,15,19]. At higher gradients, the response would be
of identical form but contain also polarization over the unit-
cell geometry. For the invariants, on the other hand, sublattice
geometry is of course very essential, see, e.g., the numerical
model (19) and the recent paper [66].

In more detail, the one-dimensional topological invariant
(the Zak phase) in Eqs. (15) and (20) describes two re-
lated phenomena: the topological response of polarization to
the strain and the surface flat band. This demonstrates that
the bulk topological polarization implies the filling of the
zero energy surface states and vice versa, constituting an
example of bulk-boundary correspondence and the associated
anomaly inflow. Notably, the bulk polarization response is
a total derivative in the absence of boundaries and disloca-
tions. Moreover, one can show that explicit bulk and boundary
currents in the polarized insulators require (adiabatic) time
dependence in the polarization invariants, see Eq. (13). Nev-
ertheless, likely the almost flat surface states can be made
metallic or delocalized, e.g., if the surface chemical potential
is changed or by nontrivial topology transverse to the polar-
ization. We leave the detailed study of this and properties
encompassing several or all bulk crystalline invariants for
future.

We note that the different crystalline invariants in the re-
sponses discussed are integer periodic by translational lattice
and gauge symmetry. For example, the polarization response
is proportional to the topological first Chern number

∫
F
2π

in
the lattice direction a, which is an integer over closed man-
ifolds, times a spatial volume integral counting the number
of lattice points in the perpendicular direction. Similar inter-
pretation holds for the other crystalline invariants [20,44,46].
The conclusion is that the topological polarization Na, or the
other crystalline responses and invariants, are defined mod
integers by translational and U(1) symmetries, as expected
[44]. Overall, the bulk state remains sensitive to the invariant,
lattice geometry, and boundary conditions.

Like in time-reversal invariant insulators, the invariants can
be exactly quantized in the presence of twofold symmetries,
such as inversion. More complicated crystalline symmetries
lead to other quantized values [11,12,67]. Under perturbations
breaking the symmetries, the invariants remain quantized in
some finite region and the mixing of the protected modes with
generic bulk states remains suppressed by the smallness of the
perturbation.

Using the simple numerical model in Sec. III with polar-
ization, the protecting symmetry is the chiral PT symmetry,
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where the additional time-reversal symmetry T fixes the
surface modes at exactly zero energy, rendering them flat
bands, see also Appendix B. However, the latter is not strictly
required since the electric field is T even, in analogy to
protecting symmetry of the adjacent nodal semimetal phase
[38–41]. We explicitly verified that the response of the po-
larization to the properly defined deformations is quantized,
see Eq. (17), and that the corresponding surface flat band
is present throughout the whole BZ. This is distinct from
the nodal line semimetals, where there is also a flat band,
but where this flat band occupies only part of the surface
BZ. As a result there is no bulk quantization. The surface
polarization and theory become anomalous in terms of a mere
two-dimensional description, and they have to be discussed in
the context of the bulk-boundary correspondence, including
the gapless fermions. However, the polarization difference and
derivative with respect to the deformation becomes quantized
precisely when the nodal loop moves to the boundaries of the
BZ and annihilates, forming a gapped topological insulator.

This situation is very similar to that in the AQHE, implying
the presence of protected chiral edge modes. In 3D topological
crystalline insulators it is the derivative of the Hall conduc-
tivity which is quantized [20] and well defined. In the Weyl
semimetals such quantization is absent, implying the chiral
anomaly from the gapless fermions, but is restored when the
Weyl nodes move to the boundaries of the BZ and annihilate
forming a topological insulator, see, e.g., Refs. [20,68,69].
More generally, the connection and evolution of the gapped
crystalline responses and invariants with elasticity tetrads to
unquantized anomalies in adjacent semimetal phases remains
an interesting problem [70–74] as well as topological elastic-
ity [35,36,44].

Systems with flat bands are strongly susceptible to interac-
tion induced broken symmetry phases such as superconduc-
tivity [40]. There, the (mean field) transition temperature Tc is
proportional to the volume of the flat band, if the flat band
is formed in the bulk [75], or to the area of the flat band
if it is formed on the surface of the sample [39]. Topolog-
ical insulators have a larger area of the flat band compared
with the flat bands on the surface of nodal line semimetals,
and thus they may have a higher Tc. This is in contrast, for
example, to the Moiré superlattice in magic angle twisted
bilayer graphene, where the flat band extends across the first
Brillouin zone of the superlattice [76–78]. At the magic angle
the superlattice unit cell contains a large number N ∼ 104 of
atoms, implying a rather small flat band with area ∼1/(Na2),
where a is the graphene lattice constant. Nevertheless, the
recent measurements [79,80] indicate superconductivity with
a Tc around a few K. This means that topological insulators
with much larger flat bands may be included in the competi-
tion whose final goal is room-temperature superconductivity.
Other current participants in the race are hydrogen-rich mate-
rials, such as H3S, LaH10, Li2MgH16, YH6, etc. [81–85]. In
these systems, the large transition temperature results from
the large vibrations of light hydrogens, which increase the
electron-phonon coupling. The contributions of flat band and
vibrations would ideally be combined. The manipulation and
control of acoustic vibrations in insulators (which represent
massive and massless “gravitons” in terms of the lattice metric
and elasticity tetrads with elastic energy, respectively [28]) is

not an easy task. But if the surface flat band of the insulator
is in contact with hydrogen-rich material, then the electron-
phonon interaction between phonons in hydrides and electrons
in the flat band may conspire in increasing Tc even further.

Lastly, we note that a phase with periodic stringlike order
parameter in spin chains was recently found to lead to topo-
logical flat bands of Majoranas [86]. This is probably related
to the polarization in the crystalline superconductors. On the
other hand, another recent flat-band work describing lattices
of fermions with random interactions [87,88] is rather related
to the Khodel-Shaginyan Fermi condensate [75].
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APPENDIX A: DETAILS OF THE NUMERICS

Figure 2 is produced by a parametric plot exhibiting the
simultaneous solutions to the equations

sin(px ) = t sin(pz ); sin(py) = t cos(pz ).

Figure 3 is obtained by constructing the 2N × 2N matrix
corresponding to Eq. (21). The plotted quantity corresponds
to the two center eigenvalues, which are the lowest-energy
eigenstates at μ = 0 for the particle-hole symmetric Hamil-
tonian [64].

Figure 4 finds the eigenstates of the Hamiltonian Hi j −
μ jδi j with a layer dependent potential μ j . To mimic an elec-
tric field in the direction perpendicular to the layers, we follow
Ref. [9] and choose

μ j = Ez( j − N/2).

Using the resulting eigenstates and -energies, we then calcu-
late the charge density Eq. (22) and polarization Eq. (23). Note
that this approach neglects the changes into μ j that would
come from solving the Poisson equation. It hence corresponds
to the limit κ → ∞ or α → 0 in Ref. [9]. The case of a finite
κ would lead to a possibility of broadening of the polarization
step but would not affect the size of the step. As shown
below, a similar broadening would be produced by weak chiral
symmetry breaking.

APPENDIX B: EFFECT OF CHIRAL SYMMETRY
BREAKING

We study the effect of chiral symmetry breaking on the
polarization jump by adding a term

g sin px sin pyσ0(δi, j+1 + δi, j−1) (B1)

to the Hamiltonian (21). This does not anticommute with the
PT symmetry operator σz. As a result, it lifts the flat-band
degeneracy of the surface states and leads to drumhead-type
dispersion shown in Fig. 5. The effect on the polarization
jump is plotted in Fig. 6. In this case the jump ceases to be
abrupt, but the overall size of the jump is unaltered, and the
unit polarization is recovered after the drumhead states are
filled.
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FIG. 5. Drumhead dispersion in the topological insulator state
with t = 2 in the presence of a chiral symmetry breaking term with
g = 0.01. The bandwidth produced by this symmetry breaking term
is still small compared to the insulator gap of t − √

2.

FIG. 6. Polarization jump in the presence of chiral symmetry
breaking. The abrupt jump becomes smoother, but the amplitude of
the jump remains quantized.
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