
PHYSICAL REVIEW B 103, 235429 (2021)

Current induced by a tilted magnetic field in phosphorene under terahertz laser radiation
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In this study, we investigate the cyclotron resonance effect in the first-order ac current, magnetic ratchet effect,
and second harmonic generation in phosphorene in the presence of a steady tilted magnetic field and under
THz laser radiation. We establish that various cyclotron resonances exist in the deduced currents based on the
angular frequency of the incoming light. These resonances are dependent on the ωc+ value, a function of the
carrier charge, the perpendicular magnetic field, and the effective masses along the armchair or zigzag edges.
We discuss the direction and the magnitude of the deduced currents for various radiation polarizations. We
compare the results with a zero perpendicular magnetic field. Cyclotron resonance for the first-order ac current
occurs at ω = ±ωc+ . The deduced current declines if the perpendicular magnetic field is zero. Meanwhile, for
the ratchet current, cyclotron resonances occur at ω = ±ωc+ , ω = ±2ωc+ , and radiation helicity affects the
deduced current for circularly polarized light. Cyclotron resonance for the second harmonic generation current
occurs at ω = ±ωc+ , ω = ±2ωc+ , and ω = ±ωc+/2, and the current is stronger compared to the case with no
perpendicular magnetic field. As the magnetic field rotates in the plane of anisotropic phosphorene, separate
directions are predicted for the second harmonic generation–related current. It is noteworthy that the magnitude
of the ratchet and second harmonic generation current are within the same range and comparable to the magnetic
ratchet current in monolayer graphene, μA/cm.

DOI: 10.1103/PhysRevB.103.235429

I. INTRODUCTION

Since its discovery in 2004, graphene research has ob-
served exponential growth and has founded a new era in
nanomaterials, and their applications [1–3]. The revolution-
ary discovery has triggered a pursuit for two–dimensional
(2D) materials beyond graphene [4]. Subsequently, a series of
monolayer 2D materials have been produced from graphene to
transition metal dichalcogenides (TMDCs) and phosphorene
[5–8]. These materials have diverse electronic and optical
properties. For instance, graphene is a zero-bandgap semi-
conductor, while phosphorene has a 2 eV natural bandgap.
Also, the bandgaps observed in most TMDCs are larger than
1 eV. Therefore, different materials in the 2D domain present
diverse electronic and optoelectronic applications.

In this study, we investigate phosphorene, the monolayer
of black phosphorus [Fig. 1(a)]. Several motivations exist for
studying phosphorenes response to THz laser radiation. First,
in phosphorene, carrier mobility is much higher than other 2D
materials such as TMDCs (� 200 cm2V−1s−1). Also, phos-
phorene is comparable to graphene in its electron conduction
rate (650 cm2V−1s−1 at room temperature). This characteris-
tic makes phosphorene a desirable material for high-frequency
electronics [9–11]. Second, though the large dark currents that
dominate under a nonzero bias operation restrict graphenes
performance, phosphorenes direct bandgap makes it a suitable
choice in high-frequency optoelectronics, ultrafast photon-
ics, transparent photovoltaics, and photodetection [10,12–
15]. Undeniably, phosphorenes Ion/Ioff ratio of 105 make it
an appropriate choice for detecting THz frequency radiation

[10,16]. Third, every phosphorus atom in phosphorene has a
covalent bond with three adjacent phosphorus atoms. Hence,
each of the p orbitals holds a single pair of electrons. Un-
like graphene, sp3 hybridization prevents phosphorene from
forming an atomically flat sheet. The latter characteristic pro-
duces an intrinsic in-plane anisotropy, which deduces to an
explicitly angle-dependent conductivity [10]. Phosphorenes
puckered structure deduces to a strong anisotropy in electrical
conductivity, and it is important to have novel devices with
anisotropic properties [15]. This is while the photonic and
electronic properties of graphene and TMDCs are largely
isotropic and do not exhibit a significant directional depen-
dence [8,11]. Fourth, phosphorene is an inorganic material
easily integrated with photonic or optoelectronic 2D materi-
als, such as graphene or silicon-based materials [10]. For these
reasons, we selected phosphorene to investigate the linear and
nonlinear responses of a 2D anisotropic material subjected to
THz laser radiation. Ultrafast signal processing largely relies
on nonlinear optics in which the higher power of the electric
field determines the strength of the response. Although recent
studies have studied graphene in the context of the linear and
nonlinear transport effects in electric fields [17–21], the linear
and nonlinear current response in phosphorene has seldom
been investigated [22]. This study aims to examine the cur-
rent response of phosphorene subjected to a steady magnetic
field. The present study results offer a new perspective on
the anisotropic nonlinear optical properties of an anisotropic
2D material with possible applications in polarized optics,
optical switching, and photodetection. The latter relies on
the conversion of absorbed photons into an electrical signal
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FIG. 1. (a) Phosphorene structure and associated coupling parameters ti (i = 1, 2, ..., 5). The x is armchair and y is zigzag direction. (b) The
phosphorene unit cell. The side view of four atoms in the phosphorene unit cell. The A1 and B1 atoms are positioned on the lower layer while
A2 and B2 are situated on the upper layer. The intralayer distance between the atoms in a single unit cell is a and the distance between B1 and
A2 atoms in different layers is d ′. The parameters U1, U2, δ specify the various on–site energies. (c) The side view of phosphorene, including
the coupling parameters, atomic distances, and the ̂A2B1A1 angle [24].

that is probably the most explored black–phosphorus based
photonic device [23]. The calculations provided in this study
are valid for h̄ω � ε f where ω is the angular frequency of
laser radiation, and ε f is the Fermi level; semiclassical regime.
Therefore, the studys results are suitable for application in
THz- and microwave-optoelectronic devices.

In this study, we demonstrate that subjected to a steady
tilted magnetic field and THz laser radiation, a first-order
ac current, a second-order dc current (ratchet effect), and a
second-order ac current [second harmonic generation (SHG)]
is deduced in phosphorene. The ratchet effect is a nonlinear
response to a driving light field that results in a dc current.
SHG is a second-order in electric field effect by which an
ac current with two times the frequency related to the in-
coming ac radiation is generated. Also, due to an existing
perpendicular magnetic field, the cyclotron resonance impacts
the deduced currents strength in phosphorene. The cyclotron
resonance of the magnetic ratchet effect and SHG have been
investigated in isotropic materials such as 2D electron gas
[25], and bilayer graphene [17]. The effect is yet to be inves-
tigated in anisotropic materials, such as phosphorene, which
we will examine in this study.

II. BOLTZMANN EQUATION

We derived the tight–binding Hamiltonian of phosphorene
under the effect of an in-plane magnetic field [22]. The Hamil-
tonian of phosphorene in a steady in-plane magnetic field and
in the basis of (A1, B1, A2, B2)T [Fig. 1(b)] is

H =

⎛
⎜⎝

U1 f1 + f3 f4 f2 + f5

f1
∗ + f3

∗ U1 + δ f2
∗ + f5

∗ f4

f4
∗ f2 + f5 U2 + δ f ′

1 + f ′
3

f2
∗ + f5

∗ f4
∗ f ′

1
∗ + f ′

3
∗ U2

⎞
⎟⎠.

We assume that b = edB‖/2 where −e is the electron charge,
d is the interlayer distance, B‖ is the in-plane magnetic field,
in-plane momentum is p = (px, py, 0), different on-site ener-
gies are U1 and U2, δ is the interlayer potential asymmetry, and
ax and ay are the length of the unit cell into the x (armchair)
and y (zigzag) directions, respectively [Figs. 1(a) and 1(b)].
Hence, we have

f1 = 2t1 cos
ay(py + bx )

2h̄
exp

[
i(px − by)

h̄
a cos

α

2

]
,

f ′
1 = 2t1 cos

ay(py − bx )

2h̄
exp

[
i(px + by)

h̄
a cos

α

2

]
,

f2 = t2exp

[
− i

h̄
pxd ′ sin β

]
,

f3 = 2t3 cos
ay(py + bx )

2h̄

×exp

[
− i(px − by)

h̄

(
2d ′ sin β + a cos

α

2

)]
,

f ′
3 = 2t3 cos

ay(py − bx )

2h̄

×exp

[
− i(px + by)

h̄

(
2d ′ sin β + a cos

α

2

)]
,

f4 = 4t4 cos

[
px

h̄

(
d ′ sin β + a cos

α

2

)]
cos

[
py

h̄
a sin

α

2

]
,

f5 = t5exp

[
i
px

h̄
(ax − d ′ sin β )

]
.

In the above-mentioned equations, the intralayer coupling is
t1, the interlayer couplings are t2, t4 and t5, d ′ is the dis-
tance between B1 and A2 atoms, α is ̂A1B1A1 = ̂B2A2B2 =
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96.5◦, β is ̂A2B1A1 − 90◦ = 108.04◦ − 90◦ = 18.04◦ [24,26]
[Fig. 1(c)], the upper layer is located at d/2, and the lower
layer is located at −d/2 (Fig. 1). Based on this Hamiltonian
and according to the perturbation theory, we can derive the
perturbed valence and conduction bands [18,22]. By this as-
sumption, we have considered the orbital effect of an in–plane
magnetic field on the electrons. Furthermore, we assume that
the redistribution of charge carriers in the momentum and
energy space is induced by an in-plane laser radiation incident
on the phosphorene plane. Consequently, we assume that the
applied ac electric field of THz laser radiation is

E‖(t ) = E‖exp(−iωt ) + E∗
‖exp(iωt ),

where E‖ = (Ex, Ey), and E∗
‖ = (E∗

x , E∗
y ).

Out of an equilibrium condition caused by the laser radi-
ation, the electron distribution function is dependent on the
momentum p and time t ; f (p, t ). If we consider that the
system under study is spatially homogeneous, f (p, t ) satisfies
the following Boltzmann kinetic equation

−e(E‖ + Vg × B⊥) · ∇p f (p, t ) + ∂ f (p, t )

∂t
= S{ f }, (1)

where the group velocity is Vg = Vg,x cos φ î + Vg,y sin φ ĵ, φ

is the polar angle of momentum, B⊥ is the perpendicular
magnetic field, and S{ f } is the collision integral. Also, Vg,x =
p/mxx and Vg,y = p/myy, where p = |p|, mxx and myy are ef-
fective mass along the x and y directions, respectively [27].
To solve the Boltzmann equation, Eq. (1), we consider the
distribution function as the following series:

f (p, t ) =
∑
n,m

f n
meimφ−inωt ,

where f n
m coefficients are functions of the total energy of an

electron, ε, and m and n are integers. Then, we multiply the
Boltzmann equation in exp(−i jφ + ilωt ), where j and l are
integers and integrate over a period of 2π of angle φ and
a period of time; t . Therefore, coupled equations between
different f n

m coefficients are achieved in the following form

γ l, j f l
j = α j−1 f l−1

j−1 + α̃ j−1 f l+1
j−1 + β j+2 f l

j+2

+β̃ j−2 f l
j−2 + η j+1 f l−1

j+1 + η̃ j+1 f l+1
j+1 + δSl

j . (2)

In Eq. (2), γ l, j = τ−1
| j|,p − ilω + i jωc+ , where τ−1

| j|,p is the
relaxation time of the jth angular harmonic of the electron
distribution function, ωc+ = eB⊥/(2m+) is the cyclotron fre-
quency including the cyclotron resonance effect, and 1/m+ =
1/mxx + 1/myy. Also, linear in electric field α, β, and η oper-
ators are

α j = e(Ex − iEy)

2

(
− j

p
+ ∂

∂ p

)
,

α̃ j = e(E∗
x − iE∗

y )

2

(
− j

p
+ ∂

∂ p

)
,

β j = 1

2
ωc−

(
ip

∂

∂ p
+ j

)
,

β̃ j = 1

2
ωc−

(
− ip

∂

∂ p
+ j

)
,

η j = e(Ex + iEy)

2

(
j

p
+ ∂

∂ p

)
,

η̃ j = e(E∗
x + iE∗

y )

2

(
j

p
+ ∂

∂ p

)
.

Here, we have ωc− = eB⊥/(2m−) and 1/m− = 1/mxx −
1/myy. In Eq. (2), δSl

j is the correction to the scattering caused
by an in–plane magnetic field.

For an anisotropic 2D electron gas such as phosphorene,
where ξ is the unit matrix of the electric field, the relaxation
time of the jth angular harmonic, τ−1

| j|,p, is [27,28]

τ−1
| j|,p(ξ, p) = 2π

h̄

∑
p′

|〈p′|δH |p〉|2δ(εp − εp′ )

×
{

1 − [ξ .Vg(p′)]τ| j|,p′

[ξ .Vg(p)]τ| j|,p

}
. (3)

Note that for isotropic materials, we have ωc− = 0 and ωc+ =
eBVg/p and τ| j|,p(ξ, p) = τ| j|. So, Eqs. (2) and (3) are also
valid for isotropic materials [17,25,29,30].

For static impurities, we can show that [17,18,22]

δH =
Nimp∑
j=1

Ŷ u(r − Rj), (4)

where Nimp is the number of impurities, u(r − Rj) describes
the spatial dependence of the impurity potential, and Ŷ is a
dimensionless matrix describing the additional degree of free-
dom related to the structure within the unit cell. We neglect
the interference between different impurities and employ the
Fourier transform of the impurity potential and perform a
harmonic expansion of the impurity potential; so, we have

|ũ(p′ − p)|2 =
∑

m′
νm′eim′(φ′−φ).

In addition, we assume that the electrons are trapped in a huge
box with the length L and under a periodic potential. Hence,
the current density is

J = − g

L2

∑
p

eVg f (p, t ),

where g is the spin degeneracy factor (g = 2). In thermal
equilibrium, and wherever there is no electric field, only the f 0

0
harmonic generated by the Fermi-Dirac distribution function
is nonzero. However, when an ac electric field is applied to
the system, other harmonics arise, and this gives the pos-
sibility of having a linear (first-order) or nonlinear (higher
orders) in electric field currents. In this study, we consider
all nonzero first- or second-order in electric field currents.
Hence, based on coupled equations [Eq. (2)], f l

j harmonics
in terms of the equilibrium distribution function ( f 0

0 ) should
be calculated. In addition, we assume that the system is a
degenerate electron gas at low temperature condition; so, we
have ∂ f 0

0 /∂ε ≈ −δ(ε − ε f ).
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III. PHOSPHORENE

To find f l
j harmonics in Eq. (2), first, we should find the

correction to the scattering caused by the in-plane magnetic
field, δSl

j . We have

δSl
j = L2

∫ ∞

0

[ ∑
m

f l
m�(ε)dε

×
∫ 2π

0
δWp′p

(
eimφ′−i jφ − eimφ−i jφ

)
dφ

2π

dφ′

2π

]
, (5)

where �(ε) is the electronic density of states per spin and per
unit area and δWp′p is the change of the scattering rate caused
by the in-plane magnetic field. The scattering rate of an elec-
tron passes through a phosphorene in a steady magnetic field
to the linear order in B‖ and momentum is calculated before
[22]. Accordingly, for the case of the asymmetric disorder
where the lower layer (ζ = 1) or the upper layer (ζ = −1)
symmetry is broken by the disorder (z → −z asymmetry), Ŷ
in Eq. (4) is equal to (Î + ζ σ̂z ⊗ Î )/2, where Î is the 2 × 2
unit matrix, and σz is a Pauli matrix. Consequently, δWp′p has
the following general form:

δWp′p(ζ ,U1,U2, δ)

= 2π

h̄

nimp

L2
|ũ(p′ − p)|2δ(εp′ − εp)

×
[

1

h̄2 C1(ζ ,U1,U2, δ)by p(cos φ + cos φ′)

+ 1

h̄2 C2(ζ ,U1,U2, δ)bx p(sin φ + sin φ′)
]
. (6)

In Eq. (6), the nimp = Nimp/L2, C coefficients are dependent on
on-site energies and disorder types. Consequently, according
to Eq. (5), we can show that

δSl
0 = 0,

δSl
1 = �

(
C1By + iC2Bx

)
f l
2 ,

δSl
−1 = �

(
C1By − iC2Bx

)
f l
−2,

δSl
2 = �

(
C1By − iC2Bx

)
f l
1 ,

δSl
−2 = �

(
C1By + iC2Bx

)
f l
−1,

where � = edπnimp��(ε)p/2h̄3 and � = −(ν0 − ν2).

IV. FIRST-ORDER AC CURRENT

The first-order ac current is the result of f 1
1 and f 1

−1
harmonics and the complex conjugate of those terms; f n

m =
( f −n

−m)
∗
. We can show that the first-order ac current is

J = 2Re{σEe−iωt },
where σ is the conductivity tensor. The conductivity tensor
components are σii = σ0iσ

′
ii and σi j = σ0iσ

′
i j , where i and j

indicate the x or y directions and

σ0i = ge2

2
�(ε)Cph pVg,i, (7)

σ ′
xx = σ ′

yy = (1 − iωτ1,p)τ1,p

(1 − iωτ1,p)2 + (ωc+τ1,p)2
, (8)

σ ′
xy = − (ωc+ + ωc− + iωc−/2)τ 2

1,p

(1 − iωτ1,p)2 + (ωc+τ1,p)2
, (9)

σ ′
yx = (ωc+ − ωc− − iωc−/2)τ 2

1,p

(1 − iωτ1,p)2 + (ωc+τ1,p)2
. (10)

Here, we have ωc+ + ωc− = eB⊥/mxx and ωc+ − ωc− =
eB⊥/myy. These calculations are valid for a degenerate elec-
tron gas, ε f  kBT . All the parameters are evaluated on the
Fermi surface and the above-mentioned results are in agree-
ment with those related to isotropic materials [17]. In Eq. (7),
we have

∂

∂ p
= Cph p

∂

∂ε
,

Cph = s
2

h̄2

[
γ 2

Eg
+ (

ηv/c + νv/c
)]

,

where s is the band index, and it is +1 for the conduction
band and −1 for the valence band. Eg is the direct energy gap,
Eg = 0.912 eV, γ = 0.480 eVnm, ηv = 0.038 eVnm2, νv =
0.030 eVnm2, ηc = 0.008 eVnm2, and νc = 0.030 eVnm2 are
from Ref. [31].

According to Eqs. 8 to 10, there are resonances at ω =
±ωc+ . At these frequencies, the current is much larger than
at ωc+ = 0.

V. RATCHET EFFECT

The ratchet effect is a nonlinear response to a driving light
field where f 0

1 and f 0
−1 harmonics result in a dc current. The

ratchet current is calculated based on the following equation:

J = − ge

L2

∑
p

Vg
(

f 0
1 eiφ + f 0

−1e−iφ
)
.

For �1 = |Ex|2 − |Ey|2, �2 = ExE∗
y + E∗

x Ey, and �3 =
i(ExE∗

y − E∗
x Ey), we can show that the current is

Jx = |E |2(B′
yRe[M2,x] + B′

xIm[M2,x]
) + �1

(
B′

yRe[M1,x] − B′
xIm[M1,x]

)
+�2

(
B′

yIm[M1,x] + B′
xRe[M1,x]

) + �3
(
B′

yRe[M3,x] + B′
xIm[M3,x]

)
,

Jy = |E |2( − B′
yIm[M2,y] + B′

xRe[M2,y]
) − �1

(
B′

yIm[M1,y] + B′
xRe[M1,y]

)
+�2

(
B′

yRe[M1,y] − B′
xIm[M1,y]

) + �3
( − B′

yIm[M3,y] + B′
xRe[M3,y]

)
,
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where B′
x = C2Bx and B′

y = C1By. In addition, the M coefficients are

M1,i = −ge3

4
Cph p

(
1

γ −1,1
+ 1

γ 1,1

){
Vg,i�

γ 0,1γ 0,2 p
�(ε) + Cph[�(ε)

Vg,i�

γ 0,1γ 0,2
p]′

}
,

M2,i = ge3

4
Cph p�

(
1

γ −1,2γ −1,1
+ 1

γ 1,2γ 1,1

){
2Vg,i

γ 0,1 p
�(ε) − Cph[�(ε)

Vg,i

γ 0,1
p]′

}
,

M3,i = ge3

4
Cph p�

(
1

γ 1,2γ 1,1
− 1

γ −1,2γ −1,1

){
2Vg,i

γ 0,1 p
�(ε) − Cph[�(ε)

Vg,i

γ 0,1
p]′

}
,

where (. . .)′ ≡ ∂ (. . .)/∂ε and all parameters are evaluated on
the Fermi surface. Also, for ωc+ = 0, where the perpendicular
magnetic field is zero, the above results are in agreement with
previous results [22].

Moreover, M1,i is the response to the linearly polarized
light, M2,i is the response to the unpolarized light, and M3,i

is the response to the circularly polarized light. For linearly
polarized light, we can assume that E∗

x = Ex = (E0/2) cos θ

and E∗
y = Ey = (E0/2) sin θ , where θ is the polarization an-

gle. We also assume that B′
‖ = (B′

x
2 + B′

y
2)

1/2
and ϕ′ =

arctan (B′
y/B′

x ). For linearly polarized light, we can show that
the currents in the x and y directions are

Jx = E2
0

4
B′

‖

{
|M2,x| sin(ϕ′ + χ2,x )

+|M1,x| cos

(
2θ + ϕ′ − χ1,x + π

2

)}
, (11)

Jy = E2
0

4
B′

‖

{
|M2,y| cos(ϕ′ + χ2,y)

+|M1,y| sin

(
2θ + ϕ′ − χ1,y + π

2

)}
, (12)

where χ1,i = arg(M1,i ) and χ2,i = arg(M2,i ). For unpolarized
light, M1,i related terms are equal to zero, but M2,i related
terms survive. In addition, M1,i related current has a notable
resonance for ω = ±ωc+ and the strength of the ratchet effect
is highest for ωc+ = 0 (Fig. 2). Current induced by unpolar-
ized light, M2,i has resonances for ω = ±2ωc+ that deduces to
a dc current that is much larger in comparison to where ωc+ =
0 and B⊥ = 0. The other resonance is related to ω = ±ωc+ .
However, in this case, the deduced dc current is smaller than
where ωc+ = 0.

For circularly polarized light, we can show that E∗
x = Ex =

E0/2 and E∗
y = −Ey = −iμE0/2, where μ = 1(−1) for the

left-handed (right-handed) circularly polarized light. For this
radiation type, where χ3,i = arg(M3,i ), we can show that the
current density is

Jx = E2
0

2
B′

‖{|M2,x| sin(ϕ′ + χ2,x ) + μ|M3,x| sin(ϕ′ + χ3,x )},
(13)

Jy = E2
0

2
B′

‖{|M2,y| cos(ϕ′ + χ2,y) + μ|M3,y| cos(ϕ′ + χ3,y)}.
(14)

The above equations show that the response to circularly po-
larized light is dependent on the radiation helicity. For M3,i,
the major resonance effects are related to ω = ±2ωc+ . There

is also a resonance effect for ω = ±ωc+ and both effects
cause a current that is stronger than the current where B⊥ = 0
(Fig. 2). According to Eqs. (11) to (14), the direction of the
ratchet current for circularly and linearly polarized lights is
dependent on the ϕ′ and χ phases.

VI. SHG EFFECT

Assuming �4 = E2
x − E2

y , �5 = 2ExEy, and �6 = E2
x +

E2
y , we can show that the general current form for a degenerate

electron gas is

Jx = 2Re{[�4(N1,xB′
y + N2,xB′

x )

+�5(−N2,xB′
y + N1,xB′

x )

+�6(N3,xB′
y + N4,xB′

x )]e−2iωt }, (15)

Jy = 2Re{[�4(N2,yB′
y − N1,yB′

x ) + �5
(
N1,yB′

y + N2,yB′
x

)
+�6(−N4,yB′

y + N3,yB′
x )]e−2iωt }. (16)

FIG. 2. The ωc+τ -dependent magnitude of M coefficients con-
sidering a momentum-independent scattering time τ1 = τ2 = τ and
ωτ = 5.
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N coefficients in Eqs. (15) and (16) are

N1,i = −ge3

8

[
Vg,iCph��(ε)

(
1

γ 2,1γ 2,2γ 1,1
+ 1

γ 2,−1γ 2,−2γ 1,−1

)

+C2
ph

p

γ 1,1

(
�(ε)

Vg,i�

γ 2,1γ 2,2
p

)′
+ C2

ph
p

γ 1,−1

(
�(ε)

Vg,i�

γ 2,−1γ 2,−2
p

)′]
,

N2,i = −ge3

8
i

[
Vg,iCph��(ε)

(
1

γ 2,1γ 2,2γ 1,1
− 1

γ 2,−1γ 2,−2γ 1,−1

)

+C2
ph

p

γ 1,1

(
�(ε)

Vg,i�

γ 2,1γ 2,2
p

)′
− C2

ph
p

γ 1,−1

(
�(ε)

Vg,i�

γ 2,−1γ 2,−2
p

)′]
,

N3,i = ge3

8

[
2Vg,iCph��(ε)

(
1

γ 2,1γ 1,2γ 1,1
+ 1

γ 2,−1γ 1,−2γ 1,−1

)

−C2
ph

p�

γ 1,2γ 1,1

(
�(ε)
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γ 2,1
p

)′
− C2

ph
p�

γ 1,−2γ 1,−1

(
�(ε)
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)′]
,

N4,i = − ige3

8

[
2Vg,iCph��(ε)

(
1

γ 2,1γ 1,2γ 1,1
− 1

γ 2,−1γ 1,−2γ 1,−1

)

−C2
ph

p�

γ 1,2γ 1,1

(
�(ε)

Vg,i

γ 2,1
p

)′
+ C2

ph
p�

γ 1,−2γ 1,−1

(
�(ε)

Vg,i

γ 2,−1
p

)′]
.

Here, all parameters are evaluated on the Fermi surface. Note that, for zero perpendicular magnetic field, ωc+ = 0, N2,i and N4,i

vanish. Also, assuming ψ1,i = arg(N1,i ), ψ2,i = arg(N2,i ) and ψ3,i = arg(N3,i ), we can show that the current density deduced by
a linearly polarized light is

Jx = E2
0

2
B′

‖{|N1,x| sin(2θ + ϕ′) cos(2ωt − ψ1,x ) + |N2,x| cos(2θ + ϕ′) cos(2ωt − ψ2,x )

+|N3,x| sin ϕ′ cos(2ωt − ψ3,x ) + |N4,x| cos ϕ′ cos(2ωt − ψ4,x )}, (17)

Jy = E2
0

2
B′

‖{−|N1,y| cos(2θ + ϕ′) cos(2ωt − ψ1,y) + |N2,y| sin(2θ + ϕ′) cos(2ωt − ψ2,y)

+|N3,y| cos ϕ′ cos(2ωt − ψ3,y) − |N4,y| sin ϕ′ cos(2ωt − ψ4,y)}. (18)

Consequently, ϕ′ affects the deduced current direction, and ψ phases determine the time lag between the incoming radiation and
the deduced current. For unpolarized light, only N3,i and N4,i related currents survive.

For circularly polarized light, the current density is

Jx = E2
0 B′

‖{|N1,x| sin(2ωt − ψ1,x + μϕ′) + |N2,x| cos(2ωt − ψ2,x + μϕ′)},
Jy = E2

0 B′
‖{−|N1,y| cos(2ωt − ψ1,y + μϕ′) + μ|N2,y| sin(2ωt − ψ2,y + μϕ′)}.

Accordingly, ϕ′ and ψ phases determine the time lag between
the incoming radiation and the deduced current. For N1,i and
N2,i, major resonance occurs if ω = ±ωc+ . Also, there is
another resonance at ω = ±ωc+/2. The deduced current in
these two cases is stronger than when ωc+ = 0 [Figs. 3(a) and
3(b)]. For N3,i and N4,i, the major resonance effect is related
to ω = ±2ωc+ and then ω = ±ωc+ . There is also a resonance
at ω = ±ωc+/2. Additionally, all three resonances deduce to
a current that is stronger than the case where ωc+ = 0; there is
no perpendicular applied magnetic field [Figs. 3(c) and 3(d)].

VII. DISCUSSION

In discussing the strength of the effect, first, we should
determine the C coefficients in Eq. (6). To estimate these
prefactors in phosphorene, we have substituted the values of
coupling parameters, ti(i = 1, 2, ..., 5), and lattice parameters,

including ax, ay, α, β, and d ′, in the derived change of scat-
tering rate [Eq. (6) and Figs. 1(a)–1(c)]. Consequently, we can
show that the C coefficients are dependent on the disorder type
on the top or bottom layer and on-site energies. Further details
are available in Ref. [22]. Accordingly, it has been shown
that to have nonzero C coefficients, z → −z symmetry and
interlayer symmetry should be broken; U1 − U2 �= 0. For in-
stance, for the valence band, where the disorder is on the lower
layer, δ = 20 meV, U1 = 0 eV and U2 = 40 meV, and C1 =
0.034 Å2 and C2 = −1.882 × 10−8 Å2. For the valence band,
we also have mxx = 0.15m0, myy = 1.0m0 (m0 is electron free
mass) [27]. We also assume that ν0 is independent of energy
and is equal to what has been calculated for bilayer graphene
[18], Bx = By = 7 T, and interlayer distance is d = 2.13 Å
[24,26]. For nimp = 1016 m−2, for impurity distance 0 nm,
according to Ref. [27], we can assume that for all harmonics
and in the x and y directions, the relaxation time is 0.1 ps.
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FIG. 3. The ωc+τ -dependent magnitude of N coefficients con-
sidering a momentum-independent scattering time τ1 = τ2 = τ and
ωτ = 5.

Consequently, we can show that the magnitude of the ratchet
current and SHG are in the order of μA/cm; similar to that
observed for monolayer graphene [19].

Furthermore, we consider the effect of the change of in-
terlayer asymmetry, U1 − U2, on ϕ′. For the valence band,
when the lower layer is disordered, ζ = 1, U1 = 0 eV and
assuming δ = 20 meV, when Bx = By and U2 changes from
0 to 40 meV, ϕ′ is −π/2 with 10−6 accuracy. On the other
hand, if we consider that for a constant interlayer asymmetry,
B‖ rotates in the plane of phosphorene, where δ = 20 meV,
U2 = 40 meV and the lower layer is disordered, because of the
magnitude of the C1/C2, ϕ′ obtains three values depending on
the direction of the magnetic field in the plane of phosphorene.
If the applied magnetic field is parallel or antiparallel to the
x direction, armchair edge, the ϕ′ is equal to zero. Else, it is
−π/2 if BxBy > 0 and π/2 if BxBy < 0. Hence, ϕ′ is a rectan-
gular step function. This happens for anisotropic phosphorene
because the magnitude of C1 and C2 that are coefficients of
the magnetic field in the y and x directions, respectively, are
different in the scattering rate; there is an in-plane anisotropy.

We can also derive the same results for the conduction band
[22]. For isotropic materials, Bx and By appear with the same
magnitude of coefficients in the scattering rate [17].

Additionally, a semi-Faraday effect has been predicted in
the SHG current of isotropic materials [17]. In other words,
a change of direction of the in-plane magnetic field of an
incoming in-plane polarized light rotates the deduced SHG
current polarization direction. In anisotropic phosphorene, for
linear polarized light, according to Eqs. (17) and (18), the
SHG current is dependent on ϕ′, that is dependent on the
direction of the magnetic field rather than its magnitude, and
it could be ±π/2 or 0. Hence, it causes distinct directions for
the current caused by an incoming linear polarized light.

The magnitude of ωc+ = eB⊥/(2m+) for a perpendicular
magnetic field, B⊥ = 1 T, for electron carriers (mxx = 0.15m0,
myy = 0.5m0) is 7.1 × 1011 rads−1. For the cyclotron reso-
nance condition ω = ωc+ , this ωc+ corresponds to a linear
frequency of light f ≈ 0.11 THz. On the other hand, in the in-
troduction section, we mentioned that the results of this study
are valid for h̄ω � ε f . For f ≈ 0.11 THz, h̄ω is 0.4 meV,
approximately. For phosphorene, ε f is h̄2πn/md where n is
the electron or hole density and md is equal to

√
mxxmyy [27].

So, for carrier density 1016 m−2 [22], Fermi energy 7 meV is
around 20 times larger than the THz radiation energy, where
the resonance current occurs. Hence, the considered semiclas-
sical regime is correctly used in this paper.

VIII. CONCLUSION

An anisotropic material like phosphorene under THz ra-
diation deduces to three currents: first-order ac, second-order
ratchet, and SHG currents. Depending on the magnitude of
the perpendicular magnetic field, resonance occurs for specific
laser radiation frequencies. Additionally, for an anisotropic
dispersion of phosphorene, ωc+ = eB⊥/(2m+) is a critical
factor that determines the resonance frequency, where for
isotropic materials with quadratic dispersion, it is eB⊥/m,
where m is the electron effective mass. We have also shown
that anisotropy causes that instead of having a semi-Faraday
effect similar to isotropic materials [17], we have a distinct
direction for the SHG-related current when the magnetic field
rotates in the anisotropic phosphorene plane.
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