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Electromagnetic response of topological superconductors
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We resolve several puzzles related to the electromagnetic response of topological superconductors in 3+1
dimensions. In particular we show by an analytical calculation that the interface between a topological and
normal superconductor does not exhibit any quantum Hall effect as long as time reversal invariance is preserved.
We contrast this with the analogous case of a topological insulator to normal insulator interface. The difference
is that in the topological insulator the electromagnetic vector potential couples to a vector current in a theory
with a Dirac mass, while in the superconductor a pair of Weyl fermions is gapped by Majorana masses and the
electromagnetic vector potential couples to its axial currents.
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I. INTRODUCTION

The tenfold way to classify topological matter, and
in particular topological insulators (TIs) and topological
superconductors (TSCs), was originally derived using nonin-
teracting fermions [1,2]. By studying the anomaly structure
it was later understood how this classification generalizes to
interacting systems [3]. A principal tool in this analysis is
the notion of an effective action that governs the response
of the system to external probe fields. For topological insu-
lators the natural probe is electromagnetic, but this appears to
be problematic for superconductors since the Meißner effect
confines the electromagnetic fields to boundaries or vortex
cores. However, because topological effects are often related
to surfaces or defects, the characteristic features of TSCs may
yet be coded into an effective topological field theory (TFT)
for the electromagnetic field.

Such a TFT was indeed proposed some time ago by Qi,
Witten, and Zhang [4], who argued that the action governing
the low-energy electromagnetic response of a TSC contains
a topological term ∼∫ θFF̃ , where F is the electromagnetic
field tensor and F̃ its dual. Although in appearance this term is
similar to the θ term in the effective action for a TI, it differs in
that, rather than being an external parameter that distinguishes
the trivial from the nontrivial phase, θ is a dynamical field,
namely the phase of the SC order parameter. Despite this
difference, Qi et al. argued that the presence of this term
implies topological effects which could, at least in principle,
be observable.

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Funded
by Bibsam.

Later, in Ref. [5], Stone and Lopes raised several questions
about the claims made by Qi et al. First, they recalculated
the effective action, and found a coefficient in front of the
θ term that differed from that in Ref. [4], and second, they
pointed out a problem with the Qi et al. prediction that the
θ term implies that an applied electric field, in addition to
the expected Josephson-type longitudinal acceleration of the
superfluid, drives a transverse current into a vortex core when
the field is parallel to the vortex. In Ref. [4] it was suggested
that this inflow would be absorbed by an anomaly in the
one-dimensional (1D) gapless mode in the vortex core. How-
ever the core-bound mode is a neutral Majorana mode and is
therefore incapable of absorbing the charge inflow.

A related issue occurs for a system with a boundary. Here,
the θ term suggests that a TSC displays a surface Hall con-
ductance similar to that carried by the charged gapless surface
mode of a 3D TI. Related to this one also expects a charge ac-
cumulation where an Abrikosov vortex crosses the interface,
similar to the one predicted for the TI case in Ref. [6]. Again,
however, the TSC surface exhibits a neutral 2D Majorana
mode which appears incapable of supporting a Hall current.
These two problems are clearly related as we could model a
vortex in a TSC as a cylinder of an ordinary superconductor
containing an Abrikosov vortex, in which case the putative
charge transport would occur at the surface of the cylinder.

In this paper we revisit these puzzles. By a direct pertur-
bative calculation we derive the gauge-invariant topological
current for the infinite TSC and also the Chern-Simons (CS)
term that determines the low-energy properties of a planar
interface between a TSC and a normal SC. For the current
we obtain the same result as in Ref. [5] and in particular the
same coefficient for the θ term. For the CS term we use the
techniques developed by Mulligan and Burnell in Ref. [7] for
the case of a TI-I interface to calculate the CS coefficient as a
function of the time reversal invariance (TRI) breaking term.
We show that when the symmetry breaking is such that the
θ angle winds slowly compared to the mass gap, then the CS
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coefficient coincides with that predicted by total change in the
θ angle in Ref. [5], but as the TRI breaking term is turned off
and θ winds rapidly, then the CS coefficient becomes smaller
and vanishes in the limit of vanishing TRI breaking. We con-
trast this with the behavior at the TI-I interface investigated
in Ref. [7], where the CS coefficient remains finite as the TRI
breaking term is removed.

We are thus able to reconcile the apparent conflict of the
existence of a θ term in the low-energy effective theory for
the TSC with the fact that there is no CS term, and thus no
Hall effect, at a TSC-SC interface in the limit where TRI
is preserved. The essential difference between the two cases
is that in the effective low-energy action for the TSC, the
electromagnetic potential couples as an axial gauge field to
Majorana fermions gapped by a Majorana mass, rather than
as a vector field to Dirac fermions with a Dirac mass.

The paper is organized as follows. In Sec. II we first show
by a direct calculation how the Majorana theory with an axial
coupling to the electromagnetic potential, which was written
in Ref. [5] based on symmetry considerations, directly follows
from a mean field Hamiltonian and then how to obtain the
topological current, and the response action that depends on
the electromagnetic potential, and the SC phase fields. In
Sec. III, which contains our main results, we calculate the
Hall response at a TSC-SC boundary, discuss its topological
significance, and show that it vanishes as the TRI breaking
term is removed. Finally, in Sec. IV, we discuss the effects of
screening that are always present in real superconductors, and
which are important to include in order to resolve an apparent
contradiction. We conclude Sec. IV with a short summary of
our results.

II. ELEMENTARY DERIVATION OF THE EFFECTIVE
RESPONSE ACTION

First, we derive the appropriate low-energy fermion theory
directly from a microscopic Bogoliubov–de Gennes (BdG)
Hamiltonian, and in Sec. II B we analyze its topological
properties, especially with respect to anomalies. Finally, in
Sec. II C we give the pertinent low-energy theory for the TSC
to be used later.

A. From Hamiltonian to Dirac action

We start from the two-band Hamiltonian used in Ref. [4]
by Qi et al.,

H = 1

2

∑
k

(c†
k, c−k )

(
hk �k

�
†
k −h�

−k

)(
ck

c†
−k

)
, (1)

where we refer to the band index as spin, and use the notation
ck = (ck↑, ck↓)T . The kinetic energy operator is hk = k2

2m −
μ + α �σ · �k and the pairing function is �k = −i��σ · �kσy, so
�

†
k = i��σy �σ · �k. Introducing the Nambu 4-spinor,

�k =
(

ck

−iσyc†
−k

)
, (2)

we can rewrite Eq. (1) as

H = 1

2

∑
k

�
†
k

(
hk � �σ · �k

�� �σ · �k −h−k

)
�k. (3)

Next, we define the helicity eigenstates,

�σ · �k|k,±〉 = ±k|k,±〉, (4)

with E = 0 defining the Fermi wave vectors for the helicities
kF,± =

√
m2α2 + 2mμ. In the following we shall put the chi-

ral symmetry breaking parameter α to zero and thus have a
common Fermi wave vector kF .

The low-energy spectrum is obtained by expanding �k →
(kF + k)k̂ to linear order in �k, and the low-energy excitations
are determined by

hk = ±vF �σ · �k + O(k2). (5)

Switching to the helical basis �k± and doing some algebra
gives

H = ±1

2

∑
k

�
†
k±

(
hk kF �

kF � ∓h�
−k

)
�k±. (6)

Using the notation �kF → |�|eiθ and the Weyl gamma ma-
trices,

γ 0 =
(

0 1
1 0

)
, γ 5 =

(−1 0
0 1

)
, �γ =

(−�σ 0
0 −�σ

)
.

(7)

Heisenberg’s equations of motion and some more algebra
gives (

iγ 0∂0 ∓ iγ · �k ∓ �eiθ±γ 5)
�± = 0, (8)

where, because of (2), �± are Majorana spinors.
To write (8) in a unified form in coordinate space, we

redefine the left-handed spinor as �− → γ 0�− to finally get(
i/∂ − � e±iθ±γ 5)

�± = 0, (9)

where � is understood to be real. The electromagnetic gauge
transformation ck → e−iλck acts on �k± as

�± → e±iγ 5λ�±, θ± → θ± ∓ 2λ. (10)

To restore local gauge invariance we couple to the gauge field
as (

i/∂ ± /Aγ 5 − �e±iθ±γ 5)
�± = 0, (11)

where A transforms as Aμ → Aμ + ∂μλ. Note that the electro-
magnetic potential couples to the axial current. This is typical
of superconductors, and is consistent with particle number not
being conserved in the presence of a pairing term, which here
appears as a mass. In fact, ∂μ jμ5 ≡ ∂μ jμem ∼ � 
= 0, and par-
ticle number conservation is only restored when � is allowed
to obey its own equation of motion.

The action corresponding to Eq. (11),

L = �̄±
(
i/∂ ± /Aγ 5 − �e±iθ±γ 5)

�±, (12)

was postulated earlier in Ref. [5] based on symmetry argu-
ments. It is important that the requirement of TRI implies
that the angles θ± can only take the values ±π . Superficially
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FIG. 1. Diagrammatic illustration of the process resulting in the
current Eq. (15).

we have a description similar to that of a TI, and would
thus expect that integrating out the fermions would give a
topological θ term, θ/(32π2)

∫
FF̃ , in the response action,

which differs from the TI result by a factor of 2 because of
the Majorana condition implied by Eq. (2). This is the result
given in Ref. [4].

B. Topological currents and actions

In calculating the effective low-energy action we shall con-
centrate on the topological, or anomalous, parts that involve
the Levi-Civita symbol. There is also a nontopological part
that describes the usual supercurrent and encodes the Meißner
effect, but for the discussion in this section we do not need
to specify but just keep in mind that it is gauge invariant,
and thus a function of the covariant derivatives ∂μθ± − 2eAμ.
In a superconductor the angles θ± are the phase fields θ± of
the superconducting order parameter gapping the left-handed
(+) and right-handed (−) Fermi surfaces, and as such they
are dynamical. This is a key distinction between topological
superconductors and topological insulators, where the θ an-
gles are fixed in the bulk. In both cases, however, the theory
preserves TRI only if the difference θ+ − θ− is restricted to
equal 0 or π . However, before coming to the effective action
we show how to extract the topological part of the current with
a minimum of assumptions.

We begin with the currents that can be determined from the
diagrams in Fig. 1. In Ref. [5] it was stressed that the AA∂θ

diagram is convergent and a left- or right-handed Weyl spinor
unambiguously contributes

jμθ ;± = ± e

48π2
εμνσλ∂νθ±Fσλ (13)

to the axial current. (Recall that for our superconductor the
“axial” current is the physical electromagnetic current.)

On the other hand, the AAA triangle graph in Fig. 1 is only
conditionally convergent, and the result depends on how the
momenta are routed (a clear exposition stressing this point is
given in Ref. [8]). There are two ways to select its value. The
first is to demand that the topological current is invariant under
the gauge transformation,

θ± → θ± − 2αe,
(14)

Aμ → Aμ + ∂μα,

and for this to be true, the momentum in the AAA diagram
must be routed so to augment the ∂μθ in Eq. (13) to a gauge-
covariant derivative. The resulting currents thus become

jμ± = ± e

48π2
εμνσλ(∂νθ± + 2eAν )Fσλ. (15)

To prove that the expression in Eq. (15) for the topologi-
cal current, which was derived using perturbation theory and
demanding gauge invariance, is indeed an exact result, we
use a second way to determine how to define the AAA graph.
Closely following Ref. [5], we show how it follows from an
effective action which is tightly constrained by the anomaly
structure. First, note that the piece in the current in Eq. (15)
which involves ∂νθ can be obtained from an action as

jμθ ;± = − δSθ ;±
δAμ(x)

, (16)

where

Sθ ;± = ∓ e

192π2

∫
d4x θ±εμνσλFμνFσλ, (17)

and that neither the action, nor the corresponding current,
Eq. (16), is gauge invariant. The action Eq. (17), which can
also be obtained directly by making a chiral rotation of the
original theory and using the (finite) form of the consistent
chiral anomaly, indeed transforms as

δαSθ ;± = ±α
e

96π2
εμνσλFμνFσλ, (18)

under Eq. (14). This same gauge variation is also the source
of the consistent anomaly, of the Weyl fermion,

∂μJμ
+con = e

96π2
εμνσλFμνFσλ. (19)

The current Eq. (16) is conserved but not gauge invariant
and, as already mentioned, we need the AF term to get the
covariant current Eq. (15), which is however not conserved
(the terminology is based on the non-Abelian case where
the currents are gauge covariant rather than gauge invariant).
Although the AF piece in Eq. (15) cannot be obtained from
a 4D action, it does follow from the AAA triangle diagram
if all vertices are treated symmetrically as is natural in the
context of an effective action. Alternatively we can just add
this “Bardeen-Zumino” AF term by hand in order to get a
covariant current. We note that when adding the two chiral
components, the AF term will cancel so total charge conser-
vation is maintained, and we will discuss the anomalies in the
individual chiral components later.

It is well understood that the AF part of the current Eq. (15)
can be obtained as a functional derivative if we add a five-
dimensional CS action

S[θ±, A] = ∓ 1

192π2

∫
M4=∂M5

d4x θ± εμνστ FμνFστ

∓ 1

96π2

∫
M5

d5x εμνρστ AμFνρFστ

+ Snontop[∂μθ± − 2eAμ], (20)

where we also included a gauge-invariant nontopological
term Snontop[∂μθ± − 2eAμ]. This action is invariant under the
gauge transformation Eq. (14), and the functional derivative
of Eq. (20) with respect to Aμ gives a current on the 4D
space-time boundary M4 of M5,

Jμ
+ = −2e

δSnontop

δAν

+ e

48π2
εμνστ (∂μθ + 2eAν )Fστ . (21)
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The 2eAνFστ part of the current Eq. (21) comes from the total
derivative second term in

δAμ

(
− 1

96π2

∫
M5

d5xεμνρστ AμFνρFστ

)

= 3

96π2

∫
M5

d5xεμνρστ (δAμ)FνρFστ

+ 4

96π2

∫
M5

d5x ∂5[ε5μνστ (δAμ)AνFστ ], (22)

and a direct calculation shows that the action Eq. (20) is
indeed gauge invariant. Since we have now shown that the
topological part of the electromagnetic current originates from
a topological action determined by the 4D anomaly, it follows
that it is an exact result that does not rely upon one-loop
perturbation theory as in the first derivation.

We conclude this section with a comment on the chiral
anomaly. Without a mass (or pairing) term, the covariant
chiral anomaly is

∂μJμ
+cov = e2

32π2
εμνστ FμνFστ , (23)

and we do not expect this to change because of the addition of
a mass. This is also consistent with the first term in Eq. (22)
which describes the inflow of charge from the 5D bulk and
guarantees charge conservation for the separate chiralities [9].
The crucial factor of 3 appears since all three terms in AFF
on the left-hand side contribute to the variation. Using a slight
generalization of the argument in Ref. [5] we now show that
the current Eq. (21) indeed has the same anomaly. For this we
first calculate the divergence of the nontopological part of the
current using the θ equation of motion,

δ

δθ
(Snon top + Sθ ;±) = 0, (24)

which, using the functional form Snontop[∂μθ − 2eAμ], gives

−∂μ

δSnontop

δ∂μθ
= 1

2e
∂μ

δSnontop

δAμ

= ∂μ jμnontop = e2

96π2
εμνστ FμνFστ . (25)

Combining this with the divergence of the expression Eq. (21)
proves that Jμ

+ has the expected anomaly Eq. (23).

C. A low-energy action for the TSC

Our physical superconductor has both left- and right-
handed Weyl fermions. We already mentioned that this means
that the problematic anomalies cancel between them, ensuring
that there is no longer any need for a five-dimensional action
to preserve gauge invariance. The resulting total topological
current is

jμt = e

48π2
εμνσλ(∂νθ+ − ∂νθ−)Fσλ, (26)

which is the same as derived in Ref. [5], but here we obtained
it directly from the original superconducting Hamiltonian us-
ing a minimum of theoretical machinery.

Turning to the full TSC action, a simple choice for the
nontopological part is a relativistic Abelian Higgs σ model,

but one can alternatively use a more realistic nonrelativistic
description (see, for instance, Ref. [10] for the relation be-
tween these two descriptions). With this the final low-energy
action for the TSC becomes

Seff =
∫

d4x

[
−1

4
FμνFμν − 1

192π2
(θ+ − θ−)εμνσλFμνFσλ

+ ρ+
2

(∂μθ+ − 2eAμ)2 + ρ−
2

(∂μθ− − 2eAμ)2
]
, (27)

where we also added the Maxwell term. As in the TI case, the
θ angles for the two Fermi surfaces must differ by π in order
to have the TRI state. At the level of the effective theory this
has to be postulated, while in a noninteracting lattice model
it can be inferred from the band topology. As in Ref. [4] we
could also add a Josephson term ∼ cos(θ+ − θ−) to confine
vortices with nonzero chiral winding number.

III. IS THERE A QUANTUM HALL EFFECT
AT THE SURFACE OF A TSC?

A. A naive surface theory and its difficulties

We already mentioned that any measurable topological
effect in a TSC must take place at boundaries or defects since
the bulk is in a Meißner phase. The most naive way to arrive
at a boundary theory is to describe the interface between a
TSC and a trivial SC, or an insulator as a step in θ = θ+ − θ−.
Taking θ = π�(−z), where � is the step function, puts the
interface in the xy plane at z = 0, and the TSC in the z � 0
half space. Putting this in Eq. (27) and integrating by parts
gives the CS term,

SCS = e2

48π

∫
dtd2r εμνσ Aμ∂νAσ , (28)

implying that the interface has a quantized Hall conductivity,

σxy = 1

12

e2

h
, (29)

similar to, but only 1/6 as large, as that at the surface of a TI
[11–13].

This result is indeed puzzling, since a direct calculation
based on the original Hamiltonian Eq. (1) restricted to a slab
yields a single neutral Majorana surface mode, while in the
TI case there is a charged Dirac surface mode consistent with
having a CS surface action with a half-integer level number.

Even disregarding the above there is a tentative problem
in principle with having a quantum Hall response at the sur-
face in the presence of an Abrikosov vortex carrying flux
� = 2π h̄/2e. A simple consideration with σxy = e2/12h, to-
gether with the Streda relation ρ = σxyB, shows that there is
an accumulation of electric charge �q = e/24 in the vicinity
of the point where the vortex exits the superconductor. The
corresponding result for a TI interface is �q = e/4 as derived
in Ref. [6]. Since in a SC we should identify states differing
by a charge 2e, it looks like there is a Z48 symmetry rather than
the expected Z16 [14]. Note that if the coefficient in Eq. (27)
had been three times larger, as claimed in Ref. [4], it would,
as we believe by accident, have been consistent with the Z16

symmetry.
A third problem is directly related to the topological cur-

rent Eq. (26) in the presence of a vortex line and a constant
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electric field parallel to it. For such a configuration there is a
steady radial current directed towards the vortex, as described
in Sec. IV. However, just as there is no charged 2D mode at
the surface, the 1D mode in the vortex core is also a neutral
Majorana mode. Thus it appears that charge will just accumu-
late on the vortex core.

The first two of these puzzles would clearly be resolved if
there in fact is no CS term Eq. (28) in the surface action, and,
as we show in the next section, this turns out to be the case at
least for one concrete model for the interface. The problem of
charge accumulation on a vortex core remains, and we shall
address it in Sec. IV.

B. A better theory

Clearly the considerations in the previous section were
naive in the sense that the current in Eq. (26) and the cor-
responding action, Eq. (27), were derived assuming a space
without any defects or boundaries. This strategy was suc-
cessful in the case of TIs, but is by no means obviously
justified. In Ref. [7] Mulligan and Burnell set out to give
such a justification in the case of a TI. More specifically, they
asked whether a CS term extracted from the θ term in the
effective action should be added to what can be calculated
directly from the surface modes, or whether these were just
two alternative ways to derive the same result. The result of
their calculation, which we will describe shortly, was that
you should either use the effective field theory result, or
the result directly calculated from the edge modes. If the
same logic applies to the TSC case, we would expect that since
the edge modes are neutral and do not give any Hall response,
the same should be true for the effective field theory when
derived correctly in the presence of defects or interfaces.

The approach in Ref. [7] was to directly calculate the
surface action in a model with a concrete realization of the
interface. We shall follow the same route, but first make some
general comments. Since defects break translational invari-
ance, the calculation of an effective action by integrating the
fermions is normally very difficult. In our case we would
ideally like to understand several cases: a single Abrikosov
vortex, a TSC-I or TSC-M interface, and a TSC-SC interface.
The case of a vortex is difficult to treat analytically, but we
will comment on it in Sec. IV. To describe interfaces to an
insulator or a metal, one must find self-consistent boundary
conditions for the fermions and the pairing functions. Despite
being possible we have not pursued this, but rather concen-
trated on the TSC-SC case which allows for a simple model
that can be handled analytically.

In such an interface one (but not both) of the angles θ±
must make a jump, or a rapid transition between 0 and π . This
can be modeled in two ways [15]. One possibility is to keep
� real, but let it go smoothly to zero and change sign at the
interface, corresponding to an abrupt π change in the phase.
The problem with this approach is that the gap vanishes at the
interface, and also, since TRI is maintained, we do not expect
any Hall response. The other way is to keep � in Eq. (9) at
some finite real value, and let the phase, say, θ+, wind rapidly
from π to 0 in the interface. Such a twist breaks the TRI in the
interface, and does allow for a Hall response. This realization
of an interface intuitively corresponds to a regularized version

FIG. 2. The Hall coefficient σyx as (a) a function of σ/m0 for
small negative σ and (b) as a function of m0/σ for large σ . In
(b) we also show the effective theory result Itotal = sgn(σ )

12π2 tan−1( m0
σ

)
in yellow. In both panels, e = h̄ = 1.

of the step function used to derive Eq. (28), but we do not
know how to extract an effective action in a controlled analyt-
ical way for such an interface. The model used in Ref. [7] is
similar, but not identical, to this second alternative. It amounts
to letting the real part of the mass (or gap) m to go smoothly to
zero and change sign at the interface, while the imaginary TRI
breaking part ∼iσγ 5 is kept constant. This means that TRI in
bulk is only recovered in the limit of σ going to zero. This is
the model we shall use also for the TSC.

It is now clear how to formulate the problem: Calculate the
surface response generated by integrating out fermions with
an (Euclidean) action density,

L = �̄±[γ μ∂μ + m(x) + iγ 5σ ]�±, (30)

where the fields �± satisfy a Majorana condition so that the
chirally twisted mass is a Majorana mass.

Comparing with Eq. (12), the gap function is � =√
m2(x) + σ 2 and the twist angle θ = sgn(σ ) tan−1 σ

m(x) . If we
take the interface to be a plane and use the the profile

m(x) = m0 tanh m0x, (31)

where x is the coordinate perpendicular to the plane, and
m0 � 0, the total winding in the angle θ as we pass though
the interface is

�θ = sgn(σ )2 tan−1

(
m0

σ

)
. (32)

If the formula (26) derived from the putative effective theory
is correct, a constant electric field Ex at the interface should
give rise to a Hall current,

Iy
total = − sgn(σ )

12π2
tan−1

(
m0

σ

)
Ex, (33)

corresponding to an effective Hall conductivity,

σyx = − sgn(σ )

6π
tan−1

(
m0

σ

)
e2

h
, (34)

where we restored the units. This result agrees with Eq. (29)
in the limit σ → 0.

In the next section we will show how to compute the Hall
current starting from the Majorana mass action, Eq. (12). We
have not been able to calculate the current density, so we do
not know the exact z profile, but very likely it is exponentially
localized close to the surface for any finite value of σ . Fig-
ure 2(b) shows the effective Hall conductivity σyx = Iy/Ex as
calculated in the next section as a function of σ/m0, and we

235427-5



STÅLHAMMAR, STONE, SATO, AND HANSSON PHYSICAL REVIEW B 103, 235427 (2021)

see that for large values the result agrees with the effective
theory prediction shown in the same graph. In Fig. 2(a), we
show the opposite limit of small σ/m0, and we see that, as
opposed to the TI case, the Hall conductivity vanishes as
σ → 0. The coefficient in front of the linear term at σ = 0
is −6.062 47 in units of 1/12π2.

It is at first sight not surprising that the formula extracted
from the TSC effective action for the Hall current is not
valid when the phase angle winds rapidly. The entire effective
action formalism is based on an adiabatic approximation in
which the mass of the integrated-out Fermi field is supposed
much larger than the space or time rate of change of the
background fields. On the other hand, it was shown in Ref. [7]
that in the TI case, the effective field theory result is in fact
independent of the speed of the winding. One might wonder
why, but in this latter case there is indeed a good reason.
Imagine a magnetic field perpendicular to the direction of the
interface so that Landau levels are formed. In the massless
case, this is the setting for the “infinite hotel” derivation of
the axial anomaly [16], which is entirely due to the lowest
Landau level (LLL). In the massive case this level maps onto
a 1D fermion with a chiral mass, so if we start from an
untwisted interface and slowly twist the θ field we can appeal
to the argument of Goldstone and Wilczek [17] that the total
charge accumulated in the vicinity of the twist is −�θ/2π

even though the large mass-gap formula ρ = −∂xθ/2π is no

longer valid. This is because the corrections to this formula
are total derivatives. In other words, the total charge is a
topologically protected quantity. Thus, since a filled LL gives
the Hall coefficient 1/2π , in the TI case we expect a Hall
coefficient �θ/2π corresponding to a CS level 1/2 for a π

twist.
There is no corresponding argument in the TSC case. In the

presence of a mass the axial LLs behave very differently from
the usual vector ones, and in particular there is no simple map-
ping of the lowest degenerate energy level to a 1D fermion.
We discuss this case in some more detail in Appendix B, but
it seems clear that in the TSC case the “topological” θ term is
not so topologically protected.

C. The Chern-Simons action in a TSC-SC interface—a
perturbative analysis

As shown in Ref. [7], the profile Eq. (31) allows for a
closed analytic form for the fermion propagator, and following
this reference we shall decompose it with one term localized
to the interface, i.e., x4 = 0, and another describing the scat-
tering states (note that our notation differs from that in Ref. [7]
since we work in Euclidean space). We use a mixed repre-
sentation (x; ki ) where x = x4 and ki is the three-momentum
where i = 1, 2, 3. With this we have

S(ki; x, x′) = Sl(k
i; x, x′) + Sf(k

i; x, x′), (35)

where the localized part is

Sl(k
i; x, x′) =

∫
ds

2π

1

k2 + σ 2

1

s2 + k2 + M2
P+(ikiγ

i + iσγ 5)μ(s; x, x′)eis(x−x′ ), (36)

and the scattering, or free, part is

Sf(k
i; x, x′) = −

∫
ds

2π

1

s2 + k2 + M2
[isγ 4 + ikiγ

i + iσγ 5 − M̃(x, x′)]eis(x−x′ ), (37)

where M2 = m2
0 + σ 2, M̃(x, x′) = P+m(x) + P−m(x′), with the projectors P± = 1

2 (1 ± γ 4), and

μ(s; x, x′) = is[m(x) − m(x′)] + m(x)m(x′) − m2
0.

Expressions (36) and (37) were given in Ref. [7], and in Appendix A we provide a somewhat simpler derivation.
With this we can extract the effective action to O(A2), i.e., terms ∼FF̃ or AdA from the polarization diagram in Fig. 1. We

will in the following only care about terms that contribute to the CS action AdA which originate from terms with the γ -trace
structure Tr(γ iγ 5γ 4γ kqkγ

j ). The relevant trace coming from the SlSl contribution to �i j is
Tr{γ iγ 5P+(iklγ

l + iσγ 5)γ jγ 5P+[i(k − q)lγ
l + iσγ 5]} = Tr{γ iγ 5P+P−(iklγ

l + iσγ 5)γ jγ 5[i(k − q)lγ
l + iσγ 5]} = 0, (38)

where the first identity follows from the identities γ iP± =
P∓γ i and γ 5P± = ±P∓γ 5 and the second from P+P− = 0.
Note that for a vector coupling this trace would not be zero,
and it in fact gives the CS term in the case of a TI as shown in
Ref. [7].

In Appendix C we evaluate the remaining contributions,
SlSf, SfSl, and SfSf, and show that, although nonzero, they also
do not give any CS term in the surface action in the TRI limit
σ → 0.

Having shown that there is no quantum Hall response in
an interface where a constant σ is taken to zero, can we be
assured that the same holds also for other types of interfaces?
We could, e.g., take σ 
= 0 only close to the interface, thus
keeping the gap, or just put σ = 0 and break TRI in some

other ways, e.g., by some magnetic impurities. We cannot
logically exclude the possibility that a CS term is generated in
these cases, but a numerical study of the analog (1+1)D case
in Ref. [18] indicates that, at least qualitatively, the physics of
π junctions does not depend on such microscopic details.

IV. PHYSICAL CONSEQUENCES AND
SUMMARY OF RESULTS

The result of the last section resolves two of the problems
posed in Sec. III A. Since there is no CS term in the surface ac-
tion, there is no contradiction with the localized surface mode
being neutral. There will also not be any charge accumulation
associated to magnetic flux lines, and thus no problem with the
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expected Z16 symmetry of the TSC. Note, however, that this
is true only in the limit σ → 0; both effects remain for finite
symmetry breaking. For the following discussion we rewrite
the action Eq. (27) as

SM =
∫

d4x

[
ρ

2
(∂μϑ + 2Aμ)2 + ρ

8
(∂μθ )2 + J cos θ.

+ θ

96π2
εμνσλFμνFσλ − 1

4
FμνFμν

]
, (39)

where we, following Ref. [4], also added a Josephson term
which provides a gap for the θ mode that is not gapped by the
Higgs mechanism, and where

ϑ = 1
2 (θ+ + θ−) and θ = θ+ − θ−,

and where we put ρR = ρL = ρ/2. The corresponding full
electromagnetic current is

Jμ = ρ(∂μϑ + 2Aμ) + e

48π2
εμνσλ∂νθFσλ. (40)

We next calculate the charge inflow towards a straight thin
(i.e., the limit of the London length λL → 0) Abrikosov vortex
line, in the presence of a parallel constant electric field, so

�B = B δ2(r)ẑ, �E = Eẑ, (41)

with E and B constant. In the A0 = 0 gauge, and using radial
coordinates r = (r, α), we take the potentials

Ar = 0, Aα = φ0

2π
α̂, Az = −Ezt ẑ. (42)

By the equation of motion for ϑ , the term ∼ρ in (40) vanishes,
while the second gives a gauge-invariant radial current,

Jr = e

48π2

1

r
∂αθ 2Ez, (43)

and thus the puzzling charge accumulation (per unit length)
on the vortex core mentioned in the Introduction is

Q̇ =
∮

dα rJr = e

12π
Ez. (44)

Since the current is conserved, such an accumulation should
take place if there is no charge transported along the vortex.
For completeness, we show how this formally comes about.
To do so, recall that the vortex we consider is in one of the
two phase fields, but not in both. For concreteness we take a
unit vortex in θ+ and no vortex in θ− so ϑ = 1

2θ+ and θ = θ+.
Assuming that the total current in the z direction vanishes,
which is the case if there is no charged mode in the vortex, the
equation of motion for ϑ gives ∂zθ = 2∂zϑ = −4Az. Substi-
tuting this in Eq. (40) gives for the zeroth component

J0 = − e2

96π2
∂zθ 2B δ2(r) = − 8e2

96π2
B δ2(r)Az

= e2

12π2
B δ2(r)Ez t . (45)

Integrating over r and taking the time derivative we recover
Eq. (44).

In the small σ limit, the absence of a charged mode in the
vortex is closely related to the absence of a Hall effect in a
TSC-SC interface. To see this consider a geometry where the

vortex line is fully inside the cylinder of normal SC embedded
in the TSC. If there was a CS response in the interface, this
could ensure current conservation without any charge accu-
mulation in the boundary layer.

As already mentioned, for finite σ we both have a (non-
quantized) Hall effect in the interfaces, and an unphysical
charge accumulation on the Abrikosov vortices in the θ vari-
able. At least the latter is clearly unphysical. There are two
possible ways to resolve this conundrum. The most obvious
one is to note that the assumption of having a constant electric
field in a superconductor is clearly unphysical, since it will
be screened by the Cooper pair supercurrent. Similarly, as
soon as a Maxwell term is present, a buildup of charge is not
possible since it will again be screened by the Cooper pairs.
In both cases the screening becomes local in the limit of large
electric charge.

We might, however, consider the opposite limit, e → 0,
while keeping eEz fixed, where screening effects are ne-
glected. In this case the nonintuitive charge buildup seems
to take place. An appealing resolution would be that there
is some principle that enforces θ = 0, in which case none of
the strange effects would be present even in the absence of
screening. Ideally there would be some robust geometrical or
topological reason for this condition, but we have not been
able to find any. There is, however, an energetic reason for
setting θ = 0. Without the Josephson term in Eq. (39), the
θ -phase degree of freedom would be massless, and since the
original model Eq. (1) is fully gapped, there is a strong reason
to believe that J 
= 0. Since θ by construction is periodic with
period 2π , states with θ = 0 and θ = π cannot simultane-
ously be ground states of the model. This seems to rule out
a π junction in θ , since the energy cost is not proportional
to the area of the interface but rather to the volume of the
bulk. It is also clear that energetics will severely restrict vortex
solutions in θ since there is no Higgs mechanism, a single
vortex has the usual logarithmic divergence in the energy per
unit length, and this will remain true in the presence of a
small Josephson coupling. There will not be any net charge
accumulation around a vortex-antivortex pair, but it is also not
clear if there is a stable ground state in such a configuration
without invoking screening.

An alternative interpretation of our results is that when
we have an apparently anomaly-free system of two opposite-
chirality Weyl fermions, each gapped with its own complex
Majorana-mass order parameter, then there is a novel source
of anomaly such that the electromagnetic current is con-
served only when the phases θ± of the two mass terms
differ by a constant. Such a constraint, independent of any
energetic arguments, would make the problematic trans-
verse current vanish identically. At the moment we do not
have an explanation as to how such an anomaly would
arise.
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APPENDIX A: DERIVATION OF THE FERMION
PROPAGATOR

In this Appendix we derive the expressions (36) and (37)
for the localized and free parts of the fermion propagator
given in the main text. This amounts to computing the Green’s
function of the Euclidean signature Dirac operator

D = γ μ∂μ + m(x) + iγ 5σ, (A1)

where x = x4.
Just as the free-space Dirac Green’s function is calculated

as (/p − m) × (p2 + m2)−1, our strategy is to first compute the
Green’s function of DD† and then use

D†[DD†]−1 = D†[D†]−1D−1 = D−1, (A2)

DD† = [γ μ∂μ + m(x) + iγ 5σ ][−γ μ∂μ + m(x) − iγ 5σ ]

= −∂2
x + γ4∂xm(x) + m2(x) + σ 2 − [∇2]⊥

→ −∂2
x + γ4∂xm(x) + m2(x) + κ2, (A3)

where κ2 = k2
⊥ + σ 2. We now take the profile m(x) =

m0 tanh m0x4 to get

m2(x4) = 1 − sech2x4, ∂xm(x4) = sech2x4, (A4)

and thus

DD† = −∂2
x4

− (1 − γ4)sech2x4 + 1 + κ2. (A5)

Here, and in the following, we shall put m0 = 1 and restore
the dimensions only at the end. The calculation simplifies by
taking γ4 to be diagonal, and we shall use

γ4 =
(
I2 0

0 −I2

)
, (A6)

giving

DD† =
(−∂2

x4
+ 1 + κ2 0

0 −∂2
x4

− 2sech2x4 + 1 + κ2

)
,

(A7)

which contains a pair of Pöschl-Teller equations. The corre-
sponding eigenfunctions of DD† are

ψk,sc(x) =
(

1
(−ik4+tanh x4 )√

1+k2
4

)
eik·x, λ = k2

4 + 1 + k2
⊥ + σ 2,

(A8)

and

ψb(x) =
(

0
1√
2
sech x4

)
eik⊥·x⊥ , λ = k2

⊥ + σ 2, (A9)

which satisfy the completeness relation

δ4(x − x′)

=
∫

d3k⊥
(2π )3

[
ψb(x)ψ†

b (x′) +
∫

dk

2π
ψk,sc(x)ψ†

k,sc(x′)
]
.

(A10)

The desired [DD†]−1 Green’s function is simply the
completeness relation divided by the eigenvalues. To
avoid clutter we will not write explicitly the factors of
[d3k⊥/(2π )3]eik⊥·(x−x′ )⊥ , and with this understood the bound
state contribution to [DD†]−1 is

1

2
(1 − γ4)

ψbound(x)ψbound(x′)
λbound

= 1

2
(1 − γ4)

1
2 sech x sech x′

k2
⊥ + σ 2

,

and the scattering state contribution

1

2
(1 − γ4)

∫
dk

2π

(−ik + tanh x)(ik + tanh x′)eik(x−x′ )

(1 + k2)(1 + k2 + k2
⊥ + σ 2)

+ 1

2
(1 + γ4)

eik(x−x′ )

1 + k2 + k2
⊥ + σ 2

.

To get the fermionic D−1 Green’s function we then apply
D† = −γ μ∂μ + m(x) − iγ 5σ to these contributions.

The bound state part is easily shown to be

Dbs(x, x′) = −1

2
(1 − γ4)

γ aka + iγ5σ

k2
⊥ + σ 2

1

2
sech x sech x′, (A11)

while it requires a bit more work to get the scattering part.
This involves using

(∂x + tanh x)(−ik + tanh x)eikx = (
1 + k2

)
eikx,

(∂x + tanh x)sech x = 0, (A12)

and following Ref. [7] we also introduce the function μ(x, x)
via

(−ik + tanh x)(ik + tanh x′)
k2 + 1

= 1 + 1

k2 + 1
[ik(tanh x − tanh x′) + tanh x tanh x − 1]

def= 1 + 1

1 + k2
μ(x, x′). (A13)

Doing the algebra we get for the scattering part

Dsc(x, x′) = −
∫

dk

2π

γ μkμ + M(x, x′) + iγ5σ

k2 + 1 + k2
⊥ + σ 2

eik(x−x′ ),

where

M(x, x′) = −1

2
(1 − γ4) tanh x′ − 1

2
(1 + γ4) tanh x

+ 1

2
(1 − γ4)

γ aka + iγ5σ

k2 + 1
μ(x, x′). (A14)

Here, we note that the term ∼μ(x, x′) is localized to the
surface, and we shall combine that with the bound state prop-
agator Eq. (A12). To do this, we first make the partial fraction
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decomposition,

1

(k2 + 1)(k2 + 1 + k2
⊥ + σ 2)

= 1

k2
⊥ + σ 2

(
1

k2 + 1
− 1

k2 + 1 + k2
⊥ + σ 2

)
, (A15)

and then use the relation∫
dk

2π
eik(x−x′ ) μ(x, x′)

1 + k2
= −1

2
sech x sech x′, (A16)

that is given on p. 13i in Ref. [19]. We then see that the
contribution from the first term on the right-hand side cancels
Dbs(x, x′), and, restoring m0, the remaining part of the local-
ized term ∼μ(x, x′) gives the localized propagator Dl (x, x′) in
Eq. (36), while the remaining part of Dsc(x, x′) gives Df (x, x′)
in Eq. (37).

APPENDIX B: VECTOR AND AXIAL LANDAU LEVELS

In this Appendix, we prove some of the assertions made
in Sec. III B, and give plausibility arguments for some of the
others.

Our starting point is the Hamiltonians for a Dirac field
coupled to a vector potential �V or an axial potential �A,
and with a general chiral mass M = m + iγ 5σ . It will be
convenient to use the Weyl representation for the (Minkowski
space) γ matrices,

γ 0 =
(

0 −1

−1 0

)
, γ i =

(
0 σ i

−σ i 0

)
, γ 5 =

(
1 0

0 −1

)
,

(B1)

and we also introduce the Dirac matrices αi = γ 0γ i, and β =
γ 0. With this we can write the massive Dirac Hamiltonians,

HV = �α · ( �p + �V ) + βm + iβγ5σ =
(

H+ MI

M�I H+

)
,

HA = �α · ( �p + γ 5 �A) + βm + iβγ5σ =
(

H+ MI

M�I H−

)
.

(B2)

Next, we specialize to a constant magnetic field in the z
direction, and use the symmetric gauge, V = BV

2 (−y, x) and
A = BA

2 (−y, x), where BV and BA are the magnitudes of the
vector and axial magnetic fields, respectively.

To understand the difference between vector and axial
vector cases, it is useful to write the Hamiltonian matrices
explicitly in terms of a and a†,

HV =

⎛
⎜⎜⎜⎜⎝

pz

√
BV a† M 0√

BV a −pz 0 M

M� 0 −pz −√
BV a†

0 M� −√
BV a pz

⎞
⎟⎟⎟⎟⎠ (B3)

and

HA =

⎛
⎜⎜⎜⎜⎝

pz

√
BAa† M 0√

BAa −pz 0 M

M� 0 −pz −√
BAa

0 M� −√
BAa† pz

⎞
⎟⎟⎟⎟⎠. (B4)

The solution to the Landau problem is now conveniently ex-
pressed in terms of the eigenfunctions |n〉 of the harmonic
oscillator Hamiltonian H = √

B(aa† + 1
2 ), with [a, a†] = 1,

H |n〉 = (n + 1
2 )|n〉, and the plane waves eipzz.

First, consider the massless case, where both
Hamiltonians are block diagonal. The eigenfunctions
for H+ are ψ+ = N+(|n〉,±

√
nB

p+E |n + 1〉)T , and for H−,

ψl = N−(|n − 1〉, xx
yy |n〉)T , and we recall that all these LLs are

massively degenerate since the angular momentum lowering
and rising operators commute with both Hamiltonians. We
also note that in both cases there are linearly dispersing
chiral modes for n = 0. The spectral flows of these LLLs are
the origin of the axial (and vector) anomalies as originally
explained by Nielsen and Ninomiya [16].

Recalling that a†|n − 1〉 = √
n|n〉 and a|n〉 = √

n|n − 1〉
we see by inspection that

ψV =

⎛
⎜⎜⎜⎝

α|n〉
β|n − 1〉

γ |n〉
δ|n − 1〉

⎞
⎟⎟⎟⎠eipzz (B5)

reduces the Schrödinger equation HV ψV = EψV to a set of
algebraic equations for the parameters α, β, γ , δ. For n > 0
this yields two doubly degenerate solutions with En(p) =
±√p2

z + nB + M2.
For n = 0, i.e., the LLL, there are only two solutions with

E0(p) = ±√p2
z + M2. In this last case, the dispersion relation

is that of a massive 1D fermion, and there is an exact mapping
between the 3D and 1D problem (this is easily seen, e.g., by
noting that for LLL wave functions, the second and fourth
rows and columns in H+ can be neglected which amounts to
using a redundant parametrization of the 1D gamma matrices).
The 1D problem was originally considered by Goldstone and
Wilczek [17], who proved that in the presence of a chiral twist,
there is a charge �Q = sgn(σ ) 1

2π
tan−1( m0

σ
) accumulated at

the location of the twist. Since in our case a unit charge
amounts to a filled Landau level, we get the result for the CS
coefficient claimed in the main text, if there is no contribution
from the higher LLs. We do not have any rigorous proof of this
assertion, but since we are clearly seeing a topological effect,
it is natural to assume that only the LLL is involved, since this
is the case for the axial anomaly, where the contributions from
higher LLs cancel since the spectral flow of the degenerate
states occurs in opposite directions.

Although the massless axial case looks very similar to the
vector one, they are very different when masses are included.
To illustrate this, consider the “obvious” ansatz wave function,

ψA =

⎛
⎜⎜⎜⎝

α|n〉
β|n − 1〉
γ |n − 1〉

δ|n〉

⎞
⎟⎟⎟⎠eipzz, (B6)

where it is clear that the presence of a mass term will mix
the LLs. It is also easy to convince oneself that no simple
variation of this ansatz will work, and that any solution will
likely involve an infinite sum over the |n〉 states, and this
is also true for the generalized LLL. In particular, there is
no obvious mapping on a 1D system. In spite of this, our
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observation is that at large σ , i.e., a slow twist of θ , we do
see a Hall current where the m0/σ behavior is consistent with
a 1D interpretation just as in the vector case. We have no
explanation for this, and we also note that the current related

to the anomaly has the crucial factor 1/3 characteristic of the
consistent anomaly, while the LL-based derivation of the axial
anomaly gives the covariant anomaly, where the factor 1/3 is
missing.

APPENDIX C: THE POLARIZATION TENSOR

In this Appendix, we calculate the propagator given by

�μν = −1

2

∫
dxdx′Tr[γ μγ 5S(x, x′)γ νγ 5S(x′, x)]. (C1)

For the sake of clarity, the calculation will be divided into two sections, one dealing with the trace calculation, and one where
the integrals are performed.

1. Trace calculations

The action of the model considered can be split into

Sl =
∫

d3k

(2π )3

∫
ds

2π

1

k2 + σ 2

1

k2 + s2 + m2
0 + σ 2

P+(iγ aka + iγ 5σ )μ(s; x, x′)eis(x−x′ ), (C2)

Sf = −
∫

d3k

(2π )3

∫
ds

2π

isγ 4 + iγ aka + iγ 5σ − M̃(x, x′)
k2 + s2 + m2

0 + σ 2
eis(x−x′ ), (C3)

with the identifications

μ(s; x, x′) := is[m(x) − m(x′)] + m(x)m(x′) − m2
0, m(x) = m0 tanh (m0x), (C4)

s := k4, P± := 1
2 (I + γ 4), M̃(x, x′) = P+m(x) + P−m(x′). (C5)

We seek contributions to the CS term, meaning that we only consider terms of the form
Tr(γ aγ bγ cγ 4γ 5) = −4iεabc, (C6)

with a, b, c ∈ {1, 2, 3}. Taking this into account, we can make a first observation: There will be no contribution to the CS term
from SfSf, since we cannot produce the correct combination of γ matrices in any way. Let us therefore start by investigating
a possible contribution from SlSl. Only the relevant terms within the trace are kept, and the equality sign should therefore be
interpreted in this way,

−Tr[γ aγ 5P+(γ bkb + γ 5σ )γ cγ 5P+(γ d k′
d + γ 5σ )]. (C7)

By moving the leftmost P+ such that it reaches the rightmost P+, we have to use the anticommutation relations three times,
noting that a, b, c 
= 4. Therefore we end up with

−Tr[γ aγ 5(γ bkb + γ 5σ )γ cγ 5P−P+(γ d k′
d + γ 5σ )], (C8)

which identically vanish since P−P+ = 0. This is not the case if we only have a γ a coupling, since we would have to move P+
one step less than above, which results in a P+P+ instead.

Let us now move to the cross terms, and first consider SlSf,

Tr[γ aγ 5P+(γ bkb + γ 5σ )γ cγ 5(γ d k′
d + γ 5σ )] = Tr(γ aγ 5P+γ bkbγ

cγ 5γ 5σ + γ aγ 5P+γ 5σγ cγ 5γ d k′
d )

= σ

2
Tr(γ aγ 5γ 4γ bkbγ

c − γ aγ 5γ 4γ cγ bk′
b)

= σ

2
Tr(γ aγ 5γ bγ cγ 4kb − γ aγ 5γ cγ bγ 4k′

b)

= σ

2
Tr(−γ aγ bγ cγ 4γ 5kb + γ aγ cγ bγ 4γ 5k′

b)

= −σ

2
Tr[γ aγ bγ cγ 4γ 5(2kb − qb)] = 2iσεabc(2kb − qb). (C9)

Finally, it remains to compute the contribution from SfSl,

Tr[γ aγ 5(γ bkb + γ 5σ )γ cγ 5P+(γ d k′
d + γ 5σ )] = Tr(γ aγ 5γ bkbγ

cγ 5P+γ 5σ + γ aγ 5γ 5σγ cγ 5P+γ vk′
d )

= σ

2
Tr(−γ aγ 5γ bkbγ

cγ 4 + γ aγ cγ 5γ 4γ d k′
d )

= σ

2
Tr[γ aγ bγ cγ 4γ 5(2kb − qb)] = −2iσεabc(2kb − qb). (C10)
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We note that this contribution is of similar type as from the other cross term, but with a difference in sign. These terms will,
however, not cancel, which will be apparent in the following section. We also note that both the contributing terms have a term
proportional to k, which is not the case for γ a coupling. This is because the γ 5 matrices introduce an additional relative sign
between the corresponding terms.

2. Integral calculations

From the trace calculations, we see that the terms of interest in the propagator will look like

�ac = − 1

2

∫
d3k

(2π )3

∫
dxdx′ e

−|x−x′|k3

k3

e−|x−x′|k′
3

k′
3

[
μ(k′

3; x, x′)
k′2 + σ 2

− μ(k3; x, x′)
k2 + σ 2

]
2iσ (2kb − qb)εabc

4
, (C11)

where

k3 :=
√

k2 + m2
0 + σ 2, k′

3 :=
√

k′2 + m2
0 + σ 2, k′ := k − q. (C12)

Let us first focus on the integrand. Expanding 1
k′2+σ 2 around q = 0, keeping at most linear terms in q results in

e−|x−x′|(k3+k′
3 )

k3k′
3

[
μ(k′

3; x, x′)
k′2+σ 2

− μ(k3; x, x′)
k2 + σ 2

]
= e−|x−x′|(k3+k′

3 )

k3k′
3

{
1

k2 + σ 2
[μ(k′

3; x, x′) − μ(k3; x, x′)] + μ(k3; x, x′)

(k2 + σ 2)2 2k · q + O(q2)

}
.

(C13)

The difference becomes

μ(k′
3; x, x′) − μ(k3; x, x′) = 2

(k3 − k′
3)T1

k3 + k′
3

, (C14)

with

T1 := m0(k3 + k′
3)sgn(x − x′)
2

[tanh (m0x) − tanh (m0x′)]. (C15)

Expanding this difference around q = 0, again keeping at most linear terms in q, yields

2
(k3 − k′

3)T1

k3 + k′
3

= T1k · q

k2
3

+ O(q2). (C16)

Introducing the variables

z = x − x′, Z = x + x′, (C17)

allows us to write the integral on the following form,

�ac = − iσεabc

4

∫
d3k

(2π )3 kb

∫
dzdZ

{
e−2|z|k3 T1k · q

[
1

k4
3 (k2 + σ 2)

− 2

k2
3 (k2 + σ 2)2

]
− e−2|z|k3 T22k · q

1

k2
3 (k2 + σ 2)2

}
, (C18)

where

T2 := m2
0[1 − tanh (m0x) tanh (m0x)]. (C19)

Using the integral relations in Ref. [7],

1

2

∫
dzdZe−2|z|k3 T1 = m0

k3
, (C20)

1

2

∫
dzdZe−2|z|k3 T2 =

[
−m2

0

k2
3

+ 2m0∂k3ψ

(
k3

m0

)]
, (C21)

with

∂k3ψ

(
k3

m0

)
:= 1

m0

∞∑
n=0

1( k3
m0

+ n
)2 (C22)

being the trigamma function, we get

�ac = − iσεabc

2

∫
d3k

(2π )3 kb

⎧⎨
⎩m0k · q

⎡
⎣ 1(

k2 + m2
0 + σ 2

) 5
2 (k2 + σ 2)

− 2(
k2 + m2

0 + σ 2
) 3

2 (k2 + σ 2)2

⎤
⎦

+
[

m2
0

k2 + m2
0 + σ 2

− 2m0∂k3ψ

(
k3

m0

)]
2k · q(

k2 + m2
0 + σ 2

)
(k2 + σ 2)2

}
. (C23)

235427-11



STÅLHAMMAR, STONE, SATO, AND HANSSON PHYSICAL REVIEW B 103, 235427 (2021)

Let us now investigate how to deal with this integral. We know that∫
d3k

(2π )3 kd qekbgdeεabc = qegdegdbε
abc 1

3

∫
d3k

(2π )3 k2 = qbε
abc 1

3

∫
d3k

(2π )3 k2. (C24)

By using this, the only dependence is in k2, meaning that we can go to spherical coordinates and trivially perform the angular
part. We end up with

�ac = − iσεabcqb

6

∫ ∞

0

dk

2π2
k4

⎡
⎣ m0(

k2 + m2
0 + σ 2

) 5
2 (k2 + σ 2)

− 2m0(
k2 + m2

0 + σ 2
) 3

2 (k2 + σ 2)2

+ 2m2
0(

k2 + m2
0 + σ 2

)2
(k2 + σ 2)2

− 4m0∂k3ψ
( k3

m0

)
(
k2 + m2

0 + σ 2
)
(k2 + σ 2)2

]
. (C25)

By first investigating the behavior for small σ , we introduce the variable K = k
m0

, and note that Eq. (C25) attains the form

�ac = − iεabcqb

6

σ

m0

∫ ∞

0

dK

2π2
K4

⎡
⎣ 1(

K2 + 1 + σ 2

m2
0

) 5
2
(
K2 + σ 2

m2
0

) − 2(
K2 + 1 + σ 2

m2
0

) 3
2
(
K2 + σ 2

m2
0

)2

+ 2(
K2 + 1 + σ 2

m2
0

)2(
K2 + σ 2

m2
0

)2 −
4
∑∞

n=0

(√
K2 + 1 + σ 2

m2
0
+ n

)−2

(
K2 + 1 + σ 2

m2
0

)(
K2 + σ 2

m2
0

)2

⎤
⎦. (C26)

Because of the trigamma function, this integral is not analytically solvable. The numerical solution is graphically illustrated in
Fig. 2(a) in the main text. The value of the derivative with respect to σ

m0
at σ

m0
= 0 is

�ac −−−→
σ

m0
→0

− σ

m0
iεabcqb

(
3π − 10

72π2
− 0.050 378 6

)
. (C27)

By relabeling b and c, we end up with

�ab −−−→
σ

m0
→0

− σ

m0
iεabcqc · 0.051 188. (C28)

Considering the opposite limit, i.e., m0
σ

→ 0, we can introduce the variable K̃ = k
σ

, which yields

�ac = − iεabcqb

12π2

m0

σ

∫ ∞

0
dK̃K̃4

⎡
⎢⎢⎣ 1(

K̃2 + m2
0

σ 2 + 1
) 5

2
(K̃2 + 1)

− 2(
K̃2 + m2

0
σ 2 + 1

) 3
2
(K̃2 + 1)

+ 2
m0

σ

1(
K̃2 + m2

0
σ 2 + 1

)2
(K̃2 + 1)

2
− 4

m0

σ

∑∞
n=0

(√
K̃2 + m2

0
σ 2 + 1 + n m0

σ

)−2(
K̃2 + m2

0
σ 2 + 1

)
(K̃2 + 1)

2

⎤
⎦, (C29)

which again has to be performed numerically. A graphical illustration of the result is given in Fig. 2(b).
However, for the value of the derivative with respect to m0

σ
at m0

σ
= 0, we can use the asymptotic expansion to simplify the

trigamma function,

∂k3ψ

(
k3

m0

)
= 1

k3
. (C30)

Using this, introducing the variable K̃ = k
σ

, and keeping only leading order terms in m0
σ

gives us the following integral,

�ac −−−→
m0
σ

→0
− iεabcqb

12π2

m0

σ

∫ ∞

0
dK̃K̃4

⎡
⎢⎢⎣ 1(

K̃2 + m2
0

σ 2 + 1
) 5

2
(K̃2 + 1)

− 6(
K̃2 + m2

0
σ 2 + 1

) 3
2
(K̃2 + 1)

2

⎤
⎥⎥⎦. (C31)

As above, the value of the derivative at m0
σ

= 0 can be evaluated by setting m2
0

σ 2 = 0 in the integrand, which yields

�ab −−−→
m0
σ

→0
−m0

σ

εabcqc

12π2
, (C32)

which is consistent with computing the current from the triangular graph in Fig. 1.
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