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Long-lived dark coherence brought to light by magnetic-field controlled photon echo
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Larmor precession of the quasiparticle spin about a transverse magnetic field leads to the oscillations in the
spontaneous photon echo signal due to the shuffling of the optical coherence between optically accessible (bright)
and inaccessible (dark) states. Here we report on a new nonoscillating photon echo regime observed in the
presence of nonequal dephasing rates of bright and dark states. This regime enables the observation of the
long-lived dark optical coherence. As a simple mechanical analogy, we suggest a charged particle moving in
the magnetic field through the medium with anisotropic viscous friction. We demonstrate the dark coherence
retrieval in the spontaneous photon echo from excitons in the InGaAs/GaAs quantum well.
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I. INTRODUCTION

The coherence manipulation is the cornerstone of the
optical quantum information processing [1–6]. The optical
coherence could be addressed and stored in ensembles of reso-
nant systems by the photon echo (PE) protocol, in the simplest
cases realized by two (spontaneous PE) or three (stimulated
PE) successive laser pulses exciting the ensemble [7–14]. An
important step towards applications utilizing such coherence
manipulation in the ultrafast way was the observation of PE
from ensembles of excitons and their complexes in epitaxial
heterostructures based on GaAs [15–17], CdTe [18–21], wide-
band gap ZnO [22,23], and GaN [24] semiconductors. PE is
also actively studied in novel excitonic materials: transition
metal dichalcogenide (TMDC) monolayers [25,26] and halide
perovskites [27–30].

The additional degree of coherence control is provided by
the magnetic-field manipulation of spins of charge carriers
constituting the excitons and their complexes. The coupling
between the spin states is achieved by the transverse magnetic
field involving electron and hole spins in Larmor preces-
sion. It allows the periodical optical coherence shuffling
between optically accessible and inaccessible states leading
to the oscillations in spontaneous PE signal. Such magnetic-
field PE control was demonstrated in the trion system in a
CdTe/CdMgTe quantum well (QW) [19–21,31]. It is impor-
tant to note that in these works the two states involved in
the shuffling are equivalent trion states with the same phase
relaxation (dephasing) rates, and the accessibility of states is
determined by the polarization of the corresponding optical
transitions.

Alongside this, there are optically inaccessible states,
transitions to which are prohibited by the selection rules.
Examples of such states are excitons with the total angular
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momentum projection Sz = ±2 in GaAs- and CdTe-based
QWs [32]. Prohibition of the interaction with light gave these
states the name dark excitons as opposed to the bright ones
with Sz = ±1. Application of the external magnetic field
makes it possible to observe footprints of dark excitons in
noncoherent optical signals, as was done for QWs [33], quan-
tum dots [34] and carbon nanotubes [35]. Analogous optically
inaccessible states were studied also in TMDC monolayers
[36–39]. Still the coherent optical properties of dark excitons
were little studied [40,41], and polarization shuffling between
states was not addressed at all.

The main distinguishing point in the context of the polar-
ization shuffling between bright and dark excitonic states is
the difference of dephasing rates of bright and dark coher-
ences. In this paper, we will show that this difference leads
to quite unexpected results in spontaneous PE with magnetic
field, and opens the way to retrieve the long-lived dark co-
herence in optical signal. We will begin with the theoretical
consideration of this problem, and then we will demonstrate
the predicted dark optical coherence retrieval in the sponta-
neous PE experiment with excitons in the InGaAs/GaAs QW.

II. OPTICAL COHERENCE EVOLUTION

The minimal system needed to demonstrate the coher-
ence shuffling consists of three levels schematically shown
in Fig. 1(a). The ground state |0〉 and the bright excited state
|1〉 are coupled by the light. The dark excited state |2〉 could
not be accessed by the same optical excitation due to the
selection rules. At the same time states |1〉 and |2〉 are cou-
pled with the precession frequency �0 (i.e., by the magnetic
field). The coherencies |0〉 ↔ |1〉 and |0〉 ↔ |2〉 have different
phenomenological dephasing rates γ1 and γ2, respectively.
We will assume the case of the long-lived dark coherence
(γ2 � γ1). Below we will describe the main stages of the
model development only. The strict solution of the Lindblad
equation is provided in Appendix A.
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(a) (b) (c)

FIG. 1. (a) Energy diagram of the three-level system with the optically addressed transition |0〉 ↔ |1〉 (red arrow) and different dephasing
rates for |0〉 ↔ |1〉 and |0〉 ↔ |2〉 polarizations (gray arrows). States |1〉 and |2〉 are coupled with the precession frequency �0. (b) Evolution
of elements v1 (red curve) and u2 (blue curve) after the action of the π

2 pulse (1) for the case �γ = 0. The pulse (2) is scanned. Dashed curve

shows the decay of the elements envelope
√

v2
1 + u2

2. (c) Same evolution shown as the phase portrait on (v1, u2) plane for the case �γ = 0.

In the spontaneous PE experiment, an inhomogeneously
broadened ensemble of three-level systems is excited by two
laser pulses separated by the time delay τ . The evolution of
one system is described by the density matrix ρ. After the
action of the π

2 pulse, the system is driven into the coherent
superposition of |0〉 and |1〉 states represented by the non-
diagonal element of the density matrix ρ01. After the pulse
action, the system starts to evolve in time with the coherencies
oscillating between |0〉 ↔ |1〉 and |0〉 ↔ |2〉. The second π

pulse rephases the ensemble. We are interested in the behavior
of the PE decay signal, that is, the dependence of the sponta-
neous PE amplitude observed at the time t = 2τ on the τ . We
will denote this signal as PPE. Obviously in the absence of the
precession (�0 = 0) the PE signal has exponential decay with
τ with the rate 2γ1 (PPE ∼ e−2γ1τ ).

Let’s try to build an intuitive picture for the PE decay in the
�0 �= 0 case. At the first glance PPE is expected to have tem-
poral oscillations with frequency �0 due to the polarization
shuffling between states [21]. The next intuitive step will be
to consider the fact that the polarization persists the same time
in both excited states, which leads to the supposed average PE
decay rate 2( γ1+γ2

2 ). We will show that, with minor correc-
tions, this guess is true only for the precession frequencies
being higher than the dephasing rates difference. However, at
lower �0, this intuitive approach is no more valid, and full
consideration of the problem is needed.

In order to demonstrate the counter-intuitive discrepancies,
we will start with the most characteristic property of the
expected oscillatory PE decay behavior – the appearance of
periodical PE signal zeros. The PE signal zero is observed
when there is no polarization in the optically accessible state
(ρ01 = 0) at the arrival time of the rephasing π -pulse. The
theoretical consideration of this problem shows that the tem-
poral evolution of the coherence |0〉 ↔ |1〉 (and related optical
polarization) is coupled only with the coherence |0〉 ↔ |2〉,
and the following simple differential equation could be written
for the temporal evolution of the system (see Appendix A for
detailed derivation):

v̇1 = �0u2 − γ1v1

u̇2 = −�0v1 − γ2u2. (1)

where optical Bloch equation elements are introduced in the
following way: u2 = 2Re(ρ02), v1 = −2Im(ρ01). Equation (1)
has a simple mechanical analogy of a charged particle precess-
ing in the magnetic field in a medium with anisotropic viscous
friction.

Consider a charged particle with mass m and charge q > 0
moving through the medium with the anisotropic viscous
friction described by two coefficients ηx and ηy [Fig. 2(c)].
The magnetic field �B is applied normal to the (x, y) plane.
Newton’s second law for this particle reads as follows: m�̇v =
�F + �Fx + �Fy, where �v is the particle speed, the Lorentz force is
�F = q[�v × �B] and the anisotropic friction force has two com-
ponents: Fx,y = −ηx,yvx,y. In this situation the componentwise
system reads

mv̇x = −qBvy − ηxvx,

mv̇y = qBvx − ηyvy. (2)

With the substitution vx → v1, vy → u2, �0 → q
m B, and

γ1,2 → ηx,y

m , this system is equivalent to the Eq. (1).

III. PHOTON ECHO REGIMES

The π
2 -pulse action leads to v1(0) = 1, u2(0) = 0. Since

PPE ∼ |v1(τ )|2, tracking v1(τk ) = 0 will lead to the set of PE
signal zeros τk . First we will consider the already known
simple case with equal dephasing rates γ1 = γ2 �γ = 0.
Equation (1) gives the following solution:

v1(t ) = e−γ t cos(�0t ),

u2(t ) = e−γ t sin(�0t ). (3)

where the γ = γ1+γ2

2 is the average dephasing rate. Corre-
sponding oscillations of elements v1 and u2 with shifted
phases and exponential decay of the envelope are depicted
in Fig. 1(b). PE signal has infinite set of zeros: τk = π

2 +πk
�0

,
k ∈ Z . This oscillatory behavior could be represented as a
phase portrait in the (v1, u2) plane giving the shrinking spi-
ral with (O, u2)-axis intersections corresponding to PE zeros
[Fig. 1(c)]. For the PE decay one can get the following simple
expression: PPE ∼ e−2γ τ cos2 �0τ . Such oscillations between
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(a) (b) (c)

FIG. 2. (a) Phase portraits for oscillatory (�0 = 3�γ , green curve), critical (�0 = �γ , red curve) and nonoscillatory (�0 = 0.5�γ ,
blue curve) regimes. �γ/γ = 0.7. (b) Same portraits shown on the ( f (v1), f (u2)) plane, where f (x) = x

r (ln(r) + c) represents the log-polar

coordinates transformation, r = √
v2

1 + u2
2 and offset c is selected for visualisation clarity. (c) Mechanical analogy to the problem: a charged

particle (black) is moving in the anisotropic medium with the magnetic field �B applied.

two optical states was observed in the co-circular excitation
and detection geometry for the spontaneous PE from trions
in CdTe/CdMgTe quantum well subject to the transverse
magnetic field [21,31] where both involved states had equal
dephasing rates.

The nonzero difference in dephasing rates �γ = γ1−γ2

2
leads to a significant modification of the solution of Eq. (1).
This solution branches into three different regimes shown
in phase portraits in Figs. 2(a) and 2(b). For the oscillatory
regime at �0 > �γ , the oscillatory behavior similar to the
described above is observed with little corrections of the fre-
quency and phase [Appendix A, Eq. (A11)]. However at the
critical precession frequency �0 = �γ a new nonoscillatory
regime emerges. In this regime the PE signal goes through
zero only once and the phase portrait changes from spiral to
infinite ”falling” to the (0,0) point [Figs. 2(a) and 2(b), red and
blue curves]. Thus an infinite set of zeros τk in the oscillatory
regime is replaced by a single τ0 zero in critical and nonoscil-
latory regimes, which completely breaks the intuitive picture
discussed above. Figure 3 shows the temporal positions of
PE signal zeros for the �γ = 0 and �γ �= 0 cases [see
Appendix A, Eq. (A9)]. Accounting of the dephasing rates
difference modifies the expression for the PE decay leading to
the following general solution:

PPE ∼ e−2γ τ

∣∣∣∣cos �τ − �γ

�
sin �τ

∣∣∣∣
2

, (4)

where the effective precession frequency � = √
�2

0 − �γ 2 is
introduced.

It should be noted that for the oscillatory regime
(�0 > �γ ), the above intuitive considerations turn out to be
close to the truth: the envelope of oscillations decays with an
average dephasing rate γ with the doubling of the decay time
in the limiting γ2 = 0 case. Quite unexpected result could
be seen in the nonoscillatory regime (�0 < �γ ): after the
first and only signal zero the PE begins to decay slower, and
at �0 → 0 the decay rate at long delays tends to the dark
coherence dephasing rate γ2 [see Appendix A, Eq. (A12)]. At
moderate �0 the dramatic increase of the decay time could be
observed. In such a way the long-lived dark coherence could
be revealed.

IV. EXPERIMENTAL VALIDATION AND DISCUSSION

In order to demonstrate these regimes and the ability to
address the long-lived dark coherence we have carried out the
experimental study of the spontaneous PE from excitons in
InGaAs/GaAs QW.

The sample P551 was grown on the (100) oriented GaAs
substrate by the molecular beam epitaxy and consist of 1-μm
GaAs buffer layer and a 3-nm In0.03Ga0.97As QW followed by
the 170-nm GaAs capping layer.

The two pulse PE experiment was carried out with the
time-resolved degenerate four-wave mixing (FWM) technique
in self-diffraction geometry [15,31]. The sample was kept at
1.5 K. The external transverse magnetic field up to 6 T could
be applied. The sample was excited by two successive laser
pulses linearly polarized along the magnetic field direction.
FWM signal was collected in the reflection geometry along

FIG. 3. Temporal positions τk of PE signal zeros depending on
the precession frequency �0 for �γ = �γ ′ (blue curves) and �γ =
0 (red curves) cases plotted in dimensionless coordinates (�γ ′ �= 0).
Note that there is no dependence on the �γ ′ parameter in �γ = 0
case.
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(c)(b)(a) Brewster
geometry

*

FIG. 4. (a) PE decays without magnetic field (blue dots) and at 6 T (red dots). Inset shows the reflectivity spectrum of the sample at
T = 10 K measured in Brewster geometry (P polarization, Brewster angle). Asterisk denotes the QW heavy-hole exciton resonance studied by
PE. (b) PE decays at magnetic fields from 0 T to 0.7 T with 0.1 T step. Inset shows the PE signal amplitude dependence at τ = 250 ps (marked
with asterisk) on magnetic field B. (c) Experimental PE decay for B = 0.4 T (red dots), fit with equal dephasing rates (�γ = 0, green solid
curve) and different dephasing rates (�γ �= 0, blue solid curve).

phase-matching direction �kFWM = 2�k2 − �k1, where �kFWM, �k1

and �k2 are wave vectors of the FWM signal, first and second
pulses correspondingly. FWM signal was detected by mixing
with additional reference laser pulse at balanced photore-
ceiver. Terms proportional to the FWM EFWM and reference
ERef pulses amplitudes only are canceled out, while inter-
ferometric term ∝ |EFWME∗

Ref | is measured as a function of
the reference pulse delay. As a result we detect the cross-
correlation of signal and reference pulses. Such measurements
opens a way to detect the FWM electromagnetic field am-
plitude with temporal resolution. Ti:sapphire Spectra Physics
Tsunami laser was used as a source of 2-ps laser pulses with
the repetition rate 81 MHz. Full width at half maximum of the
laser pulse spectra was around 1 meV, which makes possible
to resonantly excite the excitonic transition without involving
other exciton complexes.

Experiments were carried out on the QW heavy-hole exci-
ton transition. Reflectivity measurements [42,43] were used
to determine its parameters at T = 10 K [Fig. 4(a), inset]:
resonance position 1.510 eV, radiative width 34 μeV, and the
nonradiative broadening 71 μeV.

In order to describe the energy diagram of the heavy-hole
excitonic transition in QW, a five-level system could be intro-
duced consisting of the ground state, two bright excitons with
Sz = ±1 and two dark excitons with Sz = ±2. The dark exci-
tons do not interact with light, and bright excitons with Sz =
+1 (−1) could be addressed by the σ+ (σ−) polarized light. In
transverse magnetic field, the Larmor precession of electron
and heavy hole spins takes place. These precessions couple
the bright and dark exciton states opening the way to transfer
the optical coherence between them. Still the complicated
spin dynamics could lead to complex polarization-dependent
behavior.

A significant simplification that allows us to reduce this
system to three levels is the representation of exciton system
in the linear polarizations basis (see Appendix B). We will
denote by H and V the polarizations along and perpendic-
ular to the transverse magnetic field �B correspondingly. In
the linear polarizations basis and the case of the H-polarized
excitation pulses. the evolution of the H-polarized excitonic

states is decoupled from V-polarized states. Dark and bright
H-polarized excitonic states are coupled by the magnetic field
with the precession frequency �H = �e+�h

2 , where �e and
�h are the Larmor precession frequencies for electron and
hole correspondingly. Thus, in this polarization geometry, we
could apply the above developed three-level theoretical model
to the system consisting of the ground state, H-polarized
bright and dark exciton states and H-polarized excitation and
detection.

Figure 4(a) shows the PE decay measured without the
magnetic field (blue dots). It shows the exponential decay
from which the bright exciton dephasing time T2b = 1/γ1 =
29 ps could be extracted. At magnetic field B = 6 T (red
dots), PE signal oscillations could be observed with frequency
0.07 ps−1. This signal clearly demonstrates the oscillatory
regime (�0 > �γ ) described above. A large number of os-
cillations makes it possible to estimate the envelope. Its decay
rate is only slightly lower than the PE decay rate without the
field, so it is not possible to reliably extract the dark exciton
dephasing rate T2d from their comparison. It also should be
mentioned that at such a high magnetic field many effects
should be taken into account including the diamagnetic shift
of the exciton spectral position, nonlinearity and inhomo-
geneity of g factors and possible magnetic field effects on
dephasings. On the other hand, the determination of T2d at
lower fields is problematic since it will be hard to estimate the
behavior of the PE oscillations envelope.

Following the above consideration the long-lived dark
coherence could be revealed by the switching to the nonoscil-
latory regime with lowering the precession frequency. At the
magnetic field below 1 T such regime is observed. Figure 4(b)
shows PE decays for magnetic fields from 0 to 0.7 T. PE de-
cays with field have a clear minimum at the temporal position
shifting to shorter time delays with growing fields. After this
minimum the slowly decaying tail is observed without the
hint of second oscillation. This behavior is consistent with the
nonoscillatory regime realized at �0 < �γ .

Another striking feature of the nonoscillatory regime could
be observed in the magnetic field sweep experiment. The inset
in Fig. 4(b) shows the magnetic field sweep of PE signal at
τ = 250 ps [denoted by asterisk in Fig. 4(b)]. This scan shows
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the global maximum of the PE signal at B ≈ 0.55 T. We want
to stress that at such fields diamagnetic shift of the exciton
transition is negligible, and it was checked that it plays no
role in the formation of this maximum.

In order to examine the functional behavior of the PE decay
in the nonoscillatory regime, we will focus on the PE signal
we have observed in our experiment at B = 0.4 T [Fig. 4(c),
red dots]. To start with, this signal could be fitted by the equal
dephasing rates model (�γ = 0, green curve). Although this
model could fit the initial decay and the position of the first
PE signal minimum, a second minimum is expected at τ =
270 ps, which is obviously not observed in the experiment.
The developed model with �γ �= 0 fits the data correctly
yielding the T2b = 27 ± 3 ps and T2d = 240 ± 30 ps. The PE
signal minimum around 100 ps is not reaching pure zero as it
is predicted by the theory. Its smoothing could be attributed to
the nonzero exchange interaction and the g-factor distribution.
These phenomena although are not affecting the nonoscilla-
tory behavior qualitatively, and will be studied in details and
reported elsewhere.

Long-lived dark coherence could be used in coherence
manipulation applications. We have shown that it could be
accessed in the presence of the transverse magnetic field. The
theoretical model for the PE in the case of different dephasing
rates of states was developed, and the predicted nonoscillatory
regime revealing dark coherence with the almost an order of
magnitude longer decay time in comparison with the bright
coherence was demonstrated in the experiment with heavy-
hole excitons in the InGaAs/GaAs QW. This phenomenon
could be used both for the study of coherent properties of dark
states and as a protocol for optical coherence storage.
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APPENDIX A: PHOTON ECHO FROM THE
THREE-LEVEL SYSTEM

Let us consider the three-level system depicted in Fig. 1(a).
The ground state |0〉 and the excited state |1〉 are coupled by
the light. States |1〉 and |2〉 are coupled with the precession
frequency �0. This system could be described by the density
matrix ρ, where ρ11 and ρ22 are the matrix elements represent-
ing populations of excited states |1〉 and |2〉 correspondingly,
and ρ01 = ρ∗

10 and ρ02 = ρ∗
20 are matrix elements responsible

for optical polarizations.
The temporal evolution of the system could be found using

the Lindblad equation:

iρ̇ = − i

h̄
[Ĥ, ρ] + 
, (A1)

where 
 is the phenomenologically introduced decays matrix.

The Hamiltonian describing the interaction with light and
temporal evolution of the system could be written in the fol-
lowing form:

Ĥ =

⎛
⎜⎝

0 d∗E (t )∗eiωt 0

dE (t )e−iωt h̄ω0 h̄�0

0 h̄�0 h̄ω0

⎞
⎟⎠, (A2)

where E (t ) is the envelope of the electric field in the pulse, d is
the dipole moment of an optical transition, ω0 is the transition
frequency, and ω is the light frequency.

We will use the infinitely-short pulses approximation
(Hahn echo regime). In this case, the spontaneous photon
echo experiment could be broken down into the sequence of
actions of light pulses with areas � = limtp→∞( 2

h̄ |dE (t )tp|),
and temporal evolutions of the density matrix in the absence
of the light field. The initial state of the system has only single
nonzero density matrix element ρ00 = 1.

For clarity, we consider the simple spontaneous PE se-
quence with the first pulse area �1 = π

2 and the second pulse
area �2 = π separated by the time delay τ . After the first
π
2 -pulse action ρ01(0) = − i

2 , ρ02(0) = 0. The action of the
second π -pulse leads to the following changes of element of
interest: ρ01(τ + 0) = ρ01(τ )∗ + C1, ρ02(τ + 0) = C2, where
ρ0 j (τ ) and ρ0 j (τ + 0) denotes the matrix elements before and
after the pulse action correspondingly, and C1 and C2 are terms
that do not contribute in the formation of the PE signal.

The element ρ01(τ ) is determined by the temporal evo-
lution between pulses. We consider this problem in more
detail in the rotating-wave approximation (RWA), denoting
the density matrix in RWA as ρ̃. The temporal evolution is
represented by phenomenological decays, and the action of
the Hamiltonian ĤT :

ĤT =

⎛
⎜⎝

0 0 0

0 0 h̄�0

0 h̄�0 0

⎞
⎟⎠. (A3)

We will consider different phenomenological dephasing
rates γ1 and γ2 of optical polarizations |0〉 ↔ |1〉 and |0〉 ↔
|2〉 correspondingly (we will assume γ2 � γ1). Temporal evo-
lution and decays actions combined lead to the following set
of differential equations:

i ˙̃ρ01 = −�0ρ̃02 − iγ1ρ̃01,

i ˙̃ρ02 = −�0ρ̃01 − iγ2ρ̃02. (A4)

Differential equations for ρ̃01 and ρ̃02 are decoupled from
equations for other density matrix elements. This system
could be simplified if we rewrite it in the form of optical Bloch
equations with elements uα = 2Re(ρ̃0α ), vα = −2Im(ρ̃0α )
(α = 1, 2) by noting that u1 = v2 = 0 through the whole ex-
periment:

v̇1 = −�0u2 − γ1v1,

u̇2 = �0v1 − γ2u2. (A5)

The first π
2 -pulse action gives the following initial con-

ditions for the above system: v1(0) = 1 and u2(0) = 0. The
solution could be found for the evolution during the time t = τ
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after the pulse action:

v1(τ ) = e−γ τ

(
cos(�τ ) − �γ

�
sin(�τ )

)
,

u2(τ ) = e−γ τ �0

�
sin(�τ ). (A6)

where γ = γ1+γ2

2 is the average dephasing rate, �γ = γ1−γ2

2

is the dephasing rates difference, and � =
√

�2
0 − �γ 2 is

the generalized Larmor frequency. This evolution also could
be represented in polar coordinates r =

√
v2

1 + u2
2 and α =

arctan u2
v1

:

r(τ ) = e−γ τ

√
1−2�γ

�
sin(�τ ) cos(�τ ) + 2�γ 2

�2
sin2(�τ ),

α(τ ) = arctan

(
tan(�τ )

�
�0

− �γ

�0
tan(�τ )

)
. (A7)

The polarization P of the system could be found as P =
Tr(d̂ρ) = 2Re(dρ01(ω0, t )), here d̂ is the dipole moment op-
erator. To calculate the PE signal from the ensemble one has
to sum P(ω0, t ) over all ω0. Finally, the amplitude of the PE
signal at t = 2τ is the following:

PPE ∼ e−2γ τ

∣∣∣∣cos(�τ ) − �γ

�
sin(�τ )

∣∣∣∣
2

. (A8)

The set of zeros for the PPE could be tracked back to zeros
of v1(τ ) in Eq. (A6). Depending on the sign of the expression
under the radical in � the set of zeros τk could represent os-
cillatory (�0 > �γ ), critical (�0 = �γ ) and nonoscillatory
(�0 < �γ ) regimes of the polarization shuffling:

τk =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

π
2 −arcsin ( �γ

�0
)+πk√

�2
0−�γ 2

, k ∈ Z, �0 > �γ

1
�γ

, k = 0, �0 = �γ

ln
(

�γ+
√

�γ 2−�2
0

�0

)
√

�γ 2−�2
0

, k = 0, �0 < �γ

, (A9)

PE signal could be found explicitly for these three regimes:

PPE ∼

⎧⎪⎪⎨
⎪⎪⎩

e−2γ τ
(
cos(�τ ) − �γ

�
sin(�τ )

)2
, �0 > �γ ;

e−2γ τ (1 − �γτ )2, �0 = �γ ;

e−2γ τ
(
cosh(|�|τ ) − �γ

|�| sinh(|�|τ )
)2

, �0 < �γ .

(A10)
These three regimes could be represented on the (v1, u2)

phase plane [Fig. 2(a) of the main text] as a phase portrait

circling in a spiral around the central point for the oscillatory
regime (green curve), and phase portraits infinitely ”falling”
on central point in critical (red curve) and nonoscillatory (blue
curve) regimes. Figure 2(b) of the main text shows the same
curves in log-polar coordinates emphasising the difference
between regimes.

The signal in the oscillatory regime (�0 > �γ ) could be
represented in the following form with the introduction of
sin β = �γ

�0
:

PPE ∼ e−2γ τ cos2(�0τ cos β + β )

cos2 β
, �0 > �γ . (A11)

This representation underline the analogy between oscillating
cases with the dephasings difference (�γ �= 0) and without it
(�γ = 0).

The signal in the nonoscillatory regime (�0 < �γ ) could
be represented in the following form:

PPE ∼ α2

(1 − α)2
e−2(γ2+α�γ )τ + α(2 − α)

(1 − α)2
e−2(γ2+�γ )τ

+ (2 − α)2

(1 − α)2
e−2(γ2+(2−α)�γ )τ , (A12)

where α = 1 −
√

1 − �2
0

�γ 2 (the nonoscillatory regime corre-
sponds to 0 � α < 1). It could be seen that at relatively big
τ only the first term plays role, and the PE signal decays
monoexponentially with the rate 2(γ2 + α�γ ), which is the
closer to dark coherence dephasing rate 2γ2, the less is �0

(and, consequently, the less is α).

APPENDIX B: EXCITON IN THE LINEAR
POLARIZATIONS BASIS

The energy diagram of the heavy-hole exciton in QW in the
circular polarizations basis consists of the ground state |0〉,
two bright exciton states | ± 1〉, and two dark exciton states
| ± 2〉 (Fig. 5). These states are coupled by the Larmor preces-
sion of the electron and hole spins in transverse magnetic field
with frequencies �e and �h correspondingly. For simplicity,
we neglect the exchange interaction and consider the isotropic
transverse g-factors of the electron and the hole. The σ+ (σ−)
polarized light with amplitude E+ (E−) couples | + 1〉 (| − 1〉)
state with the |0〉 state. The light frequency is denoted as ω,
the system frequency is ω0 and circular components of the
transition dipole moment are d±.

In the circular polarizations basis (|0〉, |+1〉,
|−1〉, |+2〉, |−2〉), the 5 × 5 Hamiltonian has the following
form:

Ĥcirc =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 d∗
+E∗

+eiωt d∗
−E∗

−eiωt 0 0

d+E+e−iωt h̄ω0 0 h̄�e
2

h̄�h
2

d−E−e−iωt 0 h̄ω0
h̄�h

2
h̄�e

2

0 h̄�e
2

h̄�h
2 h̄ω0 0

0 h̄�h
2

h̄�e
2 0 h̄ω0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (B1)
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V2V1H2H1
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+1 −1+2 −2
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FIG. 5. Energy diagram of exciton states in the circular (a) and linear (b) bases. Thick and thin arrows represent heavy hole (Sz = ± 3
2 ) and

electron (Sz = ± 1
2 ) spins. Green arrows represent precessions with denoted frequencies. Vertical arrows represent coupling by the light with

the denoted polarizations. Dashed oval denotes three-level system under study.

Let us proceed to the linear polarizations basis with H- and V-polarized bright (1) and dark (2) excitonic states introduced as
follows:

|H1〉 = | + 1〉 + | − 1〉√
2

, |H2〉 = | + 2〉 + | − 2〉√
2

,

‖V 1〉 = | + 1〉 − | − 1〉√
2

, |V 2〉 = | + 2〉 − | − 2〉√
2

. (B2)

In this linear polarizations basis (|0〉, |H1〉, |V 1〉, |H2〉, |V 2〉), the Hamiltonian transforms into the following form:

Ĥlin =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 (dxEH )∗eiωt i(dyEV )∗eiωt 0 0

dxEH e−iωt h̄ω0 0 h̄�H 0

−idyEV e−iωt 0 h̄ω0 0 h̄�V

0 h̄�H 0 h̄ω0 0

0 0 h̄�V 0 h̄ω0

⎞
⎟⎟⎟⎟⎟⎟⎠

, (B3)

where �H,V = �e±�h
2 , EH = E++E−√

2
, EV = i(E+−E− )√

2
. This

Hamiltonian could be reduced down to the 3 × 3 Hamiltonian
ĤH in the basis (|0〉, |H1〉, |H2〉) if the system is excited only
by the H-polarized light (EV = 0):

ĤH =

⎛
⎜⎝

0 d∗
x E∗

H eiωt 0

dxEH e−iωt h̄ω0 h̄�H

0 h̄�H h̄ω0

⎞
⎟⎠. (B4)

It could be shown by the direct substitution into the Lind-
blad equation that the dephasing rates remain the same for
bright and dark states in both bases.

Consequently the PE experiment with exciton addressed
only by the H-polarized light could serve as an example of the
evolution of a three-level system examined in the text. The
difference of dephasing rates of bright and dark excitons is
provided at least by their different radiative decay rates, but
also could have additional sources.
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