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Theory of angle-resolved photoemission spectroscopy in graphene-based moiré superlattices

Jihang Zhu, Jingtian Shi , and Allan H. MacDonald
Department of Physics, University of Texas at Austin, Austin, Texas 78712, USA

(Received 11 August 2020; revised 1 May 2021; accepted 9 June 2021; published 22 June 2021)

Graphene-based moiré superlattices are now established as an interesting platform for strongly correlated
many-electron physics, and they have so far been characterized mainly by transport and scanning tunneling
microscopy (STM) measurements. Motivated by recent experimental progress, we present a theoretical model
study whose aim is to assess the potential of angle-resolved photoemission spectroscopy (ARPES) to resolve
some of the many open issues in these systems. The theory is developed specifically for graphene on hexagonal
boron nitride (G/hBN) and twisted bilayer graphene (TBG) moiré superlattices, but it is readily generalized to
any system with active degrees of freedom in graphene sheets.
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I. INTRODUCTION

A large body of theoretical and experimental work [1,2]
over the past decade has achieved a thorough understanding
of most single-layer and few-layer graphene film properties.
Progress in this field has been aided by success in reducing
disorder effects to very low levels and by the identification of
hexagonal boron nitride (hBN) [3–5], with its large band gaps
and atomically smooth surfaces, as the substrate of choice.
The recent discovery of superconducting, correlated insulat-
ing, and orbital magnetic states in magic-angle [6] twisted
bilayer graphene (MATBG) [7–12] has now added strongly
correlated-electron behavior to the physics that can be ex-
plored in graphene multi-layers. MATBG’s strong-correlation
physics is a consequence of unusual flat-band behavior near a
discrete set of magic twist angles [6]. The flat bands emerge
from interference between intralayer and interlayer hopping
processes that are individually strong. The residual disper-
sion in these bands is important for understanding physical
properties but, because it results from a delicate cancella-
tion, is difficult to predict reliably on the basis of theoretical
considerations alone. The difficulty of quantitative theoretical
modeling is heightened by the large number of carbon atoms
(∼104) per superlattice unit cell, by the important role of
interactions in reshaping the moiré superlattice bands [13–15],
by the critical importance of nonlocal exchange interactions
[14], and by a tendency toward spin and/or valley flavor sym-
metry breaking [14–18] that is still incompletely understood.
Because ARPES directly probes the momentum-dependence
of the one-particle electronic Green’s function, it is uniquely
positioned to guide progress toward a quantitative understand-
ing of MATBG properties.

ARPES has become an indispensable tool for studies of
strongly interacting [19–21] and topological materials [22],
and has been applied successfully to single-layer and mul-
tilayer epitaxial graphene samples formed on the surface of
silicon carbide [23–34]. The typical photon beam spot size
of conventional ARPES experiments is ∼25–100 μm [35],

larger than or roughly equal to the ∼1–100 μm size of typical
MATBG samples prepared by mechanical exfoliation of two-
dimensional (2D) crystals. Applying the power of ARPES to
MATBG physics requires either access to the nano length
scale in ARPES, or larger moiré samples. Recent progress
in nano-ARPES [36–42] may provide the necessary opening
and has been implemented to mechanically exfoliated van der
Waals heterostructures [43–49]. Preliminary applications of
nano-ARPES to G/hBN [48] and TBG moiré superlattices
[33,49–51] have been reported recently.

The ARPES spectra of graphene moiré systems have been
studied previously using both tight-binding model [52,53] and
continuum model approaches [54,55]. In this paper we use
an accurate continuum model to compute theoretical ARPES
spectra of both G/hBN and MATBG with the goal of inform-
ing the interpretation of future ARPES experiments, either
nano-ARPES studies of MATBG samples similar to those
that are currently available or conventional ARPES studies
of large area MATBG samples which could become available
in the future. We find that key parameters of low-energy
effective models, like the size of mass term that expresses
broken inversion symmetry in G/hBN and the G/G inter-
layer intrasublattice and intersublattice tunneling parameters,
can be inferred from ARPES momentum distributions. Al-
though a complete treatment of the role of interactions lies
out of the scope of this paper, we do comment on the ability
of ARPES to measure flat-band shape renormalization by
electron-electron interactions, and the broken spin and/or val-
ley flavor symmetries thought to occur at fractional flat band
filling.

This paper is organized as follows. In Sec. II we
discuss the general theory of ARPES in graphene-based
moiré superlattices described by k · p continuum models. In
Secs. III and IV we focus on two prototypical moiré su-
perlattice systems, G/hBN in which ARPES can be used to
determine the important inversion symmetry breaking mass
parameter, and TBG in which ARPES can characterize strain
relaxation within the moiré pattern and identify when the
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magic angle is reached. In the latter case, important pa-
rameters can be identified by performing measurements of
momentum space distributions at energies well away from
the flat bands that do not require extremely precise energy
resolution. In Sec. V, we discuss ARPES momentum distribu-
tions at van Hove singularity (VHS) energies in TBG, which
can be revealed in both large and small twist angle regimes.
Finally in Sec. VI we conclude with a general discussion of
some of the issues that could be clarified if accurate ARPES
measurements become a possibility.

II. ARPES IN GRAPHENE-BASED MOIRÉ
SUPERLATTICES

The ARPES intensity I (p, E ) is proportional to the tran-
sition probability from a Bloch initial state with crystal
momentum k and energy E to a photoelectron final state with
momentum p and kinetic energy Ekin. Energy conservation
guarantees Ekin = h̄ω + E − φ, where h̄ω is the photon en-
ergy and φ is the work function. The initial state energy E is
relative to the Fermi energy. In noninteracting electron models
the ARPES spectrum of a 2D solid is nonzero only if one
of the occupied band states at momentum k, where k is the
in-plane projection p‖ reduced to the 2D Brillouin zone (BZ),
has energy E . The intensity of the peak produced by an occu-
pied band state at a given extended zone momentum replica
depends on the Bloch state wave function. This dependence
is particularly simple when all the states of interest are linear
combinations of carbon π -orbitals on different lattice sites, as
we now explain.

The moiré superlattice period of G/hBN multilayers de-
pends on both the lattice constant mismatch and twist angle
between the graphene and hBN layers, whereas the moiré
superlattice period of TBG depends only on twist angle. In
both G/hBN and TBG cases we will assume near perfect
alignment so that the moiré modulation has a long wavelength.
Since we are interested in electronic states at energies near
the Dirac point we can use k · p continuum models [6] in
which π -orbital envelope function spinors satisfy effective
Schrodinger equations. The number of components of the
envelope function spinors is two (for the two honeycomb
sublattices) times the number of active graphene layers in the
moiré heterojunction. At low energies the correction to the
Dirac Hamiltonians of isolated graphene layers can be approx-
imated by a sublattice and position-dependent terms that have
the periodicity of the moiré pattern. For example, these have
been detailed for the G/hBN and TBG cases discussed below
in Refs. [6,56–58]. In the TBG case, the moiré superlattice is
defined mainly by the spatial pattern of interlayer tunneling,
whereas in the G/hBN case the moiré superlattice is defined
by the spatial pattern of sublattice-dependent energies and
inter-sublattice tunneling.

Specializing to the case in which a single graphene layer is
active, the initial electronic states prior to photoemission are
moiré band eigenstates |ξ, n, k〉, two-component sublattice
spinors that have a Bloch state plane-wave expansion:

|ξ, n, k〉 =
∑
α,g

ψξ
nαg(k)|k + g, α〉. (1)

Here ξ = ± is a valley index, n is a band index, g is a moiré
reciprocal lattice vector, |k, α〉 is a graphene π -orbital state
with definite sublattice α = A, B and momentum k. In the
calculations below we cut-off the momentum expansion at
g ∈ {0, g1, . . . , g6} for G/hBN, where g1, . . . , g6 are the six
first-shell moiré reciprocal lattice vectors. For TBG case, we
include three shells of moiré reciprocal lattice vectors, i.e.,
|gmax| = 3g where g is the length of the primitive reciprocal
lattice vector.

When multilayer graphene is probed using high-energy
photon beams, in the soft x-ray regime, for example, the pho-
toemission final state is well approximated as free-electron
[59] and photoelectron scattering and diffraction effects can
be ignored. This approximation is justified because (i) the
crystal potential is relatively small compared to the photo-
electron’s kinetic energy [60], (ii) the scattering cross section
is small for light atoms [61], and (iii) π -orbitals in graphene
form delocalized itinerant band states [62]. Indeed, the free-
electron final state approximation has worked very well in
previous studies [52,54,63,64]. Note that the photon energy
should be high but not too high, because high-photon-energy
decreases the energy resolution and momentum resolution.
The neglected final state effects [32,65–67] can be important
at low photon energies (�50 eV), but are out of the scope of
this paper.

By generalizing the established theory [68] of monolayer
graphene sheet ARPES intensity summarized in Appendix A,
where matrix element effects that are dependent on experi-
mental geometry are ignored and a free-electron final state is
assumed, we obtain the following expression for the depen-
dence of the ARPES signal on the initial Bloch state energy E
and photoelectron momentum p:

I (p, E ) ∝
∑
ξ,n,k

|〈p|ξ, n, k〉|2δ(E − ε
ξ

nk

)

∝ |φ(p)|2
∑
ξ,n,k

δ
(
E − ε

ξ

nk

)

×
∣∣∣∣∣
∑
α,g

ψξ
nαg(k)e−iG·τα δp‖,k+g+G

∣∣∣∣∣
2

, (2)

where φ(p) = ∫
d3re−ip·rφ(r) is the Fourier transform of the

atomic π -orbital and G is a reciprocal lattice vector of an
isolated graphene layer. Equation (2) ignores a factor related
to photon polarization. A given photoelectron momentum p
picks a specific G, valley wavevector Kξ , and moiré recip-
rocal lattice vector g to map k = p‖ − g − G into the moiré
Brillouin zone (MBZ). Below we assume that p‖ is near
the K+ = (4π/3a, 0), where a is graphene’s lattice constant,
Eq. (2) simplifies to

I (p, E ) ∝ |φ(p)|2
∑
n,k

∣∣∣∣∣
∑
α,g

ψ+
nαg(k)δp‖,k+g

∣∣∣∣∣
2

δ(E − ε+
nk ). (3)

Photon polarization effects [31,69] add a momentum-
dependent weighting factor and can alter momentum dis-
tribution function anisotropy. When they are taken into
account using the dipole approximation, as summarized in
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Appendix A, we obtain

I (p, E ) ∝
∑
ξ,n,k

|〈p|A · v̂|ξ, n, k〉|2δ(E − ε
ξ

nk

)

= A ·
∑
ξ,n,k

|〈p|∇kH |ξ, n, k〉|2δ(E − ε
ξ

nk

)
, (4)

where the free-electron final state is projected to the Bloch
basis

|p〉 =
∑
k,g,α

δp‖,k+g+GeiG·ταφ∗(p)|k + g, α〉. (5)

In multilayer systems, the out-of-plane momentum compo-
nent pz of the photoelectron controls interlayer interferences,
which is absent in the single active layer G/hBN case, but
included in the TBG case in Sec. IV.

III. GRAPHENE ON HBN

The moiré band structure of graphene on aligned hBN is
illustrated in Fig. 1(a). These bands were calculated from a
continuum model [57] that accounts for lattice relaxation. In
this model low energy states in graphene are most strongly
modified by the substrate hBN layer when the two layers are
aligned (θ = 0◦). In this case the inversion symmetry breaking
in the presence of hBN opens a gap with size ∼7 meV [57] at
charge neutrality and a gap between the highest-energy va-
lence band and remote valence bands. Both gaps are apparent
in transport measurements [70–72]. Figures 1(b)–1(d) show
the corresponding ARPES momentum distribution functions
near BZ corner K+, using Eq. (3) in which a factor related to
photon polarization is dropped, calculated at an energy near
the middle of the highest valence band and at an energy below
the energy gap separating this band from lower energy states.
For the aligned (θ = 0◦) case, the hBN substrate has little
effect [Fig. 1(b)] on the ARPES spectrum except at energies
that are close to the induced gaps on the hole-side [Fig. 1(c)].
In Fig. 1(b) in particular, the constant energy surface is still
well inside the MBZ and the ARPES momentum distribution
is similar to the circular constant-energy surface of monolayer
graphene [26,31,32] shown in Appendix A. At a lower energy
illustrated in Fig. 1(c), Bragg scattering by moiré reciprocal
lattice vectors thoroughly mixes isolated layer momentum
eigenstates and this is reflected in the momentum distribution
functions. The avoided crossings that are apparent in Fig. 1(c)
are sometimes referred to as secondary Dirac cones [72–78].
When the two layers are not accurately aligned, as in the
θ = 2◦ case illustrated in Fig. 1(d), the unperturbed energy
at the MBZ boundary is large, increasing the range of energy
over which the ARPES momentum distribution is not strongly
altered by hBN. This result agrees with previous ARPES
observations [48].

The momentum distribution functions in Fig. 1 are
anisotropic as a function of momentum direction. These
dark corridor [32] anisotropies are well known from
previous ARPES studies of epitaxial graphene systems
[27,31,32,55,63,64,68,79] and result from interference be-
tween photoemissions from two honeycomb sublattices. The
ARPES intensity anisotropy also has a photon-polarization
dependence [31,32,80,81] that is ignored when Eq. (3) is

FIG. 1. (a) Moiré band structure of G/hBN with twist angle
θ = 0◦, calculated using the ab initio relaxed first harmonic param-
eters from Ref. [57]. (b)–(d) Constant-energy ARPES momentum
distributions near BZ corner K+ calculated using Eq. (3) in which
a factor related to photon polarization is dropped. (b) θ = 0◦ at
energy E = −100 meV, where hBN substrate has little effect on
the energy bands; (c) θ = 0◦ at energy E = −250 meV, where the
hBN substrate has a large effect on the energy bands of graphene;
(d) θ = 2◦ at E = −550 meV. hBN’s effect is negligible when the
graphene and hBN layers are away from alignment. (e), (f) Constant-
energy ARPES momentum distributions calculated for y-polarized
light using Eq. (4). The x-polarized light yields ARPES contours
identical to those calculated in (c), (d) using Eq. (3). Photons with
y-polarization rotate the anisotropy by π compared to photons with
x-polarization. In (b)–(f), the hexagon is the MBZ.

used for the momentum distribution function, highlighted in
Figs. 1(e) and 1(f) which illustrate momentum distributions
calculated for the case of y-polarized light using Eq. (4). For
momenta near K+, the ARPES momentum distribution con-
tour with x-polarized light calculated using Eq. (4) is identical
to the result obtained using Eq. (3) and shown in Figs. 1(b)–
1(d). This is a consequence of the Dirac Hamiltonian property:
∇kH0 = h̄vF(σx, σy). The same observation applies for the
TBG model discussed in Sec. IV, in which interlayer tunnel-
ing is momentum independent. The constant-energy ARPES
anisotropies of G/hBN using x- and y-polarized light are anal-
ogous to the monolayer graphene case shown in Appendix A,
where in both cases photons with y-polarization rotate the
anisotropy by π compared to photons with x-polarization. The
photon-polarization dependent ARPES measurements have
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FIG. 2. Constant-energy ARPES maps of 0◦-twist G/hBN (a) at
E = −20 meV for m0 = 0 meV; (b) at E = −23 meV for m0 =
10 meV, which produces a band gap �gap ∼ 23 meV at charge neu-
trality. The mass parameter m0 weakens the anisotropy.

been implemented to determine the signs of intralayer and
interlayer tunneling parameters in monolayer graphene and
Bernal-stacked bilayer graphene [31], as described in Ap-
pendix B.

This anisotropy of graphene sheet ARPES can be used
to measure one of the key parameters of G/hBN systems,
the mass parameter m0, as illustrated in Fig. 2. The mass
parameter characterizes the strength of sublattice symmetry
breaking [82] in graphene and plays a key role in the ap-
pearance of the quantized anomalous Hall effect [11,12,83–
93]. It has contributions both from single-particle physics and
from interacting self-energies, and in the latter case can be
spin/valley-flavor dependent [14,15,56–58]. It influences the
photoemission by concentrating the quasiparticle states more
on one sublattice, thereby weakening sublattice interference
and the resulting anisotropy of the APRES signal. When a
mass term m0 is added to the isolated layer Dirac Hamiltonian,
the eigenvector becomes


ξ (q) ∝
⎛
⎝ e−iξθq/2

( − m0
vFq + s

√
1 + m2

0

v2
Fq2

)
eiξθq/2

⎞
⎠, (6)

where q is momentum measured from the Dirac point, and
s = +1(−1) denotes conduction (valence) band. Near K+,
the ARPES signal is the square of the sum of the sublattice
components of the quasiparticle wave functions. As shown in
Fig. 2, the anisotropy is noticeably weaker for m0 = 10 meV
[Fig. 2(b)] than for m0 = 3.62 meV [57] [Fig. 2(a)]. By com-
paring the contrast ratio between the weakest and strongest
photoemission intensity on the Fermi contour, it should be
possible to measure this key parameter.

ARPES momentum distribution functions are influenced
both by all details of the single-particle Hamiltonian and
by electron-electron interaction effects. Comparing ARPES
spectra with theoretical model calculations like those illus-
trated in Figs. 1(b)–1(f) sheds light on both single-particle
and interaction corrections, although they might be difficult to
separate. In the case of G/hBN heterojunctions, the questions
that ARPES can answer are mostly quantitative in character.
We therefore turn now to the case in which ARPES has the
greatest potential to answer key qualitative questions, namely
the case of TBG heterojunctions, especially close to the magic
twist angles.

IV. GRAPHENE ON GRAPHENE

Bilayer graphene moiré superlattices are formed by a rel-
ative twist between different graphene sheets. For our TBG
calculations, we assume the second layer is twisted clockwise
by θ with respect to the first layer. The ARPES momentum
distribution function calculations in this section are based on
a low-energy continuum moiré Hamiltonian of small-twist-
angle TBG [6]. ARPES measurements have the potential to
validate and refine these models, and to identify important
interaction effects. By diagonalizing the continuum model
Hamiltonian the miniband Bloch wave functions can be ex-
panded in the form

|ξ, n, k〉 =
∑
l,α,g

ψ
ξ

nlαg(k)|k + g, lα〉

= 1√
N

∑
l,α,g,R1

ψ
ξ

nlαg(k)ei(k+g)·(Rl +τlα )|Rl , α〉, (7)

where l = 1, 2 label layers and α = A, B label sublattices.
The coordinates of carbon atoms in two layers are related by
R2 = R−θ (R1 − τ) + d, τ2α = R−θτ1α , and R is the rota-
tion operator. As in the single active layer case, we employ
a free electron final state approximation and ignore photon
polarization effects to obtain the following expression for the
photoemission transition amplitudes:

〈p|ξ, n, k〉 ∝ φ(p)
∑
α,g

[
ψ

ξ
n1αg(k)δp‖,k+g+G1 e−iG1·τ1α e−ipzz1

+ ψ
ξ
n2αg(k)δp‖,k+g+G2 e−i[G1·(τ1α−τ )+G2·d]e−ipzz2

]
.

(8)

Here G1 is a reciprocal lattice vector of the first layer and
G2 = R−θ G1 is the corresponding reciprocal lattice vector of
the second layer. We take z1 = d/2 and z2 = −d/2, where
d = 0.34 nm is the adjacent layer distance. For initial AB-
stacking, τ = τ1B = (0, a/

√
3).

Taking photon polarization effects into account, the
ARPES intensity is the same as in Eq. (4) with the free-
electron final state projected to the Bloch state basis:

|p〉 = φ∗(p)
∑
α,g

[
δp‖,k+g+G1 eiG1·τ1α eipzd/2|k + g, 1α〉

+ δp‖,k+g+G2 ei[G1·(τ1α−τ )+G2·d]e−ipzd/2|k + g, 2α〉].
(9)

Each photoelectron momentum p picks a specific valley ξ ,
a reciprocal lattice vector G1 and a moiré reciprocal lattice
vector g to map k into the first MBZ. The ARPES contour
becomes complex, depending on τ and d, for G2 = R−θ G1 �=
0. We therefore focus only on photoelectron momenta p near
K+ = (4π/3a, 0), the most intense signal comes from G1 =
G1

′ = G′
2 = 0. Thus, the ARPES intensity is proportional to

I (p, E ) ∝
∑
n,k

∣∣∣∣∣
∑
α,g

δp‖,k+g(ψ+
n1αg(k)e−ipzd/2

+ψ+
n2αg(k)eipzd/2)

∣∣∣∣∣
2

δ(E − ε+
nk ). (10)
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FIG. 3. Constant-energy ARPES momentum distribution of
1.2◦-TBG with vF = 106 m/s at energy E = −60 meV (a) without
interlayer tunneling and (b) with interlayer tunneling strength w =
40 meV. (The experimental tunneling strength is thought to be close
to w ∼ 110 meV. Since the continuum model moiré bands depend
only on the ratio of w to the twist angle, these results also apply to
TBG with a realistic interlayer tunneling amplitude at a twist angle
∼3◦ after rescaling of momentum measured from the Dirac point.)
As the interlayer tunneling is turned on, the ARPES signal begins
to reflect the altered wave functions and dispersions of the moiré
minibands. Band flattening leads to more rapid dependence of the
momentum distribution function on energy. (c), (d) corresponds to
(a), (b), respectively, using y-polarized light.

Interlayer interference becomes important for large photon
energies because pzd is not negligible, which is the case we
are considering to employ the free-electron final state approx-
imation. For a 100 eV photon, the out-of-plane momentum of
the photoelectron emitted near the BZ corner is pz ∼ 5 Å−1.
The ARPES intensity I (p, E ) depends periodically on pz and
thereby on photon energy, in analogy to the bilayer graphene
case illuminated in Appendix B. We will ignore the photon-
energy dependence of ARPES intensity calculations in the
remaining part of the paper.

The principle elements of the TBG photoemission sig-
nal near valley K+ are illustrated in Fig. 3. When the two
graphene layers are artificially decoupled, the individual layer
Dirac cones are displaced in momentum space and centered on
the displaced BZ corners, κ = Rθ/2K+ and κ′ = R−θ/2K+, of
two layers. As shown in Fig. 3(a), two Dirac cones appear
at κ, which is the first layer Dirac point, and at κ′, which
is the second layer Dirac point. As illustrated in Fig. 3(b),
when interlayer tunneling w is turned on the circular constant
energy surfaces of the decoupled layers are distorted, and
replicas displaced by moiré reciprocal lattice vectors appear
that have different matrix elements. The interlayer tunneling
strength w = 40 meV chosen in Fig. 3(b) corresponds to the
moderate coupling strength present above the first magic twist
angle. All TBG calculations in this paper take the Fermi
velocity to be vF = 106 m/s. The appropriate value of w,

including its many-body renormalization, plays a key role in
TBG electronic properties. These figures show that if the twist
angle is known, a numerical value of w can be estimated from
ARPES momentum distribution functions.

The anisotropies of the ARPES momentum distribution
functions around κ and κ′ in Figs. 3(a) and 3(b) can be un-
derstood in terms of interference of patterns sourced from two
sublattices in each layer:

Il (p) ∝ cos2
(

− p · (τ lB − τ lA)

2
+ ξ

2

(
θ l

q − θl
) + π (1 − s)

4

)
.

(11)
The pattern is analogous to the monolayer graphene case
illustrated in Appendix A, except that two graphene layers
here have a relative twist. θ l

q is the angle of momentum q
measured from the Dirac point of layer l , θl is the twist
angle of layer l (θ1 = θ/2, θ2 = −θ/2). In the first layer, for
example, τ1A = (0, 0), τ1B = Rθ/2τB = ei(π+θ )/2a/

√
3, and

p = K+
1 + q. Then

p · (τ1B − τ1A) = (K+
1 + q) · τ1B = q · τ1B. (12)

Thus, for the valence band in valley +: ξ = 1, s = −1, and the
minimum of intensity occurs when θq − θ/2 − q · τ1B = 0:

θq − θ

2
= qa√

3
sin

(
θq − θ

2

)
. (13)

Equation (13) has the solution θq = θ/2 if q 
 |G|. The
anisotropy of photoemission discussed above for the mono-
layer case is reoriented by the graphene layer twists, providing
a handle to measure twist angles from ARPES spectra.

The ARPES momentum distributions with y-polarized
light corresponding to Figs. 3(a) and 3(b) are shown in
Figs. 3(c) and 3(d). Comparing Figs. 3(a) and 3(c), the
photon-polarization dependent anisotropy as a result of the
interference between intralayer sublattices bears resemblance
to that of monolayer graphene (Appendix A). In addition,
comparing Figs. 3(b) and 3(d), we see that the interference be-
tween interlayer sublattices rotates in the y-polarization case
and shifts the overall minibands anisotropies.

At the first magic twist angle, interlayer tunneling domi-
nates the physics. The ARPES signal at energies in the flat
bands is discussed at length in the following section, but there
is a strong influence not only on the flat bands but also on
the remote bands, whose quasiparticles wave functions have
nontrivial momentum space structure manifested by com-
plex momentum distribution functions like those illustrated in
Fig. 4. This figure highlights the dependence on an important
phenomenological parameter often used in continuum models
of TBG, the ratio of the interlayer tunneling amplitude be-
tween π -orbitals on the same sublattice wAA to the tunneling
amplitude between π -orbitals on different sublattices wAB.
These amplitudes are equal by symmetry when strain relax-
ation of the twisted bilayers is neglected [6], and important
strain features can be captured [94–98] by letting wAA be
smaller than wAB. The correction accounts partially [99,100]
for strain and corrugation effects, neglected in simple bilayer
models. The ratio α = wAA/wAB is used as a parameter in
the calculations below. Tight-binding model estimates [95]
suggest that α ≈ 0.8, but this estimate should be checked
experimentally. α might also be altered by electron-electron
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FIG. 4. Band structures and constant-energy ARPES momentum distributions for 1.05◦-TBG with tunneling ratio α = wAA/wAB = 0.8,
and tunneling strength w = wAB. The momentum space maps are calculated at the energy near the top of the remote valence bands specified
by the blue dashed line in the band structure plots. (a) Tunneling strength w = 100 meV, (b) w = 110 meV, (c) w = 120 meV.

interaction effects. Figures 4 and 5 compare band structures of
1.05◦-TBG, and momentum distribution functions calculated
at energy levels away from flat interval for different tunneling
strengths w = wAB and for tunneling ratios α = 0.8 (Fig. 4)
and α = 1 (Fig. 5). The energies at which the momentum
distributions are calculated are indicated in the band structure
plots by blue dashed lines. As in the G/hBN [72,73,78] case,
there are secondary Dirac cones at the moiré γ point indicated
in Fig. 4 at which isolated layer bands are degenerate. We see
in Fig. 5 that the signature of the secondary Dirac cones be-
comes less prominent as α → 1, providing a handle to choose
the best values of this parameter. The proximity of the magic
twist angle, which depends on the product of θ and w, can
also be detected by examining the remote bands, as illustrated
in Figs. 4 and 5.

Theory [14,101–103] and scanning probe experiments
[104–107] suggest that broken C3 rotational symmetry is
common when the Fermi level is in the middle of the flat
bands of MATBG or when the strain induced by substrate is
considered. The constant energy maps in Figs. 4 and 5 retain
C3 rotational symmetry, but because of matrix element effects

the intensity does not. By using the polarized light, described
in Appendix A and Eq. (4), the full shape of constant-energy
ARPES contours can be seen as shown in Figs 4 and 5.

V. VAN HOVE SINGULARITIES

So far we have discussed momentum distribution functions
measured at energies outside the flat bands. The most power-
ful experimental information will come from measurements
within partially occupied flat bands, although these will also
require the most precise energy resolution. The dispersion
that remains within the flat bands near the magic angle,
where they attain their minimum width, is very sensitive
to details of the single-particle band structure calculations,
including especially filling-factor dependent band renormal-
izations [104–108] due to mean-field Hartree and exchange
interactions [13–15,109]. It is also known that the flat band
spectrum is very sensitive to the strain parameter α. Below
we calculate for reference ARPES momentum distribution
functions at selected energies within the flat bands when
the interaction effects are neglected. These calculations are
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�

FIG. 5. Band structures and constant-energy ARPES momentum distributions of 1.05◦-TBG with tunneling ratio α = wAA/wAB = 1, and
tunneling strength w = wAB. The momentum distribution functions were evaluated at energy levels indicated by the blue dashed lines in the
band structures. (a) Tunneling strength w = 100 meV, (b) w = 110 meV, (c) w = 120 meV.

most likely to be relevant when the bilayer is surrounded by
nearby conducting layers, for example gate layers, that screen
Coulomb interactions strongly.

When interactions are neglected the most prominent fea-
ture of the flat bands are the van Hove singularities (VHSs)
that occur at Lifshitz phase transition energies [110], which
in the past have been studied mainly outside of the flat-band
regime. When they are weak compared to the flat band width,
the influence of interactions is prominent only for Fermi ener-
gies close to VHSs where they can lead to competing broken
symmetry states [111–119]. Tuning the Fermi level across a
VHS, generally leads to a change in Fermi surface topology.
The band filling factors at which VHSs occur in MATBG are
strongly sensitive to band structure details that are not always
accurately known, and could be identified by performing gate-
voltage-dependent ARPES measurements. For example, the
continuum model band structures in Fig. 6(a), calculated at
θ = 2◦ and α = 0, 0.5, and 1, have valence band van Hove
singularities at energies marked by dashed lines. At this twist
angle there are three VHSs along the γ -μ lines in the MBZ.

Because of the change in constant-energy surface topology
from γ -centered electron pockets at energies below the VHS
to κ- and κ ′-centered hole pockets above the VHS, ARPES
momentum distribution functions can distinguish whether a
constant energy surface is below or above the VHS energy, as
illustrated in Figs. 6(b)–6(d). When α = 0, i.e., the interlayer
tunneling between the same sublattice wAA = 0, the VHS is
exactly at the μ point. As α increases, the VHS position moves
away from the μ point along the γ − μ lines as illustrated in
Figs. 6(e)–6(g).

At smaller twist angle near the magic angle regime, for
example 1.1◦, the flat band energy scales are reduced, as
shown in Fig. 7(a), but the valence band constant energy
surface topology, as shown in Figs. 7(d)–7(f), remains similar
as larger twist angles. Near the magic angle, each VHS on
the γ -μ line splits into two VHSs [109,120]. In Figs. 7(b),
7(c), and 7(e), we fix twist angle to be 1.1◦ while tuning the
tunneling strength w. Increasing w plays the same role as
decreasing twist angle in the low-energy continuum model.
In Fig. 7(e), the VHSs start to split.
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FIG. 6. (a) Band structures of 2◦-TBG with tunneling ratio α = 0 (red), α = 0.5 (blue) and α = 1 (yellow). The colored dashed lines mark
the corresponding valence band VHS energies. (b)–(d) Constant-energy ARPES maps of 2◦-TBG with α = 0.8 for three energy levels near
the valence band VHS. (b) At 2 meV above the valence band VHS, (c) at the valence band VHS energy, (d) at 2 meV below the valence band
VHS. (e)–(g) Constant-energy ARPES maps of 2◦-TBG at the valence band VHS for different tunneling ratios. (e) α = 0, (f) α = 0.5, (g)
α = 1.0. The VHSs are always on the γ − μ high symmetry lines and strong lattice relaxation (small α) moves the VHS towards the μ points
of the MBZ. When α = 0, VHSs are exactly on μ points. All of these calculations were performed with tunneling strength w = 110 meV.

FIG. 7. (a) Band structure of 1.1◦-TBG with α = 0.8 and three different tunneling strengths w = 90 meV(yellow), w = 100 meV(blue),
and w = 110 meV(red). The colored dashed lines mark the corresponding valence band VHSs, which are not on the κ-κ ′ line. (b), (c), (e)
Constant-energy maps momentum distribution functions at the valence band VHS energies for 1.1◦-TBG with α = 0.8. (b) w = 90 meV,
(c) w = 100 meV, and (e) w = 110 meV. (d)–(f) Constant-energy maps near the valence band VHS of 1.1◦-TBG with α = 0.8 and w =
110 meV. The momentum distribution functions (d) at 1 meV above the valence band VHS, (e) at the valence band VHS, (f) and at 1 meV
below the valence band VHS illustrates how the constant energy surface topology changes.
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VI. DISCUSSION

In this paper we have analyzed how valence band ARPES
momentum distribution functions depend on graphene moiré
superlattice band Hamiltonians. For G/hBN the critical pa-
rameter is the value of the mass parameter m0 which expresses
the degree to which inversion symmetry in the graphene
sheet is violated by interaction with the substrate. We point
out that m0 parameter, thought to be key to the quantum
anomalous Hall effect, can be extracted from measurements
of the anisotropy of the momentum space distribution maps
at energies close to the charge neutrality. Since momentum-
space anisotropy decreases when m0 is larger than the
conduction-valence band splitting at m0 = 0 (see Fig. 2),
finer momentum-space resolution will be needed to iden-
tify smaller values of m0. The reduced anisotropy is due
to weaker interference between honeycomb sublattices with
increasing m0. For TBG moiré superlattices, the important
strain-dependent parameter α that characterizes the ratio of
intrasublattice to intersublattice tunneling between layers is
available from measurements deep in the valence band, which
do not require exceptional energy resolution. For this reason
we expect that nano-ARPES performed on moiré superlattice
samples, which are typically less than 100 μm in size, can pro-
vide important information about moiré superlattice electronic
structure, and guide us toward accurate parameter values for
low-energy model even before extreme energy resolution is
achieved.

That said, the full potential impact of ARPES in under-
standing MATBG will be realized only if sufficient energy
resolution can be achieved in momentum-resolved spectra
taken with partially occupied flat bands. Existing results from
STM [104–108] suggest that useful results will require an
energy resolution scale that is small, perhaps very small,
compared to the ∼40 meV width the flat bands broaden to
when partially occupied. Key questions that need to be an-
swered, and can potentially be answered by ARPES, include
the following: (i) Is the valence band minimum at γ as it is
in single-particle theory, or elsewhere in the MBZ? (ii) Are
large Fermi surface reconstructions associated with broken
spin and/or valley symmetries at both integer and fractional
moiré band fillings as suggested by weak-field Hall trans-
port measurements? (iii) Do the broken spin and/or valley
symmetries thought to be necessary for interaction-induced
insulating states persist to noninteger band filling factors,
including those where superconductivity is observed? (iv) Fi-
nally, are there well-defined Fermi surfaces at metallic filling
factors with large quasiparticle normalization factors, and if
so, what is their shape. The history of progress in advancing
ARPES techniques over recent decades suggests that we be
optimistic about their application to graphene-based moiré
superlattices.
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APPENDIX A: ARPES IN MONOLAYER GRAPHENE

Accurate calculations of photoemission matrix elements
are often challenging. In the free-electron final state approxi-
mation, the photoemission process promotes an electron with
crystal momentum k from the a Bloch state of the target
material to a free-space state with momentum p. The ejected
electron is called a photoelectron. In a π -orbital tight-binding
model, the initial state of this photoemission process is a
Bloch state with π -orbital amplitudes on both sublattices of
monolayer graphene’s 2D honeycomb lattices. Using a k · p
description of low energy states in the graphene sheet’s π -
band, the initial Bloch state’s are labelled by valley ξ = ±
and band n = c (conduction) or v (valence):

|ξ, n, k〉 =
∑

α=A,B

ψξ
nα (k)|k, α〉, (A1)

where k is the full momentum measured from the Brillouin
zone (BZ) center �. The transition amplitude to the final free-
particle state is

〈p|ξ, n, k〉 = 1√
N

∑
R,α

ψξ
nα (k)ei(k−p‖ )·(R+τα )φ(p), (A2)

where φ(p) = ∫
d3re−ip·(r−R−τα )φ(r − R − τα ) is the

Fourier transform of atomic π -orbital on sublattice α at
lattice vector R and p‖ is the in-plane projection of 3D
momentum p. Dropping factors that depend on the photon
polarization and measuring energy relative to a convenient
zero, it follows that the ARPES intensity

I (p, E ) ∝
∑
ξ,n,k

|〈p|ξ, n, k〉|2δ(E − ε
ξ

nk

)

∝ |φ(p)|2
∑
ξ,n,k

∣∣∣∣∣
∑

α

ψξ
nα (k)δp‖,k+Ge−iG·τα

∣∣∣∣∣
2

× δ
(
E − ε

ξ

nk

)
, (A3)

where G is a reciprocal lattice vector of graphene. For each
photoelectron momentum p, the most intense signal comes
from the closest extended-zone valley. The photoemission
process picks a specific valley and a specific G to map k into
the first BZ.

Constant-energy photoemission maps at E = −120 meV
and E = −1200 meV are shown in Figs. 8(a) and 8(b) for p‖
near K+ = (4π/3a, 0) (a) and over the full first BZ (b). The
anisotropy of ARPES signal in Fig. 8 can be understood as a
two-source interference pattern from two sublattices [68],

I (p) ∝ cos2

[
− p‖ · (τB − τA)

2
+ ξθq

2
+ π (1 − n)

4

]
, (A4)

n = +1(−1) denotes conduction(valence) band. τA = (0, 0),
τB = (0, a/

√
3). θq is the angle of wave vector q measured

from BZ corners.
The anisotropy is also reflected by directly substituting

eigenvectors of the Dirac Hamiltonian in Eq. (A3):

ψξ
s (q) = 1√

2

(
e−iξθq/2

neiξθq/2

)
, (A5)
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FIG. 8. Constant-energy ARPES maps of monolayer graphene,
ignoring photon’s polarization effects, at (a) E = −120 meV near
K+; (b) E = −1200 meV for photoelectron momentum p in the
range of the first BZ (hexagon). Constant-energy ARPES maps of
monolayer graphene at E = −1200 meV using (c) x-polarized light
and (d) y-polarized light.

to obtain

I (p) ∝ |e−iξθq/2eiG·(τB−τA )/2 + neiξθq/2e−iG·(τB−τA )/2|2
× δp‖,q+Kξ +G

∝ cos2

(−G · (τB − τA)

2
+ ξθq

2
+ π (1 − n)

4

)

× δp‖,q+Kξ +G. (A6)

When the photon’s polarization A is explicitly taken
into account, the ARPES intensity is proportional to |〈p|A ·
v̂|ξ, n, k〉|2, where v̂ = ∇kH [69] is the velocity operator and
|p〉 is the free-electron final state projected to the Bloch state
basis

|p〉 =
∑
k,α

|k, α〉〈k, α|p〉

=
∑
k,α

δp‖,k+GeiG·ταφ∗(p)|k, α〉. (A7)

Specifically, the constant-energy ARPES intensity is

I (p, E ) ∝
∑
ξ,n,k

|〈p|A · v̂|ξ, n, k〉|2δ(E − ε
ξ

nk

)

=
∑
ξ,n,k

|A · 〈p|∇kH |ξ, n, k〉|2δ(E − ε
ξ

nk

)
. (A8)

Figures 8(c) and 8(d) plot the constant-energy ARPES
signals using x- and y-polarized light, respectively. The
anisotropies can be understood by substituting ∇kH ∝

(ξσx, σy) in Eq. (A8), which gives

Ix-pol(p) ∝ cos2

(
G · (τB − τA)

2
+ ξθq

2
+ π (1 − n)

4

)

× δp‖,q+Kξ +G,

Iy-pol(p) ∝ cos2

(
G · (τB − τA)

2
+ ξθq

2
+ π (1 + n)

4

)

× δp‖,q+Kξ +G. (A9)

APPENDIX B: ARPES IN BILAYER GRAPHENE

We comment here on the importance of reaching a con-
sensus on the signs of hopping amplitudes in graphene multi-
layers. For Bernal-stacked bilayer graphene, multiple studies
adopted interlayer hoppings with wrong signs [68,121–130] in
the π -orbital tight-binding model. As Ref. [131] clarified, not
only the magnitudes but also the signs of hopping parameters
play a crucial role in electronic properties. We will show
that the signs of intralayer and interlayer hoppings can be
identified by careful ARPES measurements.

Using the four-component spinor basis, 
k =
(c1A, c1B, c2A, c2B)T , with layer (1,2) and sublattice (A, B)
degrees of freedom, the Hamiltonian of Bernal-stacked
bilayer graphene is

H (k) =

⎛
⎜⎝

ε1A t0 f (k) t4 f (k) t3 f ∗(k)
t0 f ∗(k) ε1B t1 t4 f (k)
t4 f ∗(k) t1 ε2A t0 f (k)
t3 f (k) t4 f ∗(k) t0 f ∗(k) ε2B

⎞
⎟⎠, (B1)

where

f (k) =
3∑

j=1

eik·δ j , (B2)

δ j is the position of B sublattice relative to A sublattice. t0 is
the intralayer nearest-neighbor (NN) hopping parameter, t1 is
the interlayer hopping between dimer sites and t3 and t4 are
interlayer next-nearest-neighbor (NNN) hopping parameters
between nondimer sites:

t0 = 〈R1A|H|R1B〉 = 〈R2A|H|R2B〉,
t1 = 〈R1B|H|R2A〉,
t3 = 〈R1A|H|R2B〉,
t4 = 〈R1A|H|R2A〉 = 〈R1B|H|R2B〉. (B3)

|Rα〉 is localized Wannier orbitals. t0 is related to the Fermi
velocity by vF = √

3a|t0|/2h̄, t1 and t3 determine the ampli-
tude and orientation of trigonal warping and t4 introduces
particle-hole asymmetry.

Reference [131] ascertained that, using the maximally lo-
calized Wannier wave-function method, t0 is negative and t1,
t3 and t4 are positive. The negative sign of t0 and positive sign
of t1 have been testified by polarization-dependent ARPES
measurements in Ref. [31].

The signs of t3 and t4 can also be determined by
photon-polarization-dependent ARPES using Eq. (A8). Fig-
ure 9 show constant-energy ARPES contours near valley
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FIG. 9. Constant-energy ARPES momentum distributions, using x-polarized light, near K+ at various energies indicated at the top of each
column. We use ab initio tight-binding parameters in Ref. [131], t0 = −2.61 eV, t1 = 0.361 eV, |t3| = 0.283 eV, and |t4| = 0.138 eV. (Ia)–(Ie)
t3 > 0, t4 > 0; (IIa)–(IIe) t3 < 0, t4 > 0; (IIIa)–(IIIe) t3 > 0, t4 < 0. Note that we use a power-law normalized color bar.

K+ = (4π/3a, 0), using x-polarized [31] beam, for differ-
ent signs of t3 and t4 at various energies. For positive t3
[Figs. 9(Ia)–9(Ie) and 9(IIIa)–9(IIIe)], the trigonal warping
orientations of the highest valence band and lowest conduc-
tion band are inverted as the Fermi level is tuned away from
the charge neutrality, while the trigonal warping orientations
of the lowest valence band and highest conduction band stay
the same. For negative t3 [Figs. 9(IIa)–9(IIe)], the trigonal
warping orientations of the highest valence band and lowest
conduction band stay invariant as tuning the Fermi level, and
the trigonal warpings of the lowest valence band and highest
conduction band are less evident. The opposite sign of t4
interchanges conduction and valence bands, as shown in the
band structure in Fig. 10. Two conduction bands intersect
for positive t4 and two valence bands intersect for negative
t4. Figure 11 show constant-energy ARPES contours with
y-polarized light. By comparing Figs. 9 and 11 with ARPES
experiments [23,31], it is inferred that t0 < 0, t1 > 0, t3 > 0,

and t4 > 0. This result can also be found in recent scanning
tunneling microscopy experiment [132].

With the correct hopping signs discussed above, Fig. 12
shows constant-energy ARPES momentum distributions near
the first BZ [Figs. 12(Ia)–12(Ic)] and zoom-in figures near
valley K+ [Figs. 12(IIa)–12(IIc)]. Figures in columns a,b
and c are calculated ignoring photon polarization, and with
x-polarized light and with y-polarized light, respectively. In
multilayer systems, including the bilayer graphene we are
discussing here and the TBG in Secs. IV and V in the main
text, interference between orbitals in different layers results
in photon-energy-dependent ARPES signal. Interlayer inter-
ference becomes important when the photon energy is large

enough that pzd ∼ 1, where d is the adjacent layer distance
and pz is the z-component of photoelectron momentum. With
this consideration, the ARPES intensity becomes

I (p, E ) ∝ |φ(p)|2
∑
n,k

∣∣∣∣∣
∑

α

ψnα (k)δp‖,ke−ipz ẑ·τα

∣∣∣∣∣
2

δ(E − εnk ),

(B4)

ψnα (k) is the eigenvector of Hamiltonian Eq. (B1), and α

represents layer and sublattice indices. In accordance with

FIG. 10. Band structure of Bernal-stacked bilayer graphene with
positive t4 (solid black line) and negative t4 (blue dashed line).
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FIG. 11. Constant-energy ARPES momentum distributions, using y-polarized light, near K+ at various energies. The tight-binding
parameters are the same as in Figs. 9(Ia)–9(Ie). Note that we use a power-law normalized color bar.

Hamiltonian Eq. (B1),

τ1A =
(

0, 0,
d

2

)
, τ1B =

(
0,

a√
3
,

d

2

)
,

τ2A =
(

0,
a√
3
,−d

2

)
, τ2B =

(
0,

2a√
3
,−d

2

)
. (B5)

pz is related to photoelectron’s kinetic energy Ekin by

h̄2

2m

(
p2

‖ + p2
z

) = Ekin = h̄ω + E − φ, (B6)

where h̄ω is photon energy, E is the initial Bloch state energy
measured relative to the Fermi energy and φ is the work
function. For large enough photon’s energy h̄ω,

pz ≈
√

2mh̄ω

h̄2 − p2
‖. (B7)

Fixed py = 0, Figs. 12(IIIa)–12(IIIc) show ARPES intensities
near the BZ corner K+ as a function of pz and px. Photon’s
energy ranges from 20 to 210 eV in Figs. 12(IIIa)–12(IIIc).

FIG. 12. Constant-energy ARPES momentum distributions. Columns a, b, and c are calculated ignoring photon’s polarization, with x-
polarized light and with y-polarized light, respectively. (Ia), (Ib), (Ic) are near the first BZ. (IIa), (IIb), (IIc) are near the BZ corner K+. (IIIa),
(IIIb), (IIIc) are near K+ and calculated with fixed py = 0, photon’s energy h̄ω ranges from 20 to 210 eV. pz is related to h̄ω by Eq. (B7). All
figures are calculated with t0 = −2.61 eV, t1 = 0.361 eV, t3 = 0.283 eV, and t4 = 0.138 eV. Note that the scales of color bars are different.
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