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Phonon mechanism explanation of the superconductivity dichotomy between FeSe and FeS
monolayers on SrTiO3 and other substrates
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It was observed recently [Shigekawa et al., PNAS 116, 2470 (2019)] that while monolayer iron chalcigenide
FeSe on a SrTiO3 (STO) substrate has a very high critical temperature, its chemical and structural twin material
FeS/STO has a very low Tc, if any. To explain this, the substrate interfacial phonon model of superconductivity
in iron chalcogenides is further developed. The main glue is the oxygen ion �s = 60 meV vibrations longitudinal
optical (LO) mode. The mode propagates mainly in the TiO2 layer adjacent to the monolayer (and also generally
present in similar highly polarized ionic crystals like BaTiO3, rutile, and anatase). It has stronger electron-phonon
coupling to electron gas in FeSe than a well-known �h = 100 meV harder LO mode. It is shown that while
(taking into account screened Coulomb repulsion effects) the critical temperature of FeSe on STO and TiO2 is
above 65 K, it becomes less than 5 K for FeS due to two factors suppressing the electron-phonon coupling. The
effective mass in the latter is twice smaller and, in addition, the distance between the electron gas in FeSe to
the vibrating substrate oxygen atoms is 15% smaller than in FeS, reducing the central peak in electron-phonon
interaction. The theory is extended to other ionic insulating substrates.
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I. INTRODUCTION

Several years ago, a group of 2D high Tc superconductors
(Tc > 65 K) was fabricated by deposition of a single unit cell
(1UC) layer of FeSe on insulating substrates SrTiO3 (STO)
[1], TiO2 (both rutile [2] and anatase [3]), and [4] BaTiO3.
The 3D parent iron chalcogenides (Se, S, Te) are unconven-
tional superconductors (s± wave symmetry) with modest Tc =
5−10 K. Band structure (including both the hole band around
the � and an electron band at the M point) is similar to that of
iron pnictides, suggesting an unconventional spin fluctuation
(SF) pairing mechanism [5] within the FeSe layer. Despite the
fact that in 1UC FeSe/STO, the � band is missing, similar the-
ories were constructed [6]. In addition, the strong 16O → 18O
isotope substitution effect [7] indicates that superconductivity
is at least enhanced by the electron-phonon interaction (EPI)
[8–11].

Incipient band models of high Tc in FeSe monolayers
that incorporate the phonon pairing (boosting Tc) up were
constructed [11,12]. The EPI is represented by an interfa-
cial mode of high frequency � = 100 meV, close to that of
the Fuchs-Kliewer modes (FK) observed via high-resolution
electron energy loss spectroscopy [13]. The FK are vibrations
of the substrate oxygen atoms in the direction z perpendic-
ular to the interface, see the blue arrow in Fig. 1. The EPI
strength λ = 0.1 turned out to be sufficient [11] to enhance
the incipient band theory value of Tc = 47 K to Tc = 65 K.
If the SFs were switched off (zero on-site repulsion, U = 0),
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one would require at least λ = 0.2 (consistent with previous
purely phononic calculations of Ref. [8]). This implies that
the SF contribution to pairing in the present case might be
subdominant. This statement is not at odds with the under-
standing that superconductivity in bulk FeSe or FeS is due to
SF, since there are two major differences between the bulk and
1UC. First, the hole band at � in bulk is missing and, second,
the spin susceptibility measurement [14] from the bulk to
monolayer FeSe signal of the spin is completely different.

Recently, the second monolayer iron chalcogenide, FeS,
on STO was synthesized [15] by the topotactic reaction
and molecular-beam epitaxy. In both iron chalcogenides,
the Fermi surface consists of two nearly coincident pockets
around the M point of the Brillouin zone, while the electron
pocket at the � point of the parent materials sinks [16] (about
80 meV) below Fermi level. Despite the fact that (i) the bulk
Tc, (ii) the 2D electron gas (2DEG) including spin dynamics,
and (iii) EPI in FeSe and FeS are quite similar; surprisingly,
superconductivity in FeS/STO was not observed [15], at least
at temperatures above 10 K. This came as a surprise and
even was termed by the authors “a dichotomy” that “strongly
suggests that the cross-interface electron–phonon coupling
enhances Tc only when it cooperates with the pairing interac-
tion inherent to the superconducting layer.” This interpretation
rules out theories in which the EPI is the major cause of the
tenfold enhancement of Tc in FeSe/STO.

However, despite the above superficial observations, there
are two important differences between the two monolay-
ers. First, the angle-resolved photoemission spectroscopy
(ARPES) measurement [15] clearly demonstrates that the
effective mass m∗ is twice larger in FeSe than in FeS.
In addition, the scanning transmission electron microscopy
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FIG. 1. Interfacial phonon modes. Oxygen ion’s vibrations in
the TiO2 substrate layer Ti, silver; O, red). The displacement in
direction perpendicular (z axis, blue arrow) to the one unit cell thin Fe
(brown)-chalcogenide (Se, S, Te—green) layer are associated with
FK modes. The two modes most relevant for the phonon-mediated
pairing longitudinal optical modes are the Ti–O stretching mode
(shown by black arrow) and the Ti–O–Ti bending (dark green arrow).
The next layer Bi (cyan)–O (dark red) influencing the interfacial
phonon frequency is also shown. Direction of propagation of the
vibration wave is assumed to be along the x direction.

image of FeS/STO reveals the distance from the 2DEG gas
in FeS to the vibrating substrate oxygen atoms, see Fig. 1,
is d = 5.3A, larger than the corresponding distance [17] in
FeSe/STO, d = 4.6A. These two observations are in direct
contradiction with statement (iii) above that the EPI is similar
in two systems. Indeed, since the EPI has a central peak in
scattering (SCP) that exponentially depends on d , one would
expect reduced EPI strength λ in FeS. The density of states
in 2DEG is m∗/π , also reducing λ in FeS. On the contrary, if
the in-plane SF mechanism of pairing is similar and dominant,
absence of superconductivity in FeS/STO poses a problem for
this explanation.

In this paper, the dichotomy between the iron chalcogenide
monolayers FeSe and FeS is addressed theoretically in the
framework of the dominant phonon mechanism. An interfa-
cial phonon is considered as the dominant superconductivity
glue overcoming (the screened) Coulomb interaction. The
relevant phonon mode is the oxygen ion vibrations in the
interface layers. The role of the insulating substrate therefore
clearly extends beyond the efficient monolayer charging [18].
The dichotomy between superconductivity in FeSe/STO and
FeS/STO is therefore resolved within this framework. In ad-
dition, more general systems with arbitrary effective masses
m∗, the 2DEG layer-substrate spacing d and various substrates
(characterized mostly by the dynamic dielectric constant) are
considered.

II. MODEL

In recent theoretical investigations of superconductivity in
one-layer FeSe on the STO substrate, the spectrum near the
Fermi surface is described by the five-band model [19,20],
similar to the description of bulk FeSe and other iron pnictides

and chalcogenides [21]. In this approach, electrons in the FeSe
layer hop largely between the nearest Fe atoms. Despite the
fact that the system’s unit cell with lattice spacing a, see
Fig. 1, contains two iron atoms, one can effectively use a
smaller unit cell rotated by 45◦ with spacing a′ = a/

√
2 (see

picture and definitions in Appendix A). Not all five Fe 3d
bands (dxy, dxz, dyz, dx2−y2 , d3z2−r2 ) present within 2 eV near
the Fermi surface in DFT calculations [20] are important for
superconductivity. Since the hole pocket near the � point of
the Brillouin zone (BZ) is located 80 meV below the Fermi
level, one is left with a single electron band.

The minimal one-band model and parameters fitted from
the ARPES measurement [15] are described in detail in
Appendix A. It is shown there that it is sufficient to use an
effective mass approximation, Ek = k2/2m∗ − μ, to describe
(to 3%) superconductivity within the weak coupling approach.
Effective masses are m∗

FeSe = 3me and m∗
FeS = 1.5me, while

Fermi energies are μFeSe = 60 meV and μFeS = 30 meV. The
Fermi momentum, kF = √

2m∗μ, therefore, is nearly the
same.

The identification of the phononic glue is a delicate task
[12]. It was noted long ago [22] that transverse modes (includ-
ing the FK mode responsible for the replica band in ARPES
experiments [23]) are generally unable to provide the pairing
glue, so one has to concentrate on the longitudinal modes
only. A multitude of both the bulk STO and the interface
modes has been studied in the framework of the DFT [24].
A simple phenomenological model of ionic crystal allowed us
[8] to identify two longitudinal optical (LO) surface modes
that have the strongest coupling to 2DEG in the sense that
their exchange produces effective attraction of electrons in the
lateral (x − y) direction. These are the Ti–O stretching (along
the surface, see black arrow in Fig. 1) mode comparable in
energy to the FK, �LO

st = 100 meV, and a lower frequency
Ti–O–Ti bending (still along the interface direction, see dark
green arrow) mode �LO

b = 60 meV. Their matrix elements
with the 2DEG electrons are about the same. All other modes
(including phonons in the FeSe layer itself) have negligible
matrix elements.

Since the phononic glue comes mostly from the TiO2 sub-
strate separated from the 2DEG by the (minimal) distance d ,
see Fig. 1, the EPI coupling exhibits the exponential forward
scattering peak [10]:

g(k) ≈ 2π

a2
e−kd . (1)

While in the minimal one-band model, the full form of the
tight-binding matrix elements [8] is used [see Appendix A,
Eqs. (A15) and (A16)], here the continuum limit is enough
and considerably simplifies the calculations, making them
semianalytic. The TiO2 layer generally appears in all the sub-
strates [17] (rutile, anatase, STO, BaTiO3) as the first interface
oxide layer (in addition to STO). The phonon exchange gen-
erate effective electron–electron attraction dynamic potential
is

V ph
k,n = − (Ze2)

2

M

g2
k

ω2
n + �2

s

. (2)

Here M and Z � 1.27 are the oxygen ion mass and the ionic
charge, respectively [25], and ωn = 2πT n is the bosonic Mat-
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subara frequency. It was shown in Ref. [8] that the lower
frequency bending mode (�LO

b = 60 meV) leads to larger
λ = 0.23 than the stretching mode (�LO

st = 100 meV) with
λ = 0.07. Moreover, the bending mode pairing alone is strong
enough to mediate high Tc above 47 K.

In view of the exponential SCP, Eq. (1), the EPI pairing
in FeS/STO is weaker than in FeSe/STO since the distance
between 2DEG and the TiO2 layer increases [15] by 15%.
This alone should reduce the EPI coupling. The reduced den-
sity of state also suppresses the EPI pairing. As a result of
the two facts for the weaker pairing in FeS/STO, one should
take into account the pseudopotential [26]. Coulomb repul-
sion in 2DEG (although effectively screened by the dielectric
substrate [8] in both monolayers), might completely suppress
superconductivity,

V C
k,n = vC

k,n

1 − 2vC
k,nχk,n

, vC
k,n = 2π

ε(ωn)k
, (3)

where the (Matsubara) dielectric function inside the substrate
reads [11]

ε(ω) = 1

2

{
1 + ε∞ + (ε0 − ε∞)

�2
T

�2
T + ω2

}
. (4)

Dielectric constants will be taken as follows. The optical
value is rather universal for all the substrates (STO, rutile,
and anatase), ε∞ = 5.5, while the static ε0 varies from as
high as ε0 = 3000 for SrTiO3 to ε0 = 50 for some anatase
samples). The (bulk) transverse mode frequency appearing in
Eq. (4) is estimated using the Lydanne-Sacks-Teller relation
�T = �LO

√
ε∞/ε0 with �LO = 120 meV. The 2D Matsubara

polarization function is

χk,n = −m∗

π
{1 + 2 Re((1/2 + iωnm∗/k2)2 − (kF /k)2)1/2}.

(5)

The sum of two competing contributions, the effective
electron-electron interaction, Vk,n = V ph

k,n + V C
k,n, determines

the superconducting properties of these systems.
The scanning tunneling microscope (STM) experiments

[27] demonstrate that the order parameter is gapped (hence
no nodes) and indicate a weakly anisotropic spin singlet pair-
ing. Therefore, we look for solutions for the normal and the
anomalous Green’s function of the Gorkov equations (derived
for a multiband system in Ref. [8]), in the form 〈ψρ

k,nψ
∗σ
k,n〉 =

δσρGk,n, 〈ψσ
k,nψ

ρ

−k,−n〉 = εσρFk,n (σ, ρ are spin components).
In terms of the gap function,

k,m = −Tc

∑
p,n

Vk−p,m−nFp,n, (6)

the linearized gap equation becomes (normal Green’s function
not renormalized significantly at weak coupling)

−Tc

∑
l,m

Vl,n−m(
ωe

m

)2 + (El+q − μ)2
l+q,m = q,n, (7)

where the fermionic Matsubara frequency is ωe
m = πT (2m +

1). The angle (between l and q) integration can be
performed for a conventional s-wave solution (observed
in experiments [27]), leading to a simplified eigenvalue

FIG. 2. Superconducting critical temperature as function of ef-
fective mass and the distance between the iron chalcogenite layer
and the interface TiO2 (where the relevant phonon modes originate).
The dielectric constant ε0 = 3000 is fixed to represent SrTiO3.

problem:

Tcm∗

π

∑
m

1

ωe
m

{
(2πZe2)

2

M

fph
(
ωe

m/4μ
)(

ωb
n−m

)2 + �2

− fC

( |ωe
m|

4μ
,

∣∣ωb
n−m

∣∣
4μ

)}
m = n. (8)

The integrals (over l ≡ |l|/2kF ) for the phonon and Coulomb
contributions are defined as

fph(z) =
∫ 1

l=0
e−(4kF d )lR(z, l ),

fC (y, z) = π

∫ 1

l=0
R(z, l )

{
ε(4EF y)

kF l

e2

+ 2m∗(1 + l−2
√

(l2 + iy)2 − l2
)}−1

, (9)

where R(z, l ) = Re(1 + z2/l2 − 2i|z| − l2)−1/2.
Critical temperature is obtained when the largest eigen-

value of the matrix of the linear Eq. (8) is 1. This was done
numerically by limiting variable n to |n| < 200. The numeri-
cal results are presented in Figs. 2 and 3 for values of the bulk
substrate dielectric constant 30 < ε0 < 10 000. The range of
effective masses is me < m∗ < 4me, while the distance (in
units of the lattice spacing a) between the conducting layer
and the vibrating oxygen atoms is 1 < d/a < 1.6.

III. RESULTS

The dependence of the critical temperature on the effective
mass m∗ and the distance between the 1UC iron chalcogenide
and underlying TiO2 interface layer is given in Fig. 2. It
explains the dichotomy between a very high Tc in FeSe/STO
and a very low Tc (10 K or less) in FeS/STO. An approximate
location of the two cases is indicated by two circles. The
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FIG. 3. Critical temperature of 1UC FeSe on ionic substrates as
function of effective mass and the substrate dielectric constant ε0 (in
the logarithmic scale). The distance between the iron chalcogenide
layer and the interface TiO2 is fixed at d = 1.1a. Strongly dielectric
substrate material STO and moderately dielectric TiO2 forms rutile
(ε0 = 300) and anatase (ε0 = 300) are marked.

dielectric constants are fixed on the STO values mentioned
above. It demonstrates that both the reduction of the effective
mass and (to a lesser degree) the distance d difference con-
tribute to the suppression of superconductivity in FeS/STO.
In addition, a higher effective mass 1UC strained FeSe epi-
taxially grown on Nb: SrTiO3/KTaO3 heterostructures [28] is
marked as FeSeX . For Tc > 50 K the dependence is approxi-
mately linear Tc[K] = 18 m∗/me − 22 d[Å] + 114.

The critical temperature as function m∗ of 1UC FeSe on
ionic substrates with various dielectric constant is shown in
Fig. 3. The ratio d/a is fixed at 1.1. Dependence on the
dielectric constant is due to screening of the Coulomb interac-
tion. The pseudopotential becomes important for low Tc. High
ε0 = 3000 STO and two relatively low ε forms of TiO2, rutile,
and anatase, are shown.

The effect of SF is considered in the framework of the min-
imal one-band model by introducing the on-site repulsion U in
addition to the screened longer range Coulomb one, see details
in Appendix A. The results are the following. For nonzero
U , in addition to the s-wave solution (nearly independent of
the angle) of the Gorkov equations, the d-wave solution with
continuously changing signs appears four times. Comparing
the energy of the two solutions as a function of U , one finds
that the transition from the s-wave to the d-wave symmetry
occurs at U = 2t .

IV. DISCUSSION AND CONCLUSIONS

To summarize, the dominant interfacial soft LO phonon
pairing theory [8] in 1UC FeSe/STO is extended to re-
cently fabricated iron chalcogenides FeCh (Ch = Se, S, Te)
on polar insulator (SrTiO3, TiO2) substrates. In addition, to
address quantitatively the dichotomy [15] between FeSe/STO
and FeS/STO, the theory is refined to include the Coulomb
screening and (presumably subdominant) SF effects within

the electron band. The LO phonon modes originate in the
ionic TiO2 layer of the substrate adjacent to the 1UC FeCh.
In contrast to other approaches concentrating on the highest
frequency 100 meV modes [9], the softer 60 meV oxygen lat-
eral vibration mode contributes the most to superconductivity.
The screened Coulomb repulsion slightly reduces Tc without
distortion of the plain s-wave symmetry of the order param-
eter. The SFs change the character of pairing at intermediate
on-site repulsion U/t > 2 . The d-wave state has lower energy
than the s wave. Since available experiments favor the plain s
wave, it likely that U is small in these systems.

The theory predicts the three following tendencies lead-
ing to high critical temperature Tc: To achieve high critical
temperature, one requires (i) small spacing between the elec-
tron gas inside the FeCh layer and the TiO2 interfacial layer
maximizing the strength of the electron-phonon coupling, (ii)
high effective mass of the electrons in FeCh maximizing
density of states (DOS), and (iii) large dielectric constant ε0

minimizing the Coulomb repulsion (pseudopotential) effects.
These three effects explain why FeSe/STO has very high Tc,
while FeS/STO has very low Tc, if any. In addition, it explains
relative strength of pairing in FeSe on BaTiO3, rutile, and
anatase structures of TiO2.

Let us put the interfacial theory of superconductivity
in iron chalcogenides on ionic crystals in a more general
framework of superconductivity in iron-based materials. 3D
pnictides like FeAs and 3D iron chalcogenides like the parent
compounds FeSe or FeS generally have two features. The
superconductivity is not the plain s wave observed [27] in
1UC FeCh/TiO2. It changes signs and is explained by the
SF multiband model [5]. It is crucial that, in addition to an
electron band at M, there also exists an electron band at �.
In addition, typically, one often observes an orbital selective
Mott transition further favoring an SF pairing (usually s±)
mechanism. It is not easy to modify these models to the plain
s-wave gap typical of low Tc metals. The basic idea is still
to utilize the hole pocket that is now about 100 meV below
the Fermi surface [5,11,12] (the incipient band). A similar
problem exists in explaining relatively high (Tc up to 48 K)
superconductivity in several 3D modifications of FeCh. These
materials, including [29] metal intercalated (up to 48 K) FeSe,
AxFe2−ySe2 (A = K, Sb, Li), and organic intercalations [30]
like Lix(NH2)y(NH3)1−yFe2Se2, (Li,Fe)OHFeSe (up to 30 K)
and electric field induced superconductivity (48 K) in FeSe
[31], superlattice structures with alternating FeAs [32], and
perovskite layers like Sr2VO3FeAs all exhibit s-wave pairing
and only electron bands. It is plausible that bulk phonons
also might provide a glue for the s-wave pairing. Therefore,
the pairing glue for the three groups of superconducting ma-
terials might be different. They are interface phonons for
FeSe/STO, SF for iron pnictides and parent iron chalco-
genides, and either SF or 3D phonons for intercalated iron
chalcogenides.

Note that often the Tc enhancement in all three kinds of sys-
tems is attributed to charging [18] of the conducting layers by
either electric field or intercalation (internal pressure). As the
present paper demonstrates, since in 2D the pairing depends
strongly on density of states (on the Fermi level), the charging
argument is only effective for 3D electron gas. In 2D, DOS
depends on effective mass only, D ∝ m∗/h̄2. Charging mostly
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FIG. 4. The Brillouin zone of the minimal one-band model. The
red dashed line is the BZ containing two Fe atoms with lattice
spacing a = √

2a′. The small electron pocket is nearly circular (with
center at the M point).

shifts the chemical potential and for fixed m∗ increases DOS
only in 3D: D ∝ m∗3/2μ1/2/h̄3.
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APPENDIX A: MINIMAL ONE-BAND MODEL
FOR FeSe/FeS ON SUBSTRATES

1. Minimal one-band model

We use here the reduced unit cell with BZ of size 2π/a′ ×
2π/a′. The ARPES experiments [15] are well described (bet-
ter than 5%) by the nearest-neighbor hopping,

He =
∑

k

cσ†
k (εk − μ)cσ

k , (A1)

where σ is the spin index and

εk = −2t{2 + cos (a′kx ) + cos (a′ky)}. (A2)

One should take the hopping energy t = 170 meV and the
Fermi energy μ = 60 meV for FeSe. This will be referred
to as the minimal tight-binding model describing the small
(radius kF = √

2m∗μ ≈ 0.6/a′) electron pocket with effective
mass m∗ = h̄2/(2ta′2) at the M point, see Fig. 4. The pairing
interactions due to interface phonons and SFs as well as the
Coulomb suppression effects are addressed next.

2. The phonon-mediated effective attraction

It is important to note that the oxygen atoms in the last
TiO2 layer reside directly below Fe atoms. The dominant su-
perconductuctivity LO phonon mode originates mainly from
the lateral vibrations of these (charged) oxygen atoms that can

FIG. 5. The (Matsubara) static (n = 0) susceptibility of the elec-
tron gas with dispersion relation Eq. (A2) of the minimal model.
One observes a peak near the (π, π )/a′ point, indicating a tendency
toward antiferromagnetic correlations.

be accounted for. Influence on the electron-phonon coupling
of vibrating Ti atoms of the first layer is further reduced since
they are not situated directly beneath the Fe sites. In our case,
the STO surface phonon interaction with the 2DEG on the
Fe layer d = 4.4A above the TiO2 plane is determined by
the electric potential created near the Fe orbitals. Although the
spectrum and polarization of phonons depend strongly on the
sublattice, see Fig. 5 in second Ref. [8], the matrix elements
of the electron-phonon coupling are not.

Indeed, expanding the electric potential in displacement
using the small unit cell basis, rm = (mx, my)a′, one obtains
(Appendix B in second Ref. [8])

�(r, z) ≈ �0
e−i(r, z) − Ze

∑
m

(r − rm) · um

(|r − rm|2 + z2)3/2
. (A3)

The Hamiltonian for interaction with electrons on the Fe or-
bitals with wave functions ϕl(r, z), Hei = ∫

r �(r )̂nr, expanded
to first order in the oxygen vibrations, thus is

Hei = −Ze2
∫

r,z

∑
m

(r − rm) · ûm

((r − rm)2 + z2)3/2
|ϕl(r, z)|2ĉσ†

l ĉσ
l .

(A4)
Although the most general matrix element also depends on the
electron momentum k in addition to the phonon momentum
q, it does not appear in Eq. (A4) since the coupling is to
the density, namely, the size of the Fe orbital is neglected.
Indeed, in the localized form, namely, neglecting the size of
the orbital, |ϕl(r, z)|2 = δ(r − rl)δ(z − d ), one obtains

Hei = −Ze2
∑
l,m

(rl − rm) · ûm

((rl − rm)2 + d2)3/2
n̂l. (A5)

Performing the Fourier transformation,

um = 1

N

∑
k

ukeia′k·m ,

(A6)

nl = 1

N

∑
k

nkeia′k·l,
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the electron-phonon Hamiltonian becomes

Hei = −Ze2

a′2
∑

k

gα
kuα

kn−k. (A7)

Here the electron-phonon matrix element has the form

gα′
k =

∑
m

mα

(m2 + d2/a′2)3/2 eik·rm . (A8)

The electron-phonon contribution to the Matsubara action
in the functional approach therefore is

Ae−ph[ψ, u] = Ze2

Ta′2
∑
k,n

gα
kuα

k,nn−k,−n, (A9)

which will be used below. Here ψσ
k,n is a complex Grassmann

field describing electronic degrees of freedom, while uα
k,n is

the displacement field.
In addition to the electron-phonon coupling, the action

contains the electron and the phonon (see Ref. [8]) parts:

Ae[ψ] = T −1
∑
k,n

ψ∗σ
k,n

(
G0

k,n

)−1
ψσ

k,n,

Aph[u] = M

2T

∑
k,n

uα
−k,−n�

αβ

k,nuβ

k,n. (A10)

Here the (bare) Green’s function for normal electrons is

G0
k,n = (

iω f
n − εk + μ

)−1
, (A11)

with ω
f
n = πT (2n + 1). The 2D polarization tensor is defined

via the dynamic matrix Dq calculated from a microscopic
theory,

�αβ
q,n = (

ωb
n

)2
δαβ + M−1Dαβ

q , (A12)

Here ωb
n = 2πnT is the Matsubara frequency for phonons.

Since the action in Eqs. (A10) is quadratic in the displace-
ment field u, the electronic effective action is obtained by the
Gaussian integration over the field:

e−Aph
eff[ψ] =

∫
u

e−Aph[u]−Aeph[ψ,u]. (A13)

As a result, one obtains an effective electron-electron interac-
tion term,

Aph
eff = 1

2T

∑
k.n

nk,nv
ph
k,nn−k,−n, (A14)

where the effective dynamical potential for soft LO phonon
mode is

vph
q,n = − (Ze2)

2

2M

gkg−k

ωb2
n + �2

k

, (A15)

where, for the longitudinal polarization ek, an excellent
approximation (2%) exists:

gk = ek · gk = 2π

a′2 e−qlatd . (A16)

Here the function

qlat = 2

a′

√
sin2 (kxa′/2) + sin2 (kya′/2) (A17)

is periodic on the BZ. This is consistent with the continuum
limit expression used in Eq. (1) of the text for the efficient Tc

evaluation.

3. Coulomb repulsion and its screening

The Coulomb repulsion (with screening on the atomic level
taken into account) can be separated into the on-site and the
longer range contribution terms of the lattice Hamiltonian:

HC
e−e = HS

e−e + HL
e−e. (A18)

The short-range part is described by the Hubbard repulsion
term,

HS
e−e = U

∑
n

n↑
nn↓

n, (A19)

while the long range repulsion has a form

HL
e−e = 1

2

∑
n �=m

Un−mnnnm, (A20)

with nn = c↑†
n c↑

n + c↓†
n c↓

n on the site (nx, ny).
The longer range Coulomb potential can be obtained by

Wannier transformation, where k is the crystal momentum. In
this case, the action becomes

AL = 1

2T

∑
k,n

V C
k,nn−k,nnk,n, (A21)

where using the random phase approximation (RPA) obtain
for the effective long-range Coulomb contribution in the pres-
ence of the semi-infinite dielectric slab is

V C
k,n = vC

k,n

1 − 2vC
k,nχklat,n

, vC
k,n = 2π

ε(ωn)klat
. (A22)

The dynamical dielectric function ε due to the substrate given
in Eq. (4) of the text and χk,n is the polarization fish diagram,

χk,n = 2

(2π )2

∫
BZ

d2q
nF (εq) − nF (εk+q)

iωn + εq − εk+q
, (A23)

where nF is the Fermi distribution function. The function is
proportional to the spin susceptibility that plays an important
role in the SF pairing and is given at zero Matsubara frequency
in Fig. 2.

Note that it has maxima near the crystallographic M point
expressing a tendency to antiferromagnetic correlations. In the
continuum limit (away from the BZ boundaries), it coincides
with the exactly calculated integral that reads

χk,n = −m∗

π

{
1 + 2 Re

√
(1/2 + iωnm∗/k2)2 − (kF /k)2

}
.

(A24)
The short-range repulsion should be treated differently. In
principle, it could be effective d-wave pairing [33] due to the
SF exchange already appearing in the second order in U .
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4. Effective electron-electron interaction due to the
spin fluctuations

The second order in U contribution [34] to the effective
action (keeping only terms relevant to the singlet pairing) is

AS = 1

2T

∑
k,l,n,m

(
U + U 2vS

k+l,n+m

)
×ψ

†↑
l,n ψ

↑
−l,−nψ

↑
−k,−mψ

↑
k,m + c.c. (A25)

The second term represents the SF exchange can be rep-
resented for sufficiently small U (with RPA/FLEX (fluctu-
ation exchange approximation)-type improvements possible
[33,35]). The effective electron-electron interaction consists
of all these contributions:

vS
k,n = U + U 2χk,n. (A26)

This potential is next used to develop the (Eliashberg) theory
of superconductivity along with the phonon and the long-
range Coulomb contributions given in Eqs. (A15) and (A22).

APPENDIX B: SYMMETRY OF THE ORDER PARAMETER

1. Gap equation

The STM experiments [27] demonstrate that the order pa-
rameter is gapped (hence no nodes) and indicate a weakly
anisotropic spin singlet pairing. Therefore, we look for solu-
tions for the normal and the anomalous Green’s function of
the Gorkov equations in the form〈

cρ

k,nc†σ
k,n

〉 = δσρGk,n;
〈
cσ

k,ncρ

−k,−n

〉 = εσρFk,n, (B1)

where εσρ is the antisymmetric tensor.
Gorkov equations (index α combines momenta and fre-

quencies) are

Gα

(
G0

α

)−1 + Fα∗
α = 1,

(B2)
Gαα + FαG0

−α = 0,

and the gap function is defined as

α = −
∑

χ

vα−χFχ . (B3)

The corresponding gap equation is

k,n = −
∑
p,m

vk−p,n−mp,m

ω
f 2
m + (εp − μ)2 + |p,m|2 . (B4)

The condensation energy density (subtracting the normal
state energy) is

�[] =
∑
k,n

⎧⎨⎩ − ln
[

ω
f 2
n +(εk−μ)2+|k,n|2

ω
f 2
n +(εk−μ)2

]
− 1

2

(
ω

f 2
n +(εk−μ)2−|k,n|2

ω
f 2
n +(εk−μ)2+|k,n|2 − 1

)
⎫⎬⎭. (B5)

This expression will be used to compare different pairing
channels.

2. The pairing symmetry dependence on U

Equation (B4) was solved for the Matsubara gap function
 by iterations starting either from an s-wave or d-wave

FIG. 6. The (n = 0 Matsubara) gap function for the s-wave solu-
tion of Eq. (B4). One observes that the function is concentrated in a
narrow shell near the Fermi surface, see Fig. 4.

configuration. The BZ was discretized by 256 × 256 points
with 128 Matsubara frequencies. We make an extensive use
of fast Fourier transform [36]. It is important to note that for
relatively large U there is a difference between the gap func-
tion  and the anomalous Green’s function F , see Eq. (B3).
We therefore invert this equation (by multiple fast Fourier
transforms) to obtain F .

Typical solutions for the 1UC FeSe/STO gap functions and
the order parameters correlator F are presented in Figs. 6–8.
The distribution of the order anomalous correlator (the order
parameter) F for n = 0 is shown.

One observes that the parameter is concentrated in a narrow
shell around the Fermi surface of Fig. 4. As expected, while
the s-wave solution is nearly independent of the angle, the
d-wave solution continuously changes signs four times. The
d-wave solutions of the five-band band model for nonzero U
were found recently in Ref. [11]. To more conveniently com-

FIG. 7. The anomalous average (order parameter) F defined in
Eq. (B1) for the d-wave solution at the on site repulsion U = 2t .
Note that, as for the s wave, it is concentrated in the narrow shell
around the Fermi surface. The correlator continuously changes signs
four times.

224517-7



BARUCH ROSENSTEIN AND B. YA. SHAPIRO PHYSICAL REVIEW B 103, 224517 (2021)

FIG. 8. The (Matsubara) gap function  defined in Eq. (B3) for
the d-wave solution at U = 2t . Note that due to the on-site repulsion
term, this.quantity spreads over beyond the narrow shell around the
Fermi surface.

pare with it, the Matsubara gap function is given in Fig. SM5.
The gap function is smeared away from the Fermi function
compared to Fig. SM4. It differs considerably from Fig. 1 of
first Ref. [11].

The energy, Eq. (B5), of the two solutions as a function
of U are plotted in Fig. 9. It shows that the transition from
the s-wave to the d-wave symmetry occurs at U = 2t . One
can question the applicability of the SF exchange given by
Eq. (A26) for an intermediate range U . Apparently, even
including the RPA enhancement, the results are similar, see
Ref. [11] in which the absolute value of the gap function was
compared for the s-wave and d-wave solutions.

FIG. 9. Comparison of energies of the s- and d-wave solutions
for various values of the on-site repulsion U . The transition occurs at
U = 2t .

3. The tight-binding model versus the continuum limit
(the effective mass approximation)

The fact that the order parameter is concentrated near the
Fermi surface, see Fig. 6, supports the simplified s-wave ap-
proach employed in the text in which the correlator is taken
at |k| = kF . This is not evident for the system under consid-
eration since it is not strongly adiabatic. The phonon energy
h̄� = 60 meV is actually of the same order as the Fermi
energy μ = 60 meV.

The critical temperature was estimated in the lattice model
by vanishing the Matsubara gap function. The results in the
whole range of parameters coincide with a much simpler
calculation described in the text to within 3%.
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