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Third-order topological insulator in three-dimensional lattice of magnetic vortices
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Recent acoustic and electrical-circuit experiments have reported the third-order (or octupole) topological
insulating phase, while its counterpart in classical magnetic systems has yet to be realized. Here we explore
the collective dynamics of magnetic vortices in three-dimensional breathing cuboids and find that the vortex
lattice can support zero-dimensional corner states, one-dimensional hinge states, two-dimensional surface states,
and three-dimensional bulk states when the ratio of alternating intralayer and interlayer bond lengths goes
beyond a critical value. We show that only the corner states are stable against external frustrations because
of the topological protection. Full micromagnetic simulations verify our theoretical predictions with good
agreement.
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I. INTRODUCTION

The recent discovery of higher-order topological insulators
(HOTIs) [1–22] has extensively broadened our understanding
of the topological phases of matter. The peculiar hinge
and corner states emerging in HOTIs are attracting a
lot of attention for both the fundamental interest (e.g.,
bulk-boundary correspondence) and the potential application
in topological devices. In an n-dimensional system, the
conventional topological insulator (TI), dubbed the first-order
topological insulator (FOTI), supports (n − 1)-dimensional
topological edge states [23,24], while the HOTI allows
(n − k)-dimensional (2 � k � n) topological bound
states [25–32]. Presently, most HOTI states reported in
the literature belong to the second-order phase (k = 2), with
a few exceptions of third-order TIs (k = 3) being realized in
acoustic and electric-circuit experiments. The main difficulty
lies in the fabrication and detection of the rather spatially
localized corner state in three-dimensional devices, while the
artificial crystal can well overcome this issue.

Recently, the topological states in classical magnetic
systems have received much interest from the spintronics
community. Both the first- [33–40] and second-order [41–44]
topological phases of the spin wave, one of the elementary
excitations in ordered magnets, have been studied. In addi-
tion, topological insulating states emerging in metamaterials
based on magnetic solitons (such as domain wall, vortex, and
skyrmion) [45–49] are attracting growing interest as well.
Kim and Tserkovnyak [50] and Li et al. [51] showed that
the two-dimensional honeycomb lattice of magnetic solitons
can support robust chiral edge states. The realization of Su-
Schrieffer-Heeger (SSH) [52] states in a one-dimensional
magnetic soliton lattice was demonstrated very recently by
Li et al. [53] and Go et al. [54]. Moreover, it has been

*Corresponding author: yan@uestc.edu.cn

predicted that the second-order TI phases can appear in
breathing kagome [55], honeycomb [56], and square [57]
lattices of magnetic vortices under the proper conditions. A
thorough review of topological insulators and semimetals in
classical magnetic systems can be found in Ref. [58]. So far,
all TI states reported in classical magnetic systems belong
to the first- or second-order phase. The observation of the
third-order phase is still lacking.

In this paper, we present both analytical and numerical
studies of the collective dynamics of magnetic vortices ar-
ranged in a three-dimensional breathing cuboid lattice [see
Fig. 1(a)]. By solving the equations of motion of inter-
acting vortices, we obtain the band structures and predict
that the third-order topological in-gap edge states (corner
states) emerge when the geometric conditions d1/d2 > 1
and h1/h2 > 1 are satisfied simultaneously. Here d1 and d2

(h1 and h2) are the alternating lengths of intralayer (inter-
layer) intracellular and intercellular bonds, respectively, as
shown in Figs. 1(b) and 1(c). Under such conditions, the
one-dimensional hinge states, two-dimensional surface states,
and three-dimensional bulk states are identified to be topo-
logically trivial. These results can be understood in terms
of the picture provided by the generalized SSH model. The
robustness of the corner states is investigated by introduc-
ing moderate disorder and defects to this three-dimensional
soliton system. We perform full micromagnetic simulations
to verify theoretical predictions and find good agreement be-
tween them. It is noted that the fabrication [59,60] and orbit
tracking [61] of the magnetic soliton lattice are within the
reach of current technology. Our findings open a route toward
realizing third-order TIs in classical magnetic systems that
may inspire the design of robust spintronic devices in the
future.

The outline of this paper is as follows: In Sec. II,
we present the model and method. Topological phases
of the three-dimensional vortex lattice are discussed in
Sec. III, including theoretical calculations and micromagnetic

2469-9950/2021/103(21)/214442(9) 214442-1 ©2021 American Physical Society

https://orcid.org/0000-0001-6673-9199
https://orcid.org/0000-0003-0036-8000
https://orcid.org/0000-0002-5326-1891
https://orcid.org/0000-0001-6369-2882
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.103.214442&domain=pdf&date_stamp=2021-06-24
https://doi.org/10.1103/PhysRevB.103.214442


LI, WANG, ZHANG, CAO, AND YAN PHYSICAL REVIEW B 103, 214442 (2021)

FIG. 1. (a) Illustration of a three-dimensional magnetic vortex
lattice, with black balls denoting nanodisks with the vortex state
and solid (dashed) red and blue segments representing alternating
lengths of intralayer (interlayer) intracellular and intercellular bonds,
respectively. (b) Top and (c) side views of the crystal structure. d1,
d2, h1, and h2 are the bond lengths.

simulations. Conclusions and the outlook are drawn in
Sec. IV.

II. MODEL AND METHOD

A three-dimensional breathing cuboid lattice of magnetic
nanodisks with vortex states is considered, as shown in
Fig. 1. The collective dynamics around the frequency of
the gyrotropic vortex mode can be modeled by Thiele’s
equation [50,62]:

Gẑ × dU j

dt
+ F j = 0, (1)

where U j = R j − R0
j is the displacement of the jth vor-

tex core from the equilibrium position R0
j and G =

−4πQwMs/γ is the gyroscopic constant, with Q =
1

4π

∫∫
dxdym · ( ∂m

∂x × ∂m
∂y ) being the topological charge of

the vortex state, m being the unit vector along the local
magnetization direction, w being the thickness of the nan-
odisk, Ms being the saturation magnetization, and γ being
the gyromagnetic ratio. F j = −∂W/∂U j is the conservative
force, where W is the total energy including both the con-
fining potential on the vortex due to the nanodisk boundary
and the (intralayer and interlayer) coupling between nearest-
neighbor nanodisks: W = ∑

j KU2
j/2 + ∑

j �=k Ujk/2, with

Ujk = I‖U
‖
j U ‖

k − I⊥U ⊥
j U ⊥

k + μU j · Uk [63–65]. Here K is
the spring constant, I‖ (I⊥) is the intralayer longitudinal
(transverse) coupling constant, and μ is the interlayer cou-
pling parameter.

Imposing U j = (u j, v j ) and defining ψ j = u j + iv j ,
Eq. (1) can be rewritten as

−iψ̇ j =
(

ω0 − ξ 2
1 + ξ 2

2

ω0

)
ψ j +

∑
k∈〈 j〉,l

ζlψk +
∑

k∈〈 j′〉,n
ηnψk

− ξ1ξ2

2ω0

∑
s∈〈〈 j1〉〉

ei2θ̄ jsψs − ξ 2
2

2ω0

∑
s∈〈〈 j2〉〉

ei2θ̄ jsψs

− ξ 2
1

2ω0

∑
s∈〈〈 j3〉〉

ei2θ̄ jsψs, (2)

where ω0 = K/|G|, ζl = (I‖,l − I⊥,l )/2|G|, and ξl =
(I‖,l + I⊥,l )/2|G|, in which l = 1 (l = 2) represents
the intralayer intracellular (intercellular) connection;
ηn = μn/|G|, where n = 1 (n = 2) denotes the interlayer
intracellular (intercellular) bond; θ̄ js = θ jk − θks is the
relative angle from the bond k → s to the bond j → k with k
between j and s; and 〈 j〉 and 〈 j′〉 are the set of intralayer and
interlayer nearest neighbors of j, respectively; 〈〈 j1〉〉, 〈〈 j2〉〉,
and 〈〈 j3〉〉 represent the intralayer next-nearest neighbors
of j.

To solve Eq. (2) numerically, the key parameters K , I‖,
I⊥, and μ should be determined. First, the spring constant K
can be obtained from the relation K = ω0|G|, with ω0 being
the gyrotropic frequency of a single vortex. For a permal-
loy (Py) [66,67] nanodisk of the vortex state with thickness
w = 10 nm and radius r = 50 nm, gyrotropic frequency ω0 =
2π × 0.939 GHz, and gyroscopic constant G = −3.0725 ×
10−13 J s rad−1 m−2 (Q = 1/2) [55], we have K = 1.8128 ×
10−3 J m−2. Second, the analytical expressions of I‖ and I⊥
for the distance d between vortices have been obtained in a
simplified two-nanodisk system [55]. Finally, the dependence
of parameter μ on the distance h can also be determined
from micromagnetic simulations by considering a stacking
two-vortex system (see Appendix A for details).

For an infinite three-dimensional vortex lattice, the unit cell
can be selected as shown in Fig. 1(a). The three basis vectors
of the system are a1 = (d1 + d2)x̂, a2 = (d1 + d2)ŷ, and a3 =
(h1 + h2)ẑ. By performing a plane wave expansion of ψ j , we
obtain the matrix form of the Hamiltonian expressed in the
momentum space:

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Q0 Q1 Q2 Q3 Q4 0 0 0
Q∗

1 Q0 Q5 Q2 0 Q4 0 0
Q∗

2 Q∗
5 Q0 Q1 0 0 Q4 0

Q∗
3 Q∗

2 Q∗
1 Q0 0 0 0 Q4

Q∗
4 0 0 0 Q0 Q1 Q2 Q3

0 Q∗
4 0 0 Q∗

1 Q0 Q5 Q2

0 0 Q∗
4 0 Q∗

2 Q∗
5 Q0 Q1

0 0 0 Q∗
4 Q∗

3 Q∗
2 Q∗

1 Q0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (3)

with the matrix elements

Q0 = ω0 − ξ 2
1 + ξ 2

2

ω0
− ξ1ξ2

ω0
[cos(k · a1) + cos(k · a2)],

Q1 = ζ1 + ζ2 exp(−ik · a1),

Q2 = ζ1 + ζ2 exp(ik · a2),

Q3 = ξ1ξ2

ω0
[exp(ik · a2) + exp(−ik · a1)]

214442-2



THIRD-ORDER TOPOLOGICAL INSULATOR IN … PHYSICAL REVIEW B 103, 214442 (2021)

FIG. 2. (a) The first Brillouin zone, with the high-symmetry points �, K , M, and N locating at (kx, ky, kz ) = (0, 0, 0), (0, π

d1+d2
, 0),

( π

d1+d2
, π

d1+d2
, 0), and ( π

d1+d2
, π

d1+d2
, π

h1+h2
), respectively. (b) The phase diagram of the system, with d2 and h2 being fixed to 150 and 70 nm,

respectively. (c)–(k) The band structures along the path �-K-M-N-� for different geometric parameters (d1 and h1) as marked by black
dots in (b).

+ ξ 2
2

ω0
exp[ik · (a2 − a1)] + ξ 2

1

ω0
,

Q4 = η1 + η2 exp(ik · a3),

Q5 = ξ1ξ2

ω0
[exp(ik · a2) + exp(ik · a1)]

+ ξ 2
2

ω0
exp[ik · (a2 + a1)] + ξ 2

1

ω0
, (4)

where k is the wave vector.
The spectrum of Hamiltonian (3) fully determines the

phase allowed in a finite crystal due to the principle of
bulk-boundary correspondence. In what follows, we present
detailed calculations and discussions.

III. THIRD-ORDER TOPOLOGICAL INSULATOR

A. Theoretical calculations

First, we calculate the bulk band structure along the path
�-K-M-N-� in the first Brillouin zone [see Fig. 2(a)] for dif-
ferent geometric parameters, as shown in Figs. 2(c)–2(k), with
the parameters d2 and h2 being fixed to 150 and 70 nm, respec-
tively. One can see that the system supports eight bands due
to the interlayer coupling between nanodisks, in contrast to
the four-band structure in a two-dimensional breathing square
vortex lattice obtained in Ref. [57]. Generally speaking, the
energy degeneracy is often associated with some symmetry.
A gap opening is usually caused by a symmetry breaking. For
parameters (d1, h1) = (150 nm, 70 nm), labeled I in Fig. 2(b),
we can see that all bands merge together, leading to a gap-
less band structure, as shown in Fig. 2(k). Here the system

respects the inversion symmetry. On the one hand, if we keep
d1/d2 = 1 and let h1/h2 �= 1, the inversion symmetry along
the z-axis direction is broken; then the band gap will open
at high-symmetry point N [see Figs. 2(f) and 2(j)], where D
and H represent parameters (d1, h1) = (150 nm, 110 nm) and
(150 nm, 40 nm), respectively. On the other hand, if we keep
h1/h2 = 1 while letting d1/d2 �= 1, the inversion symmetry
along the x-axis and y-axis directions is broken; then the band
gaps open at high-symmetry points K and M [see Figs. 2(d)
and 2(h)], with B and F representing parameters (d1, h1) =
(120 nm, 70 nm) and (180 nm, 70 nm), respectively. Finally, if
d1/d2 �= 1 and h1/h2 �= 1, the inversion symmetry along three
directions (x-axis, y-axis, and z-axis directions) is broken, and
the band gaps open at all high-symmetry points (K , M, and N),
as shown in Figs. 2(c), 2(e), 2(g), and 2(i), with the parameters
(d1, h1) = (120 nm, 40 nm), (120 nm, 110 nm), (180 nm,
110 nm), and (180 nm, 40 nm), respectively. We therefore con-
clude that the lifted degeneracy at the high-symmetry points
is the result of the inversion symmetry breaking. To further
distinguish whether these insulating phases are topologically
protected, one should study the eigenmodes in finite systems
and their robustness.

To find the higher-order topological edge states, we cal-
culate the eigenfrequencies of a finite system with 512 (8 ×
8 × 8) nanodisks for four different parameter regions [see
Fig. 2(b)]. For region 1, we set (d1, d2, h1, h2) = (104 nm,
180 nm, 40 nm, 110 nm), with the eigenfrequencies of the sys-
tem shown in Fig. 3(a). By analyzing the spatial distribution
of the wave function, we identify that the system can support
only the bulk states [see Fig. 3(h)]. Then we consider region
2, with the geometric parameters (d1, d2, h1, h2) = (104 nm,
180 nm, 110 nm, 40 nm), and the eigenfrequencies are shown
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FIG. 3. Eigenfrequencies of the collective vortex gyration in a three-dimensional 8 × 8 × 8 system for (a) parametric region 1, (b) para-
metric region 2, (c) parametric region 3, and (d) parametric region 4, as marked in Fig. 2(b). (e)–(j) The spatial distribution of different modes.
Here the size of the colorful balls is proportional to the amplitude of the wave function.

in Fig. 3(b), from which one can see that the system can
support both the surface xy states and the bulk states, with the
spatial distribution of the surface xy states plotted in Fig. 3(e).
For region 3, we set (d1, d2, h1, h2) = (180 nm, 104 nm,
110 nm, 40 nm), and the spectrum is plotted in Fig. 3(c).
One can clearly see that five different edge states emerge,
including the zero-dimensional corner states [see Fig. 3(g)],
two one-dimensional hinge states [see Figs. 3(f) and 3(j)], and
two two-dimensional surface states [see Figs. 3(e) and 3(i)].
Finally, for region 4, we set parameters (d1, d2, h1, h2) =
(180 nm, 104 nm, 40 nm, 110 nm). In this case, we observe
the hinge z, surface z, and bulk states [see Figs. 3(j), 3(i),
and 3(h)].

To judge whether the emerging edge states in Fig. 3(c) are
topologically protected, we calculate the spectrum of the sys-
tem in the presence of disorder and defects (see Appendix B
for details). We find that only the corner states are topologi-
cally stable, while other edge modes (hinge and surface states)
are trivial and sensitive to the introduced disturbances. We
therefore realize the third-order TI in a classical magnetic
system based on vortex metamaterials. These results can be
straightforwardly understood by the SSH model. On the one
hand, as shown in Ref. [57], we have proved that a two-
dimensional breathing square lattice of vortices can support
a second-order topological edge state when d1/d2 > 1. On
the other hand, the layered structure can be viewed as a
one-dimensional analog of the SSH model. In addition, the
number (8) of layers is even. Therefore, only when h1/h2 > 1

can the system support topological edge state [53]. We thus
conclude that the third-order topological insulating phase can
appear if and only if the geometric conditions d1/d2 > 1 and
h1/h2 > 1 are satisfied simultaneously. It is worth mentioning
that, if the number of layers is odd, the geometric conditions
for the emergence of topological corner states are d1/d2 > 1
and h1 �= h2. Interestingly, in this case, the corner states will
appear in either the upper or lower surface depending on the
value of h1/h2 > 1 and h1/h2 < 1, respectively.

Moreover, the topologically invariant Z4 Berry phase can
be used to characterize the HOTI state [56–58]:

θ =
∫

L1

[
i�†(k)

∂

∂k
�(k)

]
· dk (mod 2π ), (5)

where �(k) is the eigenvector for the band closest to the
frequency of corner states. L1 is an integral path in the mo-
mentum space [see the green line segment in Fig. 2(a)]. Then
we can find that the Z4 Berry phase is quantized to zero in
region 1 and to π in region 3, which indicates that these two
regions represent two topologically distinct phases.

B. Micromagnetic simulations

To confirm the theoretical predictions above, we per-
form full micromagnetic simulations. All material parameters
adopted in the simulations are the same as those in the
theoretical calculations presented in Fig. 3(c), with the sat-
uration magnetization Ms = 0.86 × 106 A/m, the exchange
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FIG. 4. (a) The temporal Fourier spectra of the vortex oscilla-
tions at different positions. Here the exciting field is applied to the
whole system. (b)–(g) The spatial distribution of FFT intensity with
different frequencies as marked in (a). The size of the balls reflects
the strength of the oscillation.

stiffness A = 1.3 × 10−11 J/m, and the Gilbert damping con-
stant α = 10−4. To reduce the computational workload, we
consider the 6 × 6 × 6 nanodisk system in the simulation.
The micromagnetic package MUMAX3 [68] is used to simu-
late the collective dynamics of the vortex lattice. Here the
cell size is set to 2 × 2 × 10 nm3. A sinc-function magnetic
field H (t ) = H0 sin[2π f (t − t0)]/[2π f (t − t0)] along the x
direction with H0 = 10 mT, f = 30 GHz, and t0 = 1 ns is
applied to the whole system for 352 ns. Then the full spectrum
of the system can be obtained by analyzing the collective
oscillation of the vortex lattice. The positions of vortex cores
R j = (Rj,x, Rj,y) in all nanodisks are recorded every 200 ps.

Here Rj,x =
∫∫

x|mz |2dxdy∫∫ |mz |2dxdy , and Rj,y =
∫∫

y|mz |2dxdy∫∫ |mz |2dxdy , with the inte-
gral region confined in the jth nanodisk. The temporal fast
Fourier transform (FFT) spectra of the vortex oscillations at
different positions are plotted in Fig. 4(a). Here the red, green,
cyan, blue, magenta, and black curves denote the positions
of corner, hinge xy, hinge z, surface xy, surface z, and bulk
bands, respectively. From Fig. 4(a), one can clearly identify
the frequency range supporting different modes. To visual-
ize the spatial distribution of vortex oscillation for different
modes, we plot the spatial distribution of the FFT intensity
with six representative frequencies [see Fig. 4(a)], as shown

FIG. 5. The spatial distribution of vortex oscillations under the
local exciting field with different frequencies.

in Figs. 4(b)–4(g). Here the radius of the balls is proportional
to the FFT strength. We identify the following modes: (i) a
surface xy state with oscillation localized at the top and bottom
surfaces [see Fig. 4(b)], (ii) a hinge xy state with oscillation
localized at the eight edges of the top and bottom surfaces
[see Fig. 4(c)], (iii) a corner state with oscillation localized at
eight corners [see Fig. 4(d)], (iv) a bulk state with oscillation
spread over the system except the surfaces [see Fig. 4(e)],
(v) a surface z state with oscillation localized at four side
surfaces [see Fig. 4(f)], and (vi) a hinge z state with oscillation
localized at four side edges [see Fig. 4(g)]. These results agree
well with theoretical calculations.

In the above simulations, the external driving source (of
the sinc function) is applied over the whole lattice, which
prevents us from observing the time evolution of each mode.
Here we stimulate the collective vortex dynamics by apply-
ing a sinusoidal magnetic field h(t ) = h0sin(2π f t )x̂, with
h0 = 0.01 mT and t = 60 ns, localized at eight nanodisks
at one corner, as denoted by red cubes in Fig. 5. For dif-
ferent frequencies, we plot the spatial distribution of vortex
oscillations, as shown in Figs. 5(a)–5(f), with the size of the
balls representing the amplitude of the vortex oscillations. We
can clearly see that the spatial distribution of the hinge xy
state, corner state, and hinge z state compare well with the
corresponding modes plotted in Fig. 4, while the other three
modes do not. Interestingly, we observe various hybridized
modes, including a surface xy and hinge z state [Fig. 5(a)] and
a bulk and surface z state [Figs. 5(d) and 5(e)]. The reason for
the mode hybridization is that the frequencies of these states
are close and their wave functions have significant overlap
(see Fig. 4). In addition, one can clearly see that the hinge
xy states are not chiral from Fig. 5(b). However, we cannot
identify whether the vertical hinge states (hinge z state) are
chiral. To resolve this issue, we apply a driving magnetic field
to a bottom corner of the sample with f = 1.176 GHz, and
we find that the vertical hinge states are excited as well (not
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shown here). We therefore conclude that all hinge states are
actually not chiral.

IV. DISCUSSION AND CONCLUSION

In this work, we predicted the third-order TI in a three-
dimensional (3D) magnetic system for the first time. The
generalization from two to three dimensions is not trivial at
all. From the analytical aspect, the form of the interlayer cou-
pling as a function of the distance is fundamentally different
from that of the in-plane distance: First, it is isotropic instead
of being anisotropic. Second, it follows an inverse relation
(1/d) [69,70], rather than an inverse cube law (1/d3) [55–57].
From the numerical aspect, the full micromagnetic simulation
of a 3D vortex lattice consumes (10 times) more compu-
tational time than a two-dimensional (2D) one even if the
number of nanodisks is the same. The 3D vortex crystal
exhibits more abundant physics than the 2D system. For ex-
ample, the one-dimensional hinge state reported in this work
can serve as the building block to construct a 3D magnonic
waveguide when the vortex crystal is properly cut and/or
spliced, in contrast to conventional 2D magnon waveguides
constructed by either magnetic nanowires [71–75] or mag-
netic domain walls [76–78].

It is worth noting that in our previous works [55–57],
the higher-order terms are considered in Thiele’s equation
to capture the higher-frequency (∼10 GHz) behavior of the
magnetic vortices. However, in this paper, we aimed to predict
the existence of the third-order topological insulating phase in
the vortex lattice and focused on its low-frequency behaviors
(subgigahertz). Therefore, for simplicity, we ignored both the
inertial and non-Newtonian effects. Of course, if we included
the higher-order terms in our model, we would obtain three
bands around 0.939, 11.945, and 14.192 GHz (which can
be straightforwardly done but is not shown here), around
which one will observe two extra 3D TI states with higher
frequencies (∼10 GHz).

To conclude, we studied the third-order TI in a three-
dimensional breathing cuboid lattice of magnetic vortices.
The geometric condition to observe this phase was analyzed
by the SSH model. We showed that the third-order corner
states are robust against moderate disorder and defects. Full
micromagnetic simulations were implemented to verify the-
oretical predictions with great agreement. Our findings pave
the way for realizing a third-order TI in classical magnetic
systems, which should have potential applications for design-
ing robust spintronics devices. In this work, we have assumed
that the polarity and chirality of all vortices are identical; the
effect of different polarities and chiralities on the higher-order
topology is an interesting topic for future research.
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APPENDIX A: THE DETERMINATION OF INTERLAYER
COUPLING PARAMETER

The interlayer coupling parameter μ is very important
for solving the dynamical equation of vortex motion. Here
we determine this parameter by considering the dynam-
ics of a two-nanodisk system with the vortex state, as
shown in Fig. 6(a). For such a case, the potential energy
can be expressed as W = ∑

j KU2
j/2 + ∑

j �=k μU j · Uk/2.
By imposing ψ j = u j + iv j and ψ j = ψ jeiωt , the dynamical
equations for the two-vortex system can be simplified to

ωψ1 = K
|G|ψ1 + μ

|G|ψ2, ωψ2 = K
|G|ψ2 + μ

|G|ψ1. (A1)

By solving Eq. (A1), we can obtain two resonant frequen-
cies: ω1 = (K − μ)/|G| and ω2 = (K + μ)/|G|. Therefore,
the interlayer coupling parameter μ can be expressed as μ =
(ω2 − ω1)|G|/2. Figure 6(b) plots the Fourier spectrum of
the vortex oscillation for h = 70 nm. The frequencies of the
peaks read ω1/2π = 0.863 GHz and ω2/2π = 1.019 GHz;
then we obtain μ = 1.5058 × 10−4 J m−2. Similarly, we can
get the frequencies of the two-vortex system by varying h.
Figure 6(c) plots the h dependence of ω1 and ω2. It shows that,
with the increase of h, ω1 increases, while ω2 decreases. One
naturally expects ω1 = ω2 = ω0 when d → ∞. The dipole
interaction between two vortices can be simplified as the inter-
action between magnetic charges of the vortex cores [69,70],

FIG. 6. (a) Schematic plot of the stacking two-vortex system.
The micromagnetic structures of vortices are also shown. (b) The
Fourier spectrum of the vortex oscillation for h = 70 nm. (c) The two
eigenfrequencies of the two-vortex system varying with h. (d) The
illustration of the interaction between magnetic charges. (e) Depen-
dence of the interlayer coupling parameter μ on h. Black circles
denote simulation results, and the red solid line represents the an-
alytical formula.
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FIG. 7. (a) Eigenfrequencies of the three-dimensional vortex lat-
tice under different disorder strengths. (b) Eigenfrequencies of the
three-dimensional vortex lattice in the absence of defects (black
balls) and in the presence of defects (red balls). The blue circle
indicates the topologically stable corner state, with the inset showing
the corresponding spatial distribution. The results presented in both
(a) and (b) are obtained by the exact diagonalization of an 8 × 8 × 8
(512 nanodisks) finite system.

as illustrated in Fig. 6(d). Further, the interaction between
magnetic charges can be divided into three parts: (i) the at-
tractive interaction between the negative magnetic charge of
disk 1 and positive magnetic charge of disk 2 [∝ 1/(h − w)],
(ii) the repulsive interaction of the same magnetic charge
between disk 1 and disk 2 (∝ 1/h), and (iii) the attractive
interaction between the positive magnetic charge of disk 1 and

negative magnetic charge of disk 2 [∝ 1/(h + w)]. To obtain
the analytical expression of μ on h, we use c1/(h − w) +
c2/h + c3/(h + w) to fit the simulation results. The curve
in Fig. 6(e) shows the best fit of the numerical date with
c1 = −5.7478 × 10−11 J m−1, c2 = 2.3695 × 10−10 J m−1,
and c3 = −1.8229 × 10−10 J m−1.

APPENDIX B: THE ROBUSTNESS OF THIRD-ORDER
TOPOLOGICAL EDGE STATES

To verify the topological nature of the corner states emerg-
ing in Fig. 3, we calculate the eigenfrequencies of the
three-dimensional vortex lattice with disorder and defects.
The numerical results are presented in Figs. 7(a) and 7(b).
Here the disorder is introduced to all vortices by assuming the
interlayer coupling parameter μ undergoing a random varia-
tion: μ → μ(1 + δZ ), where δ is the strength of the disorder
and Z is a uniformly distributed random number between
−1 and 1. The defects are introduced to some vortices (the
nanodisks in the second, fourth and sixth rows of each layer)
by assuming a shift in the coupling parameters ζ , ξ , and μ:
ζ → 0.8ζ , ξ → 0.8ξ , and μ → 1.2μ. From Fig. 7(a), one can
clearly see that with the increasing of the disorder strength,
the corner state is very robust. Meanwhile, when defects are
included, the frequency of the corner states is perfectly pinned
to 0.939 GHz, while the frequencies of hinge, surface, and
bulk states are significantly modified [see Fig. 7(b)]. These
results thus support the conclusion that the third-order corner
states emerging in our system are topologically stable.
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