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We present extensive new ab initio path integral Monte Carlo results for the momentum distribution function
n(k) of the uniform electron gas in the warm dense matter regime over a broad range of densities and
temperatures. This allows us to study the nontrivial exchange-correlation-induced increase of low-momentum
states around the Fermi temperature, and to investigate its connection to the related lowering of the kinetic energy
compared to the ideal Fermi gas. In addition, we investigate the impact of quantum statistics on both n(k) and the
off-diagonal density matrix in coordinate space, and find that it cannot be neglected even in the strongly coupled
electron liquid regime. Our results were derived without any nodal constraints, and thus constitute a benchmark
for other methods and approximations.
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I. INTRODUCTION

Warm dense matter (WDM), an exotic state with extreme
densities and temperatures, has emerged as an active frontier
in plasma physics and material science [1–3]. In nature, such
conditions occur in astrophysical objects such as giant planet
interiors [4–7], brown dwarfs [8,9], and neutron star crusts
[10]. In addition, WDM has been predicted to occur on the
pathway of a fuel capsule towards inertial confinement fusion
[11]. It may also be important as a catalyst for hot-electron
chemistry [12]. Finally, these extreme conditions harbor po-
tential for the discovery of novel materials such as lonsdaleite
[13], nanodiamonds [14], or superhard BC8 allotropes of car-
bon or silicon [15].

WDM states are now routinely generated in large labora-
tory research facilities using different compression techniques
[16]. At the same time, a rigorous theoretical description
is challenging to obtain due to the nontrivial interplay of
Coulomb correlations, thermal excitations, and fermionic
quantum degeneracy effects of the electrons [2,3,17]. This is
often characterized by two parameters that are both of the
order of unity at WDM conditions: (i) the density parameter
rs = r/aB (with r being the average interparticle distance and
aB being the Bohr radius) and (ii) the degeneracy tempera-
ture θ = kBT/EF, where EF denotes the noninteracting Fermi
energy [18,19].

In this situation, ab initio path integral Monte Carlo
(PIMC) techniques [20] constitute a promising method as
they in principle allow for an exact solution of the fully cor-
related quantum many-body problem without any empirical
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input (such as the exchange-correlation functional in density
functional theory). Unfortunately, PIMC simulations of elec-
trons are severely hampered by the well-known fermion sign
problem [21–23], which leads to an exponential increase in
computation time with increasing system size and decreasing
temperature. In fact, the sign problem has been revealed to be
NP hard by Troyer and Wiese for some Hamiltonians under
specific assumptions [24], which makes it less likely that an
exact and general solution can be found.

In practice, there are two different ways to proceed: Ceper-
ley and colleagues [25] have introduced a nodal constraint on
the thermal density matrix (commonly known as fixed-node
approximation), which completely removes the sign prob-
lem for the diagonal elements of the density matrix. The
resulting restricted PIMC (RPIMC) simulations have enabled
one to study systems with nuclei and hundreds of electrons.
Starting with hydrogen [26,27] and helium [28], the RPIMC
method has been extended to heavier elements. First, free-
particle nodes were employed to simulate elements up to
neon [29,30] and later Hartree-Fock nodes were introduced
to perform simulations of hot, dense aluminum and silicon
[31,32]. The predictions were subsequently combined into
an EOS database [33]. Recently, shock experiments on CH
plastic reached gigabar pressures [34]. The findings were
in good agreement with earlier PIMC predictions [35,36].
However, these practical advantages come at a cost. For
interacting systems, the nodes are not exactly known and
therefore introduce an uncontrolled approximation. For high
electronic densities and low temperatures, the RPIMC sam-
pling becomes inefficient and some RPIMC predictions have
been shown to be inaccurate [17,37–40]. Nevertheless, at the
present time, the fixed-node approximation is unavoidable to
study real materials with PIMC simulations at pressure and
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temperature conditions that can be accessed with laboratory
experiments.

A second possible route towards describing WDM with
simulations is to employ unbiased PIMC methods without
any nodal constraints to exactly solve the more basic uni-
form electron gas (UEG), where the nuclei are replaced by
a positive homogeneous background [17,41,42]. In fact, the
PIMC simulation of the UEG at WDM conditions has been
a highly active field of research over the last years [17,37–
40,43–51], which finally culminated in the first parametriza-
tion of the exchange-correlation free energy fxc [52,53] over
a wide range of conditions. Such a consistently temperature-
dependent XC functional can then be used in thermal DFT
[54] calculations of WDM. The importance of thermal XC ef-
fects has been independently verified with theoretical methods
by different groups [55–57].

A number of properties of the warm dense UEG have
been studied based on PIMC methods. This includes the
static density response and the related local field correction
[58–61], dynamic properties such as the dynamic structure
factor S(k, ω) [48,49,62–64], and even the nonlinear density
response to a strong perturbation [45]. At the same time, one
fundamental property of the UEG, the momentum distribution
function n(k), has been substantially less understood. RPIMC
results for 1/16 � θ � 1 for rs = 4 and 40 were presented
in Refs. [65,66]. Hunger et al. [67] recently presented results
from configuration PIMC (CPIMC) simulations covering the
high-density regime of rs � 1.

In this work, we employ the direct PIMC simulation
method that samples contributions from positive and neg-
ative permutations without imposing any nodal constraints.
We present an extensive set of new PIMC results for n(k)
covering the entire range of relevant densities for low and
moderate degeneracy, θ � 0.75. This allows us to study the
nontrivial increase in the occupation of low-momentum states
due to XC effects that were first reported in Ref. [65].
This occupation change is directly connected, though not
equal, to an interaction-induced lowering of the kinetic
energy. Furthermore, we study the impact of quantum statis-
tics on n(k). We find that the impact of Fermi statistics
cannot be neglected even in the strongly coupled regime
at rs = 50. We again stress that we do not impose any
nodal restrictions, which makes our new data set an ideal
benchmark for other approaches, such as the fixed-node
approximation.

The paper is organized as follows. In Sec. II, we intro-
duce the relevant theoretical background, including the PIMC
method (Sec. II A) and our approach to the estimation of n(k)
(Sec. II B). Section III contains all our new results, starting
with a verification of our implementation by benchmarking
against independent CPIMC results (Sec. III A) and an anal-
ysis of the fermion sign problem and the related issue of
finite-size effects (Sec. III B). This is followed by a detailed
physical discussion of the effects of density and temperature
on n(k) in Sec. III C, which also includes an investigation of
the related lowering of the kinetic energy. Finally, we briefly
touch upon the importance of quantum statistics (Sec. III D)
and compare our new simulation results to previous RPIMC
data from Ref. [66] (Sec. III E). The paper is concluded by a
summary and outlook in Sec. IV.

II. THEORY

We assume Hartree atomic units throughout this work.

A. Path integral Monte Carlo

We consider N = N↑ + N↓ electrons in the canonical en-
semble, i.e., the volume V = L3, number density n = N/V ,
and inverse temperature β = 1/kBT are fixed. The expecta-
tion value of an arbitrary observable Â is then given by

〈Â〉 = 1

Z
Tr(e−βĤ Â), (1)

where the normalization Z is given by the partition function

Z = Tr(e−βĤ ). (2)

We note that Ĥ denotes the usual Hamiltonian of the UEG,
which is given by an ideal kinetic part K̂ and the Ewald
interaction, see, e.g., Ref. [17] for details. The basic idea of the
PIMC method [20] is to evaluate Eq. (2) in coordinate space,
and taking into account the proper antisymmetrization due to
Fermi statistics leads to

Z = 1

N↑!N↓!

∑
σ↑∈SN↑

∑
σ↓∈SN↓

sgn(σ↓)sgn(σ↑)

×
∫

dR 〈R| e−βĤ |π̂σ↑ π̂σ↓R〉 , (3)

where R = (r0, r1, . . . , rN1 )T includes the coordinates of all
N particles. Evidently, Eq. (3) incorporates the summation
over all permutation elements of the permutation groups of
spin-up and spin-down fermions, with π̂σ↑ and π̂σ↓ being the
corresponding permutation operators. Yet, a direct evaluation
of the matrix elements in Eq. (3) is not possible as the ki-
netic and interaction contribution to the full Hamiltonian do
not commute. For the direct PIMC method, this problem is
overcome by using an exact semigroup property of the density
matrix, which allows us to rewrite the partition function as the
integral over paths of particle coordinates in imaginary time,
where the coordinates of all N particles are evaluated on P
imaginary-time slices. The final expression for the partition
function can then simply be written as the integral over all
possible paths X

Z =
∫

dXW (X), (4)

and the weight function can be readily evaluated; see
Refs. [17,20,68] for a more detailed introduction to the PIMC
method.

The Monte Carlo expectation value for Eq. (1) takes the
form

〈Â〉MC = 1

NMC

NMC∑
l=1

A(Xl ), (5)

where the Monte Carlo estimator of the observable Â is de-
fined by

〈Â〉 = 1

Z

∫
dX W (X)A(X), (6)

and the configurations Xl in Eq. (5) are randomly generated
according to the probability distribution P(X) = W (X)/Z us-
ing the celebrated Metropolis algorithm [69].
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For electrons, however, the weight function W (X) is not
strictly positive due to the fermionic antisymmetry of the
density matrix under the exchange of particle coordinates.
Therefore, P(X) does not qualify as a legitimate probability
distribution, and we instead randomly generate the paths ac-
cording to

P′(X) = 1

Z ′ |W (X)|, (7)

with the modified normalization

Z ′ =
∫

dX |W (X)|. (8)

We note that in the case of direct PIMC, Eq. (8) corresponds
to the exact partition function of a Bose system at the same
conditions. The exact fermionic expectation value can then be
extracted by evaluating the ratio

〈Â〉 = 〈ÂŜ〉′
〈Ŝ〉′

, (9)

where 〈. . .〉′ indicates the expectation value computed from
the probability distribution defined in Eq. (7). Here S(X) =
W (X)/|W (X)| is the estimator of the sign operator Ŝ, and
the denominator of Eq. (9) is correspondingly simply being
referred to as the average sign.

In particular, S ≡ 〈Ŝ〉′ constitutes a measure for the degree
of cancellations between positive and negative contributions
to the partition function Z , and exponentially decreases both
toward low temperature and with increasing system size N .
At the same time, the statistical uncertainty of the expectation
value Eq. (9) is inversely proportional to S [22],

�A

A
∼ 1

S
√

NMC
, (10)

which leads to an exponentially increasing error bar that can
only be reduced by increasing the number of Monte Carlo
samples (with scales linear in compute time) as 1/

√
NMC. This

exponential wall is the notorious fermion sign problem, which
constitutes the main limitation of our approach. A detailed
yet accessible analysis of the sign problem has recently been
presented in Ref. [23].

B. PIMC evaluation of the momentum distribution

The momentum distribution of Nσ (with σ ∈ [↑,↓] denot-
ing the spin) electrons is defined as [66]

nσ (k) = (2π )d

V

〈
Nσ∑
l=1

δ(k̂l − k)

〉
, (11)

with the normalization∑
k

nσ (k) = Nσ . (12)

For an ideal (i.e., noninteracting) Fermi system, Eq. (11) is
given by the Fermi distribution

n0(k) = 1

1 + exp[β(Ek − μ)]
, (13)

with Ek = k2/2 and μ being the usual chemical potential [18].
Regarding the PIMC formalism, Eq. (11) is off-diagonal in

FIG. 1. Schematic illustration of the canonical configuration
space (top panel) defined by the canonical partition function Z , and
the off-diagonal configuration space Zr,r′ ;σ including a single open
trajectory (bottom panel).

coordinate space and requires the presence of a single open
trajectory in the simulation scheme [20].

This is illustrated in Fig. 1, where we show PIMC con-
figurations with N = 3 particles and P = 6, with τ ∈ [0, β]
being the imaginary time (and ε = β/P the imaginary-time
step). As mentioned above, each particle is represented by
an entire path of particle coordinates, and the integration is
carried out over the coordinates on all slices. The top panel
shows a closed configuration (the coordinates on slices 0
and P are equal), which contributes to the usual canonical
partition function Z . In contrast, the bottom panel depicts
an open configuration, where the coordinates of one particle
deviate between the last (r′) and first (r) time slice. Let us
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define this extended configuration space (with σ being the
spin orientation of r and r′) as

Zr,r′;σ =
∫

dX̃W (X̃), (14)

where X̃ = (X, r′)T includes the off-diagonal end coordinate
r′ as an additional degree of freedom. In addition, we note that
the bottom panel contains a permutation cycle of two particles,
leading to a negative sign of the configuration weight.

Following Refs. [20,66], the translation of Eq. (11) into
the imaginary-time path integral picture then leads to the
expression

nσ (k) = 1

V

Zr,r′;σ

Z
〈eik(r−r′ )〉r,r′;σ , (15)

where the expectation value is computed with respect to the
configuration space defined by Eq. (14) according to the prob-
ability density P(X̃) = W (X̃)/Zr,r′;σ . While the direct Monte
Carlo sampling of paths within this off-diagonal configura-
tion space is straightforward using slightly modified standard
techniques, this would not allow the complete evaluation of
Eq. (15) as the ratio of the normalizations is a priori un-
known. In principle, the missing factor can be obtained either
from Eq. (12) or the normalization of the related off-diagonal
single-particle density matrix n(r, r′); see Ref. [66] for de-
tails. Yet, this introduces an additional source of uncertainty
and potentially significantly reduces the attainable degree of
accuracy of n(k) itself.

To avoid this issue, we follow the basic idea of the
continuous-space worm algorithm by Boninsegni et al. [68],
and introduce the extended configuration space

Ztot = Z + cP
∑

σ

Zr,r′;σ , (16)

which combines the canonical (closed) configurations X with
off-diagonal (open) configurations X̃. Here the factor c can be
freely chosen to optimize the ratio of X and X̃ configurations,
and the factor P comes from the fact that, within our simula-
tions, r and r′ can be located on any time slice.

It is straightforward to see that

〈δ(r, r′; σ )〉tot = cPZr,r′;σ

Ztot
, (17)

and, similarly,

〈δZ〉tot = Z

Ztot
, (18)

where the expectation values are computed in the combined
ensemble, and the estimators are defined as

δ(r, r′; σ ) =
{

1, configuration with open path of spin σ

0, otherwise

δZ =
{

1, closed configuration
0, otherwise. (19)

In combination, Eqs. (17) and (18) allow us to exactly estimate
the previously unknown ratio of the normalizations as

Zr,r′;σ

Z
= 1

cP

〈δ(r, r′; σ )〉tot

〈δZ〉tot
. (20)

The final expression for the momentum distribution of spin
component σ is thus given by

n(k) = 1

cPV

〈δ(r, r′; σ )〉tot

〈δZ〉tot
〈eik(r−r′ )〉r,r′;σ . (21)

Furthermore, we always sample configurations according to
the modulus value of the configuration space in either Z ,
Zr,r′;σ , or Ztot, and the evaluation of the ratio Eq. (9) then
transforms Eq. (21) to

n(k) = 1

cPV

〈δ(r, r′; σ )Ŝ〉′tot

〈δZ Ŝ〉′tot

〈eik(r−r′ )Ŝ〉′r,r′;σ

〈Ŝ〉′r,r′;σ

. (22)

Let us conclude this section with a few practical remarks. In
principle, our simulation scheme can be viewed as a truncated,
canonical version of the grand-canonical worm algorithm
described in Ref. [68]. Correspondingly, we sample particle
exchange in the open sector by using the Swap update, which
allows for a large acceptance ratio due to its local nature.
Furthermore, this approach allows us to compute both stan-
dard canonical observables [such as different energies, the
static structure factor S(k), etc.] and off-diagonal observables
such as nσ (k) and n(r, r′) within the same run, without any
computational extra cost. In fact, even if one was only in-
terested in closed configurations, the extended configuration
space constitutes an efficient way to switch between different
permutation sectors and simulation time within open configu-
rations is, thus, rarely wasted.

III. RESULTS

A. Verification of the implementation

Let us begin the discussion of our new simulation results by
benchmarking against exact CPIMC data [67]. This is shown
in Fig. 2, where we compare the momentum distribution for
N = 4 (top row) and N = 14 (bottom row) unpolarized elec-
trons at rs = 1 and θ = 2. The left column directly shows n(k)
on a logarithmic scale, and the red circles (blue diamonds)
correspond to the CPIMC (direct PIMC) results. Evidently, we
find excellent agreement between the two independent data
sets over more than four orders of magnitude in the momen-
tum distribution for both system sizes. Around k ≈ 4kF, the
relative error bars of the PIMC data become large, and n(k)
can no longer be clearly resolved.

This can be seen particularly well in the right column
where we show the relative deviation between PIMC and
CPIMC in units of n(0) as a percentage,

�n

n(0)
[%] = nPIMC(k) − nCPIMC(k)

nCPIMC(0)
× 100, (23)

as the red circles. First and foremost, we stress the high accu-
racy of our PIMC data, with a relative statistical uncertainty
of �10−4 for small wave numbers. In addition, we note that
the absolute magnitude of the PIMC error bars stays approxi-
mately constant over the entire k range. At the same time, n(k)
rapidly decreases with increasing k, which in turn means that
the signal-to-noise ratio in the PIMC data eventually vanishes.

The CPIMC method is directly formulated in momentum
space and thus has a substantially smaller intrinsic variance in
the estimator of n(k). This straightforwardly translates into
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FIG. 2. Left: Momentum distribution function n(k) of the UEG with N = 4 (top row) and N = 14 (bottom row) unpolarized electrons at
rs = 1 and θ = 2; red circles: CPIMC [67]; blue diamonds: PIMC results, cf. Eq. (21). Right panel: difference between CPIMC and PIMC
(red circles) as a percentage of n(0); blue diamonds: actual value of n/n(0) [also as a percentage of n(0)] computed from CPIMC.

the reduced CPIMC error bars, which even allows for the
resolution of quantum tail effects [see Eq. (25) below] at
k � 7kF reported by Hunger et al. [67]. Still, the CPIMC
method breaks down at large rs, which makes the investigation
of n(k) using complementary methods that are formulated in
coordinate space indispensable.

The blue diamonds in the right column of Fig. 2 show the
CPIMC data for n(k)/n(0) [also in percent of n(0)], which
clearly shows the rapid decay of the momentum distribution
mentioned earlier. In particular, the CPIMC results for n(k)
become comparable to the PIMC error bars around k = 4kF,
which thus constitutes the natural limit up to which PIMC
results are reliable.

B. System-size dependence

Throughout this work, we use the direct PIMC method
without any nodal constraints. Therefore, our simulations are
afflicted with the fermion sign problem [23], which strongly
limits the feasible number of electrons. This is demonstrated
in Fig. 3, where we show the N dependence of the average sign
S computed within the three different configuration spaces

at θ = 1 for rs = 10 (left panel) and rs = 4 (right panel). In
particular, rs = 10 constitutes a rather low density and can be
viewed as the boundary towards the strongly coupled electron
liquid regime [49,59]. While such conditions are exotic in
the sense that they are currently beyond the reach of even
evaporation experiments [70], they are still interesting from a
theoretical perspective and offer exciting physical phenomena
such as a possible incipient excitonic mode [48,49,71,72].
Moreover, they offer the rare possibility to study strongly cor-
related quantum systems, which is interesting in its own right.
The density in the right panel (rs = 4), on the other hand, can
be realized in experiments with metals such as sodium [73],
or via hydrogen jets [70].

The blue diamonds have been obtained within the canon-
ical ensemble, i.e., using only closed paths within the
simulation. As an additional verification of our implementa-
tion, we have also included previous PIMC results for the sign
at rs = 10 for 4 � N � 66 as the yellow triangles, which are
in excellent agreement to our new data. In addition, the single
black star at N = 66 in the left panel has been taken from
Ref. [43] and, too, agrees to both aforementioned data sets.
The dotted blue lines have been obtained from an exponential
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FIG. 3. System-size dependence of the average sign at θ = 1 for rs = 10 (left) and rs = 4 (right). The blue diamonds, red circles, and
green crosses have been obtained within the canonical ensemble (Z), the off-diagonal ensemble (Zr,r′,σ ), and the combined ensemble (Ztot),
respectively. The dotted lines show exponential fits [23] taking into account the three largest values of N . Yellow triangles: independent PIMC
results from canonical simulations; black star: taken from Brown et al. [43].

fit (see Ref. [23] for details) taking into account the three
largest system sizes in both cases. This indeed confirms the
exponential decrease of S with N and thus the exponential
increase of computation time mentioned in Sec. II A above. In
practice, this means that simulations are limited to N = 100
(N = 40) electrons for rs = 10 (rs = 4) at θ = 1. A similar
scaling has recently been presented [23] upon decreasing the
temperature θ , which makes the thorough analysis of finite-
size effects [47,74–76] presented below indispensable.

We next discuss the red circles, which have been obtained
in the configuration space of open paths corresponding to
Zr,r′,σ . First, we find that these data exhibit a qualitatively
similar dependence on N as the blue diamonds, i.e., an expo-
nential decrease towards larger system size. Further, the red
circles consistently attain lower values in S compared to the
blue diamonds, which is due to the increased probability of
particle exchange due to the presence of the open trajectory.
From a practical perspective, this means that the simulation
in the off-diagonal configuration space are computationally
more involved, which makes the computation of n(k) for
fermions particularly challenging. In fact, even the nodal con-
straint in the RPIMC method [66] does not fully remove the
sign problem for off-diagonal configurations (whereas there is
no sign problem in RPIMC in the space of closed configura-
tions).

Finally, the green crosses depict the average signs in the
combined configuration space of both open and closed con-
figurations defined by Ztot in Eq. (16) above. Naturally, the
respective average value of the sign is located between those
two cases and exhibits a similar exponential decay with N .

Let us next analyze the system-size dependence of n(k)
itself, which is shown in Fig. 4. The left column shows our
PIMC results for rs = 10 and the top and center panels cor-
respond to a logarithmic and linear y axis, respectively. The
former case is particularly well suited to analyze the behavior
at large momenta, where our PIMC data for N = 14 (blue

diamonds), N = 34 (red circles), and N = 66 (green crosses)
electrons substantially deviate from the ideal Fermi function
[dashed black curve, see Eq. (13)]. At the same time, we find
that the PIMC data sets for different N cannot be distinguished
from each other within the given statistical uncertainty at this
scale.

In contrast, the linear scale in the center panel is well suited
to observe the behavior of n(k) for small k, and finite-size
effects are substantial for k = 0. In fact, the PIMC simulation
with only N = 4 electrons suggests an increase of the occu-
pation at the center compared to the Fermi function, whereas
it is decreased for all other values of N . To analyze this effect
in more detail, we show the relative deviation between our
PIMC data and n0(k) in the bottom panel of Fig. 4. First,
we note that finite-size effects are indeed most pronounced
for small momenta and quickly decrease with increasing k.
In fact, even as few as N = 14 electrons appear to give a
sufficient description of n(k) for k � kF, which is further sub-
stantiated by logarithmic scale in the top panel. At the same
time, finite-size effects for N � 34 are of the order of ∼0.1%
even for k = 0, which is sufficient for practical applications.
A heuristical explanation for the observed manifestation of
finite-size effects is given by the length scales, as small k
correspond to large wavelengths and, hence, the long-range
behavior of the electrons. Yet, the box length within a PIMC
simulation is finite, which constitutes a well-known source of
bias. Following the same logic, the large-k behavior of the
momentum distribution function is dominated by short-range
single-particle and exchange-correlation effects, which are
well described by a QMC simulation with finite N [76].

A similar analysis for rs = 4 is presented in the right
column of Fig. 4. Since the higher density corresponds to a
decreased coupling strength, we are not able to resolve any
differences between our PIMC data and the ideal Fermi distri-
bution n0(k) at large k. At the same time, we note that there are
also no differences between the PIMC data points for different
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FIG. 4. PIMC results for the momentum distribution function of the unpolarized UEG at rs = 10 (left column) and rs = 4 (right column)
and θ = 1 for N = 14 (blue diamonds) and N = 34 for different system sizes N on a logarithmic (top row) and linear (center row) scale.
Dashed black: ideal Fermi gas n0(k), Eq. (13). Bottom panel: relative deviation between PIMC data for n(k) and n0(k), divided by n0(0).

N within the given level of accuracy visible on the logarithmic
scale. This changes in the center panel, where n(0) for N = 4
particles is again substantially higher than the results from
the other values of N . This is confirmed by examining the
relative deviation to the ideal Fermi function n0(k) shown in
the bottom panel, where the data point for N = 4 exhibits a

finite-size error of ∼10% at k = 0. Yet, this error appears to
rapidly decrease upon increasing the system size, and we find
an error of approximately 1% for N = 14, whereas the other
data points cannot be distinguished within the given Monte
Carlo error bars. Furthermore, we find excellent agreement
between all data sets (excluding N = 4) for all other k, which
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FIG. 5. Density dependence of the momentum distribution at θ = 1 obtained for N = 66 (rs = 10, 50) and N = 34 (rs = 2, 4) unpolarized
electrons. The left and right panels correspond to a linear and logarithmic scale.

means that our PIMC simulations are capable to give real
insight into the momentum distribution of the warm dense
UEG The physical interpretation of n(k) itself is extensively
covered in the next section.

C. Density and temperature dependence

A particularly interesting topic of investigation is the be-
havior of the momentum distribution for different values of
the density parameter rs. In the limit of rs → 0, the kinetic
energy dominates and n(k) converges towards the Fermi
distribution function, Eq. (13). For some temperatures, the
occupation of n(0) is actually increased compared to n0(0)
upon increasing rs, which leads to a lowering of the kinetic
energy due to exchange–correlation effects; see Refs. [65,67]
for a more detailed explanation. In the vicinity of metallic
densities (depending on the temperature), this effects van-
ishes, n(0) decreases, and the kinetic energy is increased
compared to the ideal Fermi gas [65,67]. While the behavior
of Kxc = K − E0 can be straightforwardly investigated using
an accurate parametrization of the exchange-correlation free
energy fxc via the relation [17]

Kxc = − fxc(rs, θ ) − θ
∂ fxc(rs, θ )

∂θ

∣∣∣∣∣
rs

− rs
∂ fxc(rs, θ )

∂rs

∣∣∣∣∣
θ

, (24)

reliable data for n(k) in the transition region are sparse. To
remedy this unsatisfactory situation, we have carried out ex-
tensive PIMC calculations of n(k) at the Fermi temperature
(θ = 1) for N = 34 and N = 66 unpolarized electrons for
2 � rs � 50, using up to O(104) CPU hours for the highest
densities. The results are shown in Fig. 5, with the different
point styles corresponding to different values of rs, and the
dashed black curve showing the ideal Fermi distribution. Let
us first consider the left panel, which shows our results on

a linear scale. For rs = 2 and rs = 4, we find that n(0) is
indeed increased compared to n0(k), which further confirms
previous findings in Ref. [65,66] and also the recent study
by Hunger et al. [67]. For rs = 10 (green crosses), the UEG
starts to approach a strongly coupled electron liquid and the
pronounced exchange-correlation effects push the electrons
to occupy larger momenta. Finally, the yellow triangles corre-
spond to rs = 50, which constitutes a strongly coupled system
where the Coulomb repulsion between the electrons actually
dominates [59]. This results in a momentum distribution func-
tion that is substantially different to n0(0) for all k, and a
pronounced increase in the kinetic energy compared to the
ideal system.

Let us next examine the density dependence of the mo-
mentum distribution function for large momenta shown in
the right panel of Fig. 5. For rs = 2 and rs = 4, the PIMC
results for n(k) cannot be distinguished from the dashed black
curve within the given level of accuracy. For completeness,
we mention that even at small rs the momentum distribution
function of an interacting electron gas will eventually deviate
from n0(k) due to the emergence of a quantum tail, which
scales as [77,78]

lim
k→∞

n(k) = 4

9

(
4

9π

)2/3( rs

π

)2 k8
F

k8
g↑↓(0) , (25)

where g↑↓(0) is the pair distribution function at zero distance
that has recently been parametrized by Dornheim et al. [61].
Yet, this tail cannot be resolved using PIMC methods formu-
lated in coordinate space, as Eq. (25) only starts to hold for
very large values of k and, thus, very small values of n(k); see
Ref. [67] for a topical investigation of quantum tails for rs �
1. For rs = 10, we observe a small, yet significant increase
of n(k) compared to n0(k), which is directly responsible for
the increase in K shown in Fig. 6 below. Lastly, the yellow
triangles are qualitatively different from all other depicted
curves, and we find a large increase in the occupation of large
momenta.
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FIG. 6. Top panel: Density dependence of n(0) for θ = 1. Green
crosses and red circles: new PIMC results for N = 66 and N =
34; yellow triangle: RPIMC data from Ref. [66]; blue diamonds:
CPIMC data from Ref. [67]; dashed line: ideal value. Bottom panel:
Exchange–correlation contribution to the kinetic energy Kxc = K −
E0. Symbols: PIMC results for N = 34 (using E0 for N = 34 ob-
tained with CPIMC); dashed line: Kxc computed via Eq. (24) from
the parametrization of fxc by Groth et al. [52] (GDSMFB).

As the next step, we investigate the occupation of the
lowest momentum state n(0) and its connection to exchange-
correlation contribution to the kinetic energy Kxc in Fig. 6.
More specifically, the top panel shows the rs dependence of
n(0) with the green crosses and red circles showing our new
PIMC results for N = 66 and N = 34 unpolarized electrons,
respectively. In addition, we have included a data point at
rs = 4 from Ref. [66] (yellow triangle), and CPIMC results
for rs � 0.5 by Hunger et al. [67].

First and foremost, we note that the results from different,
independent methods by different groups give a consistent
picture, which further corroborates the high quality of our
current picture of the UEG as a fundamental model system
[17]. Second, n(0) does indeed exhibit the nontrivial density
dependence motivated in the beginning of this section, and
n(k) − n0(k) changes its sign from positive to negative around
rs ≈ 7.5. The corresponding values of Kxc are shown in the
bottom panel of Fig. 6, where the dashed black line has been
obtained by evaluating Eq. (24) using as input the accurate
parametrization of fxc by Groth et al. [52] (GDSMFB). In
addition, the red circles are PIMC data for N = 34, which
have been obtained by consistently subtracting E0 for the same
system size (obtained with CPIMC [46]). Evidently, finite-size
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FIG. 7. Wave-number resolved difference between n(k) and
n0(k) regarding the proportional contribution to the kinetic energy
[cf. Eq. (26)] at θ = 1 for rs = 10 (red circles) and rs = 6 (green
crosses).

effects in K are small at these conditions, and the PIMC data
are in perfect agreement to the theoretical curve within the
respective error bars. Further, we note that the comparably
large error bar of Kxc at rs = 2 is a direct consequence of the
fermion sign problem described earlier, and we find S ≈ 0.01
(S ≈ 0.006) for canonical (off-diagonal) configurations. For
completeness, we note that a negative value of Kxc is directly
related to a negative value of the electronic local field correc-
tion of the UEG in the limit of large wave numbers [58].

Comparing the location of the sign change of Kxc around
rs = 3 to the respective sign change of n(k) − n0(k) shown
in the top panel for rs ∼ 7.5, we find that they clearly do
not coincide. In other words, an increase of the momentum
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FIG. 8. Momentum distribution function of the UEG for rs = 6
and θ = 1 for N = 34 unpolarized electrons.
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FIG. 9. Temperature dependence of the momentum distribution function for rs = 2 (top row) and rs = 20 (bottom row). The left and right
columns show results on a linear and logarithmic scale, respectively.

distribution function at k = 0 does not automatically lead to a
decrease in the kinetic energy K .

This certainly calls for an explanation, which we provide
in Fig. 7 by showing the respective (proportional) difference
between n(k) and n0(k) regarding the contribution of each k
to the total kinetic energy K ,

K (k) = (n(k) − n0(k))
k4

k4
F

. (26)

The red circles have been obtained for rs = 10, where n(0) <

n0(0) and Kxc > 0. Correspondingly, we find that the positive
contributions to K (k) for large k clearly dominate over the
negative contributions at small k. The green crosses corre-
spond to rs = 6, an interesting case with Kxc > 0 but n(0) >

n0(0). For the two smallest k vectors, the occupation is in-
creased compared to n0 [see also the depiction of n(k) itself
shown in Fig. 8], followed by more pronounced negative
contributions to K (k) for kF � k � 2kF. Yet, this effect is
overcompensated by the contributions from large momenta
k � 2kF, which are the reason for the positive value of Kxc

at rs = 6 observed in Fig. 6. In a nutshell, we conclude that
the increase in n(0) compared to n0(0) is a necessary, but
not sufficient criterion for a negative value of Kxc, as negative
contributions to K (from intermediate k) can be compensated
by an increased occupation at large k.

A second interesting dimension to be investigated is the
dependence of the momentum distribution on the reduced
temperature θ . This is shown in Fig. 9 for rs = 2 (top row) and
rs = 20 (bottom row), with the left and right columns showing
our PIMC results on a linear and logarithmic scale. Let us
start by considering the higher density, which approximately
corresponds to the density of conduction electrons in metals
such as aluminum [79]. The red circles, yellow triangles, and
blue diamonds correspond to PIMC data for θ = 1, θ = 2,
and θ = 4, respectively, and the dotted curves to the ideal
Fermi distribution, Eq. (13). While there appear pronounced
deviations between n(k) and n0(k) for small k at θ = 1,
these difference decrease towards higher temperature, as it
is expected. Consequently, no deviations can be resolved for
θ = 4 with the bare eye. Proceeding to the right panel, we
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FIG. 10. Effects of quantum statistics at the Fermi temperature: Shown are PIMC results for the momentum distribution function with
Fermi (red circles), Bose (blue diamonds), and Boltzmann statistics (green crosses). The top, center, and bottom rows correspond to rs = 2,
rs = 10, and rs = 50, and the left and right columns to a linear and logarithmic scale.

see that no differences between the PIMC data and the Fermi
function can be resolved for large k within the given level of
statistical uncertainty. Still, we reiterate our earlier point that
n(k) and n0(k) will eventually diverge from each other due to
the quantum tail, cf. Eq. (25).

The bottom row shows results for the temperature
dependence of the UEG in the electron liquid regime
(rs = 20), where simulations with N = 66 unpolarized
electrons are feasible even for θ = 0.75, and we find
an average sign of S ≈ 0.1 (S ≈ 0.05) for the canonical
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(off-diagonal) configuration space. Negative signs also enter
RPIMC simulations with open paths. However, their impact
is less severe. For a system of N = 66 unpolarized electrons
at rs = 40, the average sign decreases from 0.83 only to 0.20
as the temperature as lowered from θ = 1 to 1/16 rendering
such RPIMC simulation feasible.

At electron liquid conditions, the impact of exchange-
correlation effects is substantially more pronounced compared
to rs = 2, and the difference between n(k) and n0(k) can
easily be seen with the bare eye on the linear scale even
for θ = 2. Looking at the logarithmic scale, we can clearly
resolve an increased occupation of the PIMC data compared
to the Fermi function for θ � 2, whereas no such difference is
visible for θ = 4.

D. Impact of quantum statistics

The final physical phenomenon to be investigated in this
work is the impact of quantum statistics. In fact, results for
the momentum distribution of a Bose system at the same con-
ditions as the UEG can straightforwardly be obtained within
a PIMC simulation of the latter, see Eq. (7) above. In addi-
tion, we have carried out independent PIMC simulations of
boltzmannons, i.e., distinguishable particle, by disabling the
sampling of exchange cycles within our scheme. The results
are shown in Fig. 10 for θ = 1 at rs = 2 (top row), rs = 10
(center row), and rs = 50 (bottom row). Let us start with
the highest density, where the impact of quantum statistics is
expected to be most pronounced. Indeed, there appear striking
differences in n(k) between fermions (red circles), bosons
(blue diamonds), and boltzmannons (green crosses) in par-
ticular for small k, with a difference of over 100% between
Bose and Fermi statistics for n(0). This can be understood
in the following way: for fermions, each orbital can at most
be occupied once by an electron of the same spin due to
the Pauli exclusion principle; boltzmannons do not feel this
effect at all and simply follow a thermal occupation depending
on the energy of each orbital; bosons, on the other hand,
positively tend to cluster in the lowest-lying momentum state,
which is intimately connected to the onset of Bose-Einstein
condensation, e.g., in ultracold 4He [20]. On the logarithmic
scale shown in the right panel, we further see that the order
of occupation is reversed between the three types of particle
statistics for large momenta, which is of course a direct con-
sequence of the normalization, cf. Eq. (12) above.

Proceeding to rs = 10 shown in the center row of Fig. 10,
we see a fairly similar behavior compared to the top row,
albeit with less pronounced deviations between the different
particle types. This can directly be interpreted within the
path-integral picture: the only impact of quantum statistics on
the PIMC simulation is the formation of exchange cycles, i.e.,
paths that wind multiple times around the imaginary time and,
thus, have more than a single particle in it. For bosons, these
macroscopic trajectories are connected to the onset of su-
perfluidity, which is expressed as an off-diagonal long-range
order [80] in the density matrix n(s) (see the discussion of
Fig. 11 below). For fermions, this results in the cancellation of
positive and negative contributions to the partition function Z ,
which, in turn, leads to physical effects such as Pauli blocking
and the derivative degeneracy pressure. For exchange cycles
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FIG. 11. Off-diagonal density matrix [see Eq. (27)] for rs = 10
and θ = 1 as a function of the modulus distance s = |r − r′|. The
red circles, blue diamonds, and green crosses have been obtained for
Fermi, Bose, and Boltzmann statistics, respectively.

to be formed, the particles need to get sufficiently close to
each other. Yet, the Coulomb repulsion between electrons
counteracts this formation, and thus decreases the impact of
quantum statistics on the system. Consequently, the average
sign increases with rs and eventually approaches one when
the system starts to crystallize and quantum exchange effects
disappear.

Lastly, the bottom row of Fig. 10 shows the momentum
distribution function for rs = 50, which is a strongly cou-
pled system in the center of the electron liquid regime [59].
Remarkably, even in this case the impact of quantum statistics
has not yet vanished, and there appear significant deviations
for small k.

Let us conclude our investigation by considering the off-
diagonal density matrix in coordinate space, which is defined
as [20]

n(s) = 1

Z

∫
dR ρ(r1, . . . , rN, r1 + s, r2, . . . , rN), (27)

where s = r − r′ is the difference between the two open ends
of a trajectory. We note that Eq. (27) is directly connected to

205142-12



AB INITIO PATH INTEGRAL MONTE CARLO … PHYSICAL REVIEW B 103, 205142 (2021)

the momentum distribution by a Fourier transform

n(k) =
∫

ds n(s)e−is·k. (28)

Naturally, the PIMC estimation of Eq. (27) has to be per-
formed in the off-diagonal ensemble defined by Zr,r′,σ as well,
which means that n(s) requires the estimation of the same
proportionality constant as n(k). We recall that this is done
automatically within our scheme, see Eq. (20) above.

The results for the off-diagonal density matrix for rs = 10
and θ = 1 are shown in Fig. 11 as a function of the absolute
value of the distance vector s = |s|. We note that this in
principle only holds in the TDL, whereas the orientation of s
towards the simulation cell matters for finite N [66]. To avoid
any associated inconsistencies, we only show n(s) up to half
the box length, s � L/2.

Let us first examine the top panel, where we show n(s) it-
self. The red circles have been obtained for the UEG with N =
66 unpolarized electrons. The increasing error bars towards
s → 0 are a direct consequence of the employed histogram
within spherical shells around r, the volume of which scales
quadratically with s. This vividly illustrates the value of a
direct PIMC estimation of the prefactor of both n(s) and n(k),
as a determination from the relation n(s = 0) = 1 is poten-
tially biased due the high noise level at small s. Moreover,
the computation of n(s) as histograms over spherical shells of
finite volume introduces a binning error, which can potentially
be removed by the sophisticated virtual trajectory estimator
introduced in Ref. [68] for the sampling of the Matsubara
Green’s function. Yet, as the PIMC estimation of n(k) is not
subject to this error, we find the more simple estimator suf-
ficient here. The blue diamonds and green crosses in Fig. 11
have been computed for Bose and Boltzmann statistics, but
can hardly be distinguished from the other curves on this
scale.

To obtain a more detailed view, we show n(s)s2 in the
bottom panel of the same figure, which is a measure for the
actual probability to find the two open ends in a distance s
from each other. In particular, the small value at small s nicely
illustrates the sampling problem of the histogram estimator.
In addition, this plot allows us to clearly resolve the impact of
quantum statistics on the off-diagonal density matrix, which
is particularly large around 4/kF � s � 5/kF where n(s) is
actually negative in the case of fermions. Furthermore, we
find that n(s) only slowly decays in the case of Bose statistics,
which is a direct consequence of the presence of exchange
cycles within the PIMC simulation. For boltzmannons, there
are always P − 1 beads between r and r′, which limits the
s range where n(s) is nonzero approximately to the thermal
wavelength, i.e., the quantum extension of a single particle.
In contrast, an exchange cycle can potentially contain many
particles, which gives potential contributions to n(s) even for
s � λβ .

E. Comparison to restricted PIMC

The final analysis presented in this work is the comparison
of our new PIMC data to the restricted PIMC results from
Ref. [66]. Since the sign problem prevents direct PIMC sim-
ulations at high degeneracy [23], here we restrict ourselves to

θ = 1. The results are shown in Fig. 12, with the top row cor-
responding to a metallic density, rs = 4. The left panel shows
results for n(k) and the red circles and green crosses are direct
PIMC data from this work and RPIMC data from Ref. [66].
First and foremost, we note that the RPIMC data have been
obtained for N = 66, whereas the direct PIMC method is
restricted to N � 40 at these conditions, see Sec. III B above.
Consequently, the red circles have been obtained for N = 34
and the results for n(k) are thus available on a different grid of
k points in this case. Still, we find good agreement between
the two data sets over the entire depicted k range. To better
resolve potential differences, we show the deviation of the
direct PIMC and RPIMC data to the Fermi distribution [in
percent of n0(0)] in the right panel. As a reminder for the
possible effect of the system size N , we have also included
direct PIMC data for N = 40, which are depicted by the blue
diamonds. Evidently, no finite-size effects are present except
for k = 0; see the discussion of Fig. 4 for a more complete
analysis of this point. At the same time, we find deviations
between RPIMC and direct PIMC for k � 2kF. In particular,
the RPIMC data do not exhibit the minimum in �n around
k = 1.2kF. A likely explanation for this deviation is the de-
termination of the normalization in the RPIMC simulation,
which required estimating the kinetic energy with an indepen-
dent simulation [66], while only one simulation is required
within our present scheme. We thus multiplied the RPIMC
data by an empirical factor of 0.977. The resulting yellow
crosses are in very good agreement with our data except for
very small wave numbers, where the statistical uncertainty in
the RPIMC data is large.

Let us next consider a strongly coupled case, rs = 40,
shown in the bottom row of Fig. 12. In this case, a direct PIMC
simulation with N = 66 is no problem, and we find an aver-
age sign of S ≈ 0.77 (simulations are feasible for S � 10−2).
Considering the depiction of n(k) itself (left panel), signifi-
cant deviations between the red circles and green crosses are
visible with the bare eye, as both data sets are available for the
same wave numbers k. This is further confirmed by the right
panel, showing again the relative deviation to n0(k). Finally,
the yellow crosses have been obtained by multiplying the
RPIMC data by the same empirical factor of 0.977, which then
leads to perfect agreement to the direct PIMC data within the
given Monte Carlo error bars. This strongly indicates that the
observed differences to the RPIMC data are not an inherent
property of the fixed-node approximation itself, but rather a
consequence of the determination of the normalization con-
stant from n(r, r′).

IV. SUMMARY AND DISCUSSION

In this work, we have presented extensive new ab initio
PIMC results for the momentum distribution of the UEG at
finite temperature in the range of 2 � rs � 50 and 0.75 � θ �
4. This was achieved using an extended PIMC configuration
space consisting of both canonical (closed) and off-diagonal
(open) configurations, which allows us to directly compute
n(k) without the subsequent need to determine a propor-
tionality constant from a normalization condition. Since we
have not imposed any nodal constraints, our simulations are
subject to the fermion sign problem, leading to an exponential

205142-13



TOBIAS DORNHEIM et al. PHYSICAL REVIEW B 103, 205142 (2021)

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 

rs=4, =1

n(
k)

PIMC
RPIMC

ideal

-1

 0

 1

 2

 3

 4

 5

 

rs=4, =1

n/
n 0

(0
) [

%
]

k/kF

RPIMC
RPIMC: mod

N=40
N=34

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0  1  2  3  4

rs=40, =1

n(
k)

k/kF

PIMC
RPIMC

RPIMC: mod
ideal

-30

-25

-20

-15

-10

-5

 0

 5

 0  1  2  3  4

rs=40, =1
n/

n 0
(0

) [
%

]

k/kF

PIMC
RPIMC

RPIMC: mod

FIG. 12. Momentum distribution function of the unpolarized electron gas at θ = 1 and rs = 4 (top row) and rs = 40 (bottom row). Left
column: n(k); red circles: direct PIMC data from this work; green crosses: restricted PIMC data from Ref. [66]; yellow crosses: RPIMC data
with modified normalization constant, see the main text. Right column: relative deviation between different PIMC data and the Fermi function
Eq. (13) in percent of n0(0).

increase in computation time with decreasing temperature or
increasing system size. In particular, we have found that the
sign problem is more severe in the off-diagonal configuration
space, as the presence of an open trajectory makes the forma-
tion of exchange cycles more likely.

From a physical perspective, we have investigated the non-
trivial increase in the occupation of low-momentum states at
the Fermi temperature due to exchange-correlation effects,
and its connection to negative values of the XC contribution
to the kinetic energy Kxc. More specifically, Kxc is negative at
θ = 1 for rs � 3, and changes its sign for lower densities. The
increased occupation of n(0) compared to the ideal Fermi gas,
on the other hand, persists for rs � 7. Therefore, we conclude
that an increased occupation of low-momentum states is a nec-
essary but not sufficient criterion for the XC-induced lowering
of the kinetic energy reported in Refs. [65,81]. In addition, we
have studied the dependence of n(k) on the temperature and
have found that the occupation of small-k states relative to
the ideal Fermi distribution n0(k) is depleted when the tem-
perature is decreased, as the system becomes more strongly
correlated. Furthermore, we have investigated the impact of

quantum statistics on both the momentum distribution and
the off-diagonal density matrix in coordinate space and have
found that it cannot be neglected even in the strongly coupled
electron liquid regime (rs = 50).

Finally, we have compared our new simulation results to
previous data for n(k) based on the fixed-node approximation.
Here, we have found a constant factor between the two data
sets, which can most likely be attributed to the inaccurate
determination of the normalization of n(k) in Ref. [66].

Considering future extensions of our work, we note that
accurate results for different properties of the UEG and reli-
able parametrizations thereof are of paramount importance for
many applications and, thus, constitute an important achieve-
ment in themselves. All PIMC data are freely available online
[82], and can be used as input for other methods or as a
benchmark for the development of new methods and to assess
the accuracy of existing approximations. A further interesting
topic for future research is the investigation of spin effects
on n(k), which will be covered in a future publication. More-
over, the simulation scheme with the extended configuration
space can straightforwardly be adapted to other methods such
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as the permutation blocking PIMC (PB-PIMC) approach by
Dornheim and coworkers [83–85]. The PB-PIMC method
employs approximations but it extends the direct PIMC
method towards lower temperatures, and can thus further help
to complete our current picture of the UEG as a fundamental
model system.
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