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Quantized Majorana pump in semiconductor-superconductor heterostructures
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We propose a quantized Majorana pump (QMP) in semiconductor-superconductor heterostructures. The pump
consists of a Majorana nanowire, i.e., a Rashba wire in proximity to an s-wave superconductor and in a magnetic
field, and two ferromagnetic leads. When the orientation of the magnetic field is rotated by 27, an elementary
charge e is transferred between two leads. The number of the pumped charge in a cycle is related to the winding
number of the Andreev reflection amplitude. In the topologically trivial phase without Majorana zero mode
(MZM), the pumped charge decreases rapidly to zero. More importantly, the pump works at zero bias and
provides a more effective way to distinguish MZMs from trivial partially separated Andreev bound states.
Therefore, this QMP provides not only a smoking-gun signature of MZMs, but also an ideal platform to realize
topological single-electron pumps with the potential for realizing novel current standards in electrical metrology.
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I. INTRODUCTION

The emergence of Majonana zero modes (MZMs) at the
boundary of topological superconductors has been attract-
ing a lot of interest for potential applications in topological
quantum computations due to their non-Abelian exchange
property [1-10] . But the conclusive evidence of MZMs
has not yet been observed in experiments. The experimen-
tal observation of quantized Majorana conductance (QMC)
in semiconductor-superconductor heterostructures has proved
to be a hard task [11,12]. And theoretically, the QMC has
been shown to may arise owing to trivial partially separated
Andreev bound states (PSABSs) [13,14] or disorder-induced
bound states [15,16]. As for the chiral Majorana edge modes
in quantum anomalous Hall (QAH)-superconductor junctions,
the experimental observation of a half-integer quantized con-
ductance plateau [17] has also been shown both theoretically
[18,19] and experimentally [20] to have alternative non-
Majorana origins, such as a good electric contact between the
QAH film and the superconductor film [18], or the percolation
of quantum Hall edges induced by magnetic disorders [19].
In the aspect of another important signature of MZMs, the
4m-periodic Josephson effect [21-24], the present observa-
tion of the missing first Shapiro step is not yet sufficient to
conclude the existence of Majorana modes [25-36] . There-
fore, the search for new smoking-gun signatures of MZMs
is still highly desirable. Besides, the previously predicted
transport signatures of MZMs under a bias originate from the
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probability of scattering amplitudes, but the signatures related
to the phases of scattering amplitudes are still lacking.

In this work, we propose a smoking-gun signature
of MZMs, a quantized Majorana pump (QMP) in
semiconductor-superconductor heterostructures. The pump
is formed by a Rashba spin-orbit coupled nanowire in
proximity to an s-wave superconductor and in a magnetic
field, sandwiched between two ferromagnetic leads as shown
in Fig. 1. We show that, when the orientation of the magnetic
field is rotated by 2m, an elementary charge e is pumped
between two leads. The origin is that the phase of Andreev
reflection amplitude is linearly determined by the orientation
of magnetic field. The number of the pumped charge is
related to the nontrivial winding number of the Andreev
reflection amplitude. In the topologically trivial phase without
MZM, the pumped charge decreases and deviates from the
quantized value explosively. This QMP is analogous to, but
better than the QMC in that it provides a more effective
way to distinguish MZMs from PSABSs. The suggested
methods to distinguish between MZMs and PSABSs include
the measurements of nonlocality of MZMs [37,38], nonlocal
conductance correlations from two ends [13,39], the shot
noise correlations [40], the interferometry effect [41], and the
7 shift in the phase-biased supercurrent [42]. In our proposed
pump, the pumped charge also decreases and deviates from
the quantized value quickly for PSABSs due to the coupling
between two PSABSs. This QMP provides a smoking-gun
signature of MZMs and can rule out the origin of PSABSs in
the same single setup.

In addition, although there have been several works that
studied quantum pumps based on the systems involving
MZMs [43-48], the quantized charge pump is still rare
[47,48]. Despite a few theoretical proposals for topological
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Rashba wire

FIG. 1. Sketch of the quantized Majorana pump. A Majorana
wire (a Rashba wire in proximity to an s-wave superconductor and
in a magnetic field) is sandwiched between two ferromagnetic leads.
The rotating magnetic field induces a rotating Zeeman field h in the
x-y plane. The magnetization orientation of two ferromagnetic leads
is along the z direction.

Thouless pump [47-53], the experimental evidence is only
reported in cold atom systems [54,55], not yet observed in
condensed matter systems. Our QMP provides also an ideal
platform to realize topological single-electron pumps with the
potential for realizing novel current standards in electrical
metrology.

II. MODEL

The QMP is sketched in Fig. 1. The central Majorana wire
is made by a Rashba wire in proximity to an s-wave supercon-
ductor and in a magnetic field. Two ferromagnetic leads are
contacted to the Majorana wire at two sides. The magnetiza-
tion orientation is along the z direction. The Majorana wire is
in a rotating magnetic field which induces a rotating Zeeman
field h in the x-y plane. The tight-binding Hamiltonian of the
junction can be given by H = Hyw + Hp r + Hc. Here the
Hamiltonian of the Majorana wire is

Hyw = Z {(—M/ +h- U)oa/C,T,UCi,a'

i,0,0'

o +
— |ty +i—0; ¢} ,Cir1,00 +H.c.
a oo’ ’

+ ) [Ac) ]| +Hel, (1

where CIU (cis) creates (destroys) an electron at site

i with spin o, 1, is the hopping energy in the wire,
u' = u — 2t, with u being the chemical potential measured
from the bottom of electronic band, o are three Pauli
matrices for spin and h is the rotating Zeeman field
with hy =hcoswt and hy = hsinwt, o is the Rashba
coupling strength and a is the lattice constant, and A
the superconducting pairing potential. The Hamiltonian
of the left and right ferromagnetic leads is Hpgp =
Yoo (U = W+ m.0)ogrc) Cior — [ie] ycivr.0 +Hell,
where U, is the electrostatic potential in two leads, m, is the
Zeeman splitting energy along the z axis, and # the hopping
energy in leads. Hc describes the coupling between the wire
and leads at two interfaces Hc = —t. ) ci+1.0+ H.c.
with 7. the coupling strength.

In order to investigate the static conductance and dynamic
pumped current, we need to calculate the instantaneous scat-
tering matrix of the junction. Using the Fisher-Lee relation
[56], the scattering matrix can be obtained based on the lattice

C’r
i,o Vi,o

Green’s function technique by
; 1/2 1/2
S = —8pgbup + [T ] GER[TA]. ()

Here, o, B € {e, h} label the electron or hole and p,q €
{L, R} represent the left and right leads. The matrix S;‘[‘f
denotes the scattering amplitude of the process where an
incident particle 8 from lead p is scattered as a particle o

in lead q. Fz((f)) is a block of the linewidth function I' ) =
r/a

(X, — ZZ@] with retarded/ advanceq self-energy ¥ ) due
to the coupling to the lead p(q) which can be calculated
numerically by the recursive method. G‘;ﬁ is the matrix block
of the retarded Green’s function of the Majorana wire which
is determined by G" = [E — Hyw — X] — E,’e]’l. The local
Andreev reflection (LAR) coefficient R;,, can be calculated by

Rie = Tr{[sp1]'sti) = r{ricrsri[epi]’). @

The other scattering coefficients, Tj., T;., and R,., can also
be obtained similarly. At zero temperature, when the Zeeman
field h is fixed, the sgatic differential conductance can be cal-
culated by G(E) = 5 (N — R.. + Ry) where N is the number
of electron channels in leads and E is the energy of incident
electrons and also the voltage bias. When the Zeeman field h
is rotated adiabatically in the x-y plane with a frequency o,
the pumped current in a period 7, = 27 /w is [57]

. Ti dree . | dlee ;
i(E) = ImTr| —r,, + t,,
27Ty Jo dt dt
drhe + dthe +
— — t, |dt, 4
dr e Tgg e @)

Where e, e, tee, the are the electronic scattering amplitudes
corresponding to normal reflection, LAR, transmission, and
cross Andreev reflection (CAR) processes, respectively. These
four 2 x 2 matrices are obtained by Eq. (2). At finite temper-
ature, the pumped current is counted by

o0
I=- / 9 f(E)i(EVE, )
where f(E)=[1+ exp(kRLT)]_l is the Fermi distribution
function.

III. QUANTIZED MAJORANA PUMP

At first, we consider a long Majorana wire sandwiched
by two ferromagnetic leads with magnetization along the z
direction, as shown in Fig. 1. When the Zeeman field in
Majorana wire £ is fixed in the x-y plane, the static differential
conductance at zero temperature is shown in Fig. 2(a) as the
function of the energy of electrons. The zero-bias conductance
peak (ZBCP) is clearly exhibited and reaches the quantized
value. The decrease in ¢, only shrinks the width of ZBCP.
When h is adiabatically rotated anticlockwise at zero bias,
the pumped current is shown in Fig. 2(b) as the function of
electronic energy. The current exhibits a similar zero-energy
peak to ZBCP and reaches the quantized value e/T;, which
messages that an elementary charge e is pumped in a cycle.

We can understand the quantized pump signal at zero en-
ergy as follows. In the long junction limit, the probabilities
of transmission and CAR vanish. And due to the Zeeman
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FIG. 2. (a) and (b) are the static differential conductance and
the pumped current as functions of the energy of electrons at zero
temperature, respectively. Various 7. are considered. (c¢) and (d) are
the pumped current at various temperatures, as functions of the
chemical potential (c) and the Zeeman field strength (d). The length
of Majorana wire is L = 2um and the other parameters are A = 0.25
meV, t, =1 = 9.5 meV, « =40 meV - nm, a = 0.648nm, m, =2
meV, U = —0.95 meV. In (a) and (b), h =2A, u =0.5u, with
e = h* — A2 In(c),t. = t,,h =2A.In(d),t. = t,,, u = 4A and

he =/ u? + A2,

splitting energy m., only the spin-down electronic band is oc-
cupied in two leads. In the presence of MZMs at zero energy,
the incident spin-down electron is completely reflected to a
spin-down hole, which is also the origin of QMC [58,59].
Therefore, only the Andreev reflection amplitude 3., con-
tributes to the pumped current. Both our analytic derivation
and numerical results show that r, ., keeps its modulus to
1 but only decreases the argument by 27 during a pump
period, as shown in the Supplemental Material [60]. Equation
(2) makes it clear that the pumped charge number should be
quantized to 1. The linear decreasing of the argument of 7.,
in time results in an important feature of this novel QMP that
the time-resolved pumped current is constant in a period [60].

At finite temperature, the pumped current should be aver-
aged over energy with the weight of the derivative of the Fermi
function. At low enough temperature, the averaged current
is still well quantized to 1, as shown in Figs. 2(c) and 2(d).
Though, when the Rashba wire is in a topologically trivial
phase without MZMs which does not satisfy the condition
h* > u? + A? [59], the pumped current decreases explosively
to zero. Figures 2(c) and 2(d) show the pumping signal of this
topological transition induced by p and h, respectively. The
vanishing pumped current can be explained in the following
way. Without MZMs, the equal-spin Andreev reflection along
the z axis is prohibited. Instead, the spin-down electron is
normally reflected to a spin-down backwards electron. This
normal reflection amplitude r.,.;, keeps both modulus and
argument unchanged during the rotation of &, which has been
numerically confirmed [60].

Note that the QMP has a topological origin. The topology
is depicted by the winding number of the Andreev reflection

matrix as [61]

W= f d{in[Det (ryo)1), ©)
27

where 7y, is the 2 x 2 Andreev reflection amplitude matrix
and Det (rp,) represents the determinant of rj,. The number
of the pumped charge in a cycle is directly opposite to this
winding number for a long junction. Although the single-
electron pump [62-65] and even quantized pump [64,65] have
been demonstrated experimentally, the topological Thouless
charge pump have only been realized in cold-atom systems in
optical superlattices [54,55], and simulated in a single-spin
in a rotating field [66]. The real Thouless pump has not
been reported in experiments on condensed matter systems.
Our QMP provides an experimentally accessible platform for
topological single-electron pumps which has the potential for
realizing novel current standards in electrical metrology.

IV. DISTINCTION BETWEEN MZM AND PSABS

Next, we discuss the distinction between MZMs and topo-
logically trivial PSABSs. To host PSABSs in the junction, we
follow Refs. [13,14] to introduce a quantum dot (QD) poten-
tial at the left end of the Majorana wire V = Viyrier + Vigor-
Here, Voarrier = Vu[®(x) — ®(x — Ly)] arises from the tunnel
coupling between the left lead and the Majorana wire, and the
QD spatial potential reads

% —L
Vi, = —[1 — tanh (x ")} )
2 Oy

where V is the height of the gate potential, L, is the length
of the quantum dot, and o, is the length scale over which Vg
varies. The induced superconducting pair potential is modified
as

A x—Lgs+ 6,
Alx) = E|:l —20(x — L) 4+ tanh <—>i|, (8)

OA

in which §, denotes the extension of the pairing potential in
the QD region, and o, is the length scale over which A varies.
It is shown that this wire hosts MZMs for & > h, or PSABSs
for h < h. with h, = /u? + A% [13,14].

In the case of h < h, two topologically trivial PSABSs
locate at two ends of the quantum dot. Due to the narrow size
of the dot, the coupling between two PSABSs is heavy, which
induces the splitting of the conductance peak at zero energy.
Figures 3(a) and 3(b) show the static differential conductance
and the pumped current as functions of the energy of electrons
at zero temperature. Two values of i are considered. For
h = 1.25h., the zero energy peaks in both the conductance
and the pumped current remains intact due to the presence
of MZMs. For h = 0.75h,, the wire becomes topologically
trivial. However, because of the presence of PSABSs, the zero
energy peaks still survive, only with a sharp dip at just zero
energy. This dip arises from the finite coupling between two
PSABSs due to their relatively short distance. While for the
topological phase with & > h., the dip vanishes due to the
nearly vanishing coupling between two MZMs located at two
ends of the Majorana wire. It is noticeable that this sharp dip
is difficult to measure due to the request for fine tuning of
the bias in the conductance measurement. While for the QMP,
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FIG. 3. (a) and (b) are the static differential conductances and
the pumped currents as functions of the energy of electrons at zero
temperature for the junction with a quantum dot, respectively. Two
values of & are considered. (c) and (d) are the pumped currents as
functions of the Zeeman field strength for various temperatures(c) or
various disorder strengths (d), respectively. V = 5.5A, V, = 16A,
L, =10 nm, L; = 250 nm, L = 1lum, and 0, = 05 = 12.5 nm. The
other parameters are the same as those in Fig. 2(d). In (d), the
temperature is 7 = 1 mK.

the pump works in the zero-bias status because the current
is driven by the rotating magnetic field instead of the bias.
Therefore, the pump signal can focus on the dip at exact zero
energy.

Figure 3(c) shows the pumped current as functions of
the Zeeman field at various temperatures. At 7 =1 mK,
the pumped current keeps well quantized value for & > h,.
When & decreases and passes through the critical value 4., the
pumped current undergoes a sharp decreasing and finally goes
to zero after a transition region. At higher temperatures, the
transition regions are larger and the decreasing of the pumped
current becomes more smooth. It is clearly shown that the
sharp decreasing in the pumped current can distinguish MZMs
from topologically trivial PSABSs.

Moreover, the robustness against disorders is also different
for PSABSs and MZMs. Figure 3(d) illustrates the pumped
currents as functions of the Zeeman field strength for vari-
ous disorder strengths. The nonmagnetic Anderson random
disorders are considered in the central Majorana wire. The
nonmagnetic impurities are modeled by the random on-site
potential Hgis = Zm U,-CIUC,-,U, where U; is the random po-
tential uniformly distributed in the interval [—Ugis/2, Ugis/2]-
It is shown that the quantized plateau for & > h, at low tem-
perature T = 1 mK is robust against nonmagnetic disorders
due to the topological nature of MZMs. By contrast, the
pumped current fluctuates violently in the transition region,
and depends on the particular disorder configuration in a
sample. Finally, we argue that the extremely low temperature
required to observe the sharp decrease in the pumped current
around A, can be improved one order higher by choosing
a bigger superconducting gap and should be experimentally
accessible.

V. EXPERIMENTAL FEASIBILITY

Finally, we comment on the experimental feasibility of our
proposed QMP. The Majorana wire and the rotating magnetic
field have been well established in experiments. The ferro-
magnetic leads can be realized by depositing Fe/Au [67] or
EuS [68] on the semiconductor nanowire. This QMP should
be operated in the adiabatic regime, i.e., iw < A. In this case,
the transition between electronlike and holelike subbands due
to the rotating magnetic field is ignorable. It is also noticeable
that the Majorana wire considered in our QMP is narrow
enough to exclude the multi-sub-band effect. For a wider wire
with more than one subbands occupied, the orbital effects
of the magnetic field should be considered [69,70]. We also
investigated the influence of quantum dot parameters on the
pumped current. It is shown that the quantum dot parameters,
such as V and L, only affect the smoothness of the transition
of the pumped current from 1 to 0 at the topologically critical
point &, [60]. And the Majorana wire length has an ignorable
effect on the pumped current when the Majorana wire is long
enough and hence the coupling between two MZMs vanishes.
Besides, the QMP is insensitive to the electrostatic potential
U, in two leads, and will be observed if only there remains one
spin subband (along the z direction) occupied in the leads.

We notice that the QMC is shown to be also possible due to
disorder-induced bound states in two recent theoretical works
[15,16]. But due to the topologically trivial nature, the cou-
pling between these bound states are often much stronger than
that between topological MZMs [37,38,71-73]. Therefore, the
QMC owing to topologically trivial bound states will be split
due to the partially separated nature of bound states. As a
consequence, the QMP will decrease rapidly to zero. In this
sense, we argue that our proposed QMP is a smoking gun
signature of topological MZMs.

VI. CONCLUSIONS

In conclusion, we propose a QMP in Majorana wires sand-
wiched by two ferromagnetic leads. When the orientation
of the Zeeman field in the Majorana wire is rotated by 2,
an elementary charge e is pumped between two leads. The
quantized pump effect is attributed to the winding number of
the spin-equal resonance Andreev reflection amplitude which
keeps the modulus to 1 but changes the argument by 2 in a
cycle. More importantly, the pump can also distinguish MZMs
from PSABSs. In this sense, the QMP provides a smoking-gun
signature of MZMs, as well as an ideal platform to real-
ize topological single-parameter and single-electron charge
pumps. This phase-related QMP effect will intrigue the field to
pay attention to the phases of scattering amplitudes, and more
phase-related transport phenomena, such as the anomalous
Josephson effect.
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