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We describe how to construct generalized string-net models, a class of exactly solvable lattice models that
realize a large family of two-dimensional topologically ordered phases of matter. The ground states of these
models can be thought of as superpositions of different “string-net configurations,” where each string-net
configuration is a trivalent graph with labeled edges, drawn in the xy plane. What makes this construction more
general than the original string-net construction is that, unlike the original construction, tetrahedral reflection
symmetry is not assumed, nor is it assumed that the ground-state wave function & is “isotropic™: i.e., in the
generalized setup, two string-net configurations X;, X, that can be continuously deformed into one another
can have different ground-state amplitudes ®(X;) # P(X;). As a result, generalized string-net models can
realize topological phases that are inaccessible to the original construction. In this paper, we provide a more
detailed discussion of ground-state wave functions, Hamiltonians, and minimal self-consistency conditions for
generalized string-net models than what exists in the previous literature. We also show how to construct string
operators that create anyon excitations in these models, and we show how to compute the braiding statistics
of these excitations. Finally, we derive necessary and sufficient conditions for generalized string-net models to
have isotropic ground-state wave functions on the plane or the sphere, a property that may be useful in some

applications.
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I. INTRODUCTION

In recent decades, profound connections between the
physics of strongly interacting two-dimensional (2D) systems
and the mathematics of unitary modular tensor categories
(UMTCs) has emerged, through an increasingly well-
developed understanding of topologically ordered phases of
matter. This understanding has culminated in a comprehensive
picture of how the defining properties of topological order,
such as topological ground-state degeneracies and nontriv-
ial braiding statistics of the low-energy pointlike excitations
(or anyons), are mathematically described by the theory of
UMTCs [1-6]. This connection has enabled a very complete
understanding of the mathematical structure of 2D topologi-
cally ordered phases, and fostered recent developments in our
understanding of the interplay between symmetry and topol-
ogy both in 2D [7-10] and three-dimensional (3D) [11,12]
interacting systems.

In studying the properties of topologically ordered phases
of matter, exactly soluble lattice models realizing these
phases [1,13—16] have been an indispensable tool, playing a
role analogous to that of tight-binding Hamiltonians in the
study of Fermi liquids. A particularly useful class of models,
known as string-net models, were introduced by Ref. [14]. The
string-net construction describes the low-energy physics of a
2D topologically ordered phase through the dynamics of net-
works of one-dimensional, or stringlike, objects. Although the
resulting Hamiltonians are quite different from the low-energy
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Hamiltonians typically studied in the context of real materials,
they are a powerful theoretical tool as they provide a system-
atic way of constructing exactly soluble lattice Hamiltonians
realizing a large class of (bosonic) topological orders.

Following the original string-net construction, several
works [17-21] introduced ‘“generalized” string-net models,
capable of realizing additional topological orders beyond
those of Ref. [14]. These generalizations allow string-net
models to realize any topological order associated with the
Drinfeld center of a fusion category [17], which are believed
to be the most general class of (bosonic) topological orders
compatible with gapped boundaries [17,19,22,23]. Since such
gapped boundaries are a generic feature of string-net Hamilto-
nians, these generalized string-net models therefore comprise
the most general possible construction of this type. Examples
of topological orders that can be realized by these models
include (i) discrete gauge theories [13]; (ii) Dijkgraaf-Witten
theories [15]; and “doubled” topological orders of the form
T x T° where T are TP are two topological orders related
by time reversal.

One shortcoming of the previous literature on generalized
string-net models is that it has mostly focused on higher
level properties of the models, such as their excitations and
boundaries, while omitting a detailed discussion of the models
themselves. For example, while Refs. [17] (see also [24])
and [18] sketched the construction of general string-net mod-
els, both papers primarily focused on understanding the
dictionary between generalized string-net models and the the-
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ory of unitary fusion categories, as well as the systematic
construction of excitations and gapped boundaries. A more
detailed discussion of generalized string-net models was given
in Ref. [19], but this discussion was restricted to Abelian
string-net models. More recently, Ref. [21] worked out the
explicit form of the Hamiltonians and ground-state wave func-
tions of generalized non-Abelian string-net models but did not
obtain general expressions for the string operators that create
the anyon excitations in these models.

In this paper, we fill in this gap by providing a concrete
and detailed discussion of all the basic aspects of generalized
string-net models in the general non-Abelian case, includ-
ing ground-state wave functions, Hamiltonians, and string
operators for these models. We also derive necessary and
sufficient conditions for string-net models to have “isotropic”
(i.e., topologically invariant) ground-state wave functions on
the plane or the sphere, a property that may be useful in some
applications. An important feature of our approach is that we
derive all the properties of these models using simple alge-
braic calculations that do not require any knowledge of tensor
category formalism. We also discuss the relationship between
generalized string-net models and the original string-net con-
struction of Ref. [14] and we show that the original string-net
models correspond to a subset of the models discussed in
this paper. We believe that our more explicit discussion may
be useful in situations where exactly solvable models are a
primary tool for studying properties of the associated topo-
logical phases, such as how topological order interplays with
symmetry [25,26], or the possible phase transitions into and
out of these states [27-30].

To carry out our construction, we adopt a philosophy sim-
ilar to that of the original string-net construction of Ref. [14],
namely, we first specify the ground state for our model, and
then show how to construct an exactly solvable parent Hamil-
tonian for this ground state. To define our ground states, we
begin by defining a “string net” as a trivalent labeled graph,
where the labels must satisfy certain conditions (or branching
rules) at each trivalent vertex. Next, we specify a set of rela-
tions, expressed in terms of a choice of parameters that we will
call F, F, and Y, that fix the relative coefficients of different
string-net configurations in our model’s ground state. By re-
quiring that our relations fix the amplitudes of the ground-state
wave function in a consistent manner, we then obtain a set of
consistency conditions that the parameters F, F, and Y must
satisfy. These consistency conditions turn out to force us to
choose our parameters to be associated with a unitary pivotal
fusion category F. Thus, we derive the mathematical structure
of unitary fusion categories, rather than assuming it from the
start.

The key difference between our generalized string-net
models and the original string-net construction is that our
models relax certain restrictions that Ref. [14] imposed on the
string-net data. As a consequence, our string nets may not be
isotropic in the sense that two string-net configurations X;, X,
which can be continuously deformed into one another may
not have the same ground-state amplitude: ©(X;) # P (X).
We show that some nonisotropic string-net states can be
transformed to isotropic ones via local unitary (gauge) trans-
formations of the string-net data. However, this is not always
the case, and we identify some obstructions to obtaining fully

isotropic string-net ground states. Finally, we identify extra
conditions on the input data F, F,and Y required to en-
sure that our string nets are isotropic. We show that these
conditions, together with a tetrahedral reflection symmetry
condition, produce string nets that are equivalent to those of
Ref. [14].

One notable consequence of the lower symmetry that we
require of our string-net states is that our generalized mod-
els can realize topological phases that break time-reversal
symmetry. We illustrate this with several examples whose
quasiparticle statistics are not time-reversal symmetric.

The paper is organized as follows. In Sec. II, we construct
ground-state wave functions for general string-net models.
In Sec. IIl we construct lattice Hamiltonians. We analyze
the low-energy quasiparticle excitations of these models in
Sec. IV. In Sec. V, we derive the additional constraints
for isotropic string-net models. We then discuss the relation
between our construction and the models of Ref. [14] in
Sec. VI. We illustrate our construction with concrete examples
in Sec. VII. Several technical details can be found in the
Appendices.

II. STRING-NET GROUND STATES

Before discussing model Hamiltonians, we will first de-
scribe how to construct a class of ground-state wave functions
which we will call generalized string-net ground states. We re-
quire these wave functions to satisfy certain conditions which,
as we will show in the later sections of this paper, ensure the
following properties. First, they are ground states of exactly
solvable lattice Hamiltonians that can be expressed as sums of
commuting projectors. Second, low-lying excitations of this
Hamiltonian above the string-net ground states are anyons,
and this Hamiltonian describes a zero-correlation length fixed
point of a topological phase.

Our string-net ground states are similar to those of Levin
and Wen [14], but with several important differences. Both
constructions lead to liquidlike ground states expressed as
superpositions over many different labeled trivalent graphs
(i.e., string nets). Additionally, in both cases the string-net
wave function is required to be invariant under certain trans-
formations. For example, our string-net wave function is scale
invariant, in the sense that if two string nets differ only by
an overall scale, they appear in our string-net ground state
with the same amplitude. Unlike the string nets of Ref. [14],
however, we do not require our ground state to be invariant
under arbitrary bendings of the string nets, or under rotations
or reflections. This is the sense in which our string nets are
“generalized”; we will explore its implications in more detail
below.

A. String-net Hilbert space

A string net is a special type of planar graph with labeled
edges and with vertices that are either bivalent or trivalent,
i.e., of degree 2 or degree 3 (Fig. 1). We will often refer to
the edges that make up a string net as “strings,” and the fixed,
finite set of edge labels {a, b, c, ...} as “string types.” What
makes a string net different from an ordinary planar graph is
that it satisfies the following additional properties. First, the
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FIG. 1. A typical example of a string net with string types {1, 2},
with dual string types defined by 1 =1 and 2 = 2, and branch-
ing rules {(1, 2;2), (2, 1;2), (2, 2; 1), (2, 2;2)}. Bivalent vertices are
marked with dots for clarity. Note that other (unmarked) corners are
not bivalent vertices, but rather kinks in the piecewise differentiable
strings.

strings and edges in a string net are piecewise differentiable
curves, drawn in the xy plane. Second, when we traverse a
string from one end point to the other, the tangent vector ¥
has either a strictly positive or strictly negative y component
throughout the string, without any sign changes. Here, “y” de-
notes the vertical direction, so we will refer to this requirement
as the “no vertical bending” property. One consequence of this
property is that each string carries a natural orientation, which
we always take to be in the +3 direction.

Third, every trivalent vertex is of one of the two types
shown in Eq. (2), i.e., with either one incoming and two
outgoing strings or two incoming and one outgoing string with
respect to the y direction. Similarly, every bivalent vertex is of
one of the two types shown in Eq. (1).

The final property of string nets is that only certain special
combinations of strings (or edges) can meet at the vertices.
In the case of the bivalent vertices, the allowed branchings
are determined by an additional piece of data: An involution
a — a on the set of string types. We will refer to the string
type a as the dual of a. Once we fix this definition of dual
string types, the allowed bivalent vertices are those of the form

ENZE o

For the trivalent vertices, the allowed branchings are spec-
ified by a set of branching (or fusion) rules, a collection of
(ordered) triplets {(a, b : ¢)}. The same branching rules apply
to both “upward” and “downward” vertices:

a b c
. . . (2)

The branching rules cannot be chosen arbitrarily: We will
require that they obey the following associativity condition:

Z (Sgb(szc — Z 6?682‘][, 3)
f

e

where 8% is defined by
59 — 1, if(a,b: c)is allowed
¢ 0, otherwise.

“

The motivation for (3) will become clear below when we
define the F' symbol: We will see that Eq. (3) guarantees that
(F%), is a square matrix.

Note that the branching rules need not be symmetric with
respect to a, b: 8% # §% in general. However, one can show!
that the branching rules are always cyclically symmetric:
8 = §% = §be,

c b a

Expert readers may notice that our definition of string net
does not allow for the possibility of fusion multiplicity, i.e.,
our string nets have the property that there is a unique way
to combine the labels a and b to obtain the label c. We focus
on the unique fusion case throughout this paper for notational
simplicity, but it is straightforward to generalize all of our
constructions to string nets with general fusion multiplicity. In
the latter case, string nets carry an additional label that lives at
each vertex (see Appendix F for details).

To see an example of a string net, consider a string-net
model with two string types {1,2}, with dual string types
defined by 1 =1 and 2 = 2, and branching rules given by
{(1,2;2), (2, 152),(2,2; 1), (2,2;2)}. A typical example of
a string net with these data is shown in Fig. 1. Note that,
unlike the original string-net construction of Ref. [14], we
do not draw orientations on the strings: This is not necessary
because we use the convention that every string is oriented
in the upward (+9) direction so there is no need to explicitly
show orientations in our figures.

At this point, it is useful to introduce the notion of the
null string, which we will denote by O or by a dashed line.
Formally, the null string is a special string type with the
property that (i) 0 = 0 and (ii) the allowed branchings involv-
ing the null string are {(0, a : @), (a,0: a), (a,a : 0)}. More
physically, the null string is equivalent to having no string
at all: For any string net, we can erase or add null strings
wherever we want and it does not change the physical state.
Thus, the null string can be thought of as an accounting trick
for treating bivalent and trivalent vertices in a unified fashion.

We are now ready to define the string-net Hilbert space
H: An orthonormal basis for the string-net Hilbert space H
is given by all possible string-net configurations which satisfy
the branching rules and other conditions. Note that the spatial
configuration of the string net is important here: Two string
nets that are geometrically distinct correspond to orthogonal
states whether or not they are topologically equivalent.

B. Ground-state wave function

The ground state |®) = ) 5, P(X)|X) of our models is a
superposition of different string-net configurations |X) in H.
The state |®) is described implicitly by the following local
constraint equations:

a1 = < (5a)

!Cyclical symmetry follows from associativity (3) together with the
branching rules for the null string (defined below).
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a b c
3 =Y Fifo (5b)
f

d

° (5d)

~d d
AN _ rhabe f
A —;Fdefﬂb( VAN D

1
b :Z@@

c ] (5e)

These equations are defined in the Hilbert space 7 where
the configurations on both sides of the equations satisfy
branching rules at every vertex. Here, a, b, ¢, ... are arbi-
trary string types (including the null string types) and the
shaded regions represent arbitrary string-net configurations
which are not changed from one side of the equation to
the other. The symbol .4, =1 if c =d and §.4 = O other-
wise. The parameters Fjeb; , F(febf“ are complex numbers that
depend on six string types a, b, . .., f obeying the appropriate
branching rules: § = §¢° = 8?“ = SZf = 1. Likewise, Y is
a complex number that depends on three string types a, b, ¢
obeying the branching rule §%° = 1. For the moment, the pa-
rameters {F d‘z’ffc, F j;’;, Y%} are arbitrary except for two minor
restrictions: We require that (i) Ycab # 0, and (ii) the matrices
defined by (F%°),; and (F*), are invertible.* However, we
will soon see that these parameters have to satisfy nontrivial
algebraic equations (16) for the above constraints to be self-
consistent.

We now explain the meaning of these local constraints or
“rules.” The first rule (5a) has been drawn schematically. This
rule means that any two string-net configurations that can be
deformed continuously into one another must have the same
amplitude. Here, for a deformation to qualify as “continuous,”
it must be continuous in a geometric sense and also preserve
the graph structure of the string net: i.e., the deformation is
not allowed to introduce or delete vertices (either bivalent or
trivalent) or change the orientation along any of the strings.
For example, Eq. (5a) implies

Q)

Note that (Ff*),; and (Fs*),; are square matrices due to the
associativity constraint (3).

Here, the first equality is not valid because the b string in
the first configuration has been replaced by b in the second
configuration. Likewise, the second equality is invalid because
the third configuration has two extra bivalent vertices along
the b string.

Moving on to the next two rules (5b) and (5c), these tell
us that when evaluating an amplitude of a string net, we can
replace any treelike configuration of the type shown on the
left-hand side with the corresponding configuration shown on
the right-hand side, up to factors of F{* or F| d"ebjf and taking a
sum over the internal index f. Similarly, rules (5d) and (5e)
imply that we can replace the configuration on the left-hand
side with the corresponding configuration on the right-hand
side, up to factors of 1/Y% and Y%%§, 4, respectively.

The basic idea of (5) is that by applying these local rules
multiple times, one can relate the amplitude of any string-net
configurations to the amplitude of the vacuum or no-string
configuration. Then, by using the convention® that

®(vacuum) = 1, (®)

the amplitude of any configuration is fully determined. Thus,
once the parameters {F C‘;b:, F jfjf , YC"b } are given, the rules de-
termine the wave function completely.

An important point is that when applying the above rules,
we are allowed to freely erase null strings or draw additional
ones without affecting the amplitude of a string-net state.
(As we mentioned earlier, the null strings are essentially a
redundancy in our notation so erasing them or adding them
does not change the physical state at all). This freedom is
crucial because erasing the null string is the main way that we
can simplify string-net configurations and reduce them to the
vacuum configuration. For example, by erasing the vacuum
string we can remove any vertex of the type shown in (2) with
a=0o0rb=0:

©))

We now present some examples illustrating how we can

compute the amplitude of any string-net configuration using

the local rules (5). First we evaluate the following string-net
amplitude:

- Rl (@)
= (?abacyabc(b (Q)

_ mabeybeyraa
= FyoY, Y ®(vacuum)

_ abcybcyaz_z
- cata 10

Oca

(10)

3This is a natural normalization convention when we consider
infinite-dimensional Hilbert space, e.g., the string-net Hilbert space
on the whole two-dimensional plane.
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In the first step, we add one null string and then use Eq. (5b)
in the second step. Next, we use Eq. (5¢) twice to reduce
the graph to the vacuum. Finally, we use the normalization
convention (8).

Next, we consider a slightly more complicated example:

(I)<a 5>@<a a)
3 a
:F;gO%(a 5)
1D

- i (2 1)

= FUOY{Y 9 (vacuum)

_ aaavsaaysaa
- aOOYb 0

In the first step, we continuously deform the graph and then
add a null string. In the second step, we use Eq. (5b). Next, we
use Eq. (5e) twice to reduce the graph to the vacuum. Finally,
we use the normalization convention (8).

As the above examples demonstrate, the quantity Y often
appears in amplitudes for string-net configurations. The abso-
lute value of this quantity, |Y{“|, will play an important role
below, so we give it its own name:

da = |¥g9|. (12)

We will refer to d, as the quantum dimension of the string
type a.

C. Auxiliary rules

Although the local rules (5) are sufficient, by themselves,
to evaluate any string-net amplitude, it is useful to introduce
two auxiliary rules to simplify calculations:

AN a aNb
o P = E e | T (13a)
f
Cl e d rab d
J | =2 E e T (13b)
a f
with
ab ceb\—! Yace
[ch ]ef = (Ff )da ch’ (143)
f
i ab 'bYdeb
[ )., = Ff‘sdﬁ- (14b)

Here, (Fd“bc)j?e1 is the matrix element of the inverse of (Fd“bc)
where F;* is the matrix defined by (Fj*).; = F;¢. These
two rules (14a) and (14b) can be derived from the basic
rules (5) (see Appendix A).

To see how (13) facilitates the computation of @, we
reevaluate the second example:

((Zed) - ()
= [Folaa® (:&) (15)

= [F9%]3Y{4® (vacuum)
= [Faglaa 5",

In the first step, we add two null strings and then use Eq. (13a)
in the second step. Next, we erase the null strings and use (5e)
to relate the amplitude of a loop to the amplitude of the vac-
uum. Finally, we use the normalization convention (8). Notice
that in terms of the auxiliary rules (13), we do not need to
continuously deform the graph as in (11) in order to use (5).
This is useful since in practice it may not be obvious how
to properly deform the graph to use (5) in more complicated
configurations.

D. Self-consistency conditions

In general, there are multiple ways to compute the ampli-
tude of each string-net configuration since there are multiple
ways to resolve a diagram using the local rules (5). If we
choose the data {F¢, F%° Y} in an arbitrary way, then
these different computations will give different answers, i.e.,
the rules and constraints will not be self-consistent. Thus, we
must impose special conditions on {F%¢, Fabc yab} 1o get
self-consistent rules and a well-defined wave function ®. In
particular, we claim that the following conditions are both

necessary and sufficient for the rules to be self-consistent:

FIEN =Y R R B, (162)
h
b b IYabYdec
rabc abc\— e
Fief = (F") e 557 (16b)
Ypey,
Fi% =Fi% =1 ifaorborc=0,  (16c)
Y% =1 ifaorb=0. (16d)

Equation (16a) is known as the “pentagon identity” in fusion
category theory. To see why it is necessary for the rules to be
self-consistent, consider the sequence of manipulations shown
in Fig. 2. We can see that the amplitude of the string-net
configurations (a) and (c) can be related to one another in
two different ways: (a)—(b)—(c) and (a)—(d)—(e)—(c).
Clearly, F must satisfy equation (16a) for these two rela-
tions to be consistent with one another. The necessity of
Eq. (16b) follows from a similar consistency requirement (see
Appendix A). As for Egs. (16¢) and (16d), the necessity of
these conditions follows from our convention that we can
freely add or erase a null string. Proving that Eqs. (16) are
sufficient to ensure self-consistency is harder; we discuss this
issue in Appendix E.

While the conditions (16) are sufficient to construct a well-
defined wave function, our construction aims to do more: We
wish to construct a wave function that is the ground state of
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‘. \/b(b)c ) -
a @ f\)/ a b(C)c d

b ,

N S VS

h/ - N

/ / F k
(N { (e)

FIG. 2. Two different ways to relate the amplitude of (a) to the
amplitude of (c). Consistency requires the two sequences of opera-
tions give the same result.

an exactly solvable, Hermitian parent Hamiltonian. To do this,
we impose four more conditions on F, d“ebf? and Y4

(Ei™),; = (Fie)"s (17a)
|Fi] = dd;b, (17b)
v = dj,db, (17¢)
Y& = (v§)". (17d)

Here, d, is defined in (12). The significance of the above
constraints (17) is that they ensure the Hermiticity of the
parent Hamiltonian (26) that has |®) as its ground state (see
Appendix D). Conversely, violating the constraints (17) can
sometimes lead to a |®) that is not the ground state of any
gapped Hermitian Hamiltonian [31].

Equations (16) and (17) are the only conditions that we will
impose on {F%¢, Fabe yaby We will see that, for every solu-

cde ?

tion {F%¢, Fa Yy} to Egs. (16) and (17), we can construct
both a string-net wave function & and an exactly solvable

Hermitian parent Hamiltonian that has ® as its ground state.

E. Local unitary transformations and gauge equivalence

Given a solution {F(j‘f;, Fje”;, Y} to Egs. (16) and (17),
we can construct an infinite class of other solutions
{6, B, Y ) by defining

ab rec R e rd
abc fe fd r~abc iabc fabfec Yab _ Yab

Fvabe _ _
def — “def p. caf’ def — “def .f .q° c T ¢ ¢
ff d fhc- af

(18)

Here, ffb, ", are complex numbers that depend on a, b, ¢ and
that satisfy

1
=1 fi= g S =1ifaorb=0. (19)

In addition, we can construct solutions by defining

g‘;b ec ?Cab — Y‘ubgzh’ (20)

gZCng 7 ‘

frabc __ rrabc Fabc __ psabe
Fdef - Fdef’ Fdef - Fdef

where g°, satisfies

gl =1, gia=(g0)" &p=1ifaorb=0. Q1)

If two solutions {F f:f JF lfe};f, Y} and {F, d“e”f“, F d“e};f , 9P} are
related by one of the above transformations, we will say that
they are “gauge equivalent.” The reason for this terminology
is that the corresponding wave functions ® and ® are very
closely related: There exists a local unitary transformation U
such that U |<i>) = |®). In the case of the f transformation,
this local unitary is defined by

a b ab a b
U =
C fc C
C C
a b a b

Similarly, the U associated with the g transformation is de-
fined by

(22)

(23)

C c C
U = Yab .
a b a b

Here, the above notation means that U multiplies each string-
net basis state by a product of f*’s and f¢,’s, one for each of
the above (trivalent) vertices.

It is worth noting that the f- and g-gauge transformations
have a different status in the fusion category literature: While
the f-gauge transformations (18) are well known, the g-gauge
transformations (20) are largely absent. The reason for this is
that ¥? is usually chosen to have a fixed value in the fusion
category literature [e.g., see Eq. (25) below], thus ruling out
nontrivial g-gauge transformations.

F. Simplifying the string-net consistency conditions

Given that our string-net modes are in one-to-one corre-
spondence with solutions {Fd“e?jf JF fff , YC“b } to (16) and (17),
it is worth pausing to note some simplifications that fa-
cilitate finding a solution. First, notice that Eq. (16b)
completely determines F d’if}? in terms of F je”fc and YC“" .
This means that we can essentially forget about /¢ and
focus on finding {Fd“ebc., Y} that obey the remaining equa-
tions: (16a), (16c¢), (16d), and (17).

Second, the quantum dimensions d, are in fact completely
fixed by the branching rules. To see this, take the square of
both sides of (17b) and then sum over c. Using (17a) gives

dody =) 8. (24)

Equation (24) can be thought of as an eigenvalue equation for
the matrix N (a) defined by [N(a)], = 8%: From this point of
view, Eq. (24) tells us that N(a) has an eigenvector v whose
components are v, = d,, and whose corresponding eigenvalue
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is d,. Given that N(a) is a non-negative matrix and v, is
strictly positive, the Perron-Frobenius theorem implies that
d, is the largest eigenvalue of N(a) [1]. In particular, d, is
completely determined by the branching rules, as we wished
to show.

For the last simplification, notice that we can always make
Y% real and positive using an appropriate g-gauge transfor-
mation (20). After we make such a transformation, then (17c)
implies that

ab __ dadb
v = (25)
Hence, we can take Y% = +/ aaa,, without loss of general-
ity. Notice that this ch01ce for Y % automatically satisfies
Egs. (17¢) and (17d). Other convenient gauge choices for Y“b
are discussed in Appendix B.

Putting this all together, we conclude that F, ;’fjﬁ is the only
quantity that needs to be determined. Thus, the problem of
solving the consistency equations reduces to finding all Fj} “bc
that obey (16a), (16c), (17a), and (17b) where d, is fixed by
the branching rules as discussed above. Finding such solutions
is not trivial; see Refs. [4,32] for a discussion of how such
solutions can be found in practice, as well as a discussion of
many interesting examples.

G. Examples of solutions to consistency conditions

We now discuss three general classes of solutions to the
consistency conditions (16) and (17):

(1) For any finite group G, we can construct a solution
to the consistency conditions (16) and (17) by defin-
ing the string types to be the irreducible representations
of G, the dual string type a to be the dual representation
of a, and the branching rules to be the set of all triplets
{(a, b; c)} such that ¢ appears in the tensor product a ® b.
(Here we assume that ¢ appears with multiplicity of at most
1 for simplicity.) Next, we define Fd“:}‘f to be the 6 symbol
corresponding to G, and we define YC“” = J/d,dp/d. where d,
is the dimension of the representation a. Like any solution
to the consistency conditions, this solution can be used to
construct an exactly soluble lattice Hamiltonian H with anyon
excitations, as we explain later. The topological order in this
model is identical to that of a discrete gauge theory with gauge
group G, also known as the “quantum double” of G [13] (see
Sec. VII A for the example G = Z,).

(2) For any finite group G and any cocycle w €
H3(G, U(1)), we can set the string types to be group elements
g € G, and the dual string type & to be the inverse a~!, and
the branching rules to be the set of all {(a, b;c)} such that
¢ = ab. We define Y“" = 1and F“bc. = w(a, b,c)withd,e, f
determined by a, b, ¢ according to d = abc, and e = ab, and
f = bc. In this case, the corresponding lattice model real-
izes a Dijkgraaf-Witten theory with group G and cocycle w,
also known as the “twisted quantum double” of G [15] (see
Secs. VII A-VII C for examples).

(3) Given any topological order 7, we define the string
types to be the anyons in 7, and the dual string type a to be
the antiparticle of a, and the branching rules to be the set of
all {(a, b; c)} such that ¢ appears in the fusion product a x

FIG. 3. The string-net Hamiltonian (26). The Q; operator acts on
3 spins around each vertex (blue dots). The B, operator acts on 12
spins adjacent to the plaquette p (red dots).

b. (Here we are assuming that 7 has no fusion multiplicity
for simplicity.) Next, we define Fd“Lbf” to be the F' symbol of
the anyons in 7, and we define Y** = \/d,d,/d. where d, is
the quantum dimension of anyon a. In this case, the string-
net model realizes a “doubled” topological order of the form
T x T° where T°P is the time reversal of 7 (see Secs. VIL A
and VII D for examples).

III. LATTICE HAMILTONIAN

So far we have shown that each solution {Fj¢, ¢, Y.<)
to Egs. (16) and (17) defines a string-net wave functlon | D) Via
the local rules (5). In this section, we show how to construct
a corresponding exactly solvable lattice Hamiltonian whose
ground state is a lattice version of |®).

A. Definition of Hamiltonian

Our construction takes three pieces of input: (i) a set of
string types and branching rules; (ii) a definition of dual string
types; and (iii) a solution {F ;’ffc ,F d‘le}", Y.‘”’ } to the consistency
conditions (16) and (17). The output of our construction is an
exactly solvable lattice Hamiltonian whose ground state is the
string-net wave function ® [Eq. (5)] restricted to the lattice.

To construct our lattice model, we first assign a spin to each
link of the honeycomb lattice. Each spin can be in one of N
states, where N is the number of string types (including the
null string 0). We will label these states by |a), |b), |c), etc.,
where {a, b, c, ...} are the string types. With this notation, we
can associate a string-net configuration to each spin configu-
ration in the obvious way: If a spin is in state |a), we regard
the link as being occupied by a string of type a. Likewise, if a
spin is in the state |0), we think of the link as being empty or
occupied by the null string.

The Hamiltonian is of the form

->_0/-) B, (26)
I 4

Here, the two sums run over all vertices / and plaquettes p of
the honeycomb lattice.
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The Q; operator acts on the three spins adjacent to the
vertex I (Fig. 3):

27)

Note that the Q; term penalizes the states that do not satisfy
the branching rules.

The B, operator has a more complicated structure. It is a
linear combination of more basic operators B):

B, = ZasB;, (28)

where the index s runs over the different string types (includ-
ing s = 0) and where the coefficient a, is defined by

Y.SS
2t

(29)

as =

Each operator B), describes a 12-spin interaction involving the
spins on the 12 links that are adjacent to the vertices of the
plaquette p. The operator B}, has a special structure: First, it
annihilates any state that does not obey the branching rules
at the 6 vertices surrounding the plaquette. Second, it acts
nontrivially on the inner 6 spins but does not affect the outer 6
spins. Thus, the matrix element of B; between two inner spin
configurations (i . ..ig| and |f] ... i) depends on the state of

the outer spins (e; . . . eg). The matrix elements are defined by

2' 22(8182 . ..65)

(30)
where
Slllz lﬁ
B i(eiea.. . e)
SSyigi yi3€3y€sia
IR
i I 1383 6514
Yef le-/ Y;/
2 5
FsuezFef,zasFiﬁi% Fzﬁss (FszlezFesmFusS Fiéﬁil )*
X by " )
iyihia  igisig © eqlqiy” iglgO\" iyiiy " igisiy " igiy0” eqisl]
(3D

We emphasize that the above expression is only valid if the
initial and final states obey the branching rules at each vertex;
if either state violates the branching rules, the matrix element
of B), vanishes.

We should mention that there is an alternative graphical
representation for BY which is much simpler. It is convenient
to describe this graphical representation in terms of the action
of Bj, on a bra (X| rather than a ket |X). Specifically, B}, can
be thought of as adding a loop of type-s string around the
boundary of p:

(32)

Then, the matrix elements in Eq. (31) can be obtained by using
the local rules (5) to fuse the string s onto the links along the
boundary of the plaquette:

S12 S12 er’L

[F lez}an [FZSEB]zaiQ [FZ

S12 S12

8,i112'*"6
p:l'll/zlé (6162 - 66)

(Fat iy [P iy [F225 Vi |

58 n
5! ]zui [F
e5i) 5

Fios Y [F 0 Lsia [0 Lsio Ch

eplg 340

(33)

iy Jiait [Fi e[S 0sia [E Jsea [Fyi)ses C1Co
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where

—. . —. . . . -1
St St St Sy 158y l6S

Cr = (" Y2Y Y YY)

ho b By s

- s 2 P P
_ SipyisS 413y lell
CEVED S S A (34)
By using (14) and (16), we obtain
S,i1i2 6
T (e1e3...¢€6)
sSyigi Yy i3€3yesia
_ YO Yel Yiz Yi5 Sizes iQEis F€(,i5$Fi5$§
[éi'] i’393 951'4,; i’zigiz 645413 i;l’sié i(,i/éo
el n o,
. —1 coon —1 . o
Sijen iy8§ esigs\—1 1gSty—1
x (Fﬂz )izi’l (Fz4 )Oi’4 (Fig Vivis Fe™ i (33)

Using the constraint (17a), we can rewrite (35) as Eq. (31).

B. Properties of the Hamiltonian
The first property of the Hamiltonian (26) is that it is
Hermitian. This result follows from two identities:
T -
al = a;, (B;) =B, (36)

s

Here, the first identity follows immediately from the defini-
tion (29); the second identity is less obvious and is derived in
Appendix D.

In addition to being Hermitian, the Hamiltonian has several
other nice properties:

(1) The Q; and B, operators commute with each other:

(01, 0/1=0, [Q1,By]=0, [B),By]=0. (37)

(2) Qy and B, are projection operators.

The first two commutation relations in property 1 follow
immediately from the definitions of Q;, B),. The third relation
[B,, By] = 0 is nontrivial and is derived in Appendix C. Like-
wise, it is easy to see that Q; is a projector, but the fact that B,
is also a projector is nontrivial and is derived in Appendix D.

The above properties allow for the exact solution of H. To
see this, note that Q;, B, commute with one another and hence
we can simultaneously diagonalize them. Denoting these si-
multaneous eigenstates by |{g;, b,}) where g;,b, =0, 1 are
the eigenvalues, it is clear that |{g;, b,}) is an energy eigen-
state with eigenvalue

E:_qu_sz'
1 p

Using this expression, we can read off the complete energy
spectrum of H (up to determining degeneracies). In particular,
we can see that the ground state(s) of H have ¢; = b, =1,
while the excited states have g; = 0 or b, = 0 for at least one
site I or plaquette p. It follows that there is finite energy gap
(A > 1) separating the ground state(s) from the excited states.

The only remaining task is to prove the existence of at least
one state with g; = bp = 1, and determine the degeneracy of
these states. We focus on the simplest case: A lattice with
a disklike geometry of the type described in Appendix G of
Ref. [19]. In this case, we can show that there is exactly one
state with g; = b, = 1. To see that there is at least one such
state, note that |®) = ]_[p B, |vacuum) has g; = b, = 1 every-
where, and furthermore one can check that (vacuum|®) £ 0
so |®) #£ 0. To see that there is at most one such state, we use

a result derived in Appendix E: There we show that any state
with g; = b, = 1 obeys a lattice version of the local rules (5).
Then, since the local rules can be used to relate any string-net
configuration in a disk geometry to the vacuum configuration,
it follows that there is at most one state with g; = b, = 1.4
More generally, the ground-state degeneracy depends on the
global topology (or boundary conditions) of our lattice. This
topological ground-state degeneracy has been discussed in a
number of works [14,33], and Ref. [34] gives a prescription
for computing it on a given spatial topology.

So far, we have shown that the Hamiltonian H has a unique
ground state and an energy gap in a disk geometry. To com-
plete the picture, we now argue that this ground state is exactly
the wave function |®) defined by (5), restricted to string-net
configurations that live on the lattice.

To prove that the ground state is |®), it suffices to show
that Q;|®) = B,|®) = |P). The first equality, Q;|¢) = |P), is
obvious since |®) is a linear combination of string-net config-
urations, all of which obey the branching rules. To prove the
second equality B,|®) = |®), we use the following identity
which we will derive below:

By |®) = Y§'|®). (38)

Substituting this identity into the definition of B, [Eq. (28)]
and observing that ) a,¥3* = 1, it follows that B,|®) = |®D).
All that remains is to prove is (38). To derive this identity, we
multiply both sides of Eq. (32) by |®) and then use the local
rule (5e) to trade the type-s loop on the right-hand side for an
extra factor of ¥;*. The identity (38) follows immediately.

IV. QUASIPARTICLE EXCITATIONS

Having described the string-net Hamiltonian and its ground
state in the previous section, we now turn to its low-lying ex-
citations. Specifically, we describe so-called string operators
which create pointlike quasiparticles at their end points, but
no excitations anywhere else, when acting on the ground state.
We show how to extract the braiding statistics of these quasi-
particles by computing certain ground-state matrix elements
associated with the corresponding string operators.

A. Finding the quasiparticle string operators

We start with finding the quasiparticles in the model (26).
The basic logic is as follows. We will identify a set of string
operators {Wy(P)}, which act along oriented paths P. We
require each string operator to act on the string-net ground
state in a way that is path independent, i.e., it must give the
same state for any choice of path P connecting the same
two end points. More formally, path independence is the
requirement that

Wo (P)| @) oc We (P)| D). (39)

4While this argument is suggestive, strictly speaking it is incom-
plete since we only know that the continuum local rules are sufficient
for relating string-net configurations to the vacuum configuration. To
complete the proof, we would need to establish a similar result for
the lattice local rules, which we will not undertake here.
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Path independence is important because it ensures that, when
acting on the ground state, open string operators only create
excitations near their end points. More specifically, if P is an
open path oriented from i to f, then acting on the ground
state with the open string operator W, (P) creates a quasi-
particle « at the string’s end point f, and the corresponding
antiparticle & at the string’s starting point i. Likewise, for
a closed contractible path P, path independence implies that
W, (P)|®) o | D), that is, closed string operators do not create
any excitations when acting on the ground state.

To construct string operators, we follow the strategy of
Ref. [14]: We describe a general ansatz for constructing string
operators W, (P) in terms of certain input data (€2, Qo 1y),
and we work out the conditions under which the resulting
string operators obey the path independence condition (39).

First, we explain the input data in more detail. We start
with the third piece of data n,. This piece of data is shorthand
for a collection of non-negative integers n, ; where s runs
over the different string types. Each integer n, ; describes the
“multiplicity” of the string type s within the string operator
o. The remaining data, €2, and Q,, are shorthand for two
collections of complex (rectangular) matrices (%), 5. and
(Qg*”” )o,0,» Parametrized by four string types a, r, s, b. Here
the two matrix indices o,, o, can take n, , and n, ; values, re-
spectively. Like the F' symbol, the matrix elements (Q4"0), .
are only defined when a, r, s, b obey certain branching rules,
specifically, §; = 6;° = 1, and when n, , and n, ; are both
nonzero. Likewise, the matrix elements (Q%"*"), , are only
defined if §;" =48} = 1. We should also mention that we
require that the matrix elements (%7%), , and (Q%"), 4,
take particular values when a = 0: In that case, (Q2"*),,,, =
(Qg*”b )o,0, = 65,r0b.r80, 5,- This is necessary to ensure that our
string operator has a trivial action when crossing a vacuum
string a = 0, as will become clear below.

We now explain our ansatz for constructing string operators
W, (P) from the above input data. We first specialize to the
case that P is an upward-oriented path, which is sufficient to
identify the quasiparticle types. For simplicity, we will work

in the gauge
|d.d,

in the following sections.

When W, (P) is applied to a string-net state (X|, its action
is described graphically by adding a string labeled by « along
the path P under the preexisting string nets:

(41)

We then replace the o string at every crossing with a sum over
string labels r, b, and s, using the rules

NG

N TR e

b,s,r

(42)

A% -
— QZ’TS .
< (g

Here, (Q47%), ,. and (%), ,. are the complex matrices
of dimension n,, X 1y, that define our string operators (see
discussion above). The two indices o,, o should be thought of
as living on the r and s string, respectively. The factors of d,
are included to simplify the constraints satisfied by Q,, Qq,
which we present shortly.’

After making the replacements in (43), we obtain the action
of the string operator on any string-net state as follows. First,
we require the string labels r, s to be the same throughout any
region where the path P does not cross any edges of the initial
string net. Second, along each such path segment we contract
the corresponding matrix indices o,, o5, etc. For example,

</\/v“// _ Z Qg,stbﬂguvd(st)u <8%u @

b,d,s,t,u,v
where the matrix product is taken along the index associated
with the shared edge label ¢, i.e.,

Qg,stbgguudét,u — Z (Qg,stb)gﬂa’ (Qg{’wd)m,ﬁu . 45)

ot

The end result is a superposition of new states of the form
X|Wu(P) =)y CX,X"){X'|, where (X'| is a string-net
state everywhere except near the end points of P, and C(X, X')
is a product of matrices Q,, ©2,, with each matrix correspond-
ing to a crossing between the path P and a string in the
string-net ket (X|.

Finally, to define the action of the string operator on the
honeycomb lattice, away from the end points of P we use the
local rules to reduce these new string nets to string nets on
the honeycomb lattice, as shown for the plaquette operator in
Eq. (33). In this way, the ansatz (R, 4, 1, ) fully defines the
lattice action of the string operator W (P).°

Before continuing, we should clarify one point about the
string operator multiplicity 7, ;. As discussed in Appendix F,
for the most general class of string nets, every vertex carries
a matrix index to account for the fact that there may be more
than one state in the string-net Hilbert space that satisfies the
branching rules. This phenomenon is known in the mathemat-
ical literature as fusion multiplicity. We emphasize that fusion
multiplicity should not be confused with the string operator
multiplicity n, 5. In particular, it is possible for n,; to be
larger than 1 even in string-net models that do not have any
fusion multiplicity (i.e., models with 85‘}’ < 1 for all a, b, ¢).
An example where this occurs is given by the string net whose
labels correspond to group elements of the symmetric group

SBecause of these factors of d,, the Q,, Q, in this paper have a
different normalization than in Ref. [14].

SWhile there is some ambiguity in defining the action of the string
operator W, (P) near the end points of P, this ambiguity is not im-
portant for our purposes since it does not affect on the quasiparticle
statistics of the excitation created by W, (P).

195155-10



GENERALIZED STRING-NET MODELS: A THOROUGH ...

PHYSICAL REVIEW B 103, 195155 (2021)

S3; the resulting string-net model contains an excitation B for
which ng o = 2.

To proceed, we must identify which (€2, Qu, ny) satisfy
the path independence condition (39). Without loss of gener-
ality, we assume that the proportionality constant in (39) for
two upward-oriented paths P, P’ is exactly 1, so that the path
independence condition takes the form

(XWo(P)|®) = (X[We(P)] D), (46)

where away from the end points of P, (X| is an arbitrary
string-net state. To ensure that Eq. (46) is satisfied, it suffices
to check path independence for some elementary deforma-
tions between upward-oriented paths P and P’, because larger
deformations that fix the points i and f can be built out of
these elementary ones. For upward-oriented paths, the ele-
mentary deformations are

SARe
R o
O -

Algebraically, these graphical relations are expressed as

D@ () Eely = Y00 QU R, @sw)
o t

Qg,rsa’ — (Qg,sra’)*’ (48b)

Z Qg,rsa/ Qg,sta/ =5, (48c)

s

where we have used the local rules (16), as well as unitarity
of F’s. In terms of the diagrams above, Eq. (47a) gives (48a).
Likewise, Eq. (47c) gives (48c). As for Eq. (47b), this con-
dition gives an equation which is the complex conjugate
of (48a) with Q%"** and Q%' interchanged. Therefore, we
can ensure (47b) if (48b) holds together with (48a). Note
that Eqgs. (48) are matrix equations, with products between
matrices taken over the indices as in Eq. (45).

Every solution (4, Qq, 1¢) to (48) defines a string opera-
tor W,,. Thus, our task is find all possible solutions to (48). We
note that for any pair of solutions €2, and Qg to Eqgs. (48), we
can always construct another solution (2, 2, n) by taking the
direct sum: Q = , @ Qg and Q = Q, ® Qp and finally n =
ng + ng. Thus, in practice one need only find solutions that
are irreducible, in the sense that they cannot be decomposed
in this way. Although we do not undertake to prove it here,
we conjecture that the irreducible solutions to (48), and the
associated string operators W, (P), are sufficient to construct
every quasiparticle excitation in our models.

Before we discuss the nature of these quasiparticles, it is
useful to construct closed string operators following a similar
logic. To this end, we first define the downward «-string

operator via

/

/
/
/
/
/
/
v
ay’
/

a
y
\\G

(,

(49)

In other words, we define a downward-o string operator to
be equivalent to an upward-@ string operator, where & is the
antiparticle associated with «. The antiparticle & is defined
by the property that it can annihilate with «, leaving only the
string-net vacuum. In practice, this means that an upward o
string running from i to f can be joined to an upward & string
connecting the same two points, such that the resulting closed
string operator leaves the string net in its ground state. This
joining can be done in the “obvious” way, i.e., near points i
and f, we connect the string labeled r from W, to the string
labeled s from Wy, impose the condition r = s, and contract
the corresponding matrix indices. The resulting joint between
upward and downward oriented strings is path independent if

({174
(o) =(] o).

Algebraically, this implies

P ld, _
Z Qz’m Qg! e FarOr;’ (Far(f”ra/)* d_ = (FaLZ’l;O)*SSI_' (51)
a,r !

If there exists an antiparticle & for which 2 satisfies (51),
the closed W, string operators obtained by joining upward W,
and Wj strings are path independent in the sense of Eq. (39)
at all points, and thus does not create any excitation when
applied to the ground state. Although it is not obvious from the
discussion here, on general grounds [1] such a solution should
always exist, provided that all quasiparticles in the theory can
be created by string operators of the form described here.

(50a)

(50b)

B. Braiding statistics of quasiparticles

After finding the quasiparticles, we are now ready to com-
pute their braiding statistics. Specifically, we will compute the
S matrix S, and the topological spins 8, and express them in
terms of string operators.

Before we compute the S matrix, it is convenient to first
compute the monodromy matrix Myg which is related to Syp
via some normalization factors:

dydpg
Sap =M, D (52)
Here, d, is the quantum dimension of the quasiparticle « and
D =/, d?2. [For the definition of “quantum dimension” of
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@@ @
=MGB
Pz I:,1 P3 P2 P1 P3

FIG. 4. The S matrix is computed by comparing the action of
Wy (P3)Wg (P2)W, (P1) and W, (P3)W, (P, )Wg(P,) where P; U P; forms

dody
- Mag.

a closed loop. Specifically, S.p =

quasiparticles, see Ref. [1]. For an explicit formula for d, in
the context of string-net models, see Eq. (60) below.]

The monodromy matrix Mg is defined in terms of a
three-step process in which (1) two particle-antiparticle pairs
(a, &, B, B) are created from the vacuum; (2) the particle « is
braided around the particle 8; and (3) each pair (o, @, B, B)
is reannihilated to the vacuum (left panel of Fig. 4). To define
Mg, consider the probability amplitude for the above braid-
ing process, divided by the probability amplitude of another
process in which each pair of particles individually follows
the same trajectory in space and time, but the pair (o, @) is
reannihilated before the pair (8, B) is created (right panel of
Fig. 4). The monodromy matrix M, is defined to be this ratio
of probability amplitudes.

Equivalently, in the language of string operators, Mg is
given by the ratio

(@|W5 (P3)Wo (P)Ws(P1)| D)

Myp = , (53)
(O|Wp(P3)Wg (P )Wy (P2)| D)

where P; and P; are paths connecting two points i and f, and
P, is a third path that encircles the point f (Fig. 4). Here,
the numerator of Eq. (53) describes a process in which we
first create a pair of quasiparticles 8, B from the vacuum at
positions f and i, respectively, then act with a closed a-string
operator encircling 8, and finally annihilate the 8, B pair. The
denominator describes a process in which we first act with the
closed «-string operator, and then create and reannihilate the
B, B pair.

To proceed further, we join the string operators in (53) into
closed loops, which gives the following graphical expression
for Myg:

(® ?)

Maﬁ = (54)
(® )

Here we have two closed string operators acting along two
linked paths in the numerator and the same two closed string
operators acting along corresponding unlinked paths in the
denominator. We have used the convention that strings that act
earlier (later) appear under (over) other strings at crossings.
We now proceed to evaluate the numerator and denomi-
nator of (54). To evaluate the denominator, it is useful to first
consider the action of a closed string operator « on the vacuum

(empty) state:

(55)

a
(vacuum| = Zna,s <
- N

Multiplying both sides of (55) by |®) and using the fact that
Wy (P)|®) o |®) for any closed string operator W, (P), we
deduce that

@) =3 0 od, ) (56)

Hence, the denominator of M, is

B a
<(I) <§> q)> = Zna,snﬂ,tdsdt (57)
st

To evaluate the numerator, we use the same strategy: We
first consider the action of the linked string operators on the
vacuum state and then deduce their action on |®) using the
fact that |®) is an eigenstate of these operators. In this way,
we obtain

(@ @ ®) = > TG ) Te(Q5")dy  (58)
stb

Combining the numerator and denominator of Mg, and sub-
stituting into (52), we obtain the following general expression
for the S matrix, consistent with previous results [18]:

1 AL, SS o 4
Sup = B%:Tr(gg PYTe(25") . (59)

Here, we have used a formula that expresses the quantum
dimension of « in terms of string operator data, namely,

da = Zna,sds~ (60)

We will not prove this formula here.

Next, we compute the topological spin of our quasiparti-
cles, defined as the phase acquired by the wave function when
a quasiparticle is rotated by 2. Here, we will not attempt
to make a concrete connection to the associated space-time
process, but rather observe that, as has been noted previ-
ously [18], in all known examples the topological spin can
be evaluated as the ratio of amplitudes for the two processes

(61)
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The two amplitudes can be expressed in terms of

(QO{’ QOH n(){):

(@] <@ @) = 3 THO ),

(62)

(® ) = naeds.

Thus, the topological spin of « is given by

‘ Tr(225°°0)d,
o BT, .
s Mo, s

V. ISOTROPIC STRING-NET MODELS

One notable feature of our models is that the minimal
consistency conditions (16) required for the ground-state wave
function ® to be well defined are not isotropic. Consequently,
in general two string-net configurations which can be con-
tinuously deformed into one another need not have the same
ground-state amplitude. For example, while the wave function
is invariant under the bendings shown in Eq. (9), it may not
be invariant under vertical bendings in Eq. (7). In addition, if
Y@ = Y{, the corresponding string-net ground state cannot
be isotropic on the sphere. Specifically, isotropy on the sphere
requires that we can pull an (a, @) loop from the front of the
sphere to the back of the sphere, where, when viewed from
outside the sphere, it is a (a, a) loop. The two coefficients are
equal if, and only if, Y% = Y,

In this section, we examine what additional conditions
must be satisfied in order for our string-net ground state to
be isotropic on the plane and on the sphere. To find these
additional constraints, we first discuss how the ground-state
amplitude changes under planar deformations of a string-net
configuration. Interestingly, we find that there are gauge-
invariant quantities that can prevent a model from being
invariant under such deformations. We then determine the
constraints that the data {F, Y} must satisfy in order to make
these amplitudes invariant under such planar deformations.
Finally, we consider additional requirements that must be
met for full isotropy on the sphere, and find that this further
restricts the data {F,Y}. At the end we comment on an addi-
tional tetrahedral reflection symmetry that was also required
in the construction of Ref. [14].

A. Bending of strings and vertices

We first examine how deforming the string-net configura-
tion in the plane affects the associated ground-state amplitude.
By a deformation, we mean a process in which edges and
vertices can be bent, moved, and twisted arbitrarily within the
plane, provided that they do not intersect other segments of the
string-net graph. Any such deformation can be decomposed
into a sequence of bendings of strings and vertices; thus, it is
thus sufficient to consider the following elementary bendings

PHYSICAL REVIEW B 103, 195155 (2021)
of vertices:

{ 1 o P\ 1
¢<°>ﬂmm%h?»ww3<\>
o 1 \e 1 .

o( ) mr (D) e (2)

(64)
Equations (64) are simply special cases of (13), where one of
the four external legs is the null string. It follows from (17)
that the coefficients {[£5zc, [F%150 [F Nac, [FY 15} are
U(1) phase factors. When these phase factors are equal to
one, then two configurations which can be deformed into
one another have the same ground-state amplitude, and the
corresponding model is isotropic. Otherwise, the model is not
isotropic.
Two comments are in order. First, bending a string is a
special case of bending a vertex (64):

o aNa = [Fy)aa® /

(65)

The phase factor’
Ya = [Fa%a]aa = [Fil%a]aa = Fa%%a Oaa (66)

associated with bendings of strings is called the Frobenius-
Schur indicator. It follows from (17) that

(Ya)" = Ya- (67)

Furthermore, one can always choose the gauge function f
such that

|Va| =1,

_J£1, ifa=a
Ya = 1, otherwise.

Then, we can use the gauge transformation g to transform y
sothaty, =lifa =a.

Second, bending a vertex twice by (64) is equivalent to
rotating the vertex:

o) st () - owne ()
() e (1) - e ()

(68)

Qape = Fox = Fx. (69)

Oca ° ~ = % 0ca

"There are two ways to resolve an “M”-like diagram made up of
alternating “a” and “@” strings: One can either use a [F'] rule on an
a line, or an [F] rule on an a line. This gives the second equality in

Eq. (66).
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Notice that when (a, a : a) is a valid branching, the quan-
tity otgqq®aaa 1S gauge invariant. In this case, if the solution
to (16) and (17) has ouuq0z53 # 1, then the corresponding
model is not isotropic in any gauge.

B. Constraints for planar isotropy

From Eq. (64), we see that the model is invariant under
elementary bendings if

[Fir Nae = [ES ) = [Fur )i = [ES ] =1 (70)

or, equivalently, in terms of {F, Y},

= _ P
Fa&byc_lb _ 1 Fab_YLbb _ 1 Yab _ Y()ua : _ Y()bb
bOc “c — b ac0 Yad’} - 5 [ Yhﬁc - Yagﬁ :

(71)

If we can find a solution to (16), (17), and (71), then the cor-
responding string net will be isotropic in the plane. Although
there are gauge-invariant obstructions to obtaining a model
with planar isotopy, it is important to note that unlike the
consistency conditions (16), the conditions (71) for isotropy
are not gauge invariant.

In addition to invariance under the bending moves shown
in Egs. (64) and (65), one can show that for string nets obeying
the condition (70),

[Fid ., = [Fi'., (72)

and thus the amplitude is invariant under changes of orienta-
tion of internal legs

a b a 5 b
(D)F) o
Equation (72) follows from (70) and the equality

[P Vel P ). = RG], [Fas 1oy (74)
which can be derived from (16).8

Finally, with full bending invariance, we can define the
amplitude of a tetrahedron, via

Note that the diagram on the left is not an allowed string-
net diagram in our formalism, and should be interpreted as
a “shorthand” for the diagram on the right. This shorthand
makes sense in models with bending invariance, where other
choices of the diagram on the right, which are related to the
one shown here by some number of bending moves, will yield
the same coefficient.

One can check that in string nets obeying (70), the am-
plitude (75) is invariant under threefold rotations of the

8Specifically, we can use a graphical consistency condition involv-
ing [F] and [F], that relates two different paths between the same
two diagrams: One with coefficient [F9¢];4[F].;, and one with
coefficient [F%],.[E5 o

tetrahedron

()l

To see this, observe that we can transform the left tetrahedron
into the right-hand one [as defined by Eq. (75)] through a
series of moves that bend or rotate vertices.’

C. Isotropy on sphere

If the ground state string-net amplitudes are to be isotropic
on the sphere, we must also require invariance of our ampli-
tudes under twofold rotations of the tetrahedron:

()

which can be expressed as
beybeyafydd _ pedayday cfybb
Foef Y7 Y = BgY Y Yg». (78)
Equation (78) holds provided that
Yy =y5. (79)
To show this, we use Eq. (71), as well as the relation
ngb;. _ Féé? Upea®abeQecq (80)
aafﬂafdaabcf
which can be derived from Eq. (16). Thus, to have a string-net
ground state that is isotropic on the sphere, in addition to (71)
we must also require (79).1°
Interestingly, the condition (79) can always be met by
making an appropriate choice of g-gauge transformation.
However, this gauge choice may not be compatible with the
conditions (70) for planar isotropy, even if there exists a gauge
in which those conditions can be met. We discuss an example

in which we must choose between planar isotropy and the
condition (79) in Sec. VII.

D. Tetrahedral reflection symmetry

The original string-net construction [14] required, in ad-
dition to the conditions discussed above, that ground-state
amplitudes also be invariant under the tetrahedral reflection:

o ( ) -9 () 81)

Specifically, we first rotate the (a, b; e) vertex to obtain a (b, &; a)
vertex. Next, bend the e edge at the (upward) (e, c;d) vertex down-
wards to obtain a (downward) (e,d;c) vertex. Then rotate the
(downward) (a, f;d) vertex twice, and bend the d edge upwards, to
give an (upward) (a, d; f) vertex. After straightening out any vertical
bends in the edges, we obtain exactly the diagram corresponding to
the tetrahedron on the right.

0Although we do not undertake to show that these conditions are
also sufficient for a fully isotropic wave function on the sphere, we
expect that this is the case.
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Algebraically, this means that

Fibeyleyyd = Fyblyseydd, (82)
By using (16), we can derive
beybe _ o [Feb 70 bf b
Fier Y7 = Vol Fid Lol Fof Je (Fiae Y (83)

Using this, together with (70), Eq. (82) can be simplified to
(Fi )Yy = Fvevgeyg . w4

In the gauge where

d,d
e e

with the U(1) phases obeying w, = wg, Eq. (84) further sim-
plifies to the following condition on our F’s:
abc\* abc
If the model is isotropic in the plane, as well as invariant
under twofold rotations and reflections of the tetrahedron, in
the gauge (85) we find that

abe abf | deds WWy bad dcb
Fitf = Fogt dd. wow, ~ ey =Faer- @D
The first equality follows from the tetrahedral reflection sym-
metry (82), the second equality follows from the first equality
and the threefold rotational symmetry (76), while the third
equality follows from the second equality and twofold rota-
tional symmetry (78). We will see in the next section that these
correspond exactly to the conditions imposed by Ref. [14] on
the original string-net models.

VI. RELATIONSHIP WITH ORIGINAL
STRING-NET CONSTRUCTION

In this section, we discuss the relationship between
our construction and the original string-net construction of
Ref. [14]. Our main result is that the string-net models dis-
cussed in Ref. [14] correspond to a subset of the models
constructed in this paper, and we discuss the properties of this
subset.

The first step is to find the dictionary between the input
data {F, Y} that defines a string-net model in this paper and the
input data {F, d} that was used in the original string-net con-
struction of Ref. [14]. To derive this dictionary, we compare
the “old” local rules in Ref. [14] to the “new” local rules in
this paper, namely (5, 13). From this comparison, it is easy to
see that if a string-net state obeys the old local rules for some
{F, d}, then it obeys the new local rules with {F, Y} given by

Fybe = Flie, (88a)
Fief = Fap (88b)
(ren)™" = o, (88¢)
Y = Fheds, (88d)
[F)., = iy (88¢)

(881)
(882)

The above equations provide the desired dictionary be-
tween the “old” data {F, d} and the “new” data {F, Y}.

Next, we recall that Ref. [14] imposed several self-
consistency conditions on the old data {F,d}. The first
condition is that

F4¢ =1lifaorborcord =0. (89)

[Fét ]y = By

da = |Cza|~

Substituting this condition into the dictionary in Eq. (88),
it follows that the new data satisfy (70). Thus, the original
string-net models are all isotropic.

In addition to (89), Ref. [14] imposed the conditions

_ Ve . =
e = —— with v, = vz = Vda, (90a)
VaVp

Fv};ize — fode _ Fai?e _ Fi‘;ea VeVy (90b)

def — Tabf — Tedf T erv v,

avc
pmlq & jip mjsn 5 jip Hrig
ZFkﬁn EonsFrie = Fai By (90c)
n

Substituting (90) into (88), we find that the new data satisfy
the usual consistency conditions (16) as well as the following
additional constraints:

Vg, Vp

v =22 Ola)
Ve
Faac%b = b B (91b)
VaUp
ebf Vel 1 7
Rl = ERl L = =R 010
avc

These equations have simple physical interpretations.
Equation (91a) is simply a special case of the gauge
choice (85), with w,+/d, = v,. Equation (91b) follows from
this gauge choice, together with the conditions (70) for planar
isotropy. Equation (91c) is exactly the condition (87) that the
string-net model is invariant under all reflections and rotations
of the tetrahedron, which the original construction explicitly
assumes. Thus, the extra conditions we must impose on the
new data amount to requiring that, in an appropriate gauge,
the string net is isotropic on the sphere and invariant under
tetrahedral reflections.

Finally, Ref. [14] imposed the following condition in order
to guarantee that the string-net Hamiltonian was Hermitian:

Fiop = (Ficy)" ©2)
Substituting Eq. (92) into (88) and using (91), one can show
that the new data satisfy the condition (17a):
(Fi™) . = iy 93)
The reverse is also true. One the one hand, we have
(Fj");, = Fjlf = F4¢. On the other hand, we have
(F;f;‘)* = (FE’;? ) = (ng;’ff)*. Thus, (92) follows from (93).
Similarly, the other conditions (17b)—(17d) also follow
from (88) and (91).

Putting everything together, we conclude that the original
string-net models of Ref. [14] correspond to a subset of the
models discussed in this paper, namely, the subset of models
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that obey the constraints (71) and (91), in addition to the usual
conditions (16) and (17).

VII. EXAMPLES

In this section, we work out some illustrative examples.
We begin with the Abelian Z,, Z3, and Z4 string nets. These
are instructive in understanding how our construction captures
models realized by the original string-net construction [14].
They also contain some models which cannot be realized
by the original string-net framework because they cannot be
made isotropic on the plane (Z3), or on the sphere (Z4). Note
that all of our Abelian examples give topological orders that
can also be realized by the twisted quantum double models of
Ref. [15], as well as the string-net construction of Ref. [19].
For this reason we do not list the quasiparticle types or string
operators in these cases.

We then discuss two non-Abelian examples: The Fibonacci
and TY; string-net models. The Fibonacci model is an ex-
ample that can be obtained from the original string-net
construction, and is included here to illustrate how our con-
struction reduces to that of Ref. [14] in this case. Finally,
the 7Y3 model is an example of a non-Abelian string net that
cannot be realized without our generalized construction.

A. Z, string-net models

The Z, string-net models describe two string types
{0, 1} where O is the vacuum string and 1 =1 is self-
dual with the branching rules {(0,0:0),(0,1:1),(1,0:
1), (1, 1, : 1)}. These branching rules require that the strings
form closed loops so the Hilbert space is the set of all possible
closed loops.

Next, to construct the Hamiltonian and wave functions, we
have to solve the consistency conditions (16) and (17) for
{F,Y}. There are two distinct solutions, parametrized by an
integer p = 0, 1:

Fl]l — (_l)p, Yll — 17 (94)

where here and for our other string-net models with Abelian
branching rules, we use the simplified notation

bc __ bc b __ b
FO = Fl i oaenvrer Y0 =Y (95)

With the solutions (94) in hand, we can construct the wave
functions and Hamiltonian using (5) and (26). For the p =0
solution, the wave function is

dX) =1 (96)

for any closed string-net configuration X. The correspond-
ing Hamiltonian realizes the the toric code topological
phase [13,14]. On the other hand, for the p =1 solution,
we need to keep track of the vertical kinks because y; =
FUy! — _1. The wave function is

CD(X) — (_1)100p(X)(_1)Vkink(X)/2 (97)

with loop(X) meaning the total number of closed loops in
the configuration X and vkink(X) meaning the total number
of vertical kinks [upward and downward vertices with ¢ = 0
in Eq. (2)] in X. The corresponding Hamiltonian realizes the
same phase as the doubled semion model of Ref. [14].

While the solutions (94) are sufficient for constructing
exactly soluble models, it is desirable to have solutions which
lead to simpler models. Specifically, we can make y; = 1
using the gauge transformation gJ, = (—1)7. After this gauge
transformation we have

FUL— 1y, vy = (1), (98)

The solutions (98) satisfy (71) and thus the models are
isotropic. In this gauge, the wave function for the p = 0 case
is the same as (96) while the wave function for the p = 1 case
becomes

O(X) = (—1)r), (99)

B. Zj3 string-net model

The Zs models have three types of strings {0, 1, 2} with
0=0,1=2,2=1. The branching rules are {(a,b: [a+
bl3)} with a, b € {0, 1,2} and [a + b]; = a + b mod 3 which
takes values in {0, 1, 2}.

To construct the Hamiltonians and wave functions for the
Z3 models, we solve the consistency conditions for {F,Y}.
There are three distinct solutions [35] labeled by p = 0, 1, 2:

. 27 pa

Fubc — 9 (b+c—[b+cl3) Yab =1.

(100)

As in the previous example, it is instructive to ask whether
we can use appropriate gauge transformations to put these
data into a form where Eq. (71) is satisfied. However, when
p=1,2 no such gauge transformation exists. To see this,
recall that the quantity o110 is gauge invariant under f, g
transformation. Since o100 # 1 in p = 1, 2 solutions, we
have no hope to make (100) satisfy (71) by any gauge trans-
formation. Thus, the p = 1, 2 models will not be isotropic on
the plane, in any gauge.

C. Z4 string-net model

The string types for the Z, model are {0, 1,2, 3} with
0=0,1=23,2=2,3=1. The branching rules are {(a, b :
[a + bls)} witha, b € {0,1,2,3}and [a + b]ly = a+ bmod 4
which takes values in {0, 1, 2, 3}.

To construct the Hamiltonians and wave functions for the
Z4 models, we solve the consistency conditions for {F,Y}.
There are four distinct solutions labeled by p =0, 1,2, 3 :

(101)

While it is sufficient to construct the Hamiltonians and wave
functions by using (101), the p=1,2,3 models are not
isotropic because the corresponding solutions (101) do not
satisfy (71). Thus, it is desirable to find proper gauge trans-
formations f, g to have simpler models if possible. To this
end, we first apply the f-gauge transformation with f3? =
(—i)P, f5° = (—1)? followed by a g-gauge transformation
gletPls — Fab The result is

2rpa

Fabc — ei 16 (btc—[btcla) Yab =1.

F113 — F331 — F232 — F212 — F]S] — ip’
F133 — F311 — F123 — F321 — F313 — (_l-)p’
F122 — F231 — F223 — F312 — F222 — F333 — (_1)p’

Yy = Fabb, (102)
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The solutions (102) satisfy (71) and the corresponding models models also do not satisfy the tetrahedral reflection symmetry
are isotropic on plane. However, p = 1, 3 solutions do not  condition (86). The corresponding quasiparticle spectra break
satisfy Eq. (79) and thus the p = 1, 3 models are examples time-reversal symmetry [19], and thus these models cannot be
which are isotropic on the plane but not on the sphere. These realized by the original construction.

J

D. Fibonacci string-net model

We now turn to our non-Abelian examples. We first discuss the Fibonacci string net, which was also discussed by Ref. [14].
We include it here partly to provide a simple example of the non-Abelian construction, and partly to correct a minor error in the
data for the string operators in Ref. [14].

The string types in the Fibonacci string net are {0, 1} where 0 is the vacuum string and 1 = 1 is self-dual. The allowed
branching rules are {(0,0:0),(0,1:1),(1,0:1),(1,1:0), (1, 1,: 1)}. The solution to (16) and (17) is given by

3 14 /5
[Flm]ef _ |: 'f +«/—’
v 2

S

} . Y)'=d, v/'=Vd, otherF,Y =1, d= (103)
of

Al

where e, f =0, 1. By using the data (103), we can construct the ground-state wave function and the Hamiltonian. Notice
that (103) satisfies (71), (79), and (84) so the corresponding model is fully isotropic on the sphere, and also obeys tetrahedral
reflection symmetry. This is expected, as the Fibonacci string net can be realized by the original construction [14].

To find the quasiparticle excitations, we need to solve (48). There are four irreducible solutions to (48) which correspond to
four distinct quasiparticles:

o =1: (a0 ) =(1,0), %=1 a=2:000n1) =01, @10=eP Q=75
@ =3:(n0.n01)=01), Q"N =e"P Q=P a=4:(na0.n01) =1, Q'=1,

QL’OOI — _d—Z’ QL,I]I — d—2’ Q(])t,lol — (Q‘L,Oll)* — me—ﬂn/lo. (104)

Here, we omit the value of Qg‘”s since this matrix element is always fixed at 1. Note that in Ref. [14], it is claimed that Q=Q
which is correct only in the gauge where 2 are chosen to be real numbers. In Eq. (104), 5_2411‘101 = Q}"IOI #* (Qi’lm )*. However,
if we choose 2} ' = (') = /3d — 4, then in that gauge Q""" = (2} '°")*.

From (51), we find all quasiparticles are self-dual o« = &. Also, we can see that the quantum dimensions of the quasiparticles
ared; = 1l andd, = d3 = d and dy = d*. The topological spins and the S matrix can be computed from (63) and (54). We find

1 d d d?
‘ , : , 1 d -1 d* -d
—idm /5 0y __ idm/5 0y __ —_
P Loet= 1, S_1+d2 4 2 -1 —dl (105)
d*> —-d —-d 1

6101 — 1, 6192 =

The same result was found in Ref. [14].

E. TY; string-net model

Our final example is the string-net model associated with the Tambara-Yamagami category for Z3 (T'Y3) [36,37]. This category
can be obtained [38] by taking the Z3; model with F abe ¢ {0, 1} described above, with labels {0, 1, 2}, together with a label o
with non-Abelian branching rules and & = o. The full branching rules are

{(0,0:0),(0,1:1),(0,2:2),(0,0 :0),(1,1:2),(1,2:0),2,2:1),(1,0:0),12,0 :0), (0,0 :0),
(o,0:1),(0,0:2),(a,b:c)=(b,a:c).} (106)

The solution to (16) and (17) is given by

Foob = Fgoo = o5 Fror = Lot yoo —yoo =¥ =d,, Y77 =\/d,, other F,Y =1
V3
dy=dy=dy=1, d, =3, (107)
where a, b take values in {0, 1,2} and p = 1, —1 parametrizes two different solutions. As written, the p = —1 solution does

not satisfy (71), and hence is not isotropic in the plane. However, this can be resolved using an f-gauge transformation with
¢ = p. In addition, neither solution obeys the tetrahedral reflection symmetry condition (86). Thus, these models cannot be
realized by the original construction.
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We now find the quasiparticles. For each of the two models parametrized by p = +1, we find 15 irreducible solutions to (48),
corresponding to 15 quasiparticles. For the p = 1 model, we find

1,001 _ 2,002 __ 0,000 __
QLT = Q2002 _ | Qo000 _ 4

1,112 _ i27/3 2,110 _  —i27/3 o,lloc __ 27 /3
QLNE = (273 QL0 — mitn/3 - qoille — 4 o213,

a=1,2:(ng0, M1, a2, Na,c) = (1,0,0,0),
a=3,4: (140, Na1, M2, M) = (0,1,0,0),
o = 57 6 : (”a,Oa o2 M2, na,a) — (0’ 0’ 1’ 0)’ Qi,ZZO — efi2n/3’ 95,221 — ei2n/3’ Qg,2ZU — ieiZn/,?’
Q(L,OOI — ei27r/3’

—

92,002 — e—err/3 ,

a="T7: (not,O» Ny, 1, Mg 2, na,a) = (17 1, O, 0)9 QZ'OOG = QZ’”G = 07

QL,I]Z — Qi,no — 1’ QZ,OIU — €i¢', QZ,IOU
a=238: (na,Ov Ng,1, Ny 2, n(x,(r) = (1» O, 1» O)»
Q;,ZZO — Q§,22l =1, QZ.OZU — ei¢2,
o =9: (4,0, a1, Na,2: Nao) = (0,1, 1,0),
Qg,lla — 92,226 — 0, QZ,IZU — eiZn/Seizp;’ QZ,ZIJ

and

o = 10, I1: (nDt,O’ N 15 Ny 2, noz,a) = (0’ 0’ O, 1)9

og,00l __ o,002 __ St /12
Q7 = Q. = Fe ,

o= 12’ 13 : (nOt,O’ nOl,l’ nOt,27 na,o) = (05 0’ Oy 1)’

0,000 _ o,002 __ i /12 o000l __ St /12
Qo0 = QU9 = /12 Qoool = 4o5T/12)

o = 147 15 : (not,()? na,l’ nol,27 na,a) = (05 07 09 1)5

0,000 _ o001l __ i /12 0,002 __ St /12
Qo0 = Quool — /12 QU0 _ 4 ,iST/12

where ¢1, ¢, ¢3 are three U(1) gauge phases. Evidently, there
are six Abelian quasiparticles withd, =1, fora =1, ..., 6,
and nine non-Abelian quasiparticles with d, =2 for o =
7,8,9and d, = V3 fora = 10, ..., 15. From (51), we can
identify the particle-antiparticle pairs:

1=1, 2=2, 3=5 4=6,
10=10, 11=11, 12=14,

7 =38,
13 = 15.

9=09,
(110)

The topological spins of each of these quasiparticles can be
computed from (63):

. . T .
(e, .. 6’9‘5}={1,1,e e e, e 1,1, €T,
=31 =117 . T = 11w T
i —i —i55 {5 ,—lT5  Liis
Xe'd e 't ey e e 'y,
(111)
As for the p = —1 model, we do not include explicit ex-

pressions for the €2, here, for brevity. Instead, we skip directly
to the topological spins of the quasiparticles:

; - TS T Y 11 2n
{610',...,61915}2{1,1,6l3,€l3,el3,€l3,1,1,el3,

i3z jIn _ysm yIn
2
4,6‘ lz’gl-’e 12,612}.

(112)

As can be seen from the topological spins of the quasi-
particles, both models break time-reversal symmetry, as one
might expect given that the string-net data do not have reflec-
tion symmetry. Thus, the TY; string net is an example of a
non-Abelian model that cannot be realized with the original
construction of Ref. [14], which implicitly assumed time-
reversal symmetry.

1,001 _ —i2n/3
Q, =e

200 __ i
Qo207 = ¢,

2,002 __ 2w /3 0,000 _ ~o,220 __
Q2002 — 2n/3 Qoo — o220 _

’

L112 _ 2221 _ —i21/3 1,220 _ 2,110 _ i27/3
Q) T=Q; =e , Q= T =e ,

= (108)
Q;,O’UG — Qi,aoa — e—iZn/3’ QZ,O’UO — :i:ei3”/4,
Q;,oaa — 1’ Qi,aoa — ei2n/37
Qé,aaa — ei2n/37 Qi,aaa — 1’

(109)

VIII. CONCLUSION

In this paper, we have given a detailed description of how
to construct generalized string-net models. Importantly, our
construction works for any unitary fusion category; unlike the
original models proposed by Levin and Wen [14], we do not
impose additional requirements on this category that ensure
the invariance of the string-net ground state under planar or
spherical isotropy or tetrahedral reflections. (Note that the
construction in the main text works only for the case of no
fusion multiplicities; the construction in Appendix F must be
used for the case with fusion multiplicities.)

In addition to providing a detailed discussion of string-net
ground states and Hamiltonians, we have also described an
approach for constructing string operators and for computing
quasiparticle statistics, in particular, the S and T matrices.
Finally, we have analyzed the conditions under which the
generalized string-net models are isotropic on the plane or
on the sphere, and we have discussed the relationship be-
tween generalized string-net models and the original models
of Ref. [14].
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FIG. 5. Self-consistency requires the conditions (Ala).

APPENDIX A: DERIVATION OF SELF-
CONSISTENCY CONDITIONS

In this Appendix we show that the parameters
(F jg”f JF d“e”f‘, [F),r, [F%],;} must satisfy the following
equations if the local rules (5) and (13) are self-consistent:

5 _1 Yabyec
Epre = (Fi™),, <2 (Ala)
fe ybeyaf’
v
b
[Fab] _ Fvceb Yde (Alb)
cd lef — fadyfqb’
b
[F4]., = _ pean i (Alc)
cd lef fﬂdyab

Note that the above conditions are a subset of the identities in
Eq. (14) and the self-consistency conditions listed in Eq. (16):
The remaining self-consistency conditions are derived in the
main text.

The first condition (Ala) can be derived by considering the
sequences in Fig. 5:

YeabYdec Z Fd bLFfeI?YbL af. (A2)

Then, Eq. (Ala) follows from (A2).
To derive (Alb), we consider the sequence

_ 1 Fcebq) ’ fdb
- Yab fad e<b

for o

(A3)
1 ~ceb b a b

-2y Fnyvite |
— ab a b
= Z[ch]efq) fd

f

We use the local rules (5d), (5¢), and (5e) in the first three
equalities sequentially. Thus, we have (A1b).

fcd ZkFg?kl

a b Fde\</ > (F2Pd b ¢ d
f / > |
\ °d>/
5 F /b
Z (Fahd)kg
FIG. 6. Variants of the pentagon identity.

Similarly, to derive (Alc), we follow the same logic by
considering the sequence

_ 1 Fcebq) ¢ e g
ZW fad fd
f f a b
(A4)
1 ce e oNa
-S| T
f o f
c d
EZ[F }ejq) . fb
f

We use the local rules (5d), (5b), and (5¢) in the first three
equalities sequentially. Thus, we have (Alc).

So far we have not discussed the most important self-
consistency condition of all: The pentagon identity (16a). The
reason for this omission is that this identity is derived in the
main text. Here we would like to point out that there are
actually many variants of the pentagon identity which follow
from similar consistency requirements. Each of these variants
can be derived graphically by relating the amplitude of two
of the five configurations in Fig. 6 by sequences of F and
(F)~! operations. Likewise, these variants can be derived al-
gebraically by multiplying both sides of (16a) by appropriate
(F)~! operations. For example, by considering two sequences
relating the amplitude of the top configuration and the bottom
left configuration in Fig. 6, we have

YFREGE )y = B A9)
k
Equation (AS) can be derived by multiplying both sides
of (16a) by (F )k—fl  (Fbe );fl )

We can derive useful identities from these variants of the
pentagon identity. For example, by setting e = 0 in (16a) and
using the fact that F} “”C = w“”cée &0 08’?1’ is a complex number
depending on three strlng types a, b, ¢, we obtain

hg gfc
abe\~! __ pbcg w gab W
(Fg ) =F,; ehf ygahqy, fbe” (A6)

nf = Vahf abf gt
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By setting & = 0 in (AS), we obtain

Fdh(;?ld (Fabl) — Ffbd (Fabb)

e eal

(AT)

APPENDIX B: GAUGE CHOICES FOR Y*

In this Appendix, we discuss three different gauge choices
for Y. The first gauge choice is to take Y% of the special
form

v = B1)
with
Yo = v/dae?, (B2)

where d, = d; is the quantum dimension of the string a and
¢, is a U(1) phase. In this parametrization, the condition (17d)
requires

¢a + ¢z = 0 (mod 27). (B3a)

In the gauge (B1), £ = (F;*);, and the amplitude of a
loop a is real: Y = d,. A special case of (B1), namely,

d,dy,
e = [22) B4
: o (B4)
is used in Refs. [4,14,17,20,21].
Another gauge choice that is worth mentioning is
Y =1 (B5)

c

which satisfies (17c) and (17d) trivially. This choice is ap-
pealing since it allows us to drop all the Y factors. However,
this choice is not allowed in our construction as it does not
satisfy (17b), and the corresponding Hamiltonian (26) is not
Hermitian.

The third gauge choice which we would like to mention
is restricted to Abelian string-net models with the Abelian
branching rules {(a, b; a + b)}. To explain this gauge choice,
it is convenient to suppress indices that can be deduced from
the branching rules and define

b b b
F = Fo{pio)atby ey Y =y, (B6)

In this notation, the gauge choice corresponds to taking Y%
to be

Yab — Fubl; (B7)

which can not be factorized to the form (B1). One can check
that (B7) satisfies (17). This gauge has the advantage that
the the Frobenius-Schur indicator y, = 1 [Eq. (66)], but the
disadvantage that Y% can be complex, and F* is no longer
the inverse of F®°.

APPENDIX C: SHOWING THAT B’

r’

B2 COMMUTE

In this Appendix, we show that the operators B} and B,
commute with one another for p; # p,. We only need to
consider the case when p; and p, are adjacent since two
operators will commute if p; and p, are further apart.

Let Bfn‘] , B;fz act on two adjacent plaquettes p;, p>. The two
adjacent plaquettes can be in three possible relative positions

(1 p2 b

vdkv

btz p2 t t2
\

1

\/

FIG. 7. The action of B}} B2 and B2 B)} on the shared boundary.
1 P2 P2 p1

shown in Fig. 7. We want to show the B;;lBgz = BZZBg] in
these three cases. To show this, we compare the matrix ele-
ments of BZ]B%Z and B2 B} and show they are the same. We
find that it is sufficient to compare the factors associated with
the shared boundary which are different. We discuss these
three cases in order.

For case (1), we need to show

E abty fiab\~! fide diety\ 1
Fc;clbz(Fcl )cachdc(F )e2c1

c
_ abto tlabz U phdey (gpden)~!
Z cachy ch L2a1F03dlcz(FCz )ezc' (Cl)
To show (C1), it is sufficient to show

Flllbtz tlub E :Fabtz Ftlab2 lFtlctz

C3C1b2 Cl cal Cz(,‘b'; Cza, cere?

fide (podier;) =1 _Z fide, (gdety el
Fcldlc(FCs )ezcl - Fc;d]c2 (Fc2 )ezc (ch )chl (Cz)
c

To see this, one can insert (C2) into the left-hand side of (C1)
and simplify the expression to obtain the right-hand side
of (C1). We can show (C2) by identifying Eq. (C2) as one of
the variants of the pentagon identity (see Appendix A). This
completes the proof of (C1).

For case (2), we need to show

S (Y A R N ),

C1

act altlc che chi ficrey 1
- Z czb )c:aquh (F; )062 (F dy )du
(C3)

To show (C3), it is sufficient to show

() ) = Y () o) s,
-
(C4a)
e (), (F),
= DR, e
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To see this, we insert (C4) into the left-hand side of (C3)
and simplify the expression to obtain the right-hand side
of (C3). What remains is to show (C4). Equation (C4a) is a
variant of the pentagon identity. To show (C4b) we need to do
more work.

First, to show (C4b), it is sufficient to show

(FC]IZQ)eci (th_llce)dcl - Z FC[262 ec FCt;Ctz)c LI(F;:CEEZ);LZ’

(C5a)
1
File (Fonm) b = Faie(Fpee), (C5b)
2102 2 2 1
e (FEm) o = F2e (i) (C5¢)

To see this, we multiply both sides of (C5a) by F32°
and use (C5b) and (C5c) to simplify the expression to
obtain (C4b). What remains is to show (C5). The first equa-
tion (C5a) is a variant of the pentagon identity and the last two
equations follow from (A7). This completes the proof for case
2).

For case (3), we arrive at a similar equation as (C3) with
(F) replaced by (F)~!. Thus, an identical proof as in case (2)
goes through by changing (F) by (F)~! in Egs. (C4) and (C5).
This completes the proof for case (3).

APPENDIX D: PROPERTIES OF THE HAMILTONIAN (26)

In this Appendix, we establish the following properties of
the Hamiltonian (26):

(1) (B = B,

(2) B, is a projection operator, i.e., Blz, =B,.

To show the first property, we first use the pentagon identity
to derive

(Al _ (R ] v

[Fer,. — [F%], ve™ o

[Far e _ [Fét)e ¥ (D1b)

[ acb/§]b’c [Fb’g)]sb’ Y‘?h, 7

Fal F%.

e o1
ab lsc a0 Isa

Equation (D1) follows from variants of the pentagon
identity. Specifically, Eqs. (Dla)-(Dl1c) can be obtained, re-
spectively, from

fed bl Frhed be pahd
ZFeglc Fel;‘k “ ) Fg(j‘hCFZ;k )

S (Y ) gl = (R,

f
D (F) E R =
8

-1
A, o

by setting f =0, / =0, h = 0 in the first, second, and third
equations above.

By using (17a) and (D1), it is straightforward to show that

B Seleren ... eq)

Pl
(B:,;llz,ﬁlé(elez ce6))”
_IERPIESIRGE wp prersef
B PE 08 v
Thus, to show the first property is equivalent to show
(D3) = 1. (D4)

This identity follows immediately by substituting (17b)—(17d)
into the right-hand side of (D3) and simplifying the resulting
expression.

In fact, we can also show that (17b)—(17d) are necessary
conditions for (D4) to hold. To see this, we consider some
51mp1e cases. First, we consider the case when e} = e, =

=0andi; =i, =i3 = is = i5 = ig = i. In this case, (D4)
reduces to

v

110
. (D5)
73s ss\* v 2
FES | (v5) ¥
When i = s and i’ = 0, (D5) becomes
555 |2 1
" = . D6
| 500 YOSSYOSS ( )

Second, when ez = ey =---=ec=0and i} = i3 = iy =

Is = ig = i, i» = j, (D4) reduces to

F’% (YOS'S r |Yejll |2 i (D7)
|FJJJS0Y } Yy i Yo' | ’

By comparing (D7) withi = j/ =5, i’ = j = 0 and (D6), we
find
Yi® = (Y~ (D8)

By using (D6) and (D8), we find that (D7) with j =0, j' = s
reduces to

abb ’Yl_lb6|
= . D9
| ac0 |Y0bb| ( )
Plugging (D9) and (D8) to (D7), we have
e[|t = frye| ). (D10)

Similarly, by considering (D4) when e; = e, = e5 = ¢g =
0 and e; = ey = e3 = ¢g = 0, we obtain

= L By
RN L I 7L
From (D9) and (D11), we find that
|Yah‘ |Y/m| — | bc|| | (D12)

Y5l
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Then, from (D10) withe = 0, d = b, f = a and using (D12),
we find that

L2 sab, (D13)

Combining (D13), (D8), and (D9), we derive condi-
tions (17b)—(17d). This completes our discussion of the first
property of the Hamiltonian, i.e., (Bf,)T = Bf,.

We now move on to the second property, i.e., Bf, =B,. To
prove this result, we use the identity

ByB: = " M."BY (D14)
u
with
. o Yllf_l Ytzf_z
M = E (B ) “ym—  (D19)

0 Ym't
0

which we will derive below. From (D15), we can derive two
other useful identities:

1505 2
E M, ay = a; a3 E d;,
u 5

tity __ A gilt
My = M.

(D16)

(D17)

Here, (D16) follows immediately from the expression for
a; [Eq. (29)]. As for (D17), this follows from two other
identities:

MM = M;ZHM(’;Z’Z’ (D18)

M =1. (D19)
Here (D18) follows from comparing the coefficient of Bg
that appears in the two (identical) products Bj(B)B7) and
(B;‘)B;' )B’;. Equation (D19) follows from (D15) combined
with (17a)—(17d).

We are now ready to derive Blz, = B,,. Proving this relation
is equivalent to showing

E M!"%a,a, = a,.

tiny

(D20)

We will prove this in three steps. First we use (D17) and (D16)
in succession to derive

It _ it _ B 2
E M) 2o aq,, = E G anan = E ay, ag ay E d;.
151 s

ats) 1ty

(D21)

Next, we note that

-1
Zallafl = (Z d3> .
hn N

Combining (D21) and (D22), we derive (D20).

(D22)

All that remains is to show (D15). To this end, we consider

i p——
e b t1t tot
\t\\/,‘I yh 2yﬁ2 1

N 0t17_ _ 1770817 _
1 [thﬂ]tzh [thﬂ]tQtl
» titoy tal
* yh 2}/&2 1
titou\—1 7 pat1tou\—1 0t17_ _ 10ty
o (Fo )flu(FO )zlu[tha]tztl [thﬂ]tZtl
Rt titoy tat:
S yi ZYﬂz 1
o o t1t1y tato
_ E F_t2t2t1 (F_t2t2t1)71Y0 YO
- t,0a ty u0 Y ut
u 0
o o tityy tats
_ F}2t2t1 (ngtztl)—lx/() }/0 Bu
E : t10a ty 0 Y ut P
” 0

(D23)
Here, we have used (14) and (16) to simplify (D23). Thus, we
obtain (D15).

APPENDIX E: SHOWING THE GROUND
STATE OBEYS THE LOCAL RULES

In this Appendix, we show that any state |®) such that
O;|®) = B,|®) = |P) obeys a lattice version of the local
rules (5). We also discuss some implications of this result.

The lattice local rules are as follows:

| [ —® a (Ela)
b ¢
f (E1b)
d
a b
c (Elc)
a2 b

Our strategy for deriving these rules is to use the fact that
Bp|®) = |®) together with the following relations:

By = < al | By (E2a)
b ¢
By =) Fif < = By (E2b)
f d
1 &
BPZW,< o |Br  (E20)
c ¢ a
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C

(E3fare(€ |o

C

(E2d)

Multiplying these equations by |®), we can see that the
wave function defined by ®(X) = (X |®) satisfies the local
rules (E1).

The relations (E2) can be shown using the expression for
the matrix elements of B in (31) together with the pentagon
identity and (17). For example, to show (E2c), we expand out
the left-hand side as

— E ab. e'5c rpbss ess
- Fe eb’Fdec bb’O(F )

sb’c’e’

Oe’ D}/bb’g

and the right-hand side as

b c
Zs:;<a (s - 3 m
d

fsb/ fla’

Fc(lla}{ (FSbC)fb’ (Fass) (Fée§b)—1

(E4)
where D = )" d?. Changing the dummy variables b’ —
5, f = c,d — €,s— b in the second expression, and
matching coefficients, we see that showing (E2b) is equivalent
to showing

steeb

- db’ (Fab,b/)OL) (Fb /b/ sO Z Fd bCF;alZ‘/ (Fcb/bc)fs (ES)
f

d Fabs (Fem) Fdeechbbbsz)

Next, we use the following three variants of the pentagon
identity:

F5 (FE) o0 = (FP) oy ()0
S EE (FE) = FAYRL,
f
FRPo(Fabs),

e

Fe’bb(Fabb ) . (Eé)

eas

With these identities, (E5) reduces to proving
a2 (F) gy B = di Fd " (B (E7)

To prove the above identity, we first prove the following
auxiliary identities:

bEY bs b by bEb

(F ’ ) FyyoFos = (Fsm) (F )

0. (B

=F sf)s(f beof °F, Obv/l?’s' (E9)

Fb 00 (thSS)

Once we prove these two auxiliary identities, we will be
done since multiplying them together gives the desired iden-
tity (E7).

To prove (E8), we substitute [ =0, d =b, f = e into
Eq. (A7). This gives
Fb}())%b — Fehb (Fahh)

eal

o (E10)

We then make the following change of variables: b — 5, e —
b, a — b'. The result is

5s5 A 55 1
Fipo = bebO(be’ Do - (E11)
Similarly, we substitute f =0, b=a, [ = e into Eq. (A7).
This gives
(E12)

e a

RS () ) = ()

Making the change the variables a — b, e — b, d — 5, we
obtain

@ngli (F, /E/b);ol = (F, b’/g/b/)(;ol' (E13)
Multiplying (E11) and (E13) gives
FanFion (E)") 59 = Fopo (B ™)y ()™ )g - (E14)

To proceed further, we consider the version of the pentagon
identity in Fig. 6, which relates the diagram at the top to the
diagram in the bottom right:

(R il = X (B,

8

Wesetf =1l=e=0,b=a,d =, g=c,k =a. With these
substitutions the pentagon identity reduces to

F abc F ahd

ofh Fegi - (E15)

acc aac rpahc
(Fa ) FcOhFOCa'

(E16)

Next, we make the following change of variables: a — b,
¢ — §, h — b. This gives the identity

(B ™oy = Fo “Fiit (E17)
Substituting (E17) into (E14), we obtain
Fis (R0 = Rl (FYP) o FLE (E18)

This is almost the desired identity (E8): All that is left is to
show that

Fis = (Fb)yy (E19)
Conveniently, this follows immediately from (E11), by setting
a=0,d =s.

We now move on to prove the second identity (E9). The
proof is very similar to that of (E8). The first step is to
take (E10), and make the change of variables a — s, e — b'.
This gives
1

Fi = F (B gy - (E20)
Next, we take (E12) and make the change of variables a — b,

d — b, e — 5. This gives

Fig"(F") 0 = (7" )og - (E21)
Multiplying (E20) and (E21) gives
T e W T W U A MO =2
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Next, we take Eq. (A5)andset f =l =e=0,b=a,d =¢,
g =c, k = a. The result is

ahc yrace __
FOcZz FahO -

(Fe) . (E23)

We then make the change of variables a — b,c—>35,h— b
This gives

b'bs -b'ss pys\—1
Foy F = (F") 0 - (E24)
Substituting (E24) into (E22), we obtain
555 bbb b/ bs bss\ 1 (bbb 1
FooFpos “Fosy = (F b )o;g/ (F 14 )00' (E25)

Again, this is almost the desired identity (E9): To get there,
we simply make the substitution (FEI,"b'b’)ao1 = Fb%%b’ which
follows from (E19). This completes our proof of Eq. (E2b).
The other local rules, (E2¢) and (E2d) can be shown in a
similar manner, while Eq. (E2a) follows from (E2b) by setting
a=c=0.

We now move on to discuss some of the implications
of (E1). One implication is that the lattice local rules (E1)
are self-consistent in a disk geometry. Indeed, there is always
at least one state |®) with Q;|®) = B,|®) = |P) in such a
geometry (see Sec. III B), which means there is always at least
one solution to the lattice local rules.

Going a step further, this result suggests that the continuum
local rules (5) are self-consistent since any inconsistency in
the continuum rules would presumably also show up on the
lattice for a fine enough discretization.!' In fact, we believe
that this line of reasoning can be used to prove that the
conditions (16) are sufficient to ensure that the continuum
local rules (5) are consistent in a disk geometry: The idea
of the argument is to establish three claims: (i) the condi-
tions (16) are sufficient for constructing commuting projectors
01, By; (ii) there is always at least one state |®) with Q;|®) =
B,|®) = |®) in a disk geometry; (iii) any state with Q;|P) =
B,|®) = | D) obeys the lattice local rules. In this paper we
have sketched proofs of all three of these claims, but in some
of the steps we have used the Hermiticity conditions (17) in
addition to (16). That said, we believe that the proofs can be
modified so that they do not use the Hermiticity conditions.
Assuming this is correct, the above argument can be used to
prove that the self-consistency conditions (16) are sufficient.

""To make this argument solid, we would need to find a set of
lattice moves that are sufficiently general that they can be used to
connect any two string-net configurations that can be deformed into
each other in the continuum. We would then have to show that & is
invariant under these moves, as in Eq. (Ela).

APPENDIX F: GENERAL STRING-NET MODELS

In this Appendix, we discuss how to extend our construc-
tion to the most general class of string-net models, in which
the string types have fusion multiplicities.

The main new element in these general models is that the
Hilbert space associated with the vertex (a, b : ¢) is not one
dimensional, as we assumed in the main body, but rather
has dimension Nf”, where Nf” is a non-negative integer. To
describe this Hilbert space, we add an index o at each vertex
of the string net. At a vertex (a, b;c), o ranges over the set
o=1,..., Nfb'

The non-negative integers N°” can be thought of as a gen-
eralization of the branching rules (Sgb , and like Sfb , We require
that Nc“b obeys the associativity condition

Y ONENg =Y NN (F1)
e f

We also require that the null string obeys the same kind of
branching rules as in the main text: N9 = N9 = N¢@ = 1.

The local rules for general string-net models are similar to
the local rules (5) in the main body except for extra indices at
each vertex:

(0] a = < (F2a)
a. /b e abc,oT a o A
) ol = Z Faimrd b (F2b)
Td v\d
3 fuv
P & — \" fabeor g d Ve u
a>p S - Z def,uv a’ o/ (F2c¢)
= fuv
1 a9%
(0] a b = Z @@ . ccb (F2d)
(I) - 5c7d(50",—ycab® C . (er)

For fixed string types (a, b, ¢, d, e, f), the F symbol be-
comes a complex tensor F2%°" of dimension N% x N¢ x

def,uv
N x Ny
The self-consistency conditions (16), the Hermiticity con-
ditions (17), and the Hamiltonian (26) can also be generalized
straightforwardly; we will not write the explicit formulas here
as they are not particularly illuminating.
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