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Magnetism-mediated transition between crystalline and higher-order topological phases in NpSb
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Merging the fields of topology and magnetism expands the scope of fundamental quantum phenomena with
novel functionalities for topological spintronics enormously. Here, we theoretically demonstrate that ferromag-
netism provides an efficient means to achieve a topological switching between crystalline and higher-order
topological insulator phases in two dimensions. Using a tight-binding model and first-principles calculations,
we identify layered NpSb as a long-awaited two-dimensional topological crystalline insulator with intrinsic
ferromagnetic order with a band gap which is as large as 220 meV. We show that when Mz symmetry is
preserved for the out of plane magnetization of this material, it exhibits a pair of gapless edge states along all
boundaries and carries a nonzero mirror Chern number CM = 1. Remarkably, when rotating the magnetization
into the plane a higher-order topological insulator phase with a parity-based invariant ν2D = 1 is achieved, and
in-gap topological corner states emerge. Our results pave the way to understanding and engineering topological
insulating states in two-dimensional ferromagnets.
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I. INTRODUCTION

Topological crystalline insulators (TCIs), characterized by
robust surface/edge states that emerge due to the crystalline
symmetries, such as mirrors or rotations [1–5], give rise to
unusual physical phenomena and even inspire novel families
of topological spintronic devices [6–9]. In solids, TCIs can
exist in two-dimensional (2D) and three-dimensional (3D)
crystals regardless of time-reversal symmetry (T ), i.e., in
both nonmagnetic and magnetic compounds [1,10]. How-
ever, following its first theoretical prediction and experimental
confirmation in 3D nonmagnetic SnTe, TCIs were addressed
mainly in nonmagnetic compounds and have yet to be
synthesized experimentally in two dimensions [2,11–20]. In-
terestingly, the unique interplay of magnetism with 2D TCIs
provides a playground for the complex interplay between
magnetism, electronic correlations, and topological orders,
realizing a rich set of exotic quantum states, such as quan-
tum anomalous Hall effects, mixed Weyl semimetals, and
topological nodal-line semimetals [21–24]. Indeed, a blend
of topology and magnetism has attracted intensive attention
that is currently maturing into a distinct burgeoning research
field of condensed-matter physics [25–36]. Despite recent
successes along this path, however, a 2D TCI with intrinsic
magnetic order has still not been observed. Therefore, the
search for 2D magnetic TCIs is highly desirable for both
the fundamental understanding and future applications of 2D
topological magnets.

On the other hand, theoretical advances in the domain
of crystalline symmetry-protected topological states and
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bulk-boundary correspondence have greatly expanded the
topological classification of band insulators, culminating in a
recent discovery of so-called higher-order topological insu-
lators (HOTIs) [37,38]. In contrast to typical d-dimensional
TIs and/or TCIs, which host conducting (d − 1)-dimensional
boundary states [6–9], the gapless topological states of HOTIs
appear in a lower codimension as the corner or hinge states
in 2D and 3D, respectively, while their respective edges and
surfaces are gapped [37,38]. Recently, a tremendous effort is
being invested in unraveling the properties of HOTIs [39–50],
which has started to reach out to the realm of 2D magnetism
[51,52]. However, the material realization of 2D magnetic
HOTIs is so far limited to the case of Bi/EuO heterostructure
[52], while a realistic intrinsic magnetic 2D HOTI is still not
known and the underlying physics of the formation of 2D
magnetic HOTIs remains elusive.

In this work, we theoretically predict ferromagnetic NpSb
monolayer as a realistic ferromagnet that can be either a
2D TCI or a 2D HOTI, depending on the direction of the
magnetization. We thus predict that it is possible to realize a
topological phase transition between a TCI and a HOTI state
in the same material by invoking magnetic symmetries into
the topological analysis. Our analysis shows that when the
magnetization of ferromagnetic (FM) NpSb points out of the
plane of the film (along z), it resides in a 2D TCI phase with
gapless edge states emerging at all boundaries as a result of
Mz mirror symmetry. For certain directions of the in-plane
magnetization, Mz is broken but other mirror symmetries,
such as Mxy, can survive, which guarantees the emergence of
topological corner states and nonzero winding number. The
feasibility of attaining both the 2D FM TCI and FM HOTI is
further understood based on a four-band tight-binding model.
Our results not only provide an ideal platform to achieve
both FM TCI and FM HOTI states in the same material but
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may also put forward potential applications in topological
spintronics.

II. MODEL HAMILTONIAN

In many magnetic 2D (in the xy plane) systems the Mz

symmetry of reflection with respect to the xy plane is pre-
served when the magnetization points out of the plane (along
z), which provides a recipe to define the mirror Chern number
and achieve a TCI state. When the magnetization direction
is varied, Mz symmetry is naturally broken and (d − 1)-
dimensional edge states become gapped. However, as we
will show below, for certain directions of the magnetiza-
tion other mirror symmetries are restored which results in
the emergence of topologically protected corner states, i.e.,
(d − 2)-dimensional boundary modes, appearing inside the
band gap of the bulk and (d − 1)-dimensional edges, thus
manifesting the formation of magnetic HOTI state. To show
this clearly from simple arguments, we start from a four-band
tight-binding model for the 2D square lattice, as sketched
in Fig. 1(a), with the Hamiltonian that can be expressed as
H = H0 + HB with

H0 = [(m − t (cos kx +cos ky)]τz − λ(sin kxσx + sin kyσy)τx,

HB = Bσx sin θ cos ϕ + Bσy sin θ sin ϕ + Bσz cos θ. (1)

Here, the onsite energy, the magnitude of the nearest-neighbor
hopping, and the strength of spin-orbit coupling (SOC) corre-
spond to parameters m, t , and λ, respectively. σ and τ are the

FIG. 1. (a) Sketch of a two-dimensional (2D) square lattice, in
which the mirror symmetries depend sensitively on the magnetiza-
tion direction. The shaded area indicates the mirror symmetry Mz,
and the solid lines denote corresponding mirror planes of the Mx ,
My, Mxy, and Mxȳ symmetries. Edge spectra of the tight-binding
model with an (b) out-of-plane (θ = 0◦) and (c) in-plane magneti-
zation (θ = 90◦ and ϕ = 45◦) for the exchange field of B = 0.5t .
(d) Energy spectrum of the 40 × 40 nanoflake of the model versus
the magnitude of B. Corner states are highlighted with blue circles.
Energy levels for a nanoflake with an (e) out-of-plane and (f) in-plane
magnetization. Insets show the spatial weight of the edge states and
corner states.

vectors of spin and suborbital Pauli matrices. The FM order
is represented by the Zeeman term HB with an amplitude of
exchange field given by B and the magnetization direction
defined by spherical angles θ and ϕ. For B = 0, the model
system possesses four flavors of symmetries: chiral symmetry
C [50], time-reversal symmetry T , inversion symmetry P , and
mirror symmetries Mz (z → −z), Mx (x → −x), My (y →
−y), Mxy (x → −y, y → −x), and Mxȳ (x → y, y → x), rep-
resented as C = τx, T = iσy, P = τz, Mz = iτzσz, Mx = iσx,
My = iσy, Mxy = i

√
2/2(σx + σy), and Mxȳ = i

√
2/2(σx −

σy). With a set of parameters that capture the band inversion
(m = 1.5t and λ = t) the system becomes a dual TI [53].

We first consider an out-of-plane FM ordering, θ = 0o. In
this case, Mz remains intact with M2

z = −1 while all other
mirror symmetries and T are broken, meaning that the Hamil-
tonian can be separated into two decoupled mirror subspaces
based on the two mirror eigenvalues ±i:

H±i(kx, ky) = ±[m + B − t (cos kx + cos ky)]σz

− sin kxσx ∓ sin kyσy. (2)

For two opposite mirror subspaces, the calculated Chern num-
bers are, respectively, C+i = 1 and C−i = −1. Thus, the mirror
Chern number defined as CM = (C+i − C−i )/2 is +1, which
proves the TCI nature of the considered 2D FM square lattice.
This can be further explicitly confirmed by observing the
emergence of gapless edge states at all edges with Mz as
displayed in Figs. 1(b) and 1(e).

It is widely known that a gap opens up in the edge states
when the protecting Mz symmetry is broken, for example by
rotating the magnetic moments into the xy plane, θ = 90◦.
Indeed, our results reveal that the edges are usually gapped
out in this case. However, for ϕ = 0◦ and ϕ = 90◦, Mx and
My symmetries are still preserved, respectively, which keeps
the edges, perpendicular to the corresponding mirror planes,
gapless. Remarkably, for ϕ = 45◦, although the edges are
gapped out [Fig. 1(c) with B = 0.5t], the in-gap states, that
are localized in the corners of a finite sample, arise, as visible
from the spectrum analysis of a 0D nanoflake in Fig. 1(f). This
signals the emergence of the HOTI state. In the latter case the
Mxy symmetry survives with the eigenvectors of +i and −i
in corresponding subspaces, which can be written as H±i =
q±i · σ . Thus, a mirror-graded winding number, also known as
Zak phase, can be calculated by νMxy = (ν+i − ν−i )/2 with

ν±i = i

2π

∫
L

dk{Tr[q±i(k)∂kq+
±i(k)]}, (3)

where the one-dimensional integration path L goes through 


and follows the mirror-invariant (110) direction in the Bril-
louin zone. The calculated values of ν+i = 1 and ν−i = −1
result in a nonzero mirror-graded winding number νMxy=1,
confirming the fact that the HOTI can be obtained from
the TCI via efficient magnetization switching in a 2D fer-
romagnet. The topological corner electrons are gradually
accumulating as the Zeeman term increases, and they are
found to localize in the corners exclusively when B > 0.25t
[Fig. 1(d)]. Moreover, since P is still preserved, we can also
employ the parity eigenvalues analysis to examine the nontriv-
ial topology by computing the winding number ν2D defined
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as [45,54]

(−1)ν2D =
4∏

i=1

(−1)[N−
occ(
i )/2], (4)

where N−
occ(
i ) is the number of occupied states with an odd

parity at time-reversal invariant momenta 
i. As expected, we
find that at the 
 point, the parity eigenvalues of two occupied
states are all odd, whereas those for the other three momenta
(two X and one M) are all even. This yields ν2D = 1 thus
further explicitly confirming the HOTI state.

III. MATERIAL REALIZATION

Having demonstrated the generic physical mechanism of
magnetization-driven transformation between a 2D FM TCI
and a FM HOTI, we aim now at a material realization of a
2D intrinsic ferromagnet that exhibits the proposed quantum
phase transition. Neptunium monopnictide NpSb has long
been studied both theoretically and experimentally owing to
its surprising electronic and magnetic properties [55–57] and
was recently proposed to be an axion insulator [36]. Bulk
NpSb crystallizes in the face-centered-cubic NaCl structure
with space group Fm3̄m (No. 225), as shown in Fig. 2(a),
where Np and Sb atoms occupy the Wyckoff 4c and 4b po-
sitions, respectively, and they are coplanar. Thus, when we
construct a (001)-oriented monolayer of NpSb, a 2D square
lattice with Np and Sb atoms positioned in the mirror plane
z = 0 is obtained. Figure 2(c) presents the top view of such
a 2D monolayer with the p4/mmm (No. 61) layer group. We

FIG. 2. Crystal structure of (a) bulk and (c) monolayer NpSb.
The unit cell of NpSb monolayer is indicated by black solid lines.
(b) The Brillouin zone of the primitive unit cell (black solid lines)
and

√
2 × √

2 supercell (yellow dashed lines) of the monolayer. Pro-
jected one-dimensional Brillouin zone with marked high symmetry
points is shown with a purple solid line. (d) Phonon spectra for
NpSb monolayer, indicating that the NpSb monolayer is dynamically
stable.

FIG. 3. Band structure of (a) majority and (b) minority states of
NpSb monolayer in the absence of SOC, and that of NpSb monolayer
with (c) an out-of-plane and (d) an in-plane magnetization along x in-
cluding SOC. The bands are orbitally weighted with the contribution
of Sb-px/y and Np-dx2−y2 states. The Fermi level is indicated with a
dashed line.

refer to the Supplemental Material for the details of our first
principles calculations which take into account the strongly-
correlated nature of this material [53]. The determined from
total energy calculations optimized lattice constant is a =
4.41 Å, almost the same as that of the experimental bulk
structure [56]. Remarkably, as verified by our explicit cal-
culations of the phonon spectrum, plotted in Fig. 2(d), all
phonon branches are positive in the entire Brillouin zone,
which signifies that NpSb monolayer is dynamically stable
and difficult to destroy once formed.

The ground state of NpSb monolayer was found to be FM
and the corresponding band structure of the system without
SOC is illustrated in Figs. 3(a) and 3(b). Clearly, the majority
bands are metallic with a band touching at the 
 point, while
the minority bands exhibit a gap of 195 meV resulting in
a pronounced half-metallic behavior near the Fermi energy.
We next inspect the effect of SOC on the band structure and
present the data in Figs. 3(c) and 3(d) for the out-of-plane and
in-plane (along x) directions of the magnetization. As can be
seen from this figure, SOC opens a very large gap in the ma-
jority channel, thereby making the whole system gapped for
both directions of the magnetization, with the corresponding
band gaps constituting 220 meV and 86 meV for the out-
of-plane and in-plane directions, respectively. Moreover, the
fat-band analysis of the orbital contributions to the electronic
states suggests that SOC drives a band inversion between Sb-
px/py and Np-dx2−y2 states both in the minority and majority
channels. As is well known, such a band inversion is a clear in-
dicator of the formation of a topologically nontrivial insulator.

For the out-of-plane magnetization, the magnetic space
group [58,59] of such a system is P4/mm′m′ (No. 123.345)
with one Np and one Sb atom occupying the Wyckoff 1b
and 1d positions, respectively, where the magnetic moment

195152-3



NING MAO et al. PHYSICAL REVIEW B 103, 195152 (2021)

FIG. 4. Evolution of Wannier charge centers (WCCs) for NpSb
monolayer with an out-of-plane magnetization associated with (a)
+i and (b) −i mirror eigenstates, indicating a nonzero mirror Chern
number CM = 1. (c) Evolution of WCCs along kx , confirming the
topological nature of the gap with Z2 = 1. (d) Energy dependence
of the spin Hall conductivity σ S

xy, showing a quantized value within
the energy window of the SOC gap. Inset shows the reciprocal-space
distribution of spin Berry curvature within the SOC gap.

is only on Np atom with an amplitude of 4μB. In this mag-
netic space group, the system possesses Mz symmetry, and
thus, all Bloch states can be distinguished by their mirror
eigenvalues ±i, while the mirror Chern number CM can be
assessed. In order to do this, we construct a tight-binding
Hamiltonian based on the maximally localized Wannier
functions and for each value of ky carry out the Wilson
loop calculations, where the Wilson loop matrix is de-
termined as W(kx+2π,ky )←(kx,ky ) = limN→∞ FN−1FN−2 . . . F1F0,
where [Fi]mn = 〈um(2π (i + 1)/N, ky ) | un(2π i/N, ky)〉, with
|unk〉 as the lattice-periodic part of the nth Bloch state at
the k point (kx, ky), N is the number of kx points we set,
and the dimension of the Wilson loop matrix is equal to
the number of occupied bands of our system. As shown in
Figs. 4(a) and 4(b), the Chern numbers of all occupied bands
for the opposite mirror eigenvalues +i and −i are C+i = 1 and
C−i = −1, respectively, yielding CM = 1, and confirming the
fact that NpSb monolayer is a 2D FM TCI. In addition, to
further solidify the nontrivial topology with an odd number
of band inversions, the Z2 invariant is calculated through
both the Wannier charge centers (WCCs) and the spin Hall
conductivity σ S

xy. An odd number of crossings of the WCCs
with a reference horizontal line and the quantization of σ S

xy
within the insulating region are clearly visible, as shown in
Figs. 4(c) and 4(d), uncovering that the topological index Z2

is +1 and implying the quantum spin Hall nature of our 2D
FM system. Therefore, the NpSb monolayer exhibits the dual
topological character with respect to the 2D FM TCI and FM
quantum spin Hall effect.

FIG. 5. Energy bands of the semi-infinite NpSb nanoribbon with
(a) out-of-plane and (b) in-plane ferromagnetism, revealing char-
acteristic edge states for the TCI and HOTI phases, respectively.
Colors range from purple to red representing the higher density of
states at the edges. Energy levels for a NpSb nanoflake with the
(c) out-of-plane and (d) in-plane ferromagnetism. Corner states in
(d) are highlighted in blue circles. Insets show the probability of the
edge states and corner states.

Now, we turn to the NpSb monolayer with an in-plane
magnetization along (100) and validate the emergence of 2D
HOTI phase. The magnetic space group [58,59] turns into
Cmm′m′ (No. 65.486) with both Np and Sb atoms at its
Wyckoff 2d positions, who shares the same amplitude of mag-
netic moment as out-of-plane magnetization. Although the
obtained band structure for the in-plane magnetization differs
somewhat from that obtained for the out-of-plane case, as
shown in Figs. 3(c) and 3(d), the SOC-driven band inversion
between the valence and conduction bands is preserved. Thus,
the occupied states at four time-reversal invariant momenta
(one 
, two X, and one M) still retain their parity eigenvalues.
There are 14, 8, and 16 odd bands out of 20 occupied bands at

, X, and M, respectively. Therefore the parities at (
, X1, X2,
M) are (−, +, +, +), which leads to ν2D = 1, thus revealing
the existence of the FM HOTI phase in the NpSb monolayer.

Finally, we investigate the emergence of edge and corner
states in our system, which are the hallmarks of 2D TCIs
and HOTIs, using the maximally localized Wannier functions
that can reproduce the band dispersion of FM NpSb for the
out-of-plane and in-plane directions of the magnetization very
accurately. Figures 5(a) and 5(b) display the edge spectra for
the semi-infinite along (100) NpSb. One can clearly observe
that, in direct agreement with CM = 1 prediction for the out-
of-plane case, a pair of counterpropagating gapless edge states
meets at the 
 point, Fig. 5(a). In contrast, the edge states
become completely gapped for the in-plane magnetization di-
rection due to the Mz symmetry breaking [Fig. 5(b)]. Notably,
the topological corner states arise around the Fermi level as
illustrated by the calculation of the energy levels of a 20 × 20
0D nanoflake plotted in Fig. 5(d). Inset of Fig. 5(d) presents
the corresponding real-space distribution of the states. In-
deed, with fractionalized charge distribution, wave functions
of the corner states are localized only at the corners shared by
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adjacent boundaries, whereas the corner states essentially van-
ish in other regions. This is topologically distinct from the
edge states exhibited in the dual TI state of the system, as
shown in the inset of Fig. 5(c), where the edge states are
clearly visible to be distributed almost uniformly along the
boundaries. These results unambiguously demonstrate the re-
alization of the 2D FM TCI and HOTI phases in the NpSb
monolayer as controlled by the direction of the magnetization.

IV. CONCLUSIONS

In conclusion, we have demonstrated the emergence of a
FM TCI and FM HOTI phases for a magnet on a 2D square
lattice, which can be controlled by switching the magnetiza-
tion direction, e.g., via electrically induced spin-orbit torques,
providing thus a promising way to control the symmetry
and the state of magnetic systems which host higher-order
topology. Moreover, we identified NpSb monolayer as an
ideal platform for achieving the proposed magnetic topolo-
gies. It possesses the required magnetic group symmetry and
stable crystal structure. The FM TCI state for an out-of-

plane magnetization is identified by a mirror Chern number
CM = 1 and a pair of gapless edge states, while the FM
HOTI state for an in-plane magnetization is identified by the
index ν2D = 1 and corner states. Our findings may motivate
the formulation of novel strategies in manipulating topolog-
ical phenomena and exotic topological states for spintronics
applications.
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