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We study the topological properties of a spin-orbit coupled tight-binding model with flux on the kagome
lattice. The model is time-reversal invariant and realizes a Z, topological insulator as a result of artificial gauge

fields. We develop topological arguments to describe this system showing three inequivalent sites in a unit cell
and a flat band in its energy spectrum in addition to the topological dispersive energy bands. We show the stability
of the topological phase towards spin-flip processes and different types of on-site potentials. In particular, we also
address the situation where on-site energies may differ inside a unit cell. Moreover, a staggered potential on the
lattice may realize topological phases for the half-filled situation. Another interesting result is the occurrence of a
topological phase for large on-site energies. To describe topological properties of the system we use a numerical
approach based on the twisted boundary conditions and we develop a mathematical approach, related to smooth

fields.

DOLI: 10.1103/PhysRevB.103.195105

I. INTRODUCTION

The discovery of topological insulators has revolution-
ized the field of condensed matter physics in recent decades
[1-12]. Topological insulators have been observed not only in
solid-state materials [13,14], but also in the artificial systems
created by ultracold atoms loaded in optical lattices [15-21]
and photonic systems [22,23]. In particular, the Azbel-Harper-
Hofstadter [15-17] and the Haldane [18,19] models were
experimentally realized. Robust edge states, indicating topo-
logical insulators, were also observed with ultracold atoms
in synthetic dimensions [20,21]. A common approach to
achieve topological phases in cold atomic gas experiments is
to employ artificial gauge fields [10,24-29]. Realization of ar-
tificial spin-orbit coupling (SOC) was discussed in Ref. [29].
SOC has already been realized experimentally in ultracold
atoms in the absence of optical lattices [30-33] and there
are proposals how to realize it in the presence of the optical
lattices [34,35].

Topological insulators behave as insulators in the bulk,
while they are conducting at their boundary. Despite that, their
topological properties are classified according to the topo-
logical invariants which are determined based on their bulk
properties. Time-reversal symmetric nonmagnetic insulators
are characterized by a Z, invariant v, i.e., they are divided
into two categories: a topological insulator with Z, number
v =1 and a trivial band insulator with v = 0. The latter is
adiabatically connected to the trivial state, while the former
cannot be connected to the trivial state without closing a bulk
gap [1,2].

There are a number of works that have already investi-
gated topological properties of the tight-binding model on
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the kagome lattice [36-56], related to spin-orbit coupling
[45-49], staggered fluxes [51], Hofstadter butterflies [53,56],
breathing kagome lattice [54], flat band phases [50,52], chiral
edge modes [40], higher order topological Mott insulators
[55], quantum anomalous Hall [36—44], fractional quantum
Hall [49], and spin Hall [47,48] effects.

Hereafter we study topological properties of the spin-orbit
coupled tight-binding model with flux on the kagome lattice,
which is non-Bravais lattice and contains three sites per unit
cell. In addition to the SOC and the flux produced by the arti-
ficial gauge fields imprinted as spin-dependent Peierls phases,
we also take into account the effect of site-dependent on-site
energies, which can be realized in experiments with ultracold
atoms. We consider the cases where on-site energies can be
different within the lattice unit cell but are the same for all
lattice unit cells, and we also consider cases with staggered
on-site energies between different lattice unit cells.

We show that fluxes and SOC, generated by artificial gauge
fields, induce topological phases. We show that these phases
are stable after applying on-site energies. Interestingly, a stag-
gered potential may also induce a topological phase for the
half-filled situation. A remarkable result we obtained is the
existence of the topological phase for divergingly large on-site
energies.

In this work we also develop an analytical approach to
describe the topological properties of the phases which allows
us to understand the variations of the Z, number.

The paper is organized as follows. In the next section
(Sec. II) we introduce the model Hamiltonian and rewrite it in
momentum space. In Sec. III we first give an overview of the
numerical method to compute the Z, number based on twisted
boundary conditions (Sec. III A). Afterwards, in Sec. III B we
present the analytical method which brings a different view
on the topological property of the phases and allows us to
understand the variations of the Z, number. We present our
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results in Secs. IV and V. In Sec. IV we consider on-site
energies that may differ within the unit cell but are the same
for all unit cells, while in Sec. V we consider a setup with the
staggered potential on the lattice. In Sec. VI we elaborate con-
clusive remarks. The paper also contains three Appendices.
In Appendix A we review and compare two other methods
introduced in Refs. [40,57] to compute the Z, number for our
model. In Appendix B we derive expressions for conservation
of the average current, and finally in Appendix C we derive an
effective Hamiltonian for large on-site energies.

II. MODEL
A. Hamiltonian in real space

We investigate the tight-binding model with flux on the
kagome lattice. Experimentally, this lattice has been realized
using ultracold atoms by superimposing two triangular optical
lattices with different wavelengths [58]. The resulting struc-
ture has three sites per unit cell, which we denote by R, B,
and G (see Fig. 1). The unit cells are arranged on a triangular
lattice. The displacement vectors between the neighboring
unit cells are

e, =a(l,0) and e2=a<l,£). (D
272
Here a is the lattice constant. Here we have defined the dis-
placement vector e; = e, — e;. We also introduce b; = %el,
b, = %ez, and bz = %e3 within a unit cell between R and B, R
and G, and B and G, respectively.
The Hamiltonian in real-space representation reads

H=—t Z[CR,rﬂ'CB,r + CRr+e ]J'CB,r
r

t —i2nyo” T _—i2myo*
+ CR,re CG,r + CG,re CR,r+e2

T o ¥ ipo?
+cpe® ot Cprie €’ gt He]

+Z Z Vorla r- (2)

r oa=R,B,G

Here ¢}, = (cl’r’ . c;r’ |) creates a fermion at site r for o =
R, at site r + b; for « = B, and at site r + b, for « = G,
respectively. ng r.o = €} . ,Cyr o, 18 the fermion number oper-
ator for spin o on the corresponding site and ny r = 1y vt +
Ng.r.,. We define the filling n as n = WINZ Y o (fa.r). Here
N; and N, are the numbers of unit cells along e; and e,
respectively. o* and o° are the x and z Pauli matrices acting in
spin space, while 1 is unit matrix. ¢ is the hopping amplitude
of fermions between neighboring lattice sites. The third and
the fourth terms are the Rashba-type spin-orbit coupling terms
[59] of strength y, which determine the coupling between the
two spin species via e 277" = 1 cos(2my) — io* sin2mwy).
This form allows us to study linear effects associated with
spin-flip terms and also nonlinear processes. Here ¢ intro-
duces a phase which acquires opposite signs for ¢ =1 and
J particles, such that the Hamiltonian preserves time-reversal
symmetry. For small values of ¢, this term is similar to
a Kane-Mele spin-orbit coupling introduced here between
nearest-neighbor sites [1,2].

FIG. 1. The schematic representation of the kagome lattice. The
lattice contains three sites per unit cell, which we depict by red
(R), blue (B), and green (G). e; and e, are the displacement vectors
between the neighboring unit cells which form the triangular lattice.
by, by, and b; are the displacement vectors within the unit cell
between R and B, R and G, and B and G sites, respectively.

Finally, V, , is the on-site energy on the o sublattice and
in general, it depends on the unit cell coordinate r. On the
one hand, we consider cases where the on-site energies are
independent of r but can be different from each other inside
the unit cell, i.e., V, r = Ay. In particular, we consider four
different setups:

(1) all on-site energies are zero (Ag = Ag = Ag = 0),

(2) )‘48 = —)LR = A and )‘«G = O,

(3) )‘-R :AandAB Z)‘-G =0,

(4) )"B :AandAR =)\,G =0.

Here we note that the case when Ag = Aand A = A =0
is equivalent to the case where the on-site energies are nonzero
for R sublattice sites, i.e., case (ii) due to the symmetry dis-
cussed below [see Eq. (17)].

On the other hand, we also consider a staggered potential.
For the latter we have V,,, = A, | for r = 2n,e; + mye; and
Va,r = )\a,Z for r = (Zn] + l)e] + npe;. Here 1 < np < Nl
and 1 < np < N, are integer numbers. Therefore, the size of
the unit cell of the model is twice as large as the size of the unit
cell of the lattice. Also in this case the unit cells are arranged
on a triangular lattice, but with the displacement vectors be-
tween the neighboring unit cells € = 2e; and &, = e;. We
consider three cases:

(1) Ag1=Ap1=Ag1 = —Ap2=—Ap2=—Ag2 =X
for n = 2/3 filling,

(2) Ar1 =Ap1=Ac1 = —Ar2=—hp2=—Ac2 =X
for half-filling (n = 1),

(3) )‘-R.l = _)\.R,Z = A and )\.B“y:]’2 = )‘-G,S:I,Z = 0 forn =
2/3 filling.

In contrast to our model, Harper [60] and Hofstadter [61] in
their original works considered a Peierls phase ¢ that depends
on the site coordinate. As it was shown in Ref. [61] such
a Peierls phase produces a fractal spectrum known as the
“Hofstadter butterfly.”
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B. Hamiltonian in momentum space
1. Without staggered potential: V, , = A,

First we consider the system without the staggered po-
tential, i.e., for V, = Ay. We consider periodic boundary
conditions along the e; and the e, directions, i.e., r + Nje; =
r and r + N,e, = r. We perform a Fourier transform

_ i Hi(k) HRSO(k)>
=Sl W e ©
with
AR e1(k) cos(2my )ex (k)
Ho (k)= e1(k) A " ?e3(K) ,
cos2my)er(k) e Pes(k) A
(€]
0 0 sin(2ry)Ek)
Hrso(k) = 0 0 0 G
sinry)E(k) O 0

Here we have defined

l/’12f = (C;re,k,w c;,k,T’ CTG,k,T’ c:e,k,w c;,k,w CTG,k,ﬂ’ (6)
as well as g, = —2rcos(k-b,) and &(k) = 2t sin(k - by).
Note that s, = 1 (—1) for 0 =1 ({). The reciprocal lattice
of the triangular lattice has the following basis vectors:

Here

e~ %)

represents a i /2 rotation matrix. Therefore

k= _lg 4+ 2 )
—ngl Nzgz-
We obtain  k-b, =% =k, for a=12 and
Koby=22 I — k.

The Hamiltonian (3) has six eigenvalues for each value
of k. Due to time-reversal symmetry the spectrum possesses
nonmovable band crossings which are known as Kramers
degeneracies. This leaves three bands potentially nonover-
lapping for any value of k. Based on that, gaps may appear
between the second and third bands, when two from six bands
are filled, as well as between the fourth and fifth bands when
four from six bands are filled. Therefore, a gap may appear
for the fillings n = 2/3 and n = 4/3. Just reminder when all
bands are filled n = 2.

2. Staggered potential

Now we consider the case when a staggered potential is
applied, i.e., Vo r = Ay 1 forr = 2nje; +mey and Vy » = Ay
forr = (2n; + 1)e; + nye,. In this case, as it was mentioned
above, the displacement vectors between the neighboring unit

Re ir (V31 cells are € = 2e; and € = e,. We again consider periodic
g = 271—; = —— (7, —§>, @) boundary conditions. Taking into account the size of the unit
e ;2 aﬁ4 cell which is twice as large we have r + 21& =r and r +
g =2m @ _ _71(0’ 1). (8) M€ =r. In this case, the number of unit cells along the e,
e-Rei a3 direction is NV, /2. After the Fourier transform we obtain
|
Hir(k)  Hip(K)  Hrso(k) 0
"= Mgk Ao 0 Heso(k) | o (10
m M| Hrsok) H&,i(k) Hi*i(k) k
0 Hiso)  H (&) H] (k)
with ]
)»R,,- —te~ kb cos(Zny)gz(k)
Hio(K) = —telk b AB.i —teloPe kb | an
cos(2ry)er(k) —te 0P ekDs AG.i
0 —te*M 0
Hio(k) = | —te~kM 0 —tel7Pebs | 12)
0 —te~i0bpmikbs 0
Here
Al # P i P i i i i i i i i
Vi = (Crikrs CBLK CG1K CRuK 1 CB2KA Co2k 1 CRIKL CBLK. L €1k, | CRak L » B2k, ) Coak.))- (13)

The reciprocal lattice of the triangular lattice with the ex-
tended unit cell has the following basis vectors:

R& 2 3
oo R 2 (3 gy,
€; - Ré, aﬁ 2 2
5, — 27 10! o0 (15)
= 7T = —=W, )
Y TRV

(

and taking into account that the number of unit cells along e;
is N1 /2 we have

ny np .
= + —=8,. 16
N1/2g1 N2g2 (16)
Here —% <n < % and —% <n < % are integer num-

bers. We obtain k - b; = ”T"]‘ = %/%1, k-b, =22 =k, and

N
. —mm _mm _ o 17
k-b; = N , =k zkl.
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The Hamiltonian (10) has 12 eigenvalues for each value of
k. Due to the Kramers degeneracy, discussed above, there are
six bands potentially nonoverlapping for any value of k. They
are between the 2mth and (2m + 1)th bands (im =1, ..., 6).
Therefore gaps may appear for the fillingsn = 1/3,n = 2/3,
n=1,n=4/3,andn =5/3.

C. Symmetries

In this subsection we discuss the symmetries of the Hamil-
tonian (2). To detect them we consider different gauge
transformations as well as the particle-hole symmetry.

We start with noting that there is no physical difference
between R and G sites in the unit cell. Interchanging them is
equivalent to the following gauge transformation:

Cpyr < cB,re"""’z, R < G. a7

One can easily show that due to the gauge transformation
i

a,r

a PTx .
¢l o co’ue’Z" = w;rax, o =R, B, G, (18)

the following relations hold:

H(Y, ¢, Var) < H(y, 2m — ¢, Vor). 19)
The gauge transformation
Cl,r <~ cl,re’%"v = ic;ray, a=R,B, G (20)
gives us
HY @ Var) & H( =y, 27 — ¢, Vor). 21
While after the gauge transformation
¢ cl,re’%“: =ic, 0%, =R, B, G (22)
we obtain
HY, ¢, Var) © H =y, ¢, Var). (23)
Finally, the gauge transformation
c;fh <~ ckrem = —c};r, c;r <~ c;_rei” = —c;r (24)
gives us
Hy ¢ Var) & H(y = 3.7 = ¢ Var). (29

Due to the fact that y and ¢ are in the exponent and are
periodic variables it is enough to consider only

0<y<1l and 0< ¢ <2m. (26)

Based on the Egs. (19), (21), (23), and (25), we can focus on
the region

0<y <025 and 0< ¢ <, Q7

but alternatively one can also consider
0<y <05 and 0<¢<%. (28)

To check further symmetries of the model, we consider
the particle-hole transformation. In general, the Hamiltonian
under consideration [Eq. (2)] is not symmetric under the
particle-hole symmetry, but it maps different parameter sets
to each other.

We perform the following particle-hole transformation:

z i z i b4
Cpy € O Cppy  Cpp <> —0°Cpy, Cgp <> —0°Co (29)

After simple calculations we obtain that the Hamiltonian un-
der consideration has the following symmetry:

H(V, ¢7Vr) for 2 — n.

(30)

for n < H(y, 7w — ¢, —V;)

Here n is the average filling.

Eventually we consider the time-reversal symmetry.
We write the time-reversal operator ® = ic”’K with o’
the y Pauli matrix acting in spin space and K denoting
complex conjugation. The Hamiltonian (2) is invariant under
time-reversal symmetry: OHO® ! = H. We can check it
explicitly by rewriting e=2"7%" = 1 cos2my — io*sin2mwy
and ¢%°° =1cos¢ +io*sing and remembering that
oYc*o”™ =0* and oYoc‘c? =o* Then we write
H =3, v ,HEK)Y,, with H(k) a generic notation for
the momentum space Hamiltonian matrix which appear
in Eq. (3) or in Eq. (10), depending on the situation
we consider. We have OH(k)®~! = H(—k). Indeed we
notice that Hy (—K) = Hz(K)*, Hrso(—k) = —[Hrso(®)'T",
Hio(—k) = Hiz(K)*, and H, o (—k) = H, z(k)*. Here t =|
and | =1.

III. METHODS

In this section we review the different methods which al-
low us to calculate the Z, number and which are useful to
characterize the topological phases. One of them is numerical
and based on the twisted boundary conditions, while the other
two are analytical and also introduce geometrical arguments
specific to the kagome lattice (see Appendix A). Another way
to calculate the Z, number is to use the Wilson loop [7,62—
60].

A. Calculation of the 7, number using twisted boundary
conditions

First, we review the approach employing twisted bound-
ary conditions [66-69] following closely the definitions of
Ref. [69]. We consider spin-dependent twisted boundary con-
ditions along the e; direction and spin-independent twisted
boundary along the e, direction. So we have

io.0 i16,
CriLiega =€ cry and  Crife,q =€ *Cra- (31

Here L; x L, is the two-dimensional (2D) sample area while
0 = (01, 6,) is the vector of the two twist angles. Here it is
worth mentioning that the periodic boundary condition is the
special case of the twisted boundary condition (31) with 6; =
6, = 0.

We perform calculations for a relatively small real-space
sample L; x L, for the different values of #. Therefore we
introduce another grid of size Ny, and Np,, such that 6,—; > =
2mn, /Ny, , where —Ny, /2 < n, < Ny /2.

Furthermore, we define the U (1) link variables

det g,
Ue=12(0) = , 32
e=1,2(0) detg,] (32)
which are functions of the twist angle 6. Here
(8 (D)]ap = (Va(O)|Y6(0 + p,.)) (33)
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are matrices with dimension equal to the number of occupied
eigenstates of the Hamiltonian |1,(#)) for a given twist angle
0. ny = (27w /Ng,, 0) and u, = (0, 27 /Ny, ) are unit vectors in
the respective directions.

Now we can define the Berry curvature

Q(6) = log[U(0)U>(0 + U1 (0 + py) ' Ux(0)7'1.
(34)

For time-reversal invariant systems the Z, number can be
calculated by summing over all 6,

1
v = [4—m 20: Q(O):| mod 2. (35)

One can show that Eq. (35) always produces an integer for the
gapped phase, where it is well defined. This number quickly
converges to the actual Z, number when increasing the numer-
ical accuracy. The advantage of this method is that Eq. (34) is
gauge invariant due to the fact that the phases of a U (1) gauge
transformation will always cancel out.

B. Analytical computation of the Z, number

Here we consider the case V,, , = A,. We describe an ana-
lytical computation for the Z, number at n = 2/3 filling. This
computation is first performed at y = O for all the values of
the flux ¢ and for arbitrary on-site energy A and it is consistent
with both approaches described in Appendix A. Then the
results are extended to the y # 0 case, either by adiabatic
evolution of the Hamiltonian or by considering the evolution
of the current operator average value when turning on the
y term. This analytical approach is complementary to the
previous approach. It allows us to understand (mathematically
speaking) the variations of the Z, number.

1. The y = 0 case

When y = 0, the Hamiltonian [see expression in Eq. (3)]
decouples into two independent parts for o =1 and o = It
gives three energy bands associated with spin up states, which
are degenerate with the three energy bands associated with
the spin down states. Due to this decoupling we have the
following relation for the Z, topological number [70-72]:

v=1(C; —C)) mod 2=C; mod 2, (36)

where

Co= s [ PHVi x Apil . (37
2im ’
is the spin Chern number and e, is a unit vector perpen-
dicular to the kagome lattice and the so-called Berry gauge
field A, x = fdzru: kO Vg k(1) = (us k| Vi |Ug k), asso-
ciated with the lowest energy band with spin o. u, x(r) =
us x(r + R), with R the (magnetic) Bravais lattice vector, is
the periodic (in real space) part of the Bloch eigenvector
Wy (r) = &7 Uy x(r). The integration is performed over the
whole Brillouin zone (BZ). Because the BZ is a torus, if
we can find a gauge choice such that A, x is uniquely and
smoothly defined over all the BZ, then using the Stokes’
theorem, we find that C, is vanishing. Therefore, a nontrivial
topology comes from the impossibility of finding such a gauge

cosk.b; =0 cosk.b; =0

D; domain
D;r domain 1

FIG. 2. Definition of the Brillouin zone into two domains (see
Sec. III B), each associated with a different gauge choice for the
eigenvectors.

choice that makes A, x uniquely and smoothly defined. Un-
der a gauge transformation u, k(r) — uo,k(r)e"fd &) with f, a
smooth function of k and independent of r, we have A, x —
Asx +iVifs(Kk), so C; = C,. Now, suppose that the BZ
is divided into two domains denoted D; and Dy, where the
respective gauge choices |uy k1) and |uq k) are unique and
smooth (for illustration see Fig. 2). We define ¢, (k) a smooth
function of k such that |u, i 1) = € ® |u, 1) and we define
Ay k1 = (o k1l Vi o k1) and Ag ki = (Us k1l Vi o k1)
which are both uniquely and smoothly defined fields respec-
tively inside Dy and Dy;. Then after using Stokes’ theorem we
obtain

1
c, = _<?§ dk - Al — 7{ dk -Ao,k,n) (38)
2!7'[ r r

Here I' is the boundary between Dy and Dy;. Using A, x1 =
As k1 + iVkes (K), we find

1
C, = f dk - Viegy (K). (39)
27T r

In the results of Sec. IV we detail this computation with
convenient gauge choices depending on the value of the pa-
rameters. We should notice that the phase 551" dk - Vg, (k)
accumulated here is different from a Berry phase accumu-
lated by the wave packet |u, x) along the I' path [40]. The
latter can be written fr dk - Ay and it is the contribution
to the Chern number of the Berry curvature integrated over
the domain delimited by I'. The former is the Berry curvature
integrated over all the BZ and is then related to the difference
of Berry phases in Eq. (38). When the Berry curvature takes
non-negligible values only around L points that we denote
K;, I =1,...,L, the Chern number is well approximated by
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> fl“xl dk - A, x where Tk, is the boundary delimiting the

domain around the K; point where the Berry curvature takes
non-negligible values. Usually the contributions 9§r dk -As

are numerically evaluated. This is what is done i 1n Ref. [40]
and it provides a way to access the quantity in Eq. (38).

2. Extending the results to the y # 0 case

We can generalize the results of the y = 0 study by con-
sidering adiabatic deformations of the Hamiltonian. Because
the Z, number is an integer, it is unchanged under adiabatic
deformations of the Hamiltonian, i.e., as long as there is no
gap closing. Therefore, we expect that a y # 0 point is char-
acterized by the same Z, number as a y = 0 point which lies
in the same phase (no gap closure between both points).

We can use another argument, maybe more intuitive, from
the evolution of the conductivity for a two-dimensional open
geometry, when we turn the y term on. When y =0 we
assume that the system at n = 2/3 is in a topological insu-
lating phase. It means that we can observe chiral edge modes
[40,73], each of which is associated with a finite chiral current
average value, while the total current vanishes. If we can
show that the chiral current associated with each edge mode
is conserved when we turn y on, as well as the insulating
feature of the bulk, then we prove that the Z, number is also
conserved.

We introduce a (real-)time t dependence in the y parame-
ter, say a simple linear one 2wy = t. We want to evaluate the
electronic current operator ju.r),.r)(T) between two nearest-
neighbor points («,r) and (o, 1) of the lattice. First we
combine the continuity equation for the charge density 1, =
c;rco,,r with the (Heisenberg picture) evolution equation for
Ny r to get

v 'jvt,r(r) = —i[H(7), na,r]a 40)
with ‘H corresponding to the form in Eq. (2) and with
Jar(™ = e @.e(T) (41)
o, r’

the electronic current operator at the («, r) point of the lattice.
In Eq. (41) the summation with («’, r’) runs over all neighbor-
ing sites of (o, r).

Now we show that when y goes from O to a finite value,
the chiral currents associated with the chiral edge modes are
conserved as well as the insulating feature of the bulk. To this
end we write the time derivative of the average value of the
current operator, at whatever time . We denote |\W(7)) the
state of the system described by the Hamiltonian (7). We
have

d .
e (WO J@,r), @, (1) [P(T))

d
=<\1’(f)|< [(H(T), ). (@ (O .](ot 0. r)(f)>|‘1’(f))
(42)

Relying on the symmetries of the Hamiltonian, the sum of
the average current along one directional line in the system
is conserved (for details see in Appendix B). What we call

a directional line is one straight line of atoms in the system
along one of the ey, e;, or e3 directions.

In Appendix B we give an example of this computation for
one directional line that we denote &,, along the e, direction.
We consider an inversion symmetric lattice with line-shaped
boundaries. For each unit cell at position r € &, we need to
consider the currents along &, which are j ), &) (7) and
JRr+ey).(6.r)(t). We show (see Appendix B) that

d . .
> 77 Y@OUGn.®n (@) +ikrie.cn(®) W) =

l‘€£2
(43)

For one line along the e, direction, the currents, associated
with an eigenstate, are conserved when we vary y. The proof
can also be done for the currents associated with the e; and e;
directions, but is not shown here because it is similar to e, the
proof.

The currents that flow in the system are those associated
with the occupied eigenstates. At n = 2/3, as long as the gap
between the second and the third band does not close, all
the eigenstates associated with the first and the second band
remain occupied. Therefore, when we turn on the y term, as
long as the gap (between the second and the third band) does
not close, the chiral currents associated with the chiral edge
modes are conserved, as well as the insulating feature of the
bulk, which shows that the Z, number is conserved.

IV. RESULTS WITHOUT STAGGERED POTENTIAL:
Va,r = A

A. Without on-site energies: Ag = Agp = Ag =0

We start to present our results for V, , = A,. First, we
consider a setup for which all the on-site energies are zero,
ie., Ag = Ap = Ag = 0. We present spectra Ey, for different
values of y and ¢ in Fig. 3. For y = 0, the spin up and spin
down fermions are decoupled from each other and we obtain
three bands, each of them are doubly degenerate correspond-
ing to spin up and spin down fermions. We obtain flat bands
for ¢ = 0 (upper band), ¢ = 7 /2 (middle band), and ¢ =
(lower band). Spectra for ¢ = 7 /2 is presented in Fig. 3(a).
For finite y, the spin up and spin down fermions are mixed.
Degeneracy is partially removed, but bands are still pairwise
partially degenerate. For small values of y, the system is still
gapped for both n = 2/3 and n = 4/3 fillings [see Fig. 3(b)],
but with increasing y the gaps are closing [see Figs. 3(c) and
3(d)].

As mentioned above, the gap may appear for n = 2/3 and
n = 4/3 fillings and the results obtained for these fillings are
related to each other by the mapping in Eq. (30). Therefore,
we present our results for n = 2/3 and the results forn = 4/3
can be obtained by replacing ¢ by w — ¢. First, we consider
the gap. Our results are presented in the upper panel of Fig. 4.
The next step is to find out whether we have a trivial band
insulator or a topological band insulator. For this purpose we
calculate the Z, number using twisted boundary conditions.
Our calculations show that for all values of (y, ¢) for which
the gap is finite, the Z, number is v = 1 (see lower panel of
Fig. 4), i.e., the gapped phase is a topological insulator. To
conclude, for large values of y, the system is in the metallic
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FIG. 3. The spectra Ej, for vanishing on-site energies (A = Az = A = 0) and for different values of y and ¢. Blue lines correspond to
the edge states obtained by calculations where we consider periodic boundary conditions in the e; direction and open boundary conditions in
the e, direction. Triangles right (left) indicate that the corresponding edge state is localized at the x, = N, (x, = 1) edge of the system. Brown
(gold) triangles indicate a state which dominantly contains down (up) spin fermions.

phase, while for small values of y, the system is a topological
insulator.

0.2 0.0
1.0

S 05>

0.0 0.1 0.2 0.0
Y

FIG. 4. The phase diagram forn = 2/3 filling and for Az = A =
A = 0. The upper panel shows the size of the gap A, while the
lower panel shows the Z, number v. White region in the lower panel
corresponds to the parameter set when the gap is closed.

As mentioned above, topological insulators behave as insu-
lators in the bulk, while they are conducting at their boundary.
Indeed as one can see from Figs. 3(a) and 3(b) considering
only the bulk bands the system is an insulator. With edge
states, however, the system becomes gapless at the boundary
(blue curves inside the gap).

To investigate the edge states in more detail we perform
calculations where we consider periodic boundary conditions
in the e; direction and open boundary conditions in the e;
direction. We obtain four edge states. Two edge states are
localized at the x, = 1 edge of the system [see left triangles in
Figs. 3(a) and 3(b) and also Figs. 5(c), 5(d), 5(g), and 5(h)] and
the other two are localized at the x, = N, edge of the system
[see right triangles in Figs. 3(a) and 3(b) and also Figs. 5(a),
5(b), 5(e), and 5(f)]. As one can see from Fig. 5 the penetration
length of the edge states into the bulk is two to three unit
cells.

For y = 0 the spin up fermions and the spin down fermions
are decoupled from each other. In that case we have for the
spin up fermions one edge state localized at the x, = 1 edge of
the system and one edge state localized at the x, = N, edge of
the system. Similar for the spin down fermions. Each of these
edge states can be presented by wave functions Wy ¢, (x2)
describing fermions in R, B, and G sublattices with given
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FIG. 5. The edge states for y =0 and ¢ = /2 (a)-(d) and for y = 0.05 and ¢ = /2 (e)-(h). Triangles pointing up correspond to
spin up fermions and triangles pointing down correspond to spin down fermions. Red (solid), blue (dashed), and green (dashed-dotted) lines
correspond to R, B, and G sites, respectively. / corresponds to the energy level. The number of unit cells along e; and e, directions are N; = 500

and N, = 100, respectively. Other parameters are Ax = Ag = Ag = 0.

spin 0. As one can see from Figs. 5(a)-5(d) |Wp sk (x2)| =
VR ok (2)| # W60k (x2)]. The reason for this is a sym-
metry of the lattice. At one edge we have sites of R and
B sublattice and at the other edge we have sites of the G
sublattice.

For finite y the spin up and spin down states are not de-
coupled any more. Each of the edge state W, , (x2) describing
fermions in R, B, and G sublattice are superpositions of wave
functions W, 4k (x2) for both spin projections. This can be
observed by comparing the upper panel Figs. 5(a)-5(d) with
the lower panel Figs. 5(e)-5(h). For y = 0, the edge states
exhibit finite amplitude only in one of the spin states, while for
y = 0.05, both spin states have a finite amplitude in the edge
state wave function, nevertheless contain dominantly either up
spins or down spins.

One way of experimentally detecting the topological phase
is measuring the spin Hall conductivity o [50,74-77]. But
it is important to point out that the spin Hall conductivity o
is only quantized if spin-orbit coupling y is vanishing [77].
In this case for each spin component the Hall conductivity is
proportional to the respective Chern number. The spin Hall
conductivity is the difference of both Chern numbers, see
discussion on Eq. (36). For finite y there is no simple relation
between Z, number v and ¢ evaluated in the spin up and
spin down spin basis. The spin Hall conductivity for zero
temperature is given by the following expression:

1
o= D D Qo — k), (44)
2 <t Exmmnt
where
kn| 7} |km)(k k
o = —Im I lom) (il Tolken) 45)

(gk,n - Ek,m)z

Here Jf=1[Ji,0.®13] is the spin current and
J. =dH(K)/dk, is the charge current along direction
a=1,2. 15 is the 3 x 3 unit matrix and describes different
unit cells, while the o, Pauli matrix describes spin degrees of
freedom. Here H(K) is the 6 x 6 Hamiltonian matrix from
Eq. (3) (we again use the periodic boundary conditions).
E.n and |kn) are the eigenvalues and the eigenvectors of
Hamiltonian 4 (k). Finally u is the chemical potential.

In Fig. 6 we plot o7 (1) as a function of 1. We obtain that
when the chemical potential is inside the gap, the spin Hall
conductivity has a plateau. As it was mentioned above, for
y = 0 spin Hall conductivity is quantized and proportional to
Z, number v: mof'li/e’ = v = 1. For y = 0.05 despite the

1.0
0.8
o
2
< 0.6
Ib
= 0.4
0.2 — y=0.00
— y=0.05

-4 -2

0
u/t

FIG. 6. Spin Hall conductivity o7 (1) as a function of chemical
potential u for y = 0 and y = 0.05. The shaded region corresponds
to the values of © where the chemical potential is inside the gap (blue
for y = 0 and red for y = 0.05). Other parameters are ¢ = /2 and
}"R == )\B == )"G == O
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FIG. 7. The phase diagram for n = 2/3 filling and ¢ = /2.
Ag = —Ag = A and Ag = 0. The upper panel shows the size of the
gap A, while the lower panel shows the Z, number v. White region
in the lower panel corresponds to the parameter set when the gap is
closed.

fact that we have plateau spin Hall conductivity is not quan-
tized and wof'li/e* ~ 1.013 and deviates from Z, number v.
A similar result was also obtained in Ref. [77].

B. Three different on-site energies: A\g = —Ag = A and A = 0
1. The numerical approach

Now we consider the case where different on-site energies
are applied at different sublattice sites. In particular Ap =
—Ag = X and g = 0. We consider again a filling n = 2/3 and
a flux ¢ = 7 /2. Note that for this flux, particularly for A = 0
and y = 0, the middle band is flat.

We obtain a metallic phase and three gapped phases (see
upper panel of Fig. 7). According to our results, there is
always a metallic phase between the middle gapped phase
(|*] S v/2t) and the gapped phase with A Z +/2t, except for
y = 0. For y = 0 the gap closes only at A = £+/2¢. In con-
trast, we do not observe a finite metallic phase region between
the middle gapped phase and the gapped phase with A <
—+/2t. We obtain that the gap closes only at a single value
of A for each given y.

To find out whether one of these gapped phases is topo-
logically nontrivial, we calculate the Z, number using twisted
boundary conditions. Our results are shown in the lower part
of Fig. 7. According to our results for the gapped phases [A| £
V2t the Z, number is equal to 0. These two gapped phases
thus correspond to the trivial band insulator. In contrast, for
the gapped phase |A| < V2t we obtain the Z, number v = 1.
Thus, the middle gapped phase corresponds to the topological
insulator.

2. The analytical approach

At y =0, from the analytical computation method, we
reproduce the numerical results for the Z, number and we
generalize it for all flux ¢ and arbitrary on-site energy A. Both
lowest spin species have the same energy that we denote E. It

is given by

2 2
. _2\/x 40+ W) O(K)

3 3’ (46)
with f(k) =2 ]_[2:1 cosk - b, and 0 < 6(k) < 7 defined by
32( f(k )\[Sz(k) €§(k)]
0 (k) = arccos 3 (f( Jcosé + 3/2 )
21+ f(k) + (£)° ]
47)

From this expression we can show that the gap between the
lowest band and the middle one only closes at A = :I:ﬁt. It
is valid for each spin species, to which associated middle band
energy for both spin species is given by

2 2 _
_2\/A AL O] o) —om

3 3

We introduce the three nonequivalent high symmetry M
points, M; = —3g;, My = 3g, and M3 = 3(g1 + £2) (see
Fig. 2). At A = /2r the energy bands touch in reciprocal
space at the M3 point, while at A = —+/2¢ the energy bands
touch at the M; point, and we have

(D) atx < —+/2t we have E < A, with the equality occur-
ring at the M, point,

2) at —V2t < ) <+/2t wehave E < —|Al,

3) atA > V2t we have E < —A, with the equality occur-
ring at the M3 point.

In the following we will only describe the computation of
the lowest band Chern number for the case A < 0 because the
case A > 0 can be studied following almost the same steps.
We rewrite the state associated with the o spin species as

(r(f(k)cha + bo (k)cha +gU(k)CGka) |O)
VIre ) + 16 (k)% + g0 (k)|

|ua,k) =

(49)

Here |0) is a vacuum state and by definition we have
Ho (K) |us k) = E |ug x). From this relation we get the r, (k),
the b, (k), and the g, (k) coefficients. We describe three gauge
choices Gi, Gy, and Gy for the eigenvectors that we re-
spectively write |us k1), |Uo k1), and |us k). We will see
later that these choices allow us to correctly define the Bloch
eigenvectors over the BZ.

(1) Gauge choice G;: The coefficient g, (K) is real. More
precisely, we choose

8o (K) = po (Kk), (50)

with
(E — A)ez(k) 1
2¢e1(k) 2
where p, (K) and ¢, (k) are both real numbers. Then we have
EE -1 —-ek)
e o

2e1(k)

po (K)e'?r ™) = — e es(k),  (51)

re(K) = — * (52)

and
E(E + 1) —&3(k)

_i‘p].a (k)
PR po (K)e . 53

ba (k) =
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with
1,0 (K7 ® = (E + D)es(kK)e ™™ + e1(k)ea(k),  (54)

where p; , (k) and ¢ , (k) are both real numbers.
(2) Gauge choice Gy: The coefficient r, (k) is real. We
choose

8o (k) = py (k)" ™). (55)
Then we have
_EE - —&3(k)

re(K) = 26, K) (56)
and
)
b, (k) = E(E+2M) & (k)p(r (k)ei[%(k)*wa(k)]. (57)
Pl,o (k)

(3) Gauge choice Gyr: The coefficient b, (k) is real. We
choose

2o (K) = po (k)™ (58)
Then we have

EE 1) = &5K) g, k-p10 k0

e =

(59)

and
E(E + 1) —&5(k)
£1,6 (K)

Notice that ¢, (k) is well defined (modulo 27) for all k
except when p, (k) = 0 or when ¢;(k) = —2fcosk-b; =0
and ¢; (k) is well defined for all k except when p; , (k) = 0.

Now we have to distinguish two different cases A < —\/Et
and —~/2¢ < A < 0.Forthecase A < —/2t,then E < A.The
points for which p, (k) = 0 are the same as those for which
p1.0 (k) = 0. These are the M, = %gz point at which cosk -
b, = cosk - bz = 0, and the M; point at which cosk -b; =
cosk-b; =0 and E = X. In this case we apply the gauge
choice Gy for all the points of the BZ, and then we can show
that the eigenvector |u, k nr) is uniquely and smoothly defined,
as is the Berry gauge field Ay x i1 = (o x.111] Vi |Uo x m1). Be-
cause the BZ is a torus, we find that the lowest band Chern
numbers C,, are both vanishing. A very similar proof can be
done for the A > /2t case. Therefore, at n = 2/3 filling, for
all flux ¢ €10, [, the phase associated with Az = —Ag = X
and Ag = 0, || > +/2¢ is a trivial insulator.

Now, let us study the —J2t < A <0 case. In this situa-
tion, £ < A. We have p,(k) = 0 at the M, point. We have
p1(k) =0 at the M, and the M, points. Here it is impos-
sible to find a unique and smooth gauge everywhere in the
BZ. For this purpose we split the BZ into two nonoverlap-
ping domains. One domain, which we call the Dy domain,
contains the point where p, (k) vanishes. The other one, the
Dy domain, contains all the points where E(E — \) — s%(k)
vanishes or €1 (k) vanishes. The boundary between Dy and Dy
does not contain any of the p, (k) =0, E(E — A1) — ag(k) =
0, and ¢;(k) = 0 points. We also define I" as a closed path
along this boundary, surrounding once the M, point. We
refer the reader to Fig. 2 for the notations. Now we apply
the Gy gauge choice for the points contained in D; and the
Gy gauge choice for the points contained in Dy. Then we

by (k) = po (K). (60)

can show that the associated eigenvector |uy k1) and |uq k1)
and the Berry gauge fields Ay k1 = (4o k1l Vi [Us k1) and
Ao x1n = (us k1| Vi 4o x ) are uniquely and smoothly de-
fined respectively on Dy and Dy;. Along I' we have |uy x 1) =
e ® |y, 1 11). We can define ¢, (K) so that it is smooth along
the whole I" path. Therefore we have [see Eq. (39)]

1
C, = —— f dk - Vi, (K). 61)
2 r

Now C, is found by studying how ¢, (k) evolves when
moving along I'. Generally speaking, when the I" path sur-
rounds a ¢, (k)’s divergence (here at the M, point), the
accumulated phase increases or decreases by +2nz, z € Z,
which gives a quantized C,, as expected. We can check it
explicitly, and we find within this analytical argument that

C, = —s;sgn(sin ¢). (62)

A very similar proof can be done for the 0 < A < /2 case.
Therefore, at n = 2/3 filling, for all flux ¢ € ]0, [, the phase
associated with Az = —Ag = A and A =0, 1| < V2t is a
topological insulator.

This computation allows us to understand the discontin-
uous changes in the Z, number. Let us denote max(E;) the
highest energy eigenvalue associated with the lowest band.
At y =0, when the A parameter is such that |A| < «/Et,
we have max(E;) < —|A|. From the eigenvector’s coefficients
[see Egs. (50)-(60)], we see that we can not define a contin-
uous gauge choice in the whole BZ. When the A parameter
is such that |A| > +/2¢, max(E;) = —|A|. It is now possible
to define a continuous gauge choice in the whole BZ. When
varying the A parameter and crossing the |A| = +/2¢ point, this
discontinuity in the value of max(E;) [from max(E;) < —|A|
to max(E;) = —|A|] gives a discontinuity in the Z, number.
It is important to notice that when |A| > V2t, max(E)) is
reached at either the high symmetry M point or the high sym-
metry M3 point. In Appendix A 1 the method for computing
the Z, number is different. But still, the discontinuity in the
value of max(E;) yields a discontinuity in parity eigenvalue
(associated with the lowest band) at the high symmetry points,
which gives a discontinuity in the Z, number.

C. On-site energy applied in R sublattice sites: Az = A and
Ap=Ac=0

1. The numerical approach

Now we consider the case where one of the sublattices has
a finite on-site energy, while on the other two sublattices the
on-site energy vanishes. We start with Ag = A and Ag = Ag =
0. We again consider n = 2/3 filling and we choose the flux
¢ =m/2.

We observe two gapped phases for A < —2¢ and for
A > —2t (see upper panel of Fig. 8). Except for y = 0, there
is always a finite metallic region between these two insulating
phases. For y = 0 the gap is closing only for A = —2¢.

To determine if any of these gapped phases are topolog-
ically nontrivial, we again calculate the Z, number using
twisted boundary conditions. We observe that the gapped
phase with A > —2¢ is a topological insulator with the Z,
number v = 1, while the gapped phase with A < —2¢ is a
trivial band insulator with v = 0 (see lower panel of Fig. 8).
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FIG. 8. The phase diagram for n =2/3 filling and ¢ = /2.
Mg = X and Ap = Ag = 0. The upper panel shows the size of the gap
A, while the lower panel shows the Z, number v. White region in the
lower panel corresponds to the parameter set when the gap is closed.

So we obtain three different phases: topological insulator,
band insulator, and metallic phase.

Our results presented in Fig. 8 suggest that the topological
phase exists even in the limit A — oo. To check this claim, we
perform calculations for divergingly large A (see Fig. 9). We
obtain that the gap A is inversely proportional to the on-site
energy A and for large A the gap is closing for y =y, >~ 1/37
(see Fig. 9). Based on the fit the behavior of the gap for large
X is well described by

42[1 — (y [y 1¥

A, y) = Iy

(63)

We thus obtain that for y < y, the gap is finite and never
closed for A > 0. So, since we know that the system is topo-
logical for & = 0, it should also be topological for any A > 0
fory < y..

1.0} ~. AN/4t2
0.8 : NerA [4E2
1-— (V/yc)1.184

‘3‘&, 0.6
~ ™
Jo0.4 AN

0.2

0.0

0.00 0.05 0.10 0.15

Y

FIG. 9. Behavior of the gap A as a function of y for filling
n=2/3and flux ¢ = m /2, with Az = A = 10°t and Az = Ag = 0.
The red curve with circles corresponds to our numerical calculations
with the original Hamiltonian [see Eq. (2)]. Crosses correspond
to numerical calculations obtained from the effective Hamiltonian
Eq. (79) discussed in Sec. IVE and in Appendix C. Finally, the
dashed curve is a fit function [see Eq. (63)].

2. The analytical approach

At y =0 we compute the Z, number for all flux ¢ and
arbitrary on-site energy A. The computation is similar to the
one we have done for the Az = —Agr = A and Ag = O cases.
Both lowest spin species have the same energy E. We denote
X = A/3t, and then we have

E = 2t\/X2 + g[l + f(k)] cos w, (64)

with f(k) =2 HZ=1 cosk - b, and 0 < 6(k) < 7 defined by
. 242X 1+ f(k)— a3 (k)] — 4f (k) cos ¢

6 (k) = arcco —
[22+ 401 + Fao1]”

(65)

From this expression we can show that the gap between the
lowest band and the middle one only closes for the parameter
value A = —2t, at the reciprocal space M3 point. It is valid for
each spin species, to which associated middle band energy is
given by

-, 4 0(k) —2m
En =2t,/2%2 + 5[1 + f(k)]cos —s (66)
We have
(1) for A < —2¢, E < A, with the equality occurring at the
M; point,

2) for A > —2t, E < A.

Now we can proceed in the same way as in Sec. IV B 2.
We keep the same notations for the coefficients of the wave
function and we introduce three new gauge choices.

(1) Gauge choice Gyy: The coefficient g, (K) is real. More
precisely, we choose

8o (K) = 2,5 (Kk), (67)
with
; (—E + Mezk) _; 1
920 (K) _ is.p _ 1
02,0 (K)e?H = ek © ZSz(k), (68)

where p; ,(k) and ¢, (k) are both real numbers. Then we
have

2 2
E &) i

ro (k) = (69)
P30
and
2
bty = ~EES DR e, o)
with
p3.0(K)e¥ 7 = Egy (k) + e7e1 (K)ea (K), (71)

where ps3 , (K) and @3 , (k) are both real numbers.
(2) Gauge choice Gy: The coefficient b, (k) is real. We
choose
8o (K) = 2.0 (k)™ (72)
Then we have
E? — £3(k)
—m

P30

Ty (k) f— ,oei[ﬁl’z‘a(k)—(ﬂz,u(k)] (73)
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and
E(E — ) — &2(k)
2e, (k)

(3) Gauge choice Gy;: The coefficient r, (k) is real. We
choose

by (k) = — (74)

8o (K) = p2q (K)e'#o1), (75)
Then we have
E? — s%(k)
T
P30

I'e (k) = o (76)

and

_EE -1 ek 1020 ) =35 (K)]
2¢1(k) '

When A < —2¢ we can show that the gauge choice Gy is
applicable to the whole BZ. This indicates that at n = 2/3
filling, for all flux ¢ €]0, 7[, our model with Ax = A and
Ap = Ag = 0, A < —2¢ is characterized by a trivial insulating
phase.

When A > —2¢ we split the BZ into two nonoverlapping
domains referring here to Dyy and Dy domains. The Dy
domain contains the point where p,(k) vanishes and the
Div domain contains all the points where E(E — A) — 8% (k)
vanishes or ¢;(k) vanishes. The application of gauge choice
Giv and Gy in, respectively, Dy and Dy indicates that at
n = 2/3 filling, for all flux ¢ € ]0, [, our model with Az = A
and g = Ag = 0, L > —2¢ is characterized by a topological
insulating phase.

by (k) = (77)

D. On-site energy applied in B sublattice sites: A = A and
A=A =0

1. The numerical approach

Now we consider the setup where Ag =X and
Ar = Ag = 0. The filling is again n = 2/3 and we fix the flux
¢ = /2. Similar to the case (Ag, Ap, Ag) = (4,0,0), we
observe two gapped phases: for A < —2¢ and for A > —21,
but in contrast to the case when the on-site energy was applied
in R sublattice sites, the critical value y, where the gap is
closing, is decreasing with increasing on-site energy A (see
upper panel of Fig. 10). We analyze this decrease for large A
and obtain from the fitting the critical value (see also Fig. 11)

12

=5 (78)

Ve

Another difference between the cases when the on-site
energy is applied in R sublattice sites and in B sublattice
sites is that for the latter, we do not obtain a finite metallic
region between two insulator phases in contrast to the former.
We observe that when a finite on-site energy is applied in B
sublattice sites for fixed y < 1/4 the gap is closing only at
one value of A.

We calculate the Z, number using twisted boundary condi-
tions. We obtain for the gapped phase with A < —2¢t v =0,
which is topologically trivial, while for A > —2t we again
obtain that the Z, number v = 1 and the system is in the
topological insulator phase (see lower panel of Fig. 10). So we
again obtain three different phases: topological insulator, band

10 19
1.0
+
< > 0.5
0
0.0 0.1 0.2 0.0
1.0
10
= 05>
0
0.0 0.1 0.2 0.0

Y

FIG. 10. The phase diagram for n = 2/3 filling and ¢ = 7 /2.
Ap = A and Ag = Ag = 0. The upper panel shows the size of the gap
A, while the lower panel shows the Z, number v. White region in the
lower panel corresponds to the parameter set when the gap is closed.

insulator, and metallic phase. According to our results, the
topological phase exists for A — oo, but in this configuration
only for y — 0.

2. The analytical approach

At y =0 we compute the Z, number for all flux ¢ and
arbitrary on-site energy A. The computation is very similar
to the one done at Ag = A and Az = Ag = 0. We can show
that, for all flux ¢ €]0, 7[, the A < —2¢ parameter space is
characterized by a trivial insulating phase while the A > —2¢
parameter space is characterized by a topological insulating
phase.

E. Effective Hamiltonian

To understand the behavior of the system for large A, when
the finite on-site energy is applied in one of the sublattice sites,
we derive the effective Hamiltonian (details of the derivation
are given in Appendix C). We obtain that the effective model
is defined on a rectangular lattice with alternating diagonal
hoppings. The resulting structure has two sites in the unit cell
(a and b), while the unit cells are arranged in a triangular

0.0151
0.0101
N
0.0051 500 1000
A
0.000+

0 200 400 600 800 1000

A
FIG. 11. The critical value y,. as a function of A for n =2/3

filling and ¢ = /2. A3 = A and Ag = Ag = 0. The inset shows
27 Ly, as a function of A.
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FIG. 12. The schematic representation of the lattice correspond-
ing to the effective Hamiltonian in Eq. (79). The lattice contains two
sites per unit cell, which we depict by aqua (a) and brown (b). Unit
cells are arranged on a triangular lattice. Thick lines correspond to
the hoppings existing also in the original Hamiltonian in Eq. (2),
while thin lines correspond to the hoppings which arise in the ef-
fective Hamiltonian.

lattice (see Fig. 12). The effective Hamiltonian reads

Hegr = Z[Cl;,mfh,+bn,m + i -b,

m

+ a;,mfv»+bn—l,m+l + ajz,mfvv*bn,m—l

+ aj,’mfd,aan!m_‘_l + bjl,mfdshbn—l,mH + H.c.]

+ D14} Baty B by - (79)
m

Here 4}, and b ,, create fermions in the unit cell (1, m) on
the a and b sublattices. #, +, £, +, L4.4, t4.» are hopping matrices
and &, and &, describe matrices of on-site energies.

For Ag = A and Agp = Ag = 0 we are left with B and G
sites. We obtain

2
; t i X
fh = tetd)a xeiﬂnyd , (80)
2 ~F t2 2ryo®

[v’+ = v,— = —xe s (81)

t2
td,a - éa - éb - __]]-» (82)

A

1 o
fap = —xe"‘m : (83)

For Ag = X and A = Ag = 0 we are left with G and R
sites. We obtain

2

~ ; x .
th,i — _teﬂ:lzj'[}/a _ xe ipo , (84)
. . 12
Ly =h,—- = __e—qu(r-’ (85)
A
. . L 212
da =1lap =8, =8 = _T]l' (86)

Based on the effective Hamiltonian in Eq. (79), we cal-
culate the size of the gap for large values of Agx = A (and

Ag = Ag = 0). We present our results for A = 1000z in Fig. 9.
As one can expect we get perfect agreement with the results
obtained by the “original” Hamiltonian.

We also analytically investigate the effective Hamiltonian
for large values of Ag = A and Ap = A = 0 (for more de-
tails see Appendix C). For y = 0 the spin up and spin down
fermions are decoupled from each other. Therefore, instead of
finding eigenvalues of a 4 x 4 matrix (the unit cell contains 2
sites and a factor 2 arises due to the spin) one needs to perform
calculations for two equivalent 2 x 2 matrices. We obtain

212
E;+ = _T[l + cos ky cos(k; — 2k>)]

414
+ \/4t2 cos?ky + F[l + cos k; cos(k; — 2ky)].

87)
As a result, we obtain (for more details see Appendix C)
_ 412
A =min[E, ] —max [E, _] =~ - (88)

in agreement with the result obtained from fitting the numeri-
cal data [see Eq. (63)].

V. RESULTS: STAGGERED POTENTIAL

In this section we consider the results for a
finite staggered potential. As it was mentioned
above V,r =2, for r=2ne +me, and V,,=
Ao for r=(2n 4+ 1)e; +ne;. We consider: (i)

Ar1=Ap1 =AG1 = —hr2 = —hp2 = —hGa = A and
(i) Ag1 = —Ag2 =Aand A 12 = Ag—12 = 0.

A. Uniform potential inside the unit cell of the kagome lattice:
A-ot,l = _A'ot,Z =2

First, we consider n = 2/3 filling and y = 0. We obtained
three gapped phases. There is no finite metallic region be-
tween them [see Fig. 13(a)]. We observe that the gapped
phase which also exists for A = 0 persists for arbitrarily large
X, which has been numerically confirmed up to A = 1000z.
However, the gap size shrinks with increasing A. Both bound-
aries of the topological phase can be conveniently fitted to an
inverse proportionality

cal + 2 (89)
A—2b3

¢! =

for large 1. The fit parameters a” and A} for the upper (b = u)
and the lower (b = [) boundaries are obtained using ten points
for each boundary. We obtain a" = 0.4335 £ 0.0001, A*/t =
1.124£0.09, a' =0.432540.0001, and A/t = —0.79 +
0.08 [see also Fig. 13(b)].

Based on our results for the system without on-site ener-
gies (see Sec. IVA), we can predict that the gapped phase,
which also exists for A = 0 (no on-site energies), must be
a topological insulator. We calculate the Z, number using
twisted boundary conditions and for the gapped phase men-
tioned above we indeed obtain v = 1 in agreement with our
prediction. Our calculations show that the other two gapped
phases are topologically trivial band insulators. To conclude,
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FIG. 13. The phase diagram for filling n=2/3,
Ag1=—Xg2=2AX, and y =0 and ¢ =mn/2. (a) The upper
panel shows the size of the gap A, while the lower panel
shows the Z, number v. (b) Topological phase for large values
of A between red and blue curves. Red and blue points are
obtained by our numerical calculations, while blue and red curves
are obtained by fitting [see Eq. (89)]. Fitting parameters are
a" = 0.4335 £ 0.0001, A"/t = 1.12 £ 0.09, a' = 0.4325 £ 0.0001,
and A'/t = —0.79 £ 0.08.

we again obtain a topological phase in the limit A — oo for
¢ = /3. We also perform calculations for the finite y and
we obtain a similar phase diagram (not shown).

For the half-filled case (n = 1), in contrast to the case with-
out staggered potential (V, , = A,) which is always metallic
for half-filling, we recognize two distinct insulating phases for
¢ # 0. For ¢ < 0.2 we additionally observe a third insulating
phase for small y and A ~ 1.5 (not shown). We do not observe
a finite metallic region between these three insulating phases
for ¢ # 0, hence the gap is closing at a specific value of X for
each given y. For y = 0 the closing of the gap takes place
at A = 2¢. Our results for the flux ¢ = w /2 are presented in
the upper panel of Fig. 14. For ¢ = 7 /2 a gapped phase does
exist for all y # 0. Here, for y — 0, there exists a gapped

1.5

1.0

0.5q

1

0.0

1.0
iOSZ>

0.0

FIG. 14. The phase diagram for half-filling (n = 1), ¢ = 7 /2,
and A,,1 = —Xq2 = A. The upper panel shows the size of the gap A,

while the lower panel shows the Z, number v. White region in the
lower panel corresponds to the parameter set when the gap is closed.

phase for all values of A except 0 and 2. If ¢ # 7 /2, the gap
closes for finite values of A, and remains open for y = 0 (not
shown).

To find out if one of these gapped phases are topologically
nontrivial, we calculate the Z, number using twisted boundary
conditions. Our results are presented in the lower panel of
Fig. 14. We obtain that the gapped phase with A < 2t corre-
sponds to the topological insulator, while the gapped phase
with A > 2¢ and the third gapped phase with A ~ 1.5 are
trivial band insulators.

B. On-site energies applied in R-sublattice sites:
Agi=—Agz=Aand Ag 132 = Ag =12 =0

Here we study the behavior of the system when a fi-
nite on-site energy is applied in one of the sublattice sites
only. We present our results for filling n = 2/3. We consider
the flux ¢ = 7 /2 and on-site energies Ag | = —Ag2 = A and
Aps=12 = Ags=12 = 0. We observe only one gapped phase
which also exists for very large values of A. We check this nu-
merically up to A = 100¢. Our results are presented in Fig. 15.
By calculating the Z, number we obtain that the gapped phase
is a topological insulator. Again for this setup we obtain a
topological phase in the limit . — oco.

We also perform calculations for other values of ¢ (not
shown) and we obtain a similar phase diagram.

VI. CONCLUSIONS

In this work we have studied topological properties of the
spin-orbit coupled time-reversal tight-binding model with flux
on the kagome lattice. In addition to the spin-orbit coupling
y and the flux ¢, we also considered the effect of the on-
site energies V,, .. First, we considered the case where the
on-site energies are independent of the spatial coordinate r
but differ within the unit cell, i.e., V, = A,. In this case
we obtain that the system has three bands that are poten-
tially nonoverlapping for any value of k. It follows that for
filling situations n = 2/3 and n = 4/3 a gapped phase can
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FIG. 15. The phase diagram for filling n=2/3, ¢ =n/2,
and Ag; = —Agz = A and Ap 12 = Ags=12 = 0. The upper panel

shows the size of the gap A, while the lower panel shows the Z,
number v. White region in the lower panel corresponds to the param-
eter set when the gap is closed.

occur. Because of the symmetries of our model, the results
for these two fillings are related by Eq. (30). Here we have
presented results for the the filling n = 2/3. We also per-
formed calculations for a staggered potential. For the latter
we have V, , = A, | forr = 2n;e; + mye; and V, , = A, for
r = (2n; + 1)e; + nye;. In this case we obtain that the system
has six potentially nonoverlapping bands for all values of k.
It follows that a gapped phase can occur for fillings n = 1/3,
n=2/3,n=1,n=4/3,and n = 5/3. In this work we have
presented results for n = 2/3 and for half-filling n = 1.

The model has time-reversal symmetry, and to determine
its topological nature we calculated the Z, invariant. For this
purpose we used three methods. One of them is numerical
and based on the twisted boundary conditions [66—69], while
the other two are analytical. One of them introduces different
smooth fields for several domains in the reciprocal space and
was developed by us. The phase accumulated at the boundary
between the smooth fields’ domains is related to the topolog-
ical properties. It is important to remind that such a smooth
fields approach has recently been shown to be useful on the
honeycomb lattice, e.g., to indicate that transport and light-
matter properties can be revealed from the Dirac points only
[78,79].

The other approach, described in Appendix A 1, is along
the line of the method introduced on the honeycomb lattice
for Z, topological insulators [1,2,57]. We also aimed at de-
veloping the ‘“counting points” method in an energy band,
as discussed previously in Ref. [40]. Here we observe gap
closing effects when y # 0 such that the results must be taken
with care in that situation; see Appendix A 2.

Depending on the model parameters, we obtain the topo-
logical insulator, the trivial band insulator, and the metallic
phase. We show that the obtained topological phases are stable
after applying on-site energies. Even more, if the flat band for
half-filling is split due to the the staggered potential in com-
bination with flux and spin-orbit coupling, stable topological
phases appear for arbitrarily small gap sizes.

One of the most interesting results we obtain is the ex-
istence of the topological phase for infinitely large on-site
energies. We show that for selected sets of parameters, in
particular when on-site energies were applied only on one
of the sublattice sides for n = 2/3, we obtain a topological
insulator for infinitely large on-site energies.

The situations with finite on-site energies were studied
previously related to topological insulators. In the original
paper by Kane and Mele, the effect of a finite staggered po-
tential was already considered [1,2]. Topological phases were
obtained for finite on-site energies, while for large on-site
energies, the system was shown to be topologically trivial. Re-
cently, a topological phase for infinitely large on-site energies
was observed for a mixture of three component fermions, on
a triangular lattice at 1/3 filling, in the presence of a gauge
potential stabilizing a quantum Hall insulator [80].

Experimental progress in ultracold atomic gases allows us
to realize and study such systems. Topological phases have
already been realized by loading ultracold atoms in optical lat-
tices [15-21]. For this purpose, artificial gauge fields [10,24—
29] were used. In particular, ultracold atomic gases also allow
the realization of SOC [30-33]. As mentioned above, the
kagome lattice can be realized experimentally by superimpos-
ing two optical triangular lattices with different wavelengths
[58]. The experimental realization of periodically oscillating
on-site energies, i.e., superlattices, is also well established
[24,81-87]. The physics obtained in this paper can be ob-
served for systems cooled down to temperatures 7 < A/kp,
as the gap A is of the order of ¢ and the typical hopping
amplitude for ultracold atomic gases is of the order 0.1 kHz
[88], the system must reach temperatures of the order of 1 nK.
In real materials ¢ < 7 /4 and spin-orbit coupling is always
smaller compared to the hopping amplitude between corre-
sponding nearest neighbors, which in our notations means that
y < 1/4[89-91]. Ultracold atomic gases allow us to consider
larger intervals of Peierls phase ¢. The maximal value of
the Peierls phase which can be obtained is ¢ = /2 while
y < 1/4192,93]. We conclude that the results obtained in our
work may be very relevant for upcoming experiments.
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APPENDIX A: TWO OTHER WAYS OF COMPUTING THE
Z, NUMBER AT y = 0

1. Using inversion symmetry

When our system is inversion symmetric (i.e., y = 0), the
Z, topological invariant v (defined for time-reversal invariant
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Hamiltonian, i.e., B = 0) is given by [57]

0" = T] S (A1)
I‘l|=0,1
nz:(),l

where 8(,, n,) = ]_[Z=l DPom (T (n,.ny)) 18 the product of the parity
eigenvalues py,,, at I'g, n,), associated with each occupied
Kramers’ degenerate pair (p,,, and p,—; are identical). The
I'(n,,n,) points are the time-reversal invariant points, i.e., the
points such that H (I, .,)) = OH (T, .n,))®~!. These points
can be written

Lnny) = %(nlgl + n28), (A2)

with g, and g, both reciprocal lattice basis vectors. These
points correspond to the so-called T point and to the three
M points.

We find the parity eigenvalues p,, associated with each
of the four I'(,, ,,) points. We need to express the Hamilto-
nian and the momentum space parity operator at these points.
When y = 0, the Hamiltonian decouples into two indepen-
dent parts, and it gives three energy bands associated with the
spin up states, which are degenerated with the three energy
bands associated with the spin down states. Atn = 2/3 filling,
a Kramers’ degenerate pair is occupied. This pair contains
the lowest energy band associated with each spin species.
Formula (A1) only implies the parity eigenvalues associated
with one band, because the ones associated with the other
band are identical. Therefore, in the following, we consider
separately each of both diagonal parts of the Hamiltonian (3).

The parity operator can be defined in real space by

P(CR,ry CB,r» CG,r) = (CR,—ra CB,—r—e;» CG,—r—ez)- (A3)

A Fourier transformation of the fermionic operators enables
to see that, in momentum space, the parity operator reads

P = diag(1, ek emiek), (A4)

Therefore, at the Ty point, Pr,, is diagonal so 8,0 =
1 and at the other points we have Pr, = diag(1l, —1, 1),
Pr,,, = diag(1,1, —1), and Pr,, = diag(1, -1, —1).

Now we need to evaluate the lowest energy associated
eigenvectors of H4 (k) at T'¢q gy, T'g,1), and I'¢q 1y. We consider
two different setups Ay = —Ag = L and Ag = Oor Ag = A and
A = Ag = 0. We start with Ag = —Ag = A and A = 0. We

denote the lowest energy eigenvalue E; (k) and we write |, k)
the o spin species associated eigenvector

(ra (K)Ch o + bo(K)Ch o + 8o () ) [0)
VIrs @) + [, (K) + g0 (K)I?

|ua.k =

(AS5)

We notice that

(1) Atthe I'jj oy point, for A < —+/2t, the smallest eigen-
value is E; = X and the associated eigenvector is proportional
to (0,1,0), while for A > —ﬁt, the smallest eigenvalue is
E; = —(\ + +/1612 4+ 22) /2, with associated eigenvector pro-
portional to ( — 2t /(A + E;), 0, 1).

(2) At the T,y point, the smallest eigenvalue is
E; = —+/4t2 4+ A% and the eigenvector associated with it is
proportional to ( — 2t /(A + E;), 1, 0).

(3) At the I'¢y) point, if A > /2t, then E =—)\is
the smallest eigenvalue and the associated eigenvector is
proportional to (1,0,0), while if A < V/2t, then the small-
est eigenvalue is E; = (A — +/16t2 + A2)/2, with associated
eigenvector proportional to (0, 2te? /(A — E), 1).

Applying the parity operator and the eigenvectors, we find
that the phases A > /27 and A < —+/2r are trivial insulators
while the phase —+/2r < A < /21 is a topological insulator.
These results are summed up in Table 1.

Now we consider Ag = A and Ag = Ag = 0. We notice
that

(1) At the Iy point, the smallest eigenvalue is
E; = (A — /1612 + 22)/2, with associated eigenvector pro-
portional to (—E;/2¢,0, 1).

(2) At the T,y point, the smallest eigenvalue is
E; = (A — +/16t2 4 12)/2, with associated eigenvector pro-
portional to (—E;/2¢, 1, 0).

(3) At the I'(j,;) point, if A < —2¢, then E; = A is the
smallest eigenvalue and the associated eigenvector is pro-
portional to (1,0,0), while if A > —2¢, then the smallest
eigenvalue is E; = —2¢, with associated eigenvector propor-
tional to (0, —e'*:?, 1).

Applying the parity operator on the eigenvectors, we find
that the phase A < —2¢ is a trivial insulator while the phase
A > —2t is a topological insulator. These results are summed
up in Table II.

TABLE 1. Table resuming the computation of the Z, topological invariant v for an inversion and time-reversal symmetric system. In
this example we took the chemical potentials to be Az = —Ag = A and Ag = 0. For definition (n,, n,) see Eq. (A2), while for definitions

(ro(k), by (K), g, (k)) see Sec. IV B 2.

A (ny, ny) Eigenvalues E; Eigenvector’s coefficient (7, (k), b, (K), g5 (K)) Parity operator (=1
A< =2t (1,0) A 0,1,0) diag(1, —1, 1) +1
0,1) —/4t% 4+ A2 (—2t2/(A + E;), t,0) diag(1, 1, —1)
1,1 (A — 162 4+ 22)/2 0,2t /(A — E)), t) diag(1, -1, —1)
—V2t <A < /2t (1,0) —(A + V1612 +22)/2 (—=2t2/(A+E),0,1) diag(1, -1, 1) -1
0,1) —/412 4+ A2 (=22/(A+ E),t,0) diag(1, 1, —1)
(1,1 (A — /162 4+ 22)/2 0,22 /(A — E)), t) diag(1l, -1, —1)
A> 2 (1,0) —(A + V1612 4+ 12)/2 (=2t2/(A+E;),0,1) diag(1, —1, 1) +1
0,1) —/412 4+ A2 (—22/(A+ E),t,0) diag(1, 1, —1)
1,1 —A (t,0,0) diag(1, -1, —1)
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TABLE II. Table resuming the computation of the Z, topological invariant v for an inversion and time-reversal symmetric system. In
this example we took the chemical potentials to be Ax = A and Ay = Ag = 0. For definition (n, n,) see Eq. (A2), while for definitions
(ro(K), by (k), g, (K)) see Sec. IV C 2.

A (n1, ny) Eigenvalues E; Eigenvector’s coefficient (7, (K), b, (K), g, (K)) Parity operator (=1
A< =2t (1,0) (A — 16124+ 22)/2 (—E/2,0,t) diag(1, -1, 1) +1
(0,1) (A — /1612 +22)/2 (—E;/2,1,0) diag(1, 1, —1)
(1,1) A (t,0,0) diag(1l, -1, —1)
A > =2t (1,0) (A — /1612 4+ 22)/2 (—E/2,0,¢) diag(1, -1, 1) -1
(0,1) (A — /1612 +22)/2 (—E;/2,1,0) diag(1, 1, —1)
(1,1) -2t 0, —te’:?, 1) diag(1l, -1, —1)

2. Counting the subband number under a weak magnetic field

Here we consider the case V,, » = A4, y = 0. We review an-
other method to determine the Chern number associated with
the energy bands of our model. It is based on the numerical
determination of the energy spectrum when we add a weak
magnetic field B = BZ orthogonal to the kagome lattice plane.
That is we add the term

~BY D (e~ Mary) (A6)

r o=RB,G

in the Hamiltonian and also an extra coordinate depen-
dent flux ¢,(r) for the hopping between nearest-neighbor
sites.

As we argued before, the Hamiltonian decouples into two
spin independent parts. Spin up and spin down parts are as-
sociated with opposite energy bands’ Chern number. Here for
simplicity we only consider the spin up part of the Hamil-
tonian. We call the energy bands when B = 0 the “parents
bands.” Under a weak magnetic field, each parent band i is
spitted into a certain number of subbands that we denote D;.
We can link this number to the amplitude of the magnetic field
and to the Chern number v; of the ith parent band [40,94].
We introduce f = gng where ny = %": is the number of flux
quanta in the system and g is the area of the first magnetic
Brillouin zone. In the following we choose BB such that 1/ is
an integer. Then we have

1
Vi= — — D,’. A7
7 (A7)
First we show that this method is useful at A, =0, o =
R, B, G, or A, < t. We implement the effect of the B field
in the Hamiltonian. We compute the energy spectrum and
the energy density of states (DoS) so that we can count
the number of subbands arising from each parent band. We
consider for instance 1/f = 5. Figure 16 show the den-
sity of states (DoS) at different values A,. At A, =0, @ =
R, B, G, we see that we have D; = 4 subbands, D, = 5 sub-
bands, and D3 = 6 subbands, which gives vj = —v3 = 1, and
v, = 0. We see that when |A,| start increasing, counting
the subbands is becoming more and more difficult; when
M,y reaches a value of the order ¢ or greater, the determina-
tion of the Chern number relying on this method becomes
impracticable.

When y # 0, several issues prevent us from extending this
method to compute the energy bands’ Chern number. First,
the Hamiltonian does not decouple into two spin independent

parts. Formula (A7) relies on a semiclassical dynamics de-
scription of the Bloch electrons in a magnetic field with no
interband tunneling. At y # 0, this description is much more
tricky to draw because the bands are crossing. Moreover, we
cannot identify the subbands arising from each parent band,
so counting the former is impracticable.

APPENDIX B: CONSERVATION OF THE AVERAGE
CURRENT ALONG &, DIRECTION

Here we compute the time derivative of the average value
of the current operator for one directional line that we denote
&,, along the e, direction. We remind that we consider an
inversion symmetric lattice with line-shape boundaries. The

- ~1 m0.06
50 “=_ 0.05
0.04
2.5 0.03
E = T 0.02
0.0
0.01
-2.5 ) .
-5.0 -
-5 0 5
Alt
~1 m0.06
5.0 == | §o.05
0.04
2.5 SozeEE-_ 0.03
0.02
E 0.0 -
0.01
-2.5 : Zo-=-=
-5.01- -
-5 5

0
Alt
FIG. 16. Density of states for the spin up part of the Hamiltonian

with y =0, 1/f =5, and at —Ag = Ap = A, Ag = 0 (upper panel)
and Ag = A, A = Ag = 0 (lower panel).
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&, line crosses a certain number of unit cells and may have denote «,, o, = R or G. For each unit cell at position r, we
two extremities if the system is open in the e, direction. Both need to consider the currents along &, which are jg r),.r)(7)
atoms at the extremity of the line have the same color that we  and j(g r+e,),G,r)(7). We have

J

[H(7), j(G,I‘),(RJ‘)(T)] =—€¢ |:it2(Sin2 T 0082 7) Z [(CIT?,r-‘rEz,acR,r,a - CTG,r—e2,aCG,r,<7) +H.c.]
o={1,1}

+ir’cost Z [(cTG’McB!r!U + c-(]-;,r,acB,rfel,a) + H.c.]
o={t.]}

2 is;p F is.p F
it“cost E [(e CproCrro T €7Cp r+e“,CR’LU)—{—H.C.]

2 2 T il
+2it" cos” 7 Z (CG,r,aCG,r.o - CR,r,oCR,r,(r)
o={1.{}

2 .
+2t7cosTsint Z (c;r?,r+e2,¢rcR,r,E + cTG’r_ez’acG,m) —Hec.
o={1.4}

2 . i i
—17sint Z (CG,r,ocB,r,F + CG,r,UCB,r—e|,€) —Hec.
o=({1.{}

+t’sint Z (e” (")"’clg roCrres T e ("Wc; ries.oCRr) — H.c.:| , (B1)

—Jjer.en(@) =€t Z (1smth;mcRm +cosrchcer)+Hc (B2)

dt ={1.}}

. ) 2 s 2
[H(@), Jrrrencn (D] = —ez[n (08’ T =i’ 1) Y [(ChrierrCris — ChurtenoCons) T H
o={1{}

.2 ¥ ¥
— it CoST Z [(CGroCBrtesoc T CGroChrtero) T HeC]
o={1.1}

2
+it“cost Z [(e" ‘f’c; roChrteo T €% och ries.oCRrte.o) T He]
o={1}}

) 2 § : T T
+ 2it"cos” T (CR,r+ez,oCR,r+ez,a - CG,r,aCG,r,a)
o={t.1}

2 . + +
—2t°cosTtsSinT E (cR’Hez’UcRyrﬁ — CG,r+ez,aCG,r,a) — H.c.
o={1.l}

2. i ¥
—I1 st z : (CG,r,(rCB,rJreg,E + CG,r,aCB,rJrez,E) —Hec.
o={t.{}

2 G (0)p T (o) .1
+t7sint Z R cBHeNcRHeN)—H.c.], (B3)

and

d . .. + +
EJ(RIHZ),(GJ)(I) =et Z (isint CG.r.oCRrtes0c T COST CG,r,acR,r+e2,E) + H.c. (B4)
o={t.l}

We can notice that, integrated along the whole line &, the first and fifth terms of the commutator (B1) are can-
celed by the ones of the commutator (B3), and the fourth term of both commutators give a resulting contribution
2it*cos? Ty, _ Zmr]ﬁc%r]’a - c&hrz,gcae’rzg) with r; and r, both positions at the extremity of &. Moreover, we
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notice that the Hamiltonian is invariant under inversion symmetry added to the transformation y — —y. This trans-
forms the second, third, sixth, and seventh terms in the commutator (B1) (taken at some position r), respectively, into
the opposite of the same terms in the commutator (B3) (taken at the inversion symmetric position rg) and the term

CJr C
U, 12,0 ", 2,0

22 2
2it* cos* T Za:{T,u (cle’rl'gc%rhg -
means that we have

) into its opposite, while it leaves the terms (B2) and (B4) unchanged. It

> W@ (FIHO): Jm (O] + 2O, dirrsen @ (D) WD)

l'Egz

= 2 WO (— 7 MO dikrren 600 = 2 IHE. . (D) (D) (BS)

1‘652

where &, is the ensemble containing the positions of all the
unit cells belonging to the &, line. From this we deduce that
the term

3 (@) (%[H(T),j(c,r),(&r)(f)]

re&

+ %[H(T), j(R,r+e2),(G,r)(T)]> [W(1))

amounts to a vanishing contribution.
The Hamiltonian is also invariant under ¢/, = (c] 1+

che) el =(=c\ s.cb ). «=R B G, added to
the transformation y — —y. From this we deduce that
each of the operators (\W(t7)| (‘%j(G,r),(R,r)(T)) |W(t)) and
(W(1)] (j_rj(R,r+e2),(G,r)(f)) |W(7)) gives a vanishing contribu-
tion. Eventually we conclude that we have

d . .
Z Tr (W(O1iGr.®&0)(T) + IR r+e). 6.0 (T) [W(T)) = 0.

1‘652

(B6)

APPENDIX C: EFFECTIVE HAMILTONIAN

1. Real space

Here we derive the effective Hamiltonian for the case for
which the large on-site energy (either positive or negative) is
applied only on one site per unit cell, while for the other two
sites, the on-site energies are equal to zero or smaller than the
hopping amplitude ¢.

To derive the effective Hamiltonian, we split our original
Hamiltonian into three parts:

H="H,+H)+ Ha. (CD

Here H, denotes the on-site potential for the sites with large
on-site energies, while H, denotes the Hamiltonian describing
the reduced lattice, without these sites. Ha represents the
coupling of these two subsystems.

In matrix form we have

H, H'a
= . C2
Here Ha = H/'A + ”H/Z. The dimension of the matrix H is
6NN, x 6NN, since the system contains 3NN, sites and

therefore there are 6N|N, single particle energy levels (ad-
ditional factor 2 comes from the spin degrees of freedom).

(

The dimension of the matrix H, is 4NN, x 4N|N,, because
it contains 2NN, sites. The dimension of the matrix 7, is
2NN, x 2NN, as the latter contains only NN, sites. Finally
the dimension of the matrix H'a (H/TA) is 4N{N, x 2NN,
(2N1N2 X 4N|N2).

So we have

H|Y) =1E[y) = det[H —1E] =0,

H, _leE H A
HL M, —1E
x det[H, — 1E — H (M, — 1E)"'H' i1 = 0.

=det[H;, — 1LE]

Here E corresponds to the eigenvalues of Hamiltonian (C1).
For further evaluation we will restrict ourselves to the case
that det [H; — 1E] # 0. So we have det [Heg(E) — 1E] = 0.
Here

He(E) = Ho — H a(Hs — 1E) ' H},. (C3)

Here Heg(E) is a 4NN, x 4N|N, matrix. Assuming
that the sites with large on-site energies are decou-
pled from one another, we get H, = diag{A.,}. Thus we
have

/ i
Ho(E) = H, — Z Z|1'1><1'1 |H ALYA)S'/;H A|1‘2><1'2|’

I, e, 1, €Q)

(C4H

where

_ (1)
|r> - (lr’ \L))’

with r; and r; running over all lattice sites except of those
with large on-site energies (£2,), while r; runs over all lattice
sites with large on-site energies (£2;).

We note that up to this point no approximation was made
and Egs. (C3) and (C4) are exact expressions, but they are
nonlinear equations.

We are interested in the low energy sector, i.e., |[E| < |Ay, |-
So we can neglect E compared to A, and obtain the following
effective Hamiltonian:

ey [ H A ) (s 1 o) (e
Heff:Ho_Z Z| (r[H Al /;\><A| Al 2)(2|.

T ,rzeQ,, r;\EQ)\

(C5)
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Now we calculate (ry|Ha|ry):

Matrix elements Same unit cell Different unit cell

(rRlHAh'B) —t1 —t1
(ra|Halrg) —t1 —t1
(rR|HA|rG> _tefiZnya" _teiZnya"
(rG|HA|rR> _[ei27ry(r" _[e—iZerrr"
(rp|Halrg) —te7 —te”
(rg|Halrg) —te " —te~ "

For the case where we apply a large on-site energy A to
either R, B, or G for each unit cell, we obtain

Heff = Z[al,mfh,-‘rbn.m + aj;,mfhs—bnfl,m

n,m

+a  f.b +al f b
n,mV,+Yn—1,m+1 nm'V,—"n,m—1
oz o7

+ an,mtdqaan,m-&-l + bn,mtd,bbn—l.m-ﬁ-l + HC]

+ > la] Bty + b by, (C6)

where af , and b} , create fermions in the unit cell (n, ) on
a and b sublattices. iy, £, +, {4 4, 14 are hopping matrices and
&, and &, describe on-site energies.

For Ap = X and Ag = A = 0 we are left with B and G

sites. We obtain

2
~ 7 ¥4 t 7’ X
fh = _tezqﬁ(r _ _e:tIZnya , (C7)
A
2o
foy =1 _ = ——e?ro (C8)
’ A
t2
lig =28, =8 =——1, (C9)
A
2
fgp=——e*mro, (C10)

For Ag = X and Ap = A = 0 we are left with G and R
sites. We obtain

Hi3 _ipse
e ipo ,

fhe = —etTV n (C11)
~ ~ nt iho?
fop = fpm = =267, (C12)
A
R R A 22
tda:deEaZEbZ_T]]. (C13)

2. Momentum space

In this section we rewrite the effective Hamiltonian
Eq. (C6) in momentum space. Similar to the original lattice,
also for the effective system, unit cells are arranged on a
triangular lattice (see Fig. 12).

We perform a Fourier transformation

1 )
kr
Qnm = e ay,
VNN, .
1 )
bn m = €lk'(r+bl)bk.
VNN,

Here
r = ne; + me,. (C14)
We obtain

Har = Y lal (€ ¥+ 0, O
k

+e—ik~(€2—b1)fv’7)bk + aleik‘ezfd,aak

+ bl @0 b+ Hoe] + Z[aﬁéaak + b &by 1.
k
(C15)

So we have

Heff — Z[alt(eiklfh,+ + e_iklfh,— + ei(zkz—kl)fu:'»
k

+e kIR b+ by (e + eME
e iCkpt |y piGkigt g
i+, + b0
N Al e S SV §

’ (C16)

In the matrix form, the Hamiltonian can be written as
follows:

Horr = Y ¢y Heir (K, (C17)
k
Hi Hiz Hiz Hua
Hot Ho Hx Hu
k) = , C18
Herr(k) Hzr Hzx Hiz Ha (C18)
Har Hao Haz Haua
¢y = (a ,.ap . by . D)) (C19)
For A = A and A = Ap = 0 we have
” ” 212 k) 212
= =—""cos - =
11 ) . 2 S
212 cos(4r 212
Has = Haa = — ) o2k — k) — =,
Hiz =Ha =0,
22 sin(4mwy) .
Hzy = Hazs = ——————=sin[2(ky — k1)],

Hiz = Hi, = 2t coskie'

212 cos(2mry)
- f[cos(ﬂcz — k1) + cos k]
Hoy = Hj, = —2t coskje™?
2t% cos(2
— M[cos(ﬂq — ki) 4 cos k],
2:2sinQRry) . . .
Hig = Hyy = —————[sin(Zky — ky) + sinky],
212 sin(2
Hos = Hip = M[sin@kz — ki) + sink;].
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While for Ag = A and Ap = Ap = 0 we have

212 12
Hii = Hp = — cos(2ky) — —,

A
272 272
H3z = Hag = —— cos[2(ky — k)] — —,
A A
Hiz = Hxn =0,
Hzs = Haz =0,

Hiz = 7-[;1 = —2tcos(2my ) cos k|
212 i
— T[cos(Zkz — ki) +coskile ",

Hoy = HL = —2tcos(2wy ) cos k|

212 "
— T[cos(Zkz — k1) + coskq]e'?,

Hig = Hyqy = 2t sin(2ry ) sinky,
Hoz = Hip = 2t sin(2wy ) sink;.

3. Analytical solution for Ay = A, Ap =Ag=0and y =0

We now calculate eigenvalues of the effective Hamiltonian
for Ag = A, Ag = Ag = 0. For y = 0, spin up and spin down
fermions are decoupled from each other. Therefore instead of
finding eigenvalues of a 4 x 4 matrix (the unit cell contains
2 sites and a factor 2 comes due to the spin) one needs to
perform calculations for two equivalent 2 x 2 matrices. We
obtain

2t?
E, =-— T[l + cos ky cos(k; — 2k>)]

4¢4
— \/4t2 cos? ky + F[l + cos ky cos(k; — 2k»)1?,
(C20)

22
Eyy =— T[] + cos ky cos(k; — 2ky)]

2 2 ﬁ _ 2
+./4t?cos? k; + e [1 4 cosk; cos(k; — 2k»)]>.
(C21)

The size of the gap is the energy difference between the
lowest energy of the higher band and the highest energy of
the lower band. So we have to find the minimal value of
E, + and maximal value of E, _. One can easily notice that
E, + > 0. From here directly follows that min[E, ;] = 0.
This minimum occurs for k; = £ /2. What concerns E, _,
it is maximal when k; — 2k, = 7. So we have to find the
maximum for

4¢? k 164 k
f= - sin® El — \/4t2 cos?ky + 7 sin* 51 (C22)
daf .
We have to solve e = 0, leading to
242 Gk —8¢2 cosk; sink; + 1?—54 sin? & sink;
—_—— ] —_— =
A 2\/4t2 cos? ky + 15—54 sin* &

(C23)

The solution k; = 0 corresponds to the local minimum, there-
fore the maximum is given by

212 kit \/ 42,k
cosk; — — sin®> — = —,/cos? k; + — sin* —.
Y 2 A 1tz 2

We take the square of both sides of the equation and obtain

(C24)

2

4¢ ok 1P
cos? k| — — cos k; sin® > = — cos’ k.

3 > (C25)

Here the solution cos k; = 0 also corresponds to a local mini-
mum. So we have for the maximum

2
ki=——. C26
coski = - ey (C26)
Based on that we obtain
T i 2 T 12
ki = E — arcsin m ~ E - T3 (C27)
and therefore
42 3¢t 42
E, |~~—4+ —~——. C28
max[E, ] = S 4 S5 = —— (C28)
So we get
2
A =min[E, ] —max [E, _] =~ - (C29)
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