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Multiple crossing points and possible quantum criticality in the magnetoresistance of thin TiN films
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We have measured R(T, B) of a TiN thin film very close to the disorder-driven superconductor-insulator
transition but still superconducting at zero field and low temperatures. In a magnetic field we find that three
distinct crossing points of the magnetoresistance isotherms occur at magnetic fields BcX in three different
temperature regions. Each crossing point in R(T, B) corresponds to a plateau in R(T, BcX ). We systematically
study the evolution of these crossing points near the disorder-induced superconductor/insulator transition,
identify the most promising candidate for a quantum phase transition, and provide estimates for the two critical
exponents z and ν.
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I. INTRODUCTION

Quantum phase transitions (QPTs) occur between com-
peting ground states of many-body systems and result from
quantum fluctuations near quantum critical points [1]. The
superconductor/insulator transition (SIT) in thin metal films
is viewed as one of the prime examples of a QPT [2–4]. It
can be driven by one or more control parameters, such as
the level of disorder in the system [5] or the electron den-
sity n [6]. More generally, the relevant control parameter for
the disorder-driven SIT is � = kF (n)�, where kF (n) is the
Fermi wave vector and � the mean free path. For � � �c,
the transition can also be driven by a perpendicular magnetic
field B [7]. In the limit of zero temperature, the discrimination
between superconductor and insulator appears to be trivial, as
in the first case the resistance should be zero and in the other
infinity. At the experimentally accessible finite temperatures,
it has become common practice to regard the sign of the
temperature derivative ∂R(T, B)/∂T of the resistance R for
the discrimination of the two ground states.

According to the theory of phase transitions, in a given uni-
versality class and near the critical point all properties depend
in a universal way on a characteristic length ξ ∝ |� − �c|ν
with the critical exponent ν, and a characteristic frequency
ω ∝ ξ−z; z being the dynamical critical exponent. If R(T, B)
is controlled by the two critical exponents, the scaling relation
R(T, B) ∝ |B − Bc|/T 1/zν is expected to hold in the vicinity
of the crossing point [3]. In a magnetic field distinct crossing
points of the magnetoresistance isotherms R(T = const, B) at
a critical magnetic field Bc were observed [7–12]. Reversing
Fishers’ argument, the observed scaling property of R(T, B)
is often taken as a signature for critical behavior near a QPT
and the crossing points were interpreted as evidence for a
magnetic field–induced SIT.
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The existence of a crossing point in R(T = const, B)
implies that R(T, Bc) = const, i.e., a plateau in R(T, Bc).
Experimentally, the latter condition is obeyed over finite
T intervals only. In addition, more than one crossing
point was observed and interpreted as multistage critical-
ity [13–15]. On the other hand, plateaus in R(T, B = const)
can be generated by two or more contributions to resistiv-
ity with similar T dependence, but opposite sign, leading
to a cancellation of the T dependence within a certain
range. For example, the positive contribution of supercon-
ducting fluctuations to R(T, B = const) can be approximately
compensated over a certain T interval by the negative contri-
bution from localization or density of state effects [16–18].
Hence the basic question arises, how to ensure that an ob-
served crossing point indeed signals true quantum critical
behavior.

Here, we demonstrate that the scaling property is insuffi-
cient, as at least two control parameters are needed to establish
a crossing point as a candidate quantum critical point for
the magnetic field–induced superconductor/insulator transi-
tion. In Fig. 1 we show that the separatrix B∗(T ) (yellow
strips), which separates regimes with positive and nega-
tive ∂R(T, B)/∂T , can be strongly nonmonotonic with three
extrema of B∗(T ). Each extremum defines a T interval dis-
playing a distinct crossing of the R(B) isotherms, i.e., a
crossing point. We investigate the evolution of critical param-
eters with the level of disorder and argue that only one of the
three crossing points remains as a candidate for the magnetic
field–induced SIT.

II. EXPERIMENTAL DETAILS

The approximately square shaped samples are patterned
on two chips (A,B) from the same d ≈ 3.6-nm thin TiN film
(wafer D03 in [19]). The film on chip A had size 1 mm ×
2 mm, while chip B had square shaped devices of side length
90 and 240 μm. All devices were contacted on chip with
100-nm-thick Au films on top of the TiN layer. In this work
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FIG. 1. Logarithmic derivative of R(T, B) vs temperature T and
magnetic field B (chip A). Blue/green areas indicate an insulating
(∂R/∂T < 0) trend; red/orange areas indicate a superconducting
(∂R/∂T > 0) trend. The nonmonotonic yellow strip displays the
separatrix B∗(T ) between superconducting and insulating regimes.
The three extrema in B∗(T ) are marked with black ellipses labeled
LT, MT, and HT. The two panels display states with different R300

� ,
i.e., different levels of disorder (see text).

we systematically tuned R300
� towards the disorder-driven SIT

by stepwise heating in air (≈250 ◦C for several minutes). In
the quasi-two-dimensional (quasi-2D) limit, sheet resistance
at room temperature R300

� provides a reliable measure for the
level of disorder for different film thicknesses and different
oxidation states [20]. The current-voltage (I-V ) characteristics
are highly nonlinear forcing us to always identify the linear
regime of I (V ) to extract correct resistance values. We use
a heavily filtered voltage biased two-point circuit with an
I-V converter to measure I (V ) at different temperature and
perpendicular magnetic field. The backaction noise from the
I-V converter was suppressed by an RC filter in the bias
line. The lead (�6 �) and bias (�7–20 k�) resistances were
subtracted.

III. THREE CROSSING POINTS

The three extrema in B∗(T ) correspond to plateaus labeled
LT, MT, and HT in the R(T ) dependence shown in Fig. 2(a),
from which the data in Fig. 1 is derived. The corresponding
magnetoresistance isotherms at first sight do not reveal well
defined crossings. However, when we plot R(B) in Figs. 2(b)–
2(d) separately for the three plateau regions in Fig. 2(a), three
distinct crossing points become clearly visible. In the Supple-
mental Material [20] we propose empirical expressions for the
functional form of the R(T, B) curves.

Each of the crossing points allows for a scaling analysis
[3,21]. The result is shown in the insets of Figs. 2(b)–2(d).
In the LT and MT regimes, we obtained a best data collapse
of the R(T, B) data with the scaling exponent zν = 1.2 ± 0.2,
consistent with the findings in, e.g., indium oxide [8,22] and
a-MoGe [7]. A smaller value of zν = 0.33 ± 0.03 is found in
the HT regime. The fact that we observe several such points
may even suggest multistage quantum criticality [13,14]. This
immediately raises the question regarding the nature of the
different stages [16].

In order to identify crossing points as candidates for
quantum criticality, we follow the evolution of the critical pa-
rameters Rc, Bc, and zν as a function of the second nonthermal
control parameter, i.e., the level of disorder, quantified by the
normal-state resistance R300

� . We measured the R(B) isotherms
of TiN films with different oxidation states and perform the
scaling analysis for each of them. The evolution of the critical
parameters vs R300

� is depicted in Fig. 3. Important features
in Fig. 3 are the disorder-independent values for RcM ≈ h/4e2

[Fig. 3(a)] and zν ≈ 1.2 [Fig. 3(b)] in the MT regime. The
critical magnetic fields Bc for all three crossing points nicely
extrapolate to zero at R300

� ≈ 4.5 k�, which we associate with
the critical level of disorder required for the disorder-induced
SIT at B = 0. According to Fisher [3], the transition field Bc

vanishes as ξ−2 at the disorder-induced SIT at B = 0. The

(a) (b) (c) (d)

FIG. 2. (a) Temperature dependence of the sheet resistance R�(T ) for several magnetic fields and R300
� = 4.25 k� (chip A). Three plateaus

in the R(T ) curves at the extrema of B∗(T ) in Fig. 1 are marked with red ellipses. Inset: schematic of the TiN film with Au contacts. (b)–
(d) Crossing points in the R(B) isotherms at the plateau regions in (a) corresponding to the extrema in the separatix B∗(T ) (Fig. 1, left panel).
Note that the horizontal scale in (b) and (d) is linear. Insets: scaling analysis for each crossing point.
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FIG. 3. (a) Critical resistance Rc vs sheet resistance at room temperature R300
� (chips A,B). Green stars correspond to disorder levels, for

which the MT and HT regimes are merged. (b) Scaling exponent zν vs R300
� resulting from the best data collapse of the R(B) isotherms in the

scaling plots [insets of Figs. 2(b)–2(d)]. The values zν = 0.7 and zν = 1.2 are marked by horizontal dotted lines. (c) Magnetic fields at the
crossing points BcL , BcM , and BcH vs R300

� . Dashed lines are guides to the eye. Inset: evolution of BcL , BcM , and BcH for a wider range of R300
� .

(d) BKT-transition temperature TBKT extracted from R(T, B = 0) (see text). Inset: BcM vs TBKT. The solid red line corresponds to the exponent
z = 1. The dashed red lines are obtained for z = 4/3 and z = 2/3, respectively.

correlation length ξ characterizes phase fluctuations in the
superconductor phase, while the characteristic frequency ω

sets the energy scale for the Berezhinski-Kosterlitz-Thouless
(BKT) transition: kBTBKT ∝ ξ−z. This leads to the relation
Bc ∼ T 2/z

BKT [3], which allows for an independent estimate to
the dynamical critical exponent z. We extracted TBKT from
R(T, B = 0) for different films and different oxidation states
[20]. The result is shown in Fig. 3(d). It turns out that TBKT

decreases nearly linearly with R300
� and extrapolates to zero

at the very same critical value of disorder indicated by R300
� =

4.5 k�. In the inset we plot BcM vs TBKT [inset in Fig. 3(a)] and
find 2/z � 2, corresponding to z = 1. This value is associated
with long-ranged Coulomb interactions [3].

Unlike the MT regime, we observe disorder-dependent
and thus not universal values for Rc, and zν in the LT and
HT regimes. In particular, both RcL and RcH increase with
increasing level of disorder (see Fig. 3, left panel). The critical
exponent zν in the HT regime is significantly smaller than 1.3
and decreases from zν ≈ 0.7 to zν ≈ 0.2 over the investigated
range of R300

� (see Fig. 3, middle panel). This is consistent with
earlier findings in TiN (zν = 1, [16]), but also for a-MoGe
(zν = 1, [7]), NbSi (zν = 0.67, [23]), and a-Bi (zν = 0.7,
[24]) typically in films with Rc < h/4e2. In the LT regime,
the values for zν are scattered around a mean zν = 1.6 ± 0.3.

IV. INTERMEDIATE T -REGIME

We now compare the properties of our TiN films in the
MT regime to earlier observations in amorphous indium oxide
films [8,12,22]. Similar to our data, values of the critical
resistance Rc � h/4e2 and the scaling exponent zν � 1.2 are
close to those observed in sufficiently resistive InOx, albeit
also values of zν � 2.4 were reported for InOx [25,26]. In both
materials R(T, B) shows an Arrhenius-like behavior in this
regime, with a characteristic temperature that changes sign at
BcM . This sign change indicates the transition from activated
transport of vortices to that of Cooper pairs, as suggested in

the self-duality picture of Fisher [3]. In addition, the value of
ν = 1.2 satisfies the theoretically predicted lower bound of
ν � 1 for a SIT in a disordered 2D system [2,3]. The R(T, B)
curves are consistent with a power law (B − BcM )α(T ) for R <

Rc as for InOx [12,22,27]. Deeper in the insulating regime,
the behavior crosses over to an exponential dependence on
magnetic field [see the upturn in the double logarithmic plot
in Fig. 2(c) and the Supplemental Material] that breaks duality
symmetry [22].

Our study provides experimental evidence that the scaling
exponent zν � 1.2 for the magnetic field–induced SIT re-
mains independent of the level of disorder up to the disorder-
induced SIT at B = 0. Since quantum phase transitions fall
into certain universality classes, such a disorder-independent
zν substantiates the conclusion that the crossing point in the
MT regime can be associated with a quantum phase transition.
On the other hand, the disorder dependence of RcL, RcH , and
zν in the LT and HT crossing points reveals a lack of uni-
versality and thus discourages their interpretation as quantum
critical points.

V. FLUCTUATION REGIME

We now analyze the magnetoresistance in the HT regime.
For B � 2 the set of R(B) curves in Fig. 4(a) can be fitted with
the Galitski-Larkin theory of superconducting fluctuations in
a magnetic field [28], with fixed values of the mean-field
transition temperature Tc0 = 0.83 K and upper critical field
Bc2(0) = 0.88 T. For magnetic fields above that of the re-
sistance maximum Bmax, the perturbative theory describes
the data rather well, even for low conductances approach-
ing G00 = e2/πh � (81 k�)−1. In order to adjust the theory
to the high field limit, a B-independent offset is added that
takes into account the normal state conductance GN plus the
Altshuler-Aronov (AA) correction �GAA(T ) as the only fit-
ting parameter [20]. The T dependence of the offset in this
limit is shown in Fig. 4(b). Its T dependence is logarithmic
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(a)

(b)

(c)

FIG. 4. (a) R(B) isotherms for R300
� = 4.228 k� (chip A). The

red lines are fits of Eq. (S5) with the parameters Tc0 = 0.83 K and
Bc2(0) = 0.88 T. (b) G(T ) extracted from the fits in the limit of
large B. The red line denotes the Altshuler-Aronov contribution to G
(see text). (c) Zoom to the experimental and Galitski-Larkin crossing
points BcH = 0.73 T and BGaL = 0.935 T.

with a prefactor of 1.2G00, consistent with the AA correction.
At B < Bmax the agreement is only qualitative. The theory
underestimates the resistance, because it does not contain the
flux-flow resistance below Bc2. Nevertheless it reproduces the
observed resistance crossing, although at a somewhat higher
magnetic field B = BGaL > Bc2(T ) [Fig. 4(c)]. In lower resis-
tance samples BcH and BGaL converge [16,20,21].

The above analysis strongly suggests that the HT plateau
in Fig. 2(a) and the corresponding HT crossing point results
from an accidental cancellation of different contributions to
the T -dependent resistance in the interval 0.6 � T � 0.95 K,
i.e., the interplay between vortex dynamics and the combined
Altshuler-Aronov and Galitski-Larkin corrections to R(T, B)
[20]. As the crossing of R(B) isotherms is inevitable in the
presence of sufficiently strong superconducting fluctuations,
we suspect that some of the earlier reports on R(B) crossings
may be understood in terms of such an interplay rather than
evidencing quantum criticality—in particular, if the sheet re-
sistance at the crossing is low compared to h/4e2.

VI. LOW T -REGIME

The crossing point in the LT regime also features disorder-
dependent zν and RcL > h/4e2. In order to elucidate its origin,
we measured the highly nonlinear I (V ) characteristics at low
temperatures [Fig. 5(a)]. With increasing voltage we observe
current steps in I (V ). Similar steps were found in the peculiar
insulating state of both TiN and InOx (termed Cooper pair
insulator in Ref. [29]). At higher bias voltage, initially blocked
current paths (charge rivers) locally break through within the
insulator, leading to the observed steps in I (V ) [29–31]. The
current steps are the dual counterpart of the voltage steps re-
sulting from the nucleation of vortex rivers in strongly pinned

(a) (b)

FIG. 5. (a) I (V ) characteristics for T = 37 mK (R300
� = 4.25 k�

chip A). The red dashed line indicates B < BcL . The yellow line
corresponds to the critical field BcM . The black circle indicates first
appearance of a (tiny) jump in I (V ). The slight left tilt of the jumps
results from an imperfect voltage bias, leading to a slight reduction of
the voltage after the jump. (b) Corresponding differential resistance
dV/dI (right) for I � 5 nA.

vortex lattices [32]. On the other hand, at BcL and in the low
bias regime the differential resistance exhibits a crossover
from a superconducting resistance dip to an insulating peak
around zero bias [Fig. 5(b)]. The crossing field BcL is indicated
by the dashed red lines in Figs. 5(a) and 5(b).

The presence of both resistance dip and current steps in the
regime 0.2 T � B � 0.35 T signals coexistence of insulating
and superconducting regions within the device. The dip in
dV/dI is consistent with a percolative network of narrow
superconducting filaments embedded into an insulating matrix
close to the SIT [33]. The presence of insulating features in
I (V ) down to B � 2 T further substantiates our above conclu-
sion that in most areas of the film the SIT occurs already at
BcM = 0.15 T, and not at BcL = 0.3 T. However, we may in-
deed have a sequence of two transitions. A first transition takes
place at the MT point, where most of our film turns locally
insulating in large islands, with small filaments remaining su-
perconducting in between. A second transition could occur at
the LT point, where these islands percolate to form a globally
insulating state. The film’s spatial extension may be just too
small to display the universal critical behavior expected in the
thermodynamic limit. Further studies are needed to elucidate
whether the phenomenology observed in our TiN films applies
to other materials too.

VII. CONCLUSIONS

In conclusion, we have shown that the mere possibility of
scaling is insufficient to evidence quantum critical behavior
in the vicinity of the SIT. The variation of a second control
parameter is mandatory to test for the possible universality
of the critical parameters controlling a presumed quantum
critical point. Consistent with the above requirement, we
demonstrate that the critical exponents ν = 1.2 and z = 1 in
the magnetoresistance of TiN thin films are independent of the
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level of disorder. Disorder-dependent crossing behavior can
be induced by inhomogeneity or the compensation of com-
peting contributions to the conductance in certain temperature
intervals.

Note added. Recently, we became aware of recent work
demonstrating that 2D scaling can also be successfully applied
in 1D wires, supporting our point that scaling alone does not
signal the presence of SIT [34].
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