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Spin excitations in the heavily overdoped monolayer graphene superconductor:
An analog to the cuprates
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Recently it was reported experimentally that the monolayer graphene can be heavily overdoped to beyond the
Van Hove regime. We study theoretically the possible superconductivity and the corresponding spin excitations
of the monolayer graphene in this doping region. A static spin-density-wave state is favorable due to the
nested Fermi surface as the Fermi level is doped to the Van Hove singularity point. Superconductivity may
be realized upon further doping. The spin excitations in the superconducting state are studied theoretically
based on the random phase approximation. The overall features are qualitatively the same with those in cuprate
superconductors due to similar Fermi surface topologies of these two families of materials. Thus we have
proposed an exciting possibility, namely, the recently realized beyond–Van Hove graphene is a cuprate analog
and can become a novel platform to study the unconventional superconductivity.
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I. INTRODUCTION

High-Tc superconductivity in the family of cuprate materi-
als has been studied intensively for more than 30 years, while
so far its mechanism remains puzzling [1]. This has motivated
the great effort to seek for cuprate analogs. Previously, several
possible candidate superconducting families have been pro-
posed, including the iron-based superconductors [2] and the
recently discovered nickelate superconductor [3].

The realization of superconductivity in graphene-based
materials has been paid considerable attention since the first
production of graphene in 2004 [4]. In the past several
years, evidence of superconductivity has indeed been reported
in several graphene-based materials with different methods
[5–11]. In particular, it was reported that the twisted bilayer
graphene will exhibit flatbands near the Fermi energy, leading
to the correlated parent insulating states [12]. The supercon-
ductivity emerges upon doping of this parent state. As a result,
the twisted bilayer graphene has become a novel platform
to study unconventional superconductivity and has attracted
tremendous interest [10].

The band structure of the monolayer graphene has saddle
points at the M point of the Brillouin zone. The quasiparticle
dispersion near this point is flat leading to the divergent den-
sity of states according to the Van Hove singularity (VHS)
scenario. Of particular interest is to tune the Fermi energy
to the VHS point upon doping (the VHS filling) [13–15].
Then the Fermi surface is perfectly nested leading to a spin-
density-wave (SDW) instability [16–19]. On the other hand,
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the VHS near the Fermi level may provide an effective at-
tractive potential, and then the superconducting pairing is also
favored [13,18–24]. Previously the competition between the
SDW order and the superconducting pairing has been studied
theoretically [13,18,19]. Such competition is of interest and is
indeed similar to that in the cuprate compound.

Very recently, it was reported that the graphene doping
technique reaches a new level, namely, the Fermi level is
doped to beyond the VHS regime for the first time [25]. The
electronic structure of the monolayer graphene at this dop-
ing region is similar to that of the twisted graphene material
[10–12]. At the VHS filling, the magnetic order is induced by
the flatband at the Fermi energy. The static magnetic order is
suppressed and the superconducting state may emerge upon
further doping. Therefore, the recently realized monolayer
graphene beyond the VHS regime may become another plat-
form to study the unconventional superconductivity.

For cuprate superconducting materials, it is generally be-
lieved that the spin fluctuation may play a fundamental role
and mediate the superconducting pairing. Experimentally, the
momentum and energy dependence of spin excitations are ob-
tained directly through the inelastic neutron scattering (INS)
experiments [26–36]. Theoretically, the INS experimental re-
sults can be compared through exploring the imaginary part of
the dynamical spin susceptibility [37–45]. For the graphene-
based material, it has been proposed theoretically that the spin
fluctuation may account for the superconductivity [23,46],
while so far there is still no experimental evidence for the spin
excitations. It is understandable because the Fermi surface
pockets are generally small for the graphene at the low doping
region [47]. The Fermi surface becomes a large pocket when
the doping density exceeds the VHS filling. Based on the
Fermi surface nesting scenario [37–45], the graphene material
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at this doping region should also have strong spin fluctuation.
Since the heavily overdoped monolayer graphene beyond the
VHS filling has just been realized experimentally [25], we
expect that the spin excitations in this material may be tested
by experiments later. Therefore, now it is timely and of im-
portance to study the spin fluctuation in the heavily overdoped
graphene superconductor and compare the results with those
in the high-Tc superconducting materials.

In this paper, we study theoretically the dynamic spin
susceptibility of the monolayer graphene material at the
doping level beyond the VHS filling based on the random
phase approximation (RPA). We consider a typical d + id
pairing state, consistent with previous theoretical predictions
[13,18–24]. The resonant spin excitation is revealed. The
overall features of spin excitations are qualitatively the same
as those in high-Tc superconductors, indicating that these
two families of materials have qualitatively similar fermi-
ologies. Therefore, we propose that the heavily overdoped
monolayer graphene materials are indeed analogous to the
cuprate materials and may become a novel platform to study
the unconventional superconductivity.

The rest of the paper is organized as follows. In Sec. II,
we introduce the model and present the relevant formalism. In
Sec. III, we report numerical calculations and discuss the ob-
tained results. Finally, we present a brief summary in Sec. IV.

II. MODEL AND FORMALISM

We start from the Hamiltonian including the bare super-
conducting Hamiltonian and an on-site repulsive interaction,
expressed as

H = H0 + Hint. (1)

H0 includes the hopping term, the chemical potential term,
and the superconducting pairing term. Considering the super-
conducting pairing between two nearest-neighbor sites, this
term can be written as

H0 = − t
∑
〈ij〉,σ

(c†
iσ cjσ + H.c.) +

∑
〈ij〉

(�ijc
†
i↑c†

j↓ + H.c.)

− μ
∑
i,σ

c†
iσ ciσ , (2)

where j is the nearest-neighbor site of the site i with j = i +
eα . Here each site i has three nearest-neighbor sites with e1 =
1
2 (

√
3, 1), e2 = 1

2 (−√
3, 1), and e3 = (0,−1). �ij represents

the superconducting pairing between the two nearest-neighbor
sites, with �i,i+ej = � j = �0eiφ j . The superconducting pair-
ing symmetry is determined by the parity and the phase φ j

[48]. For the d + id pairing symmetry, generally the phase
changes 2θ0 when the vector ej rotates for θ0. Therefore, in the
present work, we consider �1,2,3 = �0e−i4π/3, �0e−i8π/3, and
�0. In addition, the even parity with �ij = �ji is considered.

Hint is the on-site interaction term, expressed as

Hint = U
∑

i

ni↑ni↓. (3)

In the momentum space, the bare Hamiltonian H0

can be rewritten as H0 = ∑
k �

†
kHk�k. The vector �

†
k is

expressed as

�
†
k = (c†

1k↑, c†
2k↑, c1,−k↓, c2,−k↓), (4)

with 1 and 2 being the sublattice indices for the graphene
lattice.

The 4 × 4 matrix Hk is expressed as

Hk =

⎛
⎜⎝

−μ γ (k) 0 �(k)
γ ∗(k) −μ �(−k) 0

0 �∗(−k) μ −γ ∗(−k)
�∗(k) 0 −γ (−k) μ

⎞
⎟⎠, (5)

with γ (k) = −t
∑

j eik·ej and �(k) = ∑
j � jeik·ej .

The spin susceptibility can be expressed as a 4 × 4 matrix
with the elements being calculated through the spin-spin cor-
relation function [39,44,49],

χ
l1,l2
l3,l4

(q, iωn) =
∫ β

0
dτ

〈
Tτ Sl1,l2+

q (τ )Sl3,l4−−q (0)
〉
eiωnτ , (6)

with the spin operator being expressed as Sl1,l2+
q =∑

k c†
l1k↑cl2,k+q↓. li = 1, 2 is the sublattice index. When l1 =

l2 and l3 = l4, the operators S±
q are corresponding to the phys-

ical spin density operators.
Without the interaction term (Hint = 0), the bare spin sus-

ceptibility in the superconducting state includes both the
normal and the anomalous terms,

χ
l1,l2
l3,l4(0)(q, ω)

= 1

N

∑
k

4∑
α,β=1

[
ξα

l4 (k)ξα,∗
l1

(k)ξβ

l2
(k + q)ξβ,∗

l3
(k + q)

+ ξα
l4 (k)ξα,∗

l2+2(k)ξβ,∗
l3

(k + q)ξβ

l1+2(k + q)
]

× f
(
Eβ

k+q

) − f
(
Eα

k

)
ω + Eα

k − Eβ

k+q + iη
. (7)

Eα
k and ξα (k) are the eigenvalue and the eigenvector of the

Hamiltonian matrix Hk. f (x) is the Fermi distribution func-
tion.

The renormalized spin susceptibility χ (q, ω) can be ob-
tained through the RPA, given by

χ̂ (q, ω) = [Î − χ̂0(q, ω)Û ]−1χ̂0(q, ω), (8)

where Î is the 4 × 4 identity matrix. With on-site interac-
tion being considered, the nonzero elements of the Û matrix
include U l1,l2

l3,l4
= U for l1 = l2 = l3 = l4. The physical spin

susceptibility can be obtained through the sum of the elements
of χ̂ with l1 = l2 and l3 = l4.

III. RESULTS AND DISCUSSION

The normal state energy bands and Fermi surfaces
[obtained by setting �0 = 0 in Eq. (4)] are displayed in
Figs. 1(a) and 1(b), respectively. As is seen, at the M point
[QM = (0, 2π/3)], the quasiparticle dispersion is flat at the
energy E = 1.0, leading to the VHS at this energy. When
the chemical potential is below the VHS filling (| μ |< 1),
the normal state Fermi surface contains several small discon-
nected pockets. At the VHS filling with μ = 1, the Fermi
surface is perfectly nested. The topology of the Fermi surface
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FIG. 1. (a) The normal state energy bands along the highly sym-
metrical lines in the Brillouin zone. (b) The normal state Fermi
surfaces with different chemical potentials. (c) The minimum value
of the RPA factor as a function of the interaction U with ω = 0.
(d) The imaginary part of the renormalized normal state spin suscep-
tibility as a function of the momentum with ω = 0.1 and μ = 1.2.

changes, namely, the Fermi surface becomes one large pocket.
Beyond the VHS filling (μ > 1), the Fermi surface remains a
large pocket centered at the � = (0, 0) point.

As discussed previously [16–19], the nested Fermi surface
will lead to the SDW instability. With the RPA framework,
the SDW instability can be explored through the RPA factor
A(q, ω), with

A(q, ω) = det|Î − χ̂0(q, ω)Û |. (9)

At the zero energy the imaginary part of A(q, ω) is zero. If its
real part at a certain wave vector q is negative, then the mag-
netic instability occurs. In this case the RPA method cannot
be used directly and a static SDW order should be induced
to describe the system. The minimum value of the RPA factor
with ω = 0 as a function of the on-site interaction U is plotted
in Fig. 1(c). At the VHS filling (μ = 1.0), the minimum value
of A(U ) is less than zero as the interaction U is larger than
a critical value Uc (Uc = 0.93), indicating the signal for the
SDW instability. As the chemical potential deviates from the
VHS filling, this critical interaction Uc increases significantly.
In the following presented results, we study the spin excita-
tions beyond the VHS filling with μ = 1.2 and U = 1.6. The
normal state Fermi surface at this chemical potential is a large
pocket, similar to that of cuprate materials [1]. The static SDW
order disappears with these parameters and the RPA technique
is effective to study the spin fluctuation. The imaginary part of
the renormalized normal state spin susceptibility as a function
of the momentum with ω = 0.1 is presented in Fig. 1(d). As
is seen, the maximum spin excitation occurs at an incommen-
surate momentum (δ, 2π/3) near the M point.

We now study the spin excitations in the superconduct-
ing state. The intensity plot of the imaginary part of the
spin susceptibility (Imχ ) as functions of the energy and the
momentum along the line qy = 2π/3 with �0 = 0.04 is pre-
sented in Fig. 2(a). Here two typical energies, i.e., ωr ≈ 0.12
and ωc ≈ 0.4, are revealed and indicated in Fig. 2(a). At the
energy ωr , Imχ reaches its maximum value, at an incom-
mensurate momentum with q = (±δ, 2π/3). δ ≈ 0.1π is the

FIG. 2. (a) The imaginary part of the spin susceptibility as func-
tions of the energy and the momentum along the line qy = 2π/3
with �0 = 0.04. (b) The imaginary part of the spin susceptibility as
a function of the momentum with ω = ωr = 0.12. (c) The imaginary
parts of the spin susceptibility as a function of the momentum in the
superconducting state and the normal state with ω = 0.12. (d) The
maximum value of Imχ (q, ω) in the Brillouin zone as a function of
the energy with different gap magnitudes. Inset: The resonant energy
ωr as a function of the gap magnitude �0.

incommensurability. As the energy increases, the incommen-
surability decreases. At the energy ωc, the spin excitation
is commensurate with the maximum value emerging at the
momentum QM = (0, 2π/3). As the energy increases to be
larger than ωc, the spin excitation becomes incommensurate
again. The dispersion of the maximum spin excitations in the
whole momentum and energy space has an hourglass shape.

Let us study in more detail the spin excitation at the energy
ωr . The intensity plot of the imaginary part of the spin sus-
ceptibility in the whole Brillouin zone at the energy ω = ωr

is displayed in Fig. 2(b). As is seen, the spin excitation has
sixfold symmetry with the maximum excitation emerging at
the incommensurate momentums Q1 and Q′

1 (or their sym-
metrical momentums). The two-dimensional cut of Imχ along
the line qy = 2π/3 as a function of qx is replotted in Fig. 2(c).
The imaginary part of the spin susceptibility in the normal
state with ω = 0.12 is also plotted in Fig. 2(c). As is seen,
the intensity of the incommensurate peak at the energy ωr

in the superconducting state is significantly stronger than that
in the normal state. The enhanced spin excitation in the su-
perconducting state indicates the signal of the spin resonance
mode. Previously, the resonant spin excitation has attracted
broad interest in various unconventional superconductors
[26–28,38–43,45]. The resonant excitation will not neces-
sarily appear based on the RPA freamwork and it depends
strongly on the band structure and the pairing symmetry.
Therefore, it has been widely used to resolve the pairing
symmetry of an unconventional superconductor [41–43,45].
In the meantime, it has been verified that the resonant energy
is proportional to the gap magnitude or the superconducting
transition temperature Tc [28,40], so that it is believed to
be intimately related to the superconductivity. The maximum
spin excitations in the whole momentum space as a function
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of the energy with different gap magnitudes (from �0 = 0.02
to �0 = 0.08) are plotted in Fig. 2(d). The intensity of the
maximum value of Imχ increases significantly as �0 in-
creases. The possible resonant energy ωr can be obtained from
Fig. 2(d) through the position of maximum Imχ . The energy
ωr as a function of the gap magnitude is presented in the inset
of Fig. 2(d). As is seen, here ωr is proportional to �0, being in
accord with the main character of the spin resonance. These
features verify that the resonant spin excitation indeed exists.
We have also checked numerically that for the present band
structure the spin resonance mode only exists for the typical
d + id pairing symmetry. There are no resonant spin exci-
tations if another different pairing symmetry is considered.
Therefore, such resonant behavior may be used to identify the
pairing symmetry and the unconventional superconductivity
in this material.

We would like to compare the above numerical results
of the spin excitation with those in high-Tc cuprate super-
conductors. In cuprate superconductors, the spin excitations
are material dependent. For the La-based material (e.g.,
La2−xSrxCuO4), two energy scales are revealed experimen-
tally [32]. The maximum spin excitation appears at a lower
energy about 18 meV and an incommensurate momentum.
At a higher energy (about 50 meV), the spin excitation is
commensurate. For Y-based high-Tc superconducting material
(e.g., YBa2Cu3O7−x), a resonant spin excitation at the energy
about 40 meV is revealed [26,27]. The spin excitation at
this energy is commensurate. Here obviously, the spin ex-
citations with two energy scales are analogous to those in
La-based high-Tc superconducting materials. Moreover, we
have checked numerically that if a rather strong gap mag-
nitude is considered (�0 � 0.2t), the spin excitation at the
resonant energy will become very strong and appears at the
commensurate momentum QM. In this case the results are
similar to those of Y-based superconductors.

Another important result revealed in Fig. 2(a) is the hour-
glass dispersion of the spin excitation, with a downward
dispersion below the energy ωc and an upward dispersion
above the energy ωc. Previously, such hourglass shape dis-
persions are also reported in the hole-doped cuprate materials
[29–32], while it was reported that there is no low energy
downward dispersion in the electron-doped cuprate material
[33,37]. For iron-based superconductors, so far the dispersion
of spin excitations is still an important and open issue and
the results may also depend on the materials. It was reported
that the low energy spin excitations are commensurate for
iron-based superconductors [34,35]. However, very recently,
it was also reported that the hourglass dispersion is observed
in a typical iron-based superconductor KCa2Fe4As4F2 [36].
Actually, the low energy dispersion of the spin excitation de-
pends strongly on the Fermi surface and the superconducting
gap. Here the similarity of the dispersion for spin fluctuations
between the heavily overdoped monolayer graphene and the
hole-doped cuprate superconducting materials is of interest.
This indicates that the Fermi surface topology of the heavily
overdoped graphene is indeed analogous to that of the hole-
doped cuprate materials.

The above features of spin excitations can be understood
well based on the RPA framework and the topology of the
Fermi surface. The general origin of the spin resonance in an

FIG. 3. The real and imaginary parts of the bare spin susceptibil-
ity with �0 = 0.04.

unconventional superconductor has been studied intensively
[38–41,45]. The renormalized spin susceptibility includes two
parts of contribution, namely, the bare spin susceptibility
χ0(q, ω) and the RPA factor A(q, ω). The real and imaginary
parts of the bare spin susceptibility are displayed in Fig. 3.
As seen, the imaginary part of the bare spin susceptibility is
nearly zero due to the presence of the spin gap. At the edge
of the spin gap Imχ0 increases rapidly, then Reχ0 has a peak
structure due to the Kramers-Kronig relation. As a result, the
real part of the RPA factor reaches the minimum value at
this energy. Thus the imaginary part of the renormalized spin
susceptibility in the superconducting state will be enhanced
at this energy, leading to the resonant spin excitation at this
energy. At higher energies, the spin excitation is mainly de-
termined by the topology of the Fermi surface. The bare spin
excitation has maximum value at energy ωc, as indicated in
Fig. 3. This can be understood further from the nesting of the
energy contour.

The bare spin susceptibility is mainly contributed by the
particle-hole excitation. We have Imχ0(q, ω) ∝ ∑

k δ[ω −
�(q, k)] with �(q, k) = E (k) + E (k + q). Generally, to ex-
plain the spin excitation at a certain energy ω0, one needs to
study the scattering between the energy contour E = ω0/2
[38]. The contour plots of the energy contours with E =
ωr/2 = 0.06 and E = ωc/2 = 0.2 in the first and extended
Brillouin zones are presented in Fig. 4. As seen, the contour
E = 0.06 contains a flat piece, indicating the nesting feature.
The best nesting vectors are indicated in Fig. 4, namely, Q1
and Q′

1, well consistent with the numerical results shown
in Fig. 2. As the energy increases, the size of the energy
contour becomes larger. Naturally the incommensurability
will decrease. As the energy is much greater than �0, the
superconducting pairing term plays a minor role. As a result,
the energy contour E = 0.2 almost coincides with the normal
state Fermi surfaces of μ = 1.0 and μ = 1.4. Since the nor-
mal state Fermi surface with μ = 1.0 is perfectly nested with
the nesting vector, q = QM. As a result, the spin excitation
at the energy ω = 0.4 is commensurate and its maximum
value appears at the momentum QM. As the energy increases
further, the nesting condition of the energy contour is broken
and the spin excitation will become incommensurate again.
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FIG. 4. The constant energy contours with E (k) = 0.06 and
E (k) = 0.2 in the first and the extended Brillouin zones. The (green)
dashed line is the normal state Fermi surface. The arrows indicate the
nesting vectors for the contour E (k) = 0.06.

IV. SUMMARY

At last, we summarize the similarity between the possible
superconductivity in the heavily overdoped graphene material
with that in cuprates. Firstly, the general phase diagram may
be similar. For the graphene material, at the VHS filling,
the Fermi surface is nested, leading to the SDW instability.
Beyond the VHS filling, the static SDW order is suppressed
and the superconductivity may emerge. For the cuprates, at
the half-filling, the system is in the antiferromagnetic state.
The antiferromagnetic order is suppressed and the supercon-
ductivity is realized upon doping. Secondly, although so far
no consensus has been reached about the mechanism of super-

conductivity in cuprates, many believe that the spin fluctuation
should play an essential role. Here for the heavily overdoped
graphene material, the strong spin fluctuation should exist due
to the nesting of the Fermi surface. Such a strong fluctuation
could account for possible unconventional superconductivity
in this material. Thirdly, as presented in our present work,
the overall features of spin excitations in the superconduct-
ing graphene material are qualitatively similar with those of
cuprate superconductors, including the resonant spin excita-
tion at a certain energy and the hourglass dispersion. Here the
spin excitations are consistent with the topology of the Fermi
surface. Our results clearly indicate that the Fermi surface
topologies of these two families are similar. Therefore, the
heavily overdoped monolayer graphene material may indeed
be a potential candidate to be the cuprate analog.

In conclusion, we have studied theoretically spin excita-
tions in the superconducting state of the heavily overdoped
monolayer graphene material beyond the VHS filling. Two
typical energies are revealed. At a lower energy, a resonant
spin excitation is revealed at an incommensurate momentum.
At a higher energy, the spin excitation is commensurate. The
dispersion of the spin excitation has an hourglass shape. The
overall features are qualitatively the same as those in super-
conducting cuprate materials. We propose that the monolayer
graphene material beyond the VHS filling is a candidate to
become the cuprate analog. The spin resonance mode may be
detected by later experiments and our results can be used to
identify the unconventional superconductivity in this material.
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