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Voltage controllable superconducting state in the multiterminal
superconductor—-normal-metal bridge
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We study voltage controllable superconducting state in a multiterminal bridge composed of the dirty
superconductor/pure normal metal (SN) bilayer and pure normal metal. In the proposed system small control
current /., flows via normal bridge, creates voltage drop V, and modifies the distribution function of electrons
in a connected SN bilayer. In the case of a long normal bridge the voltage-induced nonequilibrium effects could
be interpreted in terms of increased local electron temperature. In this limit we experimentally find the large
sensitivity of critical current /. of Cu/MoN /Pt-Cu bridge to 1., and relatively large current gain which originate
from steep dependence of /. on temperature and large /. (comparable with theoretical depairing current of the
superconducting bridge). In the short normal bridge deviation from equilibrium cannot be described by a simple
increase in local temperature, but we also theoretically find large sensitivity of /. to control current/voltage. In
this limit we predict existence at finite V of the so-called in-plane Fulde-Ferrell state with spontaneous currents
in the SN bilayer. We argue that its appearance is connected with voltage-induced paramagnetic response in the

N layer.
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I. INTRODUCTION

The idea to control the superconducting properties of su-
perconductors, which are metals, with the help of the electric
field or voltage is based on their large sensitivities to the form
of the electron distribution function f(E) and the ability to
modify f(E) by applied voltage. The origin of the effect could
be understood from the equation for the superconducting or-
der parameter A,

hwp
A= )\BCS/O Ry (E) fL(E)dE, (D

where Ry(E) = Re(A/~E? — A?) in the simplest case of
spatially homogenous superconductor in absence of super-
conducting current, Aggc is a coupling constant in Bardeen-
Cooper-Schrieffer theory, wp is a Debye frequency, and f (E)
is odd in the energy part of [1 — 2 f(E)].

With increasing the bath temperature 7 the equilib-
rium Fermi-Dirac distribution f(E) = 1/[exp(E /kgT )+ 1]
changes and A(T') goes down because more states with £ >
A(T) are occupied by electrons and f; (E) decreases at low
E. At fixed temperature applied voltage V modifies f(E) in
a similar way, i.e., fi(E) decreases with increasing V (for
example, see experimental f(E, V) in Ref. [1]), and one can
expect voltage controllable modification of superconducting
properties. In some cases the effect of V on f(E) could
be described via introducing the local electron temperature
T.(V) # T, for example, in the system with strong electron-
electron scattering. But sometimes it cannot be performed,
and new effects appear which are connected with nonthermal
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form of f(E,V) (the thermal form here is the Fermi-Dirac
distribution with 7, #£ T).

There are many theoretical and experimental works where
the voltage controllable superconducting state was studied
in metallic superconductors. For example, in Refs. [2—4] the
normal metal-superconductor-normal-metal (NSN) voltage-
biased wire was considered. In Ref. [2] there were found that
at eV ~ A there is jump to the normal state and in the finite
interval of voltages A/2 < eV < A several superconducting
states could exist in a voltage-biased “bulk™ superconductor.
This result could be related with the known transition of the
magnetic superconductor to the normal state when magnetic
exchange energy E,, ~ A due to the formal analogy between
voltage-biased and magnetic superconductors as discussed in
Ref. [5]. In Ref. [3] existence of two stable spatially nonuni-
form states (symmetric and asymmetric against the center of
the superconducting part) were predicted for relatively long
NSN wire which is a consequence of spatially nonuniform
nonequilibrium f7(E, V). In Ref. [4] the so-called bimodal
state was found which may be related to the enhanced stability
of superconductivity near the superconductor/normal-metal
interface [6]. For the voltage-biased NISIN system there were
found several spatially homogenous states at fixed voltage [7]
and in some range of the parameters the Fulde-Ferrel-Larkin-
Ovchinnikov (FFLO) state was predicted which develops in
lateral direction of the NISIN system [5].

Control of the critical current of the SNS (or SINIS)
Josephson junction by applying of the voltage (or, alterna-
tively, current) to the additional N lead, attached to the N
part of the SNS junction was proposed in Refs. [8—10]. In
Refs. [11-13] this effect has been experimentally studied. Re-
cently the control of critical current of Ti and Al bridges with
help of the voltage leads has been observed in Refs. [14,15]
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FIG. 1. Sketch of the proposed multiterminal SN-N bridge. The
superconducting state of the SN bridge is controlled by voltage drop
Ve either in the regime of applied voltage or current. S is a thin dirty
superconductor with large resistivity in the normal-state (NbN, MoN,
MoSi,...), N is a low resistive normal-metal (Au, Cu, and Ag).

where the effect is also connected with modification of f(E)
due to applied voltage although in a more complicated manner
[16—18] than in previous works.

In our paper we study the current/voltage controllable su-
perconducting state in the multiterminal bridge composed of
a superconductor/normal-metal bilayer and normal metal (see
Fig. 1), where the superconductor is a highly resistive metal
(with large resistivity pg in the normal state) and normal metal
has py < ps. In the proposed system one may control large
critical current (about the depairing current I, of the S layer)
flowing along the SN bridge instead of the much smaller crit-
ical current of SNS Josephson junction. In comparison with
the superconducting bridge in the SN hybrid with pg/oy > 1
and thin S and N layers (order of superconducting coherence
length) 1.(T') is much steeper in high temperature whereas I. is
much larger at low temperatures [19,20]. These effects come
from the substantial superconducting current flowing along
the low resistive N layer and the small proximity-induced
minigap €, ~ 1/d} [21] there, which provides the saturation
of I.(T)at T < €,/kp [20]. This allows us to expect large sen-
sitivity of 1. even to small deviation from equilibrium caused
by applied control current/voltage.

We confirm experimentally these expectations in case
of the long normal bridge (Cu) and the long SN bridge
(Cu/MoN/Pt) with lengths Ly, Lsy > L., where L, is an in-
elastic electron-electron scattering length when the deviation
from the equilibrium can be described in terms of increased
local temperature. For our parameters we find a current gain
about six, and we discuss how it could be further improved.

We also study theoretically the limit of the short normal
bridge with Ly <« L., when nonequilibrium f7 (E’) has a non-
thermal form in its central part,

fi(E) = L(tanh[(E + €V,4y/2)/(2ksT)]
+tanh[(E — eV,41/2)/(2kgT)]). 2)

In this limit we also find the large sensitivity of I. to
the control current/voltage, but in addition there is a new
effect—the appearance of the in-plane Fulde-Ferrell (FF) state
with spontaneous currents flowing along S and N layers in the
SN bridge. Previously, the in-plane FFLO state was predicted
in the similar nonequilibrium SN system in Ref. [22]. In
comparison with that work we show that the FF state appears
at finite voltage V,,; ~ kgT.o (Tpo is a critical temperature of

the superconducting layer), and its origin is connected with
voltage-induced paramagnetic response of the N layer which
competes with the diamagnetic response of the S layer. There-
fore, the situation is similar to the FFLO state in equilibrium
SF and SFN hybrid structures [23,24]. And as in the case of
the SFN trilayer one needs large ratio ps/py >> 1 to realize
this state in the nonequilibrium SN bilayer.

The structure of the paper is the following. In Sec. II
we present our experimental results on the current/voltage
controllable superconducting state in the multiterminal SN-N
bridge with the long N bridge. In Sec. III we theoretically
study the case of the short N bridge and find the range of
parameters when the FF state could be realized the in SN
bridge and discuss its similarity with the FFLO state in the
equilibrium SFN trilayer. In Sec. IV we conclude our results.

II. LONG CONTROL N BRIDGE

At Ly > L., the effect of applied voltage on f(E) could
be described via introducing the local electron temperature 7,
in the Fermi-Dirac distribution and those spatial distributions
along the N bridge satisfy the one-dimensional (when Wy «
Ly) heat conductance equation (see, for example, Eq. (16) in
Ref. [25]). In the limit of the short N bridge with Ly smaller
than electron-phonon scattering length L., one may find the
simple expression for 7,(y),

T.) = /T2 +aV2,(1 — y/Ly)y/Ly. 3)

where o = 3¢?/(m?kz). Equation (3) illustrates that appli-
cation of voltage/current to the control bridge changes the
electron temperature in the SN bridge (which is roughly lo-
cated at y = Ly/2 when Wsy < Ly) and, hence, its critical
current.

As we discuss in the Introduction we expect relatively
good sensitivity (comparable with that for the SNS junc-
tion) and the large current gain in the studied system. To
verify it the multiterminal bridges were made using the
Cu(30-nm)/MoN(20-nm)/Pt(5-nm) trilayer. The trilayer was
grown by magnetron sputtering with a base vacuum level on
the order of 1.5 x 10~7 mbars on standard silicon substrates
without removing the oxide layer and at room temperature. At
first, Cu is deposed in an argon atmosphere at a pressure of
1 x 1073 mbars. Second, Mo is deposed in an atmosphere of
a gas mixture Ar:N, = 10:1 at a pressure of 1 x 10~ mbars,
and finally Pt is deposed in an argon atmosphere at a pressure
of 1 x 1073 mbars (the top Pt layer is used for protection pur-
poses). In the next step the multiterminal Cu/MoN /Pt bridges
were made with the help of mask free optical lithography. At
the final stage the MoN/Pt layers were removed (by plasma
chemical etching) in the part of the system to create the normal
banks and the bridge. The final configuration is present in
Fig. 2(a) where we show the image of one of the multiterminal
Cu/MoN/Pt-Cu bridges (the nominal width of Cu/MoN/Pt
and Cu bridges is 3 um, the length of the Cu/MoN/Pt bridge
is 19 um, the lengths of the Cu bridge are 5 and 7 um, T,o =
7.8 K of the MoN film with thickness 20 nm, coherence length
50 = \/EDMON/I.76I€BTCQ =47 nm).

In Fig. 2(b) we show current-voltage characteristics of
the Cu/MoN/Pt bridge at different values of the control
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FIG. 2. (a) Image of one of Cu/MoN/Pt-Cu multiterminal
bridges. The arrows show the direction of control (/) and trans-
port (/) currents. The photograph was taken in 4 months after the
transport measurements. (b) Current-voltage characteristics of the
MoN/Cu/Pt bridge at different values of control current /., in the
Cu bridge (T = 0.8 K). (c¢) Dependence of the critical current of
the MoN/Cu/Pt bridge on the control current at two temperatures.
(d) Dependence of resistance of Cu banks and the bridge on the con-
trol current at two temperatures. The inset in panel (d): Temperature
dependence of the critical and retrapping currents of the MoN/Cu/Pt
bridge (I.,; = 0).

current /., in the Cu bridge measured at 7 = 0.8 K. At I;,; >
0.35 mA the critical current of the SN bridge goes to zero [see
Fig. 2(c)] because the part of the normal bridge covered by the
MoN layer goes to the normal state [it is seen from Fig. 2(d)
where the resistance of normal bridge 4+ normal banks as the
function of control current is present]. A similar effect exists
at T = 3 K [see Figs. 2(c) and 2(d)].

Figure 2(c) demonstrates good sensitivity of the stud-
ied system at 7 = 0.8 K—even a small control current may
strongly change I.. A similar sensitivity is typical for SNS
junctions [11,13] which also have a steep dependence of I,
on the temperature. On the contrary, in the superconduct-
ing bridge only the relatively large applied voltage affects I.
[14,15].

Assuming that the strength of electron-phonon coupling
in Au and Cu are close and using electron-phonon scattering
time 7,,(4.2 K) = 1 ns for Au [11] we find L, = /DcyTep ~
22 umatT =4.2 K (Dcy >~ 50 cmz/s according to Ref. [1])
which is comparable with the width and length of our Cu
and Cu/MoN/Pt bridges. Therefore, we are neither in the
limit of short [when Eq. (3) is valid] nor the long N bridge
with Ly > L., [in this case T,(Ly/2) could be found from
the balance between Joule heating and cooling by phonons].
Figure 3 illustrates it where we plot electronic temperature
T,(I.;;) derived from experimental I.(T), I.(I.), and theo-
retical T,(I.;;) in two limits. In calculations we use V;,; =
IRy Where R,y = 6 Q2 is estimated from the geometry of
Cu banks, measured R,y + Rpanis—see Fig. 2(d), and known
sheet resistance R = 1 Q of the 30-nm-thick Cu layer at
10 K. Electron-phonon coupling strength in Cu is assumed
as in Au, leading to above-mentioned ..
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FIG. 3. Dependence of electron temperature 7, in the cross re-
gion of the Cu/MoN/Pt and Cu bridges on the control current. Solid
symbols are obtained using experimental /.(7") and I.(I.,), whereas
the solid and dashed curves follow from the heat conductance equa-
tion in the limit of short and long N bridges, respectively.

From Fig. 2 it follows the current gain ~6 at 7 = 0.8 K
(it is defined as the ratio between I. at I.,; =0 and I
which drives /. to zero) which is larger than the near-unity
current gain observed in Ref. [11]. Its relatively large value
is connected with the large critical current of the Cu/MoN /Pt
bridge (which is about theoretical depairing current /I;,,(T =
0) = 11.2 mA of the MoN bridge with dy;,y = 20 nm and
larger width w = 5 um [20]) whereas the critical current of
the SNS Josephson junction usually is much smaller.

The current gain could be increased either by going to
lower temperatures or by optimizing parameters of the struc-
ture. Indeed, in Ref. [1] no signs of phonon emission were
found for the 5-um long Cu bridge at 25 mK. Therefore,
making the SN-N bridge with Ly =5 um, Wy = 200 nm
(and thick normal banks at the ends of the N bridge), Lsy =
5 um, Wgy = 1 um (and thick superconducting banks at the
ends of the SN bridge) and using parameters of the stud-
ied Cu/MoN/Pt-Cu system one can obtain current gain =60
[expected critical current I.(T = 0) = 1 mA, expected I;; =
16 nA, and V,,; = 0.4 mV which drives the SN bridge to the
normal state at 7 = 100 mK according to Eq. (3)]. Unfor-
tunately, such a size and temperature is beyond our current
abilities.

III. THE FULDE-FERREL STATE IN THE SN-N
MULTITERMINAL BRIDGE WITH THE SHORT N BRIDGE

In this section we theoretically study the limit of the short
N bridge with length Ly < L., when the voltage-controlled
distribution function in the SN bilayer is not thermal, and it
is described by Eq. (2). As we show below it brings a new
property, except the possibility to control the critical current
as in the long N bridge.

In Refs. [8-10] it was predicted and later experimentally
confirmed [12] the sign change in the superconducting current
flowing via the diffusive SNS Josephson junction when the
distribution function has the form of Eq. (2) in the N part
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and the applied voltage is high enough. This result could be
interpreted as a transition of the N part of the SNS junction
to the paramagnetic state which is a consequence of negative
spectral current (or current-carrying density of states) [9,10]
in the finite energy range in the N part and the distribution
function described by Eq. (2). In the voltage-driven clean SN
system the paramagnetic response of the N layer has been
predicted recently where its connection with so-called odd-
frequency superconductivity has been discussed [26].

The existence of odd-frequency superconductivity was also
predicted in the ferromagnetic part of the SF bilayer which
has a paramagnetic response [27,28]. At some parameters it
may overcome the diamagnetic response of the S layer, and
it leads to vanishing of the overall magnetic response, and
signals about instability and the appearance of the in-plane
Fulde-Ferrell-Larkin-Ovchinnikov state [23]. The appearance
of the FFLO state and vanishing of magnetic susceptibility
was also discussed in Ref. [29] for the current-driven super-
conductor with Fermi-surface nesting. Apparently, these two
phenomena are correlated in the d-wave superconducting film
where the FFLO state with spatially separated paramagnetic
and diamagnetic currents flowing in opposite directions across
the thickness of the film have been predicted in relatively thin
samples [30]. Therefore, one may expect that the nonequilib-
rium diffusive SN bilayer also may transit to the FFLO state
and our aim is to find the conditions when it could be realized.
But first we would like to illustrate the transition to the FFLO
state in the SFN trilayer having in mind to compare it later
with the nonequilibrium SN bilayer.

In Figs. 4(a) and 4(b) we show the calculated super-
conducting sheet current density J.(¢.) = [ j.(g;)dx flowing
along the SFN strip and corresponding free-energy Fs(q;)
when temperature-driven transition to the Fulde-Ferrell state
occurs [24] (we do not consider here the Larkin-Ovchinnikov
state because it has higher energy than the FF state in
the SFN system [31]). Here g, = Vo, + 2 /Pg)A; is the
gauge invariant gradient of the phase of the superconduct-
ing order parameter along the SFN trilayer and results are
obtained using the Usadel model (details of calculations are
present in Ref. [31]). At temperatures 7 /T,y = 0.4 and 0.5
the ground state is homogenous (minimum of free energy is at
q. = 0), and the linear magnetic response is diamagnetic be-
cause 82F5/8q12|q1:0 ~ —0J;/0g;l4.—0 > 0. At temperatures
T/T.o = 0.1, 0.2, and 0.3 the ground state is the inhomoge-
nous one (minimum of free energy is at g, = gpp), but
the linear magnetic response is again diamagnetic because
32Fs/3q§|qz:qﬁ > 0 [32]. At temperature 0.3 < Tpp/To <
0.4 there is a transition from the homogenous to the FF state
with a change in the sign of 9?Fs/0¢?|,.~ (it goes through the
zero), and the linear magnetic response vanishes at T = Tpp.
Note that in the case of the relatively large magnetic field
(nonlinear regime) transition to the FF state may occur in the
globally paramagnetic state (compare the calculated magnetic
response of the SFN strip at different magnetic fields and
temperatures shown in Fig. 7(a) in Ref. [32]). Vanishing of
the linear magnetic response is connected with compensation
of the diamagnetic response of the S layer by the paramagnetic
response of FN layers.

In Ref. [22] transition to the FFLO state in the nonequi-
librium SN bilayer was found theoretically using linearized

(a) _FF state (q, qFF) I ]
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FIG. 4. (a) Dependence of sheet current density J, flowing along
the SFN strip on ¢, at different temperatures. In the temperature
interval 0.3 < T /T,y < 0.4 there is a transition to the FF state which
is accompanied by the vanishing of the linear diamagnetic (Meissner)
response at T = Trr. (b) Dependence of the free energy of the SFN
strip on g, at the same temperatures. Parameters of the SFN trilayer
are shown in the inset. ¢, is normalized in units of &. = /ADs/kzT.0,
sheet current density in units of the depairing sheet current density of
the single S layer J;.,(T = 0), and the free energy per unit of square
in units of Fy = 7N (0)(kzT,)*&, (here Dy is a diffusion coefficient,
T.o is a critical temperature, N(0) is a one-spin density of states at
the Fermi level of the S layer, and E,, is the exchange energy in the
F layer).

Usadel equations, however, its relation with the paramagnetic
response of the N layer was not established. Here we perform
a numerical analysis of nonlinear Usadel equations (see the
Appendix) and calculate dependence J.(g.) in the SN bridge
at different voltage drops along the N bridge (see Fig. 1).
We assume that the length of the SN bridge Lgy < L., <
L., and at its ends there is a thick superconductor with gap
~1.76kgT.o > eV ., which prevents heat transfer to supercon-
ducting banks. Together with condition Wy <« Ly it provides
us weak coordinate dependence of f7.(E) in the SN bridge. Be-
sides we assume that Wgy is larger than &y = (hDy /kgT)'/?
(coherence length in the normal layer) which is much larger
than the superconducting coherence length &, because Dy >
Dyg. This assumption allows us to neglect the influence of the
N bridge on the proximity-induced superconductivity in the
cross area of the SN and N bridges. Therefore, we take into
account the variation of superconducting properties only over
the thickness of the SN bridge. In addition we neglect the
effect of the superconducting current which flows, in part, of
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FIG. 5. (a) and (b) Dependence of superconducting sheet current
density J, flowing along the SN strip on ¢, at different V,,,’s. At
eVun/ksT,o > 0.8 the branch with J, > 0 and the global paramag-
netic response at g, = 0 appear. In the inset of panel (a) we show
dependence J.(V,,;) which is qualitatively similar to /.(I.,;) present
in Fig. 2(c) at T = 0.8 K. In the inset of panel (b) we show the
dependence of the maximal superconducting order parameter (it is
located at the boundary of the S layer with vacuum) on ¢,. At
eVeun/ksT,o = 1.2 and 1.24 there is no homogenous superconducting
state with g, = 0. Parameters for the S and N layers are the same as
for the SEN trilayer those J,(g,) is shown in Fig. 4(a), T = 0.1T.

the SN bridge due to conversion of the normal control current
flowing via the N bridge. In the experiment, to decrease its
influence one may vary width and thickness of the N bridge
to have smaller /.,,; whereas keeping V,,; the same. In the nar-
row SN bridge with Wsy < &y one would expect the absence
of (or only partial) conversion of the normal current to the
superconducting one as in ordinary superconductors being in
contact with normal metal where it converts on the scale of
superconducting coherence length at the SN boundary at low
temperatures [33].

In Fig. 5 we present calculated J,(g;). The voltage drop via
the N bridge decreases the critical current [it corresponds to
maximal J, on dependence J,(g,)] qualitatively in the same
manner as it does ordinary heating of electrons discussed in
Sec. II [compare the inset in Fig. 5(a) and I.(I ;) in Fig. 2(c)
at T = 0.8 K]. However, at V,,,; = Vpr ~ 0.8kpT,) a new fea-
ture appears: J, changes sign at small ¢., and J, becomes equal

to zero not only at g, = 0, but also at g, = grr. This points to
the appearance of the in-plane Fulde-Ferrell state in the SN
bilayer.

In contrast to the SFN trilayer we cannot use free energy
to prove directly that the FF state is more preferable than
the homogenous state. Therefore, we lean on the qualitative
similarity in the shape of J.(¢g.) for the equilibrium SFN
trilayer [see Fig. 4(a)] and the nonequilibrium SN bilayer (see
Fig. 5). Indication on the advantage of the FF state comes from
Fig. 5(b) where we show J,(g,) and A,,,:(g;) at high voltages
[Ajugx 1s the maximal value of A(x) in the S layer]. In the FF
state the superconducting order parameter is larger than in the
homogenous state—the same effect exists in the SEN trilayer.
Besides there is an interesting effect—at the relatively large
Ve homogenous superconducting state with g, = 0 does not
exist—the same effect was found in Ref. [22].

From Fig. 5(a) one can see that at the transition to the FF
state dJ,/dq, changes the sign at g, = 0. Therefore, as in the
case of SF and SFN hybrids the transition to the FF state is ac-
companied by the vanishing of the linear magnetic (Meissner)
response. We find that FF appears at finite V,,; = Vpp with
qrr = 0 and then gpp increases with the increasing in V.,
as could be seen from Figs. 5(a) and 5(b). With increasing
in the temperature Vpr increases whereas V. (critical voltage
which drives the SN bilayer to the normal state) decreases
which resembles properties of the magnetic superconductor,
which hosts the FFLO state where the role of V is played by
the exchange field Ref. [5]. On the contrary, in Ref. [22], it
was predicted the existence of the FFLO state with finite gpp
at any voltage. The origin for this discrepancy between our
results and the results of Ref. [22] is not clear.

In the FF state in the absence of a transport current or
a magnetic field there are spontaneous currents flowing in
opposite directions across the thickness of the SN bilayer
(they also exist in the equilibrium SFN trilayer [24] and in
the d-wave thin superconducting film [30]). Their presence is
a manifestation of locally diamagnetic (in the S layer), param-
agnetic (in the N layer) magnetic response, and finite grp. In
other words coefficient A =2 (which is the inverse square of the
London penetration depth for an ordinary superconductor) in
relation j, ~ —A~2q, has different signs in the S and N layers.
For the SN bilayer with a thick S layer there is no transition to
the FF state because the voltage-driven paramagnetic response
of the N layer cannot compensate the diamagnetic response of
the S layer as in the SFN trilayer with the thick S layer [24].

We find that transition to the FF state occurs in a wide range
of parameters similar to one for the SEN trilayer [24]. Namely,
it occurs at T < 0.3T,, it may exist at a lower temperature
even when pg/py = 20 and for the S layer as thick as 5&,.
The favorite candidates for experimental observation of this
state are dirty superconductors, such as NbN, MoN, WS;, etc.,
with residual resistivity pg = 100 ©2 cm, thicknesses ds =
1 — 2&., and low resistive metals, such as Au, Cu, and Ag with
oy = 2-5 12 cm and thicknesses 2—4£,.

In Ref. [1] the two-step electron distribution function [Eq.
(2)] was experimentally observed in the center of the Cu
bridge with length 1.5 um at 7 = 25 mK. Transition of the
Nb/Au/Nb Josephson junction to the 7 state at 7 = 100 mK
with the length of the Au control bridge 1 um was found in
Ref. [12]. Both results give approximate length scales and
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temperatures when the Fulde-Ferrell state could be observed
in the SN-N multiterminal bridge. With the length of the N
bridge Ly = 1.5 um and width Wy = 100-200 nm the width
of the SN bridge should be Wsy < Ly/5 ~ 200 nm whereas
its length Lgy is about 1-1.5 um to avoid thermalization of
electrons along the SN bridge.

Spontaneous currents flowing in the nonequilibrium SN
bilayer being in the Fulde-Ferrell state create a magnetic
field, and it could be checked experimentally by using a
superconducting quantum interference device magnetometer.
Moreover, one would expect unusual magnetic properties
(global paramagnetic response in the Meissner state) and un-
usual ground states in the absence of a magnetic field (vortex
and onionlike ones) connected the with finite size (length and
width) of the SN bridge similar to ones predicted for the SFN
strip, disk, and square [32,34].

The FF state could be also found from transport mea-
surements. In the regime of applied current only states
with 9J,/dg, < 0 could be realized—these are metastable
states [those with J; 11 ¢, and having critical current J,; in
Fig. 5(b)] and ground states (J, 1| ¢, with critical current
J2) [35]. The transition from the metastable state to the
ground state with a change in the current in the range of
—Jo < J < J is accompanied by a large variation of ¢, (it
changes value and sign) when |J| exceeds J.; and the appear-
ance of the moving electric domain [36]. Applying ac current
at V. < Vpp with amplitude J < J., = J. (at this control
voltage there exist only one critical current) leads to mainly
inductive response with the voltage shifted by /2 from the
current. On the contrary, at V,,,; > Vpp, the resistive response
appears, connected with the change in g, when the ac current
exceeds J,1.

Another way to detect the FF state is to measure current-
dependent kinetic inductance L;(J) of the SN bridge. In an
ordinary superconductor L;(J) = Ly(—J) whereas in the FF
superconductor Li(J) # Ly(—J) due to finite g, = grp in
the ground state. The last property directly follows from the
different slopes of J.(q;) at q; = qrr, q; < qrr, and rela-
tion Lk_' ~ —aJ,/dq,. For example, Ly(J = —J.1/2)/Ly(J =
Je1/2) >~ 1.4 [for V,y = 1.1kgT,o in Fig. 5(a)], and this ratio
increases with a further increase in J.

IV. CONCLUSION

We demonstrate experimentally the possibility to con-
trol the critical current of the dirty SN hybrid bridge by
current/voltage applied to the additional/control normal
bridge. We argue that the effect is connected with mod-
ification of the electron distribution function in the SN
bilayer. In the experiment for our realization of the SN-N
multiterminal bridge we find current gain six. Its relatively
large value is connected with: (i) the large contribution of
proximity-induced superconductivity in the N layer to trans-
port properties of the SN bilayer and (ii) its large sensitivity
to the form of the electron distribution function. We argue that
the gain could be enhanced by optimization of the geometrical
parameters of the SN-N bridge or going to lower tempera-
tures. Besides we theoretically find that proximity-induced
superconductivity in the N part of the SN bilayer may have
a paramagnetic response at a relatively large voltage drop

and short N bridge and at some parameters it can be larger
than the diamagnetic response of the host superconductor. It
leads to the appearance of the in-plane Fulde-Ferrell state with
properties similar to ones for the hybrid SF or SEN structures,
and, apparently, thin d-wave superconducting films and a
current-driven superconductor with Fermi-surface nesting.
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APPENDIX: MODEL

To calculate superconducting properties across the thick-
ness of the SN bridge being in the voltage-driven nonequi-
librium state we use the Usadel equation for anomalous
F =sin ® =N, +iR, and normal G = cos ® = N; + iR,
Green’s functions,

de? ) D , .
hDW + (21E — ﬁqz cos @) sin ® +2A cos ©® =0,
(AD)
where D is a diffusion coefficient (D = Dy in the super-
conducting layer and D = Dy in the normal layer), ¢, =
Vo, + 2 /P)A; (¢ is a phase of the order parameter, A
is a vector potential) takes into account nonzero velocity of
superconducting electrons v; ~ ¢, in the direction parallel to
layers (z direction in our case), and A(x) is a magnitude of
superconducting order parameter which has to be found in the
superconducting layer via self-consistency equation,

hap
A = s / Rofi(E)E, (A2)
0
where
fi(E) = (tanh[(E + eVi1/2)/(2kpT)]
+ tanh[(E — eV,41/2)/(2ksT)]). (A3)

To calculate the superconducting sheet current density we
use the following expression:

_ 4

ds+dy 1 [e%s)
.= — —/ 2N Ry fL(E)dE dx,
eh Jo P Jo

(A4)

where p is the normal-state resistivity of the S and N layers.
We consider a thin bilayer with the thickness of superconduct-
ing layer ds < Ar, (AL is the London penetration depth in the S
layer) and thickness of normal layer dy less than characteristic
penetration depth of the magnetic field in the N layer. It allows
us to neglect the effect of the current-induced magnetic field
on the current distribution in the SN strip.
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At the SN interface (x = dy) we use the following bound-
ary condition:

do
N —

dx

doe

—_— , A5
S (A5)

x=dy+0

x=dy—0
and continuity of ®:O(x =dy —0) = O(x =dy +0) (we
assume the transparent interface between S and N lay-
ers), whereas at the boundary with vacuum (x =0, dy +
ds):d®/dx =0.

Equations (A1) and (A2) are solved numerically by using
an iteration procedure. For initial distribution A(x) = const
we solve Eq. (A1) in the energy interval 0 < E < hwp (we
take hiwp = 40kpT,p). In the numerical procedure we use the
Newton method combined with the tridiagonal matrix algo-
rithm. The found solution ®(x) is inserted in Eq. (A2) to find
A(x), and then iterations repeat until the relative change in

A(x) between two iterations does not exceed 1073, The length
is normalized in units of &, = /hDs/kpT,o, energy is in units
of kgT.o, and current is in units of depairing current of the
single S layer with the thickness dg. The typical step grid
in the S and N layers is §x = 0.05&.. The BSC constant in
Eq. (A2) is expressed via hiwp and Ty using the following
expression:

15
> tanh(E /2kpT,
ABcs=/ tanh(E /2KsTc0) ;. (A6)
0

E

which follows from Eq. (A2) when A — 0, R;/A — 1/E,
and V,,; = 0.

To decrease the number of free parameters we assume that
the density of states in the S and N layers is the same and the
ratio of resistivities is equal to the inverse ratio of diffusion
constants or mean free paths ps/ony = Dy/Ds = €y /Ls.
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