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While classical spin systems in random networks have been intensively studied, much less is known about
quantum magnets in random graphs. Here, we investigate interacting quantum spins on small-world networks,
building on mean-field theory and extensive quantum Monte Carlo simulations. Starting from one-dimensional
(1D) rings, we consider two situations: all-to-all interacting and long-range interactions randomly added. The
effective infinite dimension of the lattice leads to a magnetic ordering at finite temperature 7. with mean-field
criticality. Nevertheless, in contrast to the classical case, we find two distinct power-law behaviors for T versus
the average strength of the extra couplings. This is controlled by a competition between a characteristic length
scale of the random graph and the thermal correlation length of the underlying 1D system, thus challenging
mean-field theories. We also investigate the fate of a gapped 1D spin chain against the small-world effect.
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I. INTRODUCTION

A. Complex networks and the small-world effect

Understanding complex networks is at the heart of many
scientific fields [1-11], such as computer science, mathemat-
ics, physics, biology, sociology, epidemiology, etc. During the
past two decades, critical phenomena arising in such random
topologies have emerged as a key subject of intense research
in statistical physics [7,9].

A complex network is a graph with nontrivial and random
properties, as opposed to periodic (or quasiperiodic) lattices of
finite dimension. There are two main features which contrast
with regular graphs: (i) a fluctuating connectivity (a certain
proportion of the links are randomly placed) and (ii) the so-
called small-world (SW) effect [12], which can dramatically
shorten the distances across the network. More precisely, for
a finite graph of N sites, the average distance ¢ between two
arbitrary points, also called the graph diameter, grows slower
than any power-law with N: £ ~ In N, resulting in an infinite
effective dimension.

The SW effect occurs in a large class of complex networks,
such as Erdos-Rényi random graphs [13], and scale-free [3]
and SW networks [2]. For the later case, the most popular
SW system is the Watts-Strogatz model [2] in which one
randomly rewires with a probability p each edge of an ini-
tial one-dimensional (1D) ring. Shortly after, a variant was
proposed in Refs. [14,15] by simply adding long-range bonds
with probability p, without diluting the underlying 1D struc-
ture [see Figs. 1(a) and 1(b)]. This undiluted version of the SW
network, more amenable to analytical treatments, was argued
[4] to bring similar physics as compared to the original SW
proposal of Watts and Strogatz. Another simplification was
later proposed by Hastings in Ref. [16] with a mean-field (MF)
version [see Fig. 1(c)], where all possible long-range links are
added, but with a reduced strength o< 1/N vanishing at large
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sizes. This MF variant was introduced to avoid randomness
and thus facilitate analytical calculations.

B. Classical magnetism and small-world effect

A strong consequence of the SW effect is that for any
finite concentration p > 0 of extra long-range links added
across a lattice of finite dimension d (exemplified in Fig. 1
for d = 1), the system will behave as infinite-dimensional
d = oo, provided the number of sites, N, is large enough,
typically exceeding a crossover size N* ~ 1/p [4,17,18]. This
drastic change in the effective dimension of the problem has
attracted a lot attention in the context of interacting classical
spin systems [4,19-28], while much less is known for the
quantum case [29-32].

Classical O(n) models on SW networks have been heavily
investigated for n = 1 (Ising) [4,19,21,22,27], and to a lesser
extent for n =2 (XY) [20,33]. In both cases, MF theory
(expected above d, =4) was found to describe the criti-
cal properties. Note, however, that scale-free networks with
power-law distributed connectivities [3] do not necessarily
display MF behavior, depending on the power-law exponent
of the connectivity distribution [23,25,26,34]. Nonuniversal
and non-MF behaviors have also been reported in SW net-
works where the long-range interactions [35] or the branching
probability [36] decay as a power law with the distance.
To some extent, this is reminiscent of early renormalization-
group results for n-vector models with power-law decaying
interactions [37,38].

C. Small-world quantum magnets

In this work, we want to address the following question:
Is there some specificity of quantum spins as compared to
the aforementioned classical results? To this end, we will
focus on spin-1/2 quantum magnets on the SW geometries

©2021 American Physical Society
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(a) Undiluted small-world

(b) Undiluted small-world
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FIG. 1. Two types of small-world networks with N = 12 sites. (a), (b) Long-range bonds are added with probability p, without diluting the
underlying 1D structure. (c) All possible long-range links are added, but with a reduced strength o< 1/N vanishing at large sizes.

depicted in Figs. 1(b) and 1(c). The Hamiltonian is made
of two components, a short-range part H;p and a random
long-range contribution Hjr. For the short-range piece, we
choose the XXZ Hamiltonian, defined on a ring by

N
_ A
Hip =7 hii,,.
i=1

with iy, = SISy, +S7S)

i~ i+1 i~i+1 + ASZSZ

i1

(1.1)

with periodic boundary conditions. A is the Ising anisotropy
parameter, and the long-range part, which describes interac-
tions beyond nearest neighbors, takes a similar XXZ form:
Hir =) T hi,
iJ

li—jl > 1. (1.2)

In the rest of the paper, we will focus on two emblematic
cases:

(1) The ferromagnetic XY model with A = 0, and all cou-
plings negative: J < 0 and Jl-LjR = —|J1.LjR|.

(2) The (staggered) antiferromagnetic Heisenberg model
defined by A =1, J > 0, and staggered couplings beyond
nearest-neighbor Ji* = —(=1)"/!|Ji%| which prevent mag-
netic frustration. This alternating exchange is well known to
enhance antiferromagnetic correlations [39,40].

1. Undiluted small-world

Starting with an N-site ring, the undiluted SW model,
Fig. 1(b), is controlled by a branching parameter 0 < p < 0.5
such that we randomly draw |pN| long-ranged links (i, j)
having a coupling strength [J*| = J', while J5® = 0 for all
other pairs. The average connectivity is therefore 7 = 2 + 2p,
and the average strength of extra long-range couplings is

T =2pJ. (1.3)

2. Hastings model

As shown in Fig. 1(c), the MF version of the SW networks
[16] is built by distributing the long-range couplings over
all sites with |J1-LjR| =2pJ’/N for all pairs |i — j| > 1. This
model has no randomness, and the extra couplings have a total

strength

- N-3
J(p)=2pJ N ' 2pJ" (N — +00), 1.4
thus making this model equivalent to the undiluted small
world from an energetic point of view, while the connectivity

of the Hastings model is extensive z = N.

D. Structure of the paper

The rest of the paper is organized as follows. In Sec. II,
we review previous results on classical spin systems and
discuss two MF theories for SW networks. Because of the
effective infinite dimensionality of the lattice, one expects
a temperature phase transition on this geometry. Interestingly,
the two approaches lead to different qualitative behaviors of
the critical temperature 7, with the average strength of ex-
tra long-range couplings J'(p), as defined in Eqgs. (1.3) and
(1.4). The first method is based on a comparison between the
thermal correlation length of the system without the extra cou-
plings and a purely geometric quantity: the average distance
between two shortcuts. The other approach is based on the
random phase approximation (RPA). In Sec. III, we consider
these approximate MF treatments for SW graphs built on top
of 1D quantum spin chains for the classical Ising chain and
the quantum S = 1/2 XXZ chain model. In Sec. IV, we then
treat SW systems exactly with quantum Monte Carlo (QMC)
simulations that we compare to the MF approaches. We find
that while the physics of the Hastings model is exactly cap-
tured by the RPA, the undiluted SW system may experience
a crossover from one MF behavior to the other as a function
of the branching parameter p. In order to go beyond gapless
XXZ physics, we also explore the fate of a gapped 1D dimer-
ized chain against the SW effect. To conclude, we present a
summary of our findings and discuss a few perspectives of
our study in Sec. V.

II. MEAN-FIELD THEORY

A. Ising and XY models: Discussion of previous results

As expected from the infinite-dimensional nature of SW
networks, several authors agreed on the MF nature of the
finite-temperature ordering transition for both classical Ising
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[4,19,21,22,27] and XY [20] models. In the limit of small
branching probability p <« 1, a simple MF argument predicts
a critical temperature when the correlation length of the under-
lying d-dimensional lattice £(T') ~ |T — T.(0)| ™" [with T.(0)
the p = O critical temperature and v the associated critical ex-
ponent] becomes of the order of the average distance between
two shortcuts, £, ~ p~'/¢. This simple argument gives

M (p) — T.(0) oc Jp'/?”. 2.1)

For the d = 1 Ising model where 7.(0) = 0 and v = oo since
&(T) ~ exp(2J/T), the above MF argument yields

TME o 2J/In(1/p),

¢,Ising

2.2)

in good agreement with the literature [4,19,27].

However, when the very same MF reasoning is applied to
the classical XY chain, for which £(7") ~ J/T at low tem-
perature, we get TCN)[(FY o« Jp, a result in disagreement with
Monte Carlo simulations where a surprising a In p + b (with
a, b € R) scaling has been found [20]. The MF prediction for
TMF in Eq. (2.1) has been critically analyzed by Hastings
in Ref. [16] where a different scaling with the branching
probability was found,

TM (p) — T.(p = 0) o< Jp'/7, (23)

with y the critical exponent controlling the susceptibil-
ity (associated to the order parameter) of the under-
lying d-dimensional model: x(T) ~ |T — T.(0)|™Y when
T — T.(0)*. As we will discuss in more detail below, the
expression of Eq. (2.3) is a direct consequence of a random
phase approximation treatment of the problem.

When comparing Eq. (2.1) and Eq. (2.3) with numerical
results obtained for the Ising model by Herrero [22], Hastings
argued in favor of Eq. (2.3) since p!/? < p'/4" in the p — 0
limit. However, this statement requires that y < dv or, equiv-
alently, using Fisher’s identity y = (2 — n)v [41],

d+n>2, 24

with n the anomalous dimension. This condition is fulfilled for
classical phase transitions in spin systems, but as we will see
below, low-dimensional quantum magnets provide a unique
example where the critical temperature 7.(p) can cross over
from Eq. (2.3) to Eq. (2.1) when p — 0.

B. Random phase approximation

The random phase approximation [42,43] gives a self-
consistent MF estimate for the ordering transition temperature
of weakly coupled d-dimensional systems, using

1
RPA -1
(1)

where le is the inverse-susceptibility function of the un-
derlying d-dimensional system, and J, is the (weak) MF
coupling between the d-dimensional units (see Appendix A).

The RPA expression for the critical temperature of
Eq. (2.5) has proven to be very useful in the context of weakly
coupled low-dimensional systems [44] such as coupled spin
chains and ladders [45-47], or layered magnets [48-53]. In-
terestingly, a direct quantitative comparison between exact
QMC simulations for various d = 3 anisotropic spin models

2.5)

and the RPA expression of Eq. (2.5) gives [44,47,54] a very
good agreement, but at the expense of reducing the weak
coupling J; by a nonuniversal factor J;, — oJ; with o =~ 0.7
[44,45,54-56].

In our SW networks, the long-range branching across the
original d-dimensional systems induces extra couplings of
average strength J'(p), as given by Eqgs. (1.3) and (1.4). Using
the susceptibility divergence of the bare system at p = 0,

T —-T.(00\7
Jx(T) x (%) , (2.6)
the above RPA formula of Eq. (2.5) yields
]’ 1/y
TR (p) — T(0) o J<2p7> : 2.7)

which recovers Hastings’s expression [16], as given above in
Eq. (2.3). Here, we notice that the RPA estimate explicitly de-
pends on the shortcut coupling strength J’, while the simpler
MEF expression of Eq. (2.1) does not.

In the absence of finite temperature transition 7.(0) = 0
(e.g., for d =1, or d = 2 with continuous symmetry, such
as the Heisenberg or XY models), the RPA expression of
Eq. (2.7) is still valid, as we discuss now.

III. THE SPECIAL CASEOF D =1
A. Ising chain

We start with a brief discussion of the d = 1 Ising model.
As seen above, a simple MF argument, valid for the highly di-
luted limit p < 1, yields &(T;) ~ */%®) ~ 1/p, which leads
to the well-known form of Eq. (2.2) [4,19,27]. However, one
can also invoke an RPA treatment of this problem, using the
exponential divergence of the susceptibility,

. 1 2J
1d Ising — = 3.1
X T &P < T ) (3.1
which gives in the limit p <« 1
2J 2J
S = s N (3.2)
n(37) I (57)

One sees that if shortcut and nearest-neighbor couplings have
equal strengths J = J’, the RPA of Eq. (3.2) becomes equiva-
lent to the simple MF expression of Eq. (2.2).

If J/ < J, the ordering will be controlled by TR < TMF,
In the opposite case J' > J, the MF temperature TMF < TRPA
will take over because the 1D correlation length at 7.}
has not reached the average distance between two shortcuts
¢p ~ 1/p, and one would need to further cool down the system
to reach this threshold. We therefore expect from this simple
example that the transition temperature will be given by the
minimum of the two estimates:

T, = min (I}™, TMF). (3.3)

B. XXZ chain: The case of Tomonaga-Luttinger liquids
1. Analytical results

The spin-1/2 XXZ chain model, described by Hp in
Eqg. (1.1), is a well-known example of a Tomonaga-Luttinger

174415-3



MAXIME DUPONT AND NICOLAS LAFLORENCIE

PHYSICAL REVIEW B 103, 174415 (2021)

liquid (TLL) in the regime —1 < A < 1. Among the vast
amount of knowledge available for this class of systems [57],
let us briefly summarize a few of them, in particular the ones
useful in the context of an RPA treatment of d = 1 XXZ SW
models. Only two parameters are sufficient to describe the
low-energy properties of Hp: the velocity of excitations, u,
and the so-called Luttinger exponent K. Their dependence on
the Ising anisotropy A are well known [58]:

V1 — A2
=g——, K= ;. 3.4
2 arccos A 2 arccos (—A)

In the easy-plane regime |A| < 1, the dominant correlations
are transverse with respect to the Ising anisotropy and power-
law decaying at T = 0 [57],
(Sy.85) = Liefiqlmfnl +oen,
|m — n|zx

(3.5)

with ¢ = 0 (¢ = 7) for ferromagnetic (antiferromagnetic) in-
teractions. The amplitude A,, in Eq. (3.5) is also known
exactly [59]. This quasi-long-range (algebraic) order does not
survive at finite temperature where all correlations decay ex-
ponentially with a finite correlation length, diverging at low
temperature,

E(T) xcu/T" withv = 1. (3.6)

In the regime |A| < 1, the transverse susceptibility, associated
to the dominant correlation of Eq. (3.5), has the following low-
T behavior [46,57]:

. _og L
Aesin ()B (g, 1 — &) (M) 5

T) =
X (T) ] ]

with B(x,y) = ’'®)['(y)/T'(x +y), making Eg.
parameter-free expression.

3.7) a

2. Consequences for the critical temperature

From the above expression of the transverse susceptibility
[Eq. (3.7)], one can identify the susceptibility exponent to
be y =2 — i Quite interestingly, we see that the above
condition, Eq. (2.4), is not fulfilled for TLL with K =
(2n)~! > 1/2, which applies to the entire easy-axis regime
(—1 < A < 1), except at the isotropic point. Inverting Eq. (3.7)
yields a parameter-free expression for the RPA estimate of the
critical temperature,

TR (p) = uJ f (K, Axx)<2Lf) - (3.9)

uJ

with the dimensionless prefactor

FK AL = 2| Agsin ()2 ( 11 47
xx) = S5 m| — S LT .
’ 2 | gk 8K 4K

(3.9)

When comparing the RPA prediction with the simple MF
expression of Eq. (2.1) using the temperature dependence of

the correlation length of Eq. (3.6),
M (p) = 2ulp, (3.10)

we anticipate a crossover at low branching probability p*
from an RPA regime of Eq. (3.8) to the linear MF regime

100 —

=—A=-0.5

A=0.0 ==A=05

1078 —
0.01 0.1 1

J' ]I

FIG. 2. The crossover probability p*, defined in Eq. (3.11), is
plotted versus the long-range coupling J'/J for different values of
Ising anisotropy A. The inset shows the behavior of the (J'/J)-
independent prefactor of p* versus A. Note its singular behavior as
|A] — 1.

of Eq. (3.10) (provided that K > 1/2). This occurs when
TRPA(p*) = TMF(p*), meaning that

J/ HA
p*=po(A)<7) ,

where po(A) = u " [f(K, AM)]“L"A is plotted in Fig. 2 (in-
set) as a function of the Ising anisotropy, and the exponent
ua = 1/ arccos(A) varies between 1 for A = —1 and +o0
when A — 1. Equation (3.11) is plotted against J'/J in
Fig. 2 for various anisotropies A. This defines the range of
validity of the RPA expression for the critical temperature,
Eq. (3.8), for p > p*. Below p*, the simpler linear MF argu-
ment, Eq. (3.10), is expected.

The antiferromagnetic Heisenberg case (A = 1) is more
subtle since the TLL parameter K = 1/2 and logarithmic cor-
rections [60—67] are expected in the temperature dependence
of both the correlation length and the staggered susceptibil-
ity. This will be discussed in more detail in the following
(Sec. Il C 2).

(3.11)

C. Quantum Monte Carlo results for the d = 1 susceptibilities

We simulate the S = 1/2 XXZ chain model, Eq. (1.1), at
finite temperature 7 with QMC, using the stochastic series
expansion with directed loop updates [68—70].

Noting hg, is a symmetry-breaking field coupled to the or-
der parameter (m), the linear response function (susceptibility
x) takes the form

3 (m(hsv))
dhgp

1T ,
_ / dt (m'@m©),  (3.12)
0

hg,=0

with m(t) = e ""me™™ in the Heisenberg picture where t
is the imaginary time. The right-hand side of Eq. (3.12) is
derived from the Kubo formula [71]. In the ferromagnetic XY
model, m =) j(S’j + iSif )/N, while in the antiferromagnetic
Heisenberg model, one has m = Zj(—l)ij/N.
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=— Tomonaga-Luttinger liquid
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0.001 0.01 0.1 1 10 100

T/J

FIG. 3. QMC transverse susceptibility of the XY chain (A =0
and p = 0) as a function of the temperature 7 for different system
sizes from N = 128 to N = 2048. The straight black line is the
parameter-free expression of Eq. (3.7). It fits asymptotically well
the QMC data at low energy for 7/J < 0.1, when the Tomonaga-
Luttinger liquid description becomes valid.

1. The spin-1/2 ferromagnetic XY chain

Equation (3.7) provides a parameter-free expression which
gives, for A = 0 in the low-temperature limit,

3/2
Tx2=9(T) = 0.474061 . .. (7> . (3.13)
This expression is plotted in Fig. 3, together with QMC results
where one sees a very good agreement at low temperature.

2. The spin-1/2 antiferromagnetic Heisenberg chain

The Heisenberg spin-1/2 chain model is known to have
logarithmic corrections in most observables [60—-67]. In par-
ticular, the staggered susceptibility [73] is expected to follow
[74]

xA=NT) = %,/m(JA/T). (3.14)
In order to apply the RPA analysis, it appears very impor-
tant to have a correct description for x2='(T). In Fig. 4 we
show our QMC results for large spin chains, up to N = 2048
sites. Our data are very well described by Eq. (3.14) with
xo = 0.2823(16) and A = 22.7(20), in the temperature range
0.002J < T <€ 0.1J. These parameters differ from the ones
reported in Refs. [75-77] where QMC was performed at
higher temperature.

IV. QUANTUM MONTE CARLO RESULTS
FOR THE SMALL WORLD

We now turn to SW networks. In the undiluted case shown
in Fig. 1(b), we average the QMC results over different lattices
with p > O (typically a few hundreds), since the long-ranged
links are randomly drawn, while only one sample is enough
for the disorder-free Hastings model of Fig. 1(c).

A. Observables

To characterize the finite-temperature transition, we con-
sider the square of the order parameter, (m?), directly

1000 1 |||||||| |||||||| T |||||||| T ||||||I LI ||||@

E W 3

E vy 3

100 I

10k ,

: 1 :_ =— Classical i

E 3 N=-128 E

- N =256 .

0.1F 3 n=s512 E

F I N=1024 ]

0.01 F ¥ N =2048 -

SRR AR T BER AT BETERETIT BT
0.001 0.01 0.1 1 10 100

T/J

FIG. 4. QMC results for the staggered susceptibility of the
Heisenberg chain (p = 0) as a function of the temperature 7. Dif-
ferent symbols show system sizes from N = 128 to N = 2048.
The classical result [72] is also shown by the solid line. Inset:
(Tx) is plotted against (T /J) . The solid line is a fit to the form
on(ln A —1InT), according to Eq. (3.14), with xo = 0.2823(16) and
A = 22.7(20).

accessible from the normalized structure factor for both the
staggered antiferromagnetic Heisenberg and ferromagnetic
XY models (see also Sec. III C). It can also be evaluated by
looking at the spin-spin correlation at long distance:

|(55,55)].

{ XXX case
m—nl=-too | (S3.8% + $3.S7).

XY case.

(m*) = 4.1)
On a finite-size system, the longest distance is taken along the
1D ring with |m — n| = N/2. One can average over the N/2
pairs of such lattice sites.

Another quantity of interest is the fourth-order Binder ratio
(78],

0 = (m")/(m*)?,

which takes a system-size-independent value at the transition
and is therefore useful to detect it.

4.2)

B. Mean-field behavior
1. Critical exponents

In infinitely coordinated systems, where each site is cou-
pled to all others (e.g., the Hastings model), the concepts of
dimensionality and length, involved in the standard finite-size
scaling hypothesis, are not well defined. Botet, Jullien, and
Pfeuty extended the hypothesis to such systems [79,80] by
substituting the correlation length £ with a coherence num-
ber N, independent of the dimensionality. Similarly to &, it
diverges at the transition N~ |T — T.|~" with ¥ a critical
exponent depending on the system but not its dimension. The
authors found that

V= VMF du, (43)

with d,, the upper critical dimension and vy the correlation
length exponent of the MF theory. Equation (4.3) has been
verified for various physical systems and found to apply to
more generic infinite-dimensional geometries such as SW
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networks [20,29,79,80]. For the XY and Heisenberg univer-
sality classes considered in this work, one has d, = 4 and
vmr = 1/2, yielding » = 2. As a result, close to the critical
temperature T, the square of the order parameter follows:

(m?) = N~/ L tN'YY), (4.4)

with N the number of lattice sites, Byr = 1/2 the order pa-
rameter MF exponent, F,. a universal scaling function, and
t = (T — T;)/T. the reduced temperature. The Binder ratio of
Eq. (4.2) equally follows:

Q = Fo(tN'"), 4.5)

with Fy the corresponding scaling function.

2. Corrections to scaling

Note that irrelevant corrections to the above scaling laws
should also be considered with a modified scaling function,

F — (1+bN")FaN'" 4+ N9, (4.6)

where b, ¢ are nonuniversal parameters, and w, ¢ are cor-
rections to scaling exponents [81,82]. In practice, we make
a fourth-order Taylor expansion of the scaling function, i.e.,
F(x) = Y4 ax with x = tN'" 4+ ¢N~9/" according to
Eq. (4.6). At this stage, T¢, b, ¢, o, ¢, ay, ai, a2, as, and a4
are all parameters obtained by nonlinear least-squares fitting.
Using the values of the exponents By and ¥ give very good
data collapses (see Fig. 5).

We use a standard least-squares fitting method to obtain the
parameters. For each data set, the fitting procedure is repeated
~ 103 times where each data point is generated from a normal
distribution of mean and standard deviation corresponding to
the statistical QMC average and error, respectively [83].

3. Hastings model

We first discuss the infinitely connected Hastings model
where the long-range couplings take the form |Ji];-R| =J'/N,
V|i — j| > 1. Figure 5 shows QMC results for the staggered
antiferromagnetic Heisenberg model with J'/J = 0.25. The
three panels display the different observables used to extract
the ordering transition, which all agree perfectly with an esti-
mate 7. >~ 0.16.

The same analysis can be performed for various values of
J'/J, for both the XY ferromagnet and the staggered XXX
antiferromagnet. QMC results for the critical temperature as
a function of J'/J are reported in Fig. 6 where a direct com-
parison to the RPA prediction is provided. Here, we clearly
observe that not only the critical exponents obey MF predic-
tions (Fig. 5), but the chain-MF theory provides through the
RPA prediction of Eq. (2.5) a perfectly quantitative estimate
for T, of the Hastings model, and this remains true up to
J'/J = 1. Therefore the 1D character of the underlying spin-
chain lattice is fundamental, despite the infinitely connected
nature of the Hastings model.

TRPA is also shown in Fig. 6, together with QMC data. For
the XY ferromagnet, Eq. (3.8) yields

J\2/3
TC?§§/J=0.60798...<7) : 4.7)

I I | I I
°
28F anN=04 (a) &% 7
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3 26 ON=256 -
= O N=512 3.0 .
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g | N =409 s 7. _
S 22 000 20l % : .
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I | | 1 1
-10 -5 0 5 10
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§ ® & I 8
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FIG. 5. Hastings model. Data collapse for the staggered XXX
antiferromagnet with J'/J = 0.25. Three estimates are considered:
(a) the binder cumulant, (b) the square of the order parameter eval-
uated from the spin-spin correlation at long distance, and (c) the
normalized structure factor. Setting ¥ = 2 and Byr = 1/2, we find
that 7. =~ 0.16. The other fitting parameters are reported in Appendix
B. The insets show the data crossing without any correction to the
scaling.

which clearly agrees very well with QMC below J'/J ~ 0.2.
The staggered XXX antiferromagnetic case is a bit more
subtle because of logarithmic corrections discussed above.
Interestingly, the rather simple form of Eq. (3.14) yields the
following RPA expression for the critical temperature:

X0 AT =+

4.8
T. 7 (4.8)

Using the Lambert W function [84], it gives, for J' « J,

J J
Tc},z%(x ~ xoJ' |In (7) +A—In_[2In <7> + 2A,

4.9)
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FIG. 6. Critical temperature of the Hastings model, plotted as
a function of the average long-range coupling strength J'(p)/J for
the ferromagnetic XY and staggered antiferromagnetic Heisenberg
models. The RPA estimates (analytical and QMC) are also displayed
for each model.

with xo = 0.2823(16) and A = In (A~/2) — In xo = 4.73(9).
This RPA analytical estimate for 7. compares very well to
QMC data, as shown in Fig. 6.

In this toy model with infinite connectivity, the chain-MF
theory provides with the RPA expression an exact estimate for
the critical temperature measured by QMC. As anticipated by
Hastings [16], the simple MF expression [Eq. (2.1)] obtained
for SW geometries in the diluted limit does not apply in this
case. In the following we address the disordered case with
low connectivity for both the XY ferromagnet and the XXX
antiferromagnet.

C. The undiluted small-world geometry

We now turn to the disordered case with a finite branch-
ing probability p < 0.5 and long-range couplings J' = J. In
contrast to the disorder-free Hastings model, here we have
to perform disorder averaging, typically over a few hundreds
of independent samples. The average distance between short-
cuts being ¢, ~ (2p)~!, QMC simulations have to be ideally
achieved over systems of length N >> ¢,. This natural scale
fixes a limit to the accessible concentrations p > 1072 in our
simulations.

Despite the very low connectivity 7 = 2 + 2p, a finite tem-
perature transition is clearly detected in our QMC simulations
(see Fig. 7). We obtain MF critical exponents, as expected
from the d = oo nature of the SW network, even in the van-
ishing p limit. Nevertheless, there are notable differences with
the infinitely connected Hastings model, as we discuss now.

Figure 7(c) shows the concentration p dependence of the
critical temperature for both ferromagnetic (XY) and anti-
ferromagnetic (XXX) ordering transitions. QMC estimates
for T. are compared to the RPA result. We first discuss the
staggered XXX antiferromagnet (orange). In this case, QMC
results and RPA estimates are not equal, but they seemingly
get closer when J'(p) — 0. Following similar ideas devel-
oped in Refs. [44,45,54-56], we introduce a renormalization
parameter «, such that the exact critical temperature follows
from the RPA formula, with a p-dependent renormalization of

o | I T T
1.0 (a) é 1.0 —O(l) I e
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FIG. 7. Data collapse for the XY ferromagnet on the SW network
with p = 0.03125: the square of the order parameter evaluated from
(a) the normalized structure factor and (b) the spin-spin correlation at
long distance. Setting ¥ = 2 and Sy = 1/2, we find that 7, =~ 0.065.
The other fitting parameters are reported in Appendix B. The in-
sets show the data crossing without any correction to the scaling.
(c) Critical temperature of the ferromagnetic XY and staggered anti-
ferromagnetic Heisenberg models versus the average strength of the
extra couplings. In each case, the analytical RPA estimate is also
displayed. In the staggered antiferromagnetic Heisenberg model, the
two estimates agree as J'(p) — 0. We plot in the inset the renormal-
ization parameter « (see text). As J'(p) — 0, one sees that « — 1.
In the ferromagnetic XY case, the RPA and QMC estimates deviate
below J/(p)/J ~ 0.1. The dashed line is a linear fit o< J'(p)/J.

the average long-range coupling J'(p),

= ()
c=X Ol-Tp)'

(4.10)
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We observe in the inset of Fig. 7(c) that @ seems to increase
towards unity when p — 0. While it is difficult to draw a
definite conclusion, if confirmed, this would make the RPA
result asymptotically exact in this extreme limit.

The XY model shows a strikingly different trend. Indeed,
while the RPA behavior T, ~ (J'(p)/J)*? gives a reasonable
description of the exact QMC data at intermediate coupling
strengths, this is no longer the case when J'(p)/J < 0.1,
where an increasing deviation is clearly observed. This result
is a consequence of the crossover from RPA to MF discussed
in Sec. III B 2. Indeed, taking Eq. (3.11) for the XY case
at A =0, we anticipate a crossover probability p* ~ 0.11
below which the average distance between two shortcuts ¢,
becomes larger than the 1D correlation length value at the
RPA temperature &(TRP). As predicted, we clearly observe
a downturn for T; towards the linear behavior in Eq. (3.10)
shown by a dashed line in Fig. 7(c). This crossover is a
direct consequence of the underlying Luttinger liquid be-
havior which allows to break the condition of Eq. (2.4):
here n > 1, with n = arccos(—A)/m < 1 forthed = 1 XXZ
model.

Note that for the XXX case, the RPA estimate in Eq. (4.9)
has multiplicative logarithmic corrections, slowly growing
when p — 0. Therefore one should expect, in principle,
to observe a similar crossover towards the MF expression
[Eq. (3.10)] for the staggered XXX antiferromagnet. How-
ever, this effect is clearly out of reach since it would
theoretically occur for p* ~ 1077,

D. Influence of a spin gap

We finally investigate a dimerized antiferromagnetic chain,
governed by the following Heisenberg Hamiltonian:

N
Hip =J ) _[1+8(=1)18; - S, (.11)

i=1

In contrast with the previous study, here the ring has a gapped
ground state, with a finite 7 = 0 correlation length [85]. In-
stead of a divergent staggered susceptibility, now yx, saturates
at low temperature to a finite value, XE, as visible in Fig. 8
(inset) for a dimerization parameter § = 0.25.

Consequently, according to the RPA, Eq. (2.5), the absence
of low-T divergence for x, should imply a critical coupling
J.=1/x2, below which T, = 0. This is well known for in-
stance in the case of coupled Haldane chains [86,87]. Here
we perform QMC simulations of the Hastings model with
extra couplings of varying strength J'/N for a dimerization
parameter § = 0.25. T; estimates are reported in Fig. 8, to-
gether with the RPA result, obtained using TRP* = x~1(1/J")
when a solution exists, and 7; = 0 otherwise. The agreement
is excellent, even when J'/J > 1. The T = O critical coupling
J/ ~ 0.53 is also perfectly captured by the RPA treatment.

We expect qualitatively the same physics on the undiluted
small-world network in the presence of a spin gap: there will
be a finite critical temperature 7; above a critical value of the
strength of the extra couplings (and zero below). However, we
do not expect the QMC and RPA results to perfectly agree,
as they do on the Hastings geometry (see Fig. 8). The RPA
treatment will overestimate the exact QMC results, as in the

08 T I T ]
E Hastings (QMC)
== RPA (QMC)
0.6 - -
>
< 04 -
02 F -
0.0
0.0 0.5 1.0

J' (P

FIG. 8. Critical temperature of the dimerized antiferromagnetic
model, Eq. (4.11), with § = 0.25 and additional long-range couplings
of the Hastings form of strength J’(p). The RPA estimate compares
perfectly to the QMC results. Inset: Temperature dependence of the
staggered susceptibility of the 1D dimerized system.

small-world network built against 1D gapless spin chains.
Based on this, we also expect the agreement between RPA
and QMC to become better for smaller values of the spin gap,
which will lead to a finite 7. in the limit J/'(p)/J — O.

V. SUMMARY AND CONCLUSION

In this work, building on mean-field theory and extensive
quantum Monte Carlo simulations, we investigated interacting
quantum spins on small-world networks. Starting from 1D
rings, we considered two situations: all-to-all interacting and
long-range interactions randomly added. The effective infinite
dimension of the lattice leads to a magnetic ordering at finite
temperature 7, with mean-field criticality.

First, we showed that different mean-field treatments led to
different power-law behaviors for the scaling of T;. versus the
average strength J/ of the extra couplings. The first approach
is controlled by a competition between a characteristic length
scale of the small-world network and the thermal correlation
length of the underlying 1D system, and leads to T, oc J'. The
other approach is based on the random phase approximation.
For a critical 1D system with anomalous exponent 7, it gives

—51/@2—n)
T o J' .

Before confronting these approximate treatments with un-
biased quantum Monte Carlo simulations of the problem,
we compared analytical RPA based on low-energy physics
with numerical RPA in order to quantitatively define the low-
temperature limit of the analytical approaches. By computing
the transverse susceptibility of the XY chain and the staggered
susceptibility of the Heisenberg chain with exchange coupling
J, we found that the analytical low-energy approaches become
asymptotically exact for T < J.

Starting with the all-to-all interacting system (Hastings
model), we first checked that the transition belonged to the
mean-field universality class. Because of the effective infinite
dimensionality of the system, the correlation length exponent
is rescaled as b — vygd, with vy = 1/2 the standard mean-
field theory exponent and d,, = 4 the upper critical dimension
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[79,80], which we verified in a finite-size scaling analysis.
Finally, we found that for the Hastings model, the critical
temperature 7; scales according to the random phase approxi-
mation versus the average strength J' of the extra couplings.
We then considered the system with long-range interac-
tions, randomly added with a finite probability p. Similarly
to the Hastings model, we checked that its criticality belongs

to the mean-field universality class. However, we found in this

—1/2-
case that the critical temperature shows both the 7. o< J’ /G

and T, o J' scalings, with a crossover from one to the other.
As 7 is reduced, the linear scaling takes over the RPA be-
havior when the characteristic length scale of the network
becomes larger than the 1D thermal correlation length at the
RPA temperature.

Finally, we investigated the fate of a gapped 1D spin chain
against the small-world effect by considering the dimerized
spin-half Heisenberg chain. We found that the gap of the
1D system leads to a critical value J_C’ for magnetic ordering.
Beyond J/, the critical temperature behavior is well captured
by the RPA estimate.

For future work, it would be interesting to investigate how
the order parameter at zero temperature responds to the small-
world effect. For instance, a TLL-based approach predicts that

m?y oc 7" [46,47,57,88,89], but as for the scaling of
the critical temperature, one might expect a crossover towards
another MF regime as a function of J'.

Besides, it is very stimulating to think of the small-world
effect in the presence of disorder [90]. It has been found to
host unusual physics for noninteracting fermions [91,92], and
it would be interesting to study the problem for interacting
quantum systems, similarly to what has been done on the
Cayley tree [93] for bosons in a random potential. Random
exchange spin systems also offer a very promising platform,
in particular to explore the issue of infinite randomness crit-
icality [94] against the small-world effect [95]. We further
note that magnetic frustration, occurring in the long-range
interactions across the ring [96], for instance, is another fasci-
nating route where one could find more exotic quantum phases
of matter. Finally, it is fascinating to observe that small-
world quantum magnets are now available in experiments,
with for instance all-to-all spin models, or treelike tunable
Heisenberg-type systems which can be realized in cold-atom
setups coupled to an optical cavity [97-99].
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APPENDIX A: CHAIN MEAN-FIELD THEORY
AND RANDOM PHASE APPROXIMATION

1. Chain mean-field theory

We recall the basic idea of treating the long-range part in
mean field. One looks at the fluctuations around the average
value of the operators in the long-range part by making the
substitution
AR (Sf’y‘z> + (Sf’y’z - (S?C’y’z)).

L 1

(AD)

Neglecting quadratic terms and up to an irrelevant constant,
one gets the following effective 1D Hamiltonian,

HEXXX —JZS Si + Z]LR

in the staggered antiferromagnetic Heisenberg case (A = 1),
where magnetic order, induced by long-range couplings, has
been assumed along the z spin component. For the ferromag-
netic XY model (A = 0), the ordering is expected in the xy
plane. We suppose it is along the x spin component and obtain
the effective 1D model as follows:

Y =I5t 515 + DA

(A2)

(A3)

In both cases, the idea is to assume symmetry breaking.
Considering a homogeneous system, one can replace (Sj‘z>
by the corresponding order parameter (m). In the staggered
antiferromagnetic Heisenberg case,

ZJ”‘(—W‘S,&

where the factor (—1)/ comes from the fact that (m) =
(-1 (S;). In the XY case, the order is ferromagnetic:

X QX \ y LR ox
eff = E , Sl Sip1 T zSI+1 m) E Jii S; -
i,j

HIXX — Zs Sit1 + (m (A4)

(AS5)

2. Random phase approximation

The linear response to a tiny symmetry-breaking field Ay
coupled to the order parameter operator m takes the form

(m) = x'"°(T) hs,

where x'P(T) is the susceptibility. Neglecting possible in-
homogeneities in the SW branching by using the fact that
the average strength of extra couplings across the ring is
J'(p) = 2pJ’ and including explicitly the symmetry-breaking
field for the antiferromagnetic XXX model of Eq. (A4), one

(A6)
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gets
HEX =T 8 Sipa + mT ()Y _(—1)'S;
i i
+he Y (—1)'S5, (A7)
and similarly for the XY case of Eq. (AS),
HX =T S Sisi + (mT(p) Y _SF+ha y_S;. (A8)

Within the chain mean-field approach, the total effective
symmetry-breaking field is kg, + J'(p)(m). Therefore,

(m) = x'P(T)(hsy + ' (p)(m)). (A9)
Isolating the order parameter from Eq. (A9), one gets
1D
x (T)
(m) = x“"A(T)hg. (A10)

T =T ()
Because magnetic ordering occurs at 7 = T.RPA with a diver-
gence of the susceptibility, one finds the condition

XID(TCRPA) — I/Tp) (All)

TABLE I. Fitting parameters for the data collapse of Figs. 5 and
7. See Sec. IV B 2 for a definition of the different parameters.

Quantity T. w ) b c

Staggered antiferromagnetic Heisenberg (Hastings, J'/J = 0.125)

QO (Binder) 0.154(5) 1.49(2) 3.72(1) —41(1)  4613(10)

(M*)core 0.156(4) 4.89(7) 0.66(2) —1.60(3) 9.24(5)

(M%) sum 0.165(7) 0.37(6) 0.7(1) 667(9) 37(1)
XY Ferromagnet (small world, p = 0.03125)

(m?)corr 0.064(3) 1.67(3) 2.74(8) 81(2) —=30(1)

(m*)sum 0.061(6) 1.20(8) 2.08(12)  290(4) 1036(12)

By inverting it, one can get the RPA estimate of the critical
temperature TRPA.

APPENDIX B: FITTING PARAMETERS
FOR THE SCALING FUNCTIONS

Following the scaling analysis including corrections to the
scaling (see Sec. IV B 2), the fitting parameters for the data
collapse of Figs. 5 and 7 are reported in Table L.
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