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Chirality and magnetic quadrupole order in Pb(TiO)Cu4(PO4)4 probed by interference scattering
in resonant x-ray diffraction
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Circular dichroism observed by resonant x-ray diffraction at the Cu L3 edge was investigated in a chiral
antiferromagnet, Pb(TiO)Cu4(PO4)4, which shows magnetic quadrupole order (TN = 7 K). At temperatures
above TN, space-group-forbidden reflection 100 is observed due to the anisotropic tensor of susceptibility (ATS)
scattering. With decreasing temperature, the reflection intensity shows substantial circular dichroism below
TN. We found one-to-one correspondence between the sign of the circular dichroism and that of the sample’s
crystallographic chirality. In addition, the reflection intensity depends on the product of poling magnetic and
electric fields. The circular dichroism observed in this study is interpreted as the interference between the ATS
and the magnetic scatterings. This finding shows that the interference scattering probes both the chirality and the
order parameter of the magnetic quadrupole order in this chiral antiferromagnet.
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I. INTRODUCTION

The concept of multipoles, which characterizes spatial
distributions of scalar and vector objects by their angular
dependence, is of great benefit to understanding physical
phenomena in various quantum materials. Multipoles have
long been of interest due to their spontaneous ordering in d
and f electron systems, which often dominates their elec-
tronic properties [1]. Though the multipole has been mainly
discussed within single species at a single site [2], this con-
cept is nowadays extended to clusters consisting of several
atomic sites in crystalline solids [3,4]. When multipole mo-
ments of adjacent clusters in a crystal are arranged in a
uniform (staggered) manner, such a state can be regarded
as ferroic (antiferroic) order of cluster multipoles. This clus-
ter multipole moment practically functions as a macroscopic
order parameter and gives rise to physical phenomena char-
acterized by the symmetry of the multipole. Among various
multipoles, magnetic quadrupoles, which are second-rank
magnetic multipoles, are one of the most fundamental parity-
and time-odd multipoles breaking both space-inversion and
time-reversal symmetries. Recently, magnetic quadrupoles
are attracting growing interest in the study of cross-coupled
physical phenomena such as the linear magnetoelectric (ME)
effect, nonreciprocal linear dichroism, the Edelstein effect,
and the magnetopiezoelectric effect [5–8]. (Anti)ferroic mag-
netic quadrupole order has been reported in several magnetic
materials including A(TiO)Cu4(PO4)4 (A = Ba, Sr, and Pb)
[5]. Especially, Pb(TiO)Cu4(PO4)4 was found to exhibit fer-
roic order of magnetic quadrupole moments and a resulting
linear ME effect.

Pb(TiO)Cu4(PO4)4 crystallizes in a chiral tetragonal struc-
ture (space group: P4212, no. 90) which is characterized by

a staggered array of upward and downward Cu4O12 square
cupola clusters in the (001) plane (see Fig. 1). This compound
exhibits antiferromagnetic (AFM) order at TN = 7 K. The
magnetic point group in the AFM phase is 4′22′, which breaks
both space-inversion and time-reversal symmetries, and thus
allows for a linear ME effect [5]. The spin arrangement in the
AFM phase is illustrated in Fig. 1(a) where four Cu spins in
each Cu4O12 cluster form a qx2−y2 -type magnetic quadrupole
moment. Furthermore, the qx2−y2 components in the (001)
plane on all the Cu4O12 clusters align uniformly, which is
depicted by the signs at the centers of the Cu4O12 clusters
in Fig. 1(b). This means that ferroic qx2−y2 -type quadrupole
order develops in the AFM phase. Recently, remarkable non-
reciprocal linear dichroism induced by an optical ME effect,
i.e., a linear ME effect for visible light, was reported in
the ferroquadrupole ordered phase of Pb(TiO)Cu4(PO4)4 [8].
Furthermore, by using the optical ME effect, spatial distri-
butions of a pair of magnetic quadrupoles, i.e., quadrupole
domains [Q+ and Q− domains depicted in the upper and
the lower panels in Fig. 1(b), respectively], were optically
visualized.

More recently, it was reported that Pb(TiO)Cu4(PO4)4 ex-
hibits an unconventional coupling between crystallographic
chirality and magnetism [9]. Since its crystal structure is chi-
ral, both left-handed and right-handed crystals are present as
shown in Fig. 1(b) in which the rotation angle of each Cu4O12

square cupola is opposite to each other (see and compare
blue and orange circling arrows). Kimura and co-workers
reported that the sign of magnetic quadrupole is switched
by only a magnetic field without applying an electric field.
This electric-field free switching occurs when a magnetic field
is applied along the direction slightly tilted from the (001)
plane. This is, however, quite unusual since both magnetic and
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FIG. 1. Crystal and magnetic structures of Pb(TiO)Cu4(PO4)4.
(a) A three-dimensional view in which Pb, Ti, and P atoms are
omitted. A black box denotes a unit cell which contains an upward
(orange) and a downward (blue) Cu4O12 square cupolas. Magenta
and green arrows represent Cu spins with positive and negative c-axis
components, respectively. (b) The c-axis views of levorotatory (C−)
crystal and dextrorotatory (C+) crystal. Only Cu atoms and their
spins are depicted. The coordinates of Cu atoms are exaggerated
to clarify the difference between C− and C+ structures. These two
structures are transformed into each other by the mirror operation
m⊥[110]. The red lines in (b) denote the mirror planes. The upper and
the lower panels of (b) illustrate Q+ and Q− quadrupole domains,
respectively, in each chirality crystal. Q+ and Q− domains are mu-
tually converted by the time-reversal operation 1’. The sign (+ or −)
in each cupola depicts that of the order parameter in each magnetic
quadrupole.

electric fields are needed to switch the sign of the magnetic
quadrupole when considering the symmetry of the magnetic
quadruple. In addition, the authors found that the sign of the
magnetic quadrupole switched by a magnetic field depends

on the handedness of crystallographic chirality as well. These
unconventional experimental results were interpreted in terms
of nonlinear magnetization induced by the combination of
chirality and magnetic-field-induced toroidal moment [9–11]
or the cross control of magnetic quadrupole and octapole by
a magnetic field [9]. This suggests that the introduction of
chirality into a ferroquadrupole ordered system causes uncon-
ventional magnetic and ME properties. Hence we believe it
is worth further pursuing the effect of chirality on magnetic
phenomena in Pb(TiO)Cu4(PO4)4.

Here we focus on circular dichroism of resonant x-ray
diffraction (RXD) [12–14]. RXD is one of the most valuable
techniques to unveil ordered states of various types of multi-
pole moments [15–17]. Taking advantage of the polarization
state of x rays (circularly polarized x rays), a pair of domains
defined by the opposite signs of the order parameter can be
resolved. For example, the origin of circular dichroism in
Bragg diffraction of heterostructures is discussed in consider-
ation of the chiral array of charge quadrupole moments [18].
In magnetic materials, circular dichroic signals observed in
RXD arise through a pure magnetic scattering process, which
allows for unambiguous structure determination of spiral
spin structures [19]. In addition, interference effects between
magnetic and other scatterings [e.g., charge and anisotropic
tensor of susceptibility (ATS) scatterings] in RXD can be
also responsible for a circular dichroic cross-section of some
AFM materials [20,21]. RXD using circularly polarized x
rays is also a powerful technique to discern the handedness
of crystallographic chirality which is tied with that of the
arrangement of electric quadrupole moments [22,23]. In this
study, we investigated RXD of the chiral antiferromagnet,
Pb(TiO)Cu4(PO4)4, by using circularly polarized x rays with
the energy near the Cu L2,3 edges to examine the order param-
eters of both the chirality and the magnetic quadrupole.

II. EXPERIMENT

Single crystals of Pb(TiO)Cu4(PO4)4 were grown by the
slow-cooling method. Figure 2(a) displays magnetic suscepti-
bility and specific heat of some of the grown crystals, which
confirms that the crystals undergo an AFM transition at TN =
7 K. The crystallographic chirality of the crystals studied here
was checked with white light by means of polarized light
microscopy. We defined the crystal chirality C− and C+ by a
sense of optical rotatory, i.e., levorotatory and dextrorotatory,
respectively. Monodomain crystals, either C+ or C−, were
used for RXD measurements. The orientation of the crystals
was determined using Laue x-ray photograph. The crystals
were cut into thin plates with the widest faces parallel to the
(100) plane. The scattering (100) surface of the samples was
mechanically polished using diamond slurries with an average
particle size down to 0.25 μm.

RXD measurements on these samples were performed
using a renewed diffractometer based on the prototype in-
strument [24] at the beamline 17SU, SPring-8, Japan. In
our RXD measurements, circular dichroism on reflection 100
was examined. The photon energy of incident x rays was
tuned in the vicinity of the Cu L2,3 absorption edges. The
degree of the circular polarization of the incident x rays was
|P2| � 90% in which P2 is the Poincaré-Stokes parameter
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FIG. 2. Characterization of Pb(TiO)Cu4(PO4)4. (a) Temperature (T ) profiles of magnetization (M) divided by magnetic field (B) of 0.5 T
applied along the [100] and [001] directions and specific heat (Cp) divided by T in the absence of B [5]. (b) The scattering geometry. Here, q
and q′ are the propagation vectors of the incident and diffracted x rays, respectively, and θ denotes the Bragg angle. The σ and σ ′ components
are perpendicular to the scattering plane, and the π and π′ components are parallel to the scattering plane. (c) Photon-energy profiles of x-ray
absorption (blue) and forbidden reflection 100 (red) at the azimuthal angle ψ = 0◦. These data were taken at room temperature using LCP
incident x rays. (d) Azimuthal angle dependence of the forbidden reflection 100. These data were taken at room temperature using LCP and
RCP incident x rays. The solid line is calculated from the crystal structure by the first-principles calculation, utilizing FDMNES software [28,29].

characterizing the circular polarization of x rays. The polariza-
tion state with P2 = +1 corresponds to right-handed circularly
polarized (RCP) x rays while that with P2 = −1 means left-
handed circularly polarized (LCP) ones [25]. The intensity of
diffracted x rays was monitored using a Si-photodiode sensor.
A schematic drawing of the experimental setup is shown in
Fig. 2(b). The samples were mounted on the diffractometer
so that the [100] direction was along the momentum transfer
vector (τ = q − q′) where q and q′ are the wave vectors of
the incident and scattered x rays, respectively. The rotation
of the sample about the momentum transfer vector is defined
by the azimuthal angle ψ . The origin ψ = 0 was defined when
the [001] direction is perpendicular to the scattering plane
[parallel to the z axis in Fig. 2(b)].

To examine effects of electric- and magnetic-field poling
on RXD at reflection 100, both a magnetic field B and an
electric field E were applied along the [010] direction while
cooling the sample (ME cooling). The RXD measurements
were performed at ψ = 0. B(≈ 0.1 T) was applied by using
a pair of samarium-cobalt magnets and E (|E | � 2 MV m–1)
was applied with a voltage source during ME cooling. This
procedure stabilizes one of the ferroic Q domains (Q+ or
Q−) [Fig. 1(b)], which has been confirmed by previous ME
measurements [5]. To take two-dimensional maps of the
diffracted x-ray intensity of reflection 100, the sample po-
sition was moved by an XYZ translation stage with 20 μm
(25 μm) step in a horizontal (vertical) direction. For the map

measurements, the incident x-ray beam was focused into ap-
proximately 30 μm (15 μm) horizontally (vertically) by using
Kirkpatrick-Baez configuration mirrors.

III. FORMULATION OF RESONANT X-RAY
DIFFRACTION

A. General scattering factor

To discuss experimental results, we adopt the general the-
ory of resonant x-ray diffraction from magnetic materials
[12,21]. The atomic scattering factor derived in the range of
resonant dipole transitions is formulated as follows:

fatom = −(ε̂′ · ε̂)

[
f0 +

(
3

4πq

)(
F 1

−1 + F 1
+1

)]
−

(
3

4πq

)
i(ε̂′ × ε̂) · m̂

(
F 1

−1 − F 1
+1

) + f dd
Res. (1)

Here, ε̂ (ε̂′) denotes the polarization unit vector of the
incident (diffracted) x-ray beam, f0 is the Thomson charge
scattering length, and q is the wave number of a photon.
F 1

ν and m̂ are the resonant strengths of the dipole transition
with a change in magnetic quantum number ν and the unit
vector parallel to the magnetic moment, respectively. The first
term is the nonmagnetic, including nonresonant f0 and reso-
nant charge scatterings F 1

−1 + F 1
+1, and the second term is the

resonant magnetic scattering. For simplification, higher-order
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terms of m̂ are ignored. The last term f dd
Res is the resonant term

from the ground state with an affix “dd” for two dipole tran-
sitions and is called as Templeton-Templeton scattering [26]
or anisotropic tensor of susceptibility (ATS) scattering [27].
This scattering length is not zero at the absorption edge due to
the anisotropic feature of the electronic multipoles of resonant
ions with its site symmetry. Including the two polarization
vectors, ε̂ and ε̂′, the last term in Eq. (1) is obtained as

f dd
Res =

∑
n

m(Ea − En)2

h̄2

[ 〈a|(ε̂′ · r)|n〉〈n|(ε̂ · r)|a〉
Ea − En + h̄ω − i�n

2

]
= ε̂′ · T̂ · ε̂, (2)

where r is the position of the scattered electron, the tensor
T̂ is a representation of the two polarization vectors for the
E1-E1 transition (two electric dipole transitions) from |a〉 at
the energy of Ea to the intermediate state |n〉 at the energy
of En using photon energy of h̄ω, and �n is the width. From
this equation, one can write tensorial scattering factor T̂ as a
second rank symmetric tensor. This tensorial quantity remains
invariant under the symmetry operation of a specific site oc-
cupied by the resonant atoms. In Pb(TiO)Cu4(PO4)4, the site
symmetry of Cu atom is 1 with Wyckoff letter 8g [5], and then
all the components of T̂ are allowed. This ATS scattering term
plays an important role in our study.

The unit-cell resonant scattering factor f from a magnetic
crystal at the scattering vector τ is given by taking Fourier
transform of Eq. (1),

f = −
∑

j

eiτ·R j (ε̂′ · ε̂)

[
f0 j +

(
3

4πq

)(
F−1

1 + F+1
1
)]

−
(

3

4πq

)
i
∑

j

eiτ·R j (ε̂′ × ε̂) · m̂ j
(
F−1

1 − F+1
1
)

+ ε̂′ ·
[∑

j

eiτ·R j R̂(g j )T̂ 1R̂−1(g j )

]
· ε̂. (3)

R j and m̂ j represent the position and the unit vec-
tor along the local magnetic moment of the atom at site
j, respectively. In the last term, T̂ 1 is the T̂ for atom
1 in the unit cell and R̂(g j ) is the matrix of the sym-
metry operation g j that relates the position of atom j
to the position of atom 1. Here, one can define the
crystal structure factor, the nonresonant charge scattering
Fc = ∑

j eiτ·R j f0 j , the resonant charge scattering F ′
c + iF

′′
c =

(3/4πq)
∑

j eiτ·R j (F−1
1 + F+1

1), the resonant magnetic scat-
tering Fm = −(3/4πq)i

∑
j eiτ·R j m̂ j (F−1

1−F+1
1), and the

ATS scattering F̂ATS = ∑
j eiτ·R j [

∑
j eiτ·R j R̂(g j )T̂ 1R̂−1(g j )].

The photon polarization dependence is given by

ε̂′ · ε̂ =
(

σ ′ · σ σ ′ · π

π′ · σ π′ · π

)
=

(
1 0
0 q̂′ · q̂

)
=

(
1 0
0 cos 2θ

)
(4)

and

ε̂′ × ε̂ =
(

σ ′ × σ σ ′ × π

π′ × σ π′ × π

)
=

(
0 q̂

−q̂′ q̂′ × q̂

)
, (5)

whose bases are perpendicular (σ and σ ′) and parallel (π
and π′) to the scattering plane, where orthogonal conditions
σ × π = q̂ and σ′ × π′ = q̂′ hold. Here θ is the Bragg
angle, and q̂ (q̂′) is the unit vector parallel to q (q′). The
diffraction geometry is shown in Fig. 2(b). In this geometry,
each component is explicitly expressed as

q̂ =

⎛⎜⎝−
sin θ

cos θ

0

⎞⎟⎠, q̂′ =

⎛⎜⎝− sin θ

− cos θ

0

⎞⎟⎠, σ, σ ′ =

⎛⎜⎝0

0

1

⎞⎟⎠,

π =

⎛⎜⎝− cos θ

− sin θ

0

⎞⎟⎠, π′ =

⎛⎜⎝− cos θ

sin θ

0

⎞⎟⎠,

and q̂′ × q̂ =

⎛⎜⎝ 0

0

sin 2θ

⎞⎟⎠. (6)

B. Structure factors of Pb(TiO)Cu4(PO4)4

We derive the structure factor at reflection 100 of
Pb(TiO)Cu4(PO4)4. In the following derivation, we use
crystallographic and magnetic structure data reported in
Ref. [5]. In a unit cell of its space group P4212, Cu
atoms locate at Wyckoff letter g sites with multiplicity
8 [(x, y, z), (−x,−y, z), (1/2 − y, 1/2 + x,−z), (1/2 +
y, 1/2 − x, z), (1/2 − x, 1/2 + y,−z)), (1/2 + x, 1/2 −
y,−z), (y, x,−z), and (−y, −x, −z) where x = 0.267,
y = 0.981, and z = 0.401]. For τ = (1 0 0), the Fourier
component

∑
j eiτ·R j is zero. Hence, the crystal structure

factor for nonresonant and resonant scatterings in the first
term in Eq. (3) is zero, meaning that reflection 100 is
forbidden.

Meanwhile, in the space group P4212 having twofold spi-
ral axes parallel to [100], the presence of ATS scattering
at τ = (1 0 0) is expected under a resonant condition [27].
The form factor for the ATS scattering F̂ATS is obtained by
defining T̂ for atom 1 as Ti j (i, j = x, y, z) and by calculating
[
∑

j eiτ·R j R̂(g j )T̂ 1R̂−1(g j )]. F̂ATS at 100 is calculated by using
the three-dimensional basis shown in Fig. 2(b), and is obtained
as

F̂ATS(0) =

⎛⎜⎝ 0 F1 iF2

F1 0 0

iF2 0 0

⎞⎟⎠,

F̂ATS(ψ ) =

⎛⎜⎝1 0 0

0 cos ψ sin ψ

0 − sin ψ cos ψ

⎞⎟⎠
⎛⎜⎝ 0 F1 iF2

F1 0 0

iF2 0 0

⎞⎟⎠

×

⎛⎜⎝1 0 0

0 cos ψ − sin ψ

0 sin ψ cos ψ

⎞⎟⎠,

ε̂′ · F̂ATS · ε̂ = cos θ (F1 sin ψ − iF2 cos ψ )

(
0 1

1 0

)
, (7)
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where F1 and F2 are two independent com-
ponents [F1 = 4Txy(cos 2πx + cos 2πy), iF2 =
4i(Tzx sin 2πx − Tyz sin 2πy) for the atomic coordinate at
(x, y, z)]. Here F1 and F2 are real numbers. Therefore, the
diffraction intensity due to the ATS scattering for any perfect
polarization of incident x rays is

IATS ∝ F 2
2 cos2ψ + F 2

1 sin2ψ. (8)

As shown in Fig. 2(a), Pb(TiO)Cu4(PO4)4 exhibits an
AFM order below TN. The magnetic structure reported
in Ref. [5] possesses the modulation wave vector k =
(0, 0, 0) and the moment direction on each Cu atom
{m = (ma, mb, mc) = [0.469(5),−0.06(7),−0.531(6)]} be-
low TN (see Fig. 1). Symmetry operations with these
parameters give the magnetic structure factor at reflection 100
as a function of ψ ,

Fm(0) =
∑

j

m̂ je
iτ·R j =

⎛⎜⎝ 0

iFmb

Fmc

⎞⎟⎠,

Fm(ψ ) =

⎛⎜⎝1 0 0

0 cos ψ sin ψ

0 − sin ψ cos ψ

⎞⎟⎠
⎛⎜⎝ 0

iFmb

Fmc

⎞⎟⎠

=

⎛⎜⎝ 0

i cos ψFmb + sin ψFmc

−i sin ψFmb + cos ψFmc

⎞⎟⎠. (9)

Here Fmb = 4( mb
|m| sin(2πx) − ma

|m| sin(2πy)) and Fmc =
4 mc

|m| [cos(2πx) + cos(2πy)] are real numbers (|Fmb| = 0.02
and |Fmc| = 2.65). The sign of Fm depends on that of the
time-reversal domain (= magnetic quadrupole domain). Note
that the reversal of the crystallographic chirality, (C+, C−),
reverses the sign of Fmb but not Fmc, which is ascribed to
the Dzyaloshinskii-Moriya interaction. This leads to chirality
in magnetic structure, i.e., magnetic chirality, too [compare
magnetic structures depicted in the left and right panels of
Fig. 1(b) and find a mirror relation between them]. Thus, mag-
netic chirality induced by crystallographic chirality is present
in the chiral antiferromagnet, Pb(TiO)Cu4(PO4)4.

IV. RESULTS AND DISCUSSION

A. ATS scattering at room temperature

Figure 2(c) shows the integrated intensity of reflection 100
as a function of the photon energy of incident x rays (Eph) in
the vicinity of the Cu L2,3 absorption edges. The intensity is
integrated by an ω scan at each energy point. The data were
taken at room temperature (	TN) for sample 1 whose details
are described in the next subsection. To show the absorption
edges, we overlay the corresponding x-ray absorption spec-
trum (XAS), in which a strong peak and a weak peak appear
around the Cu L3 and L2 edges, respectively. As mentioned in
Sec. III B, there is no signal in the nonresonant condition be-
cause reflection 100 is forbidden. Corresponding to the XAS,
reflection 100 is strongly enhanced at the L3 edge, whereas its
enhancement at the L2 edge is smaller. Since these data were

taken in the paramagnetic phase, the resonant enhancement of
reflection 100 is not ascribed to a magnetic scattering.

To clarify the origin of the resonant enhancement of space-
group forbidden reflection 100, we measured the azimuthal
angle (ψ) dependence of the reflection at Eph = 930 eV cor-
responding to the Cu L3 edge where reflection 100 showed
the maximum intensity. In this condition, the Bragg angle
θ is θ ≈ 44.8◦. Figure 2(d) shows the integrated intensity
of reflection 100 as a function of ψ . We found that it is
independent of the circular polarization of incident x rays and
is well fitted to the function cos2ψ . Introducing |F1|
 |F2|
to Eq. (7), the diffraction intensity due to the ATS scattering
IATS becomes nearly proportional to cos2ψ , which matches
up well with the experimental results shown in Fig. 2(d). In
addition, Eq. (7) gives that IATS is independent of the incident
polarization state for the completely polarized light. This is
also consistent with our experimental results. Thus, it is fair to
say that the resonant enhancement of reflection 100 is ascribed
to the ATS scattering where |F1| is negligibly smaller than
|F2|. Furthermore, we also confirmed that the observed ψ

dependence of the reflection intensity shows good agreement
with the result of the first-principles calculation obtained by
the simulation software FDMNES [28,29] [green solid line in
Fig. 2(d)].

B. Circular dichroism observed below TN

Next, we examined an effect of magnetic order on the
resonant x-ray diffraction at reflection 100. The sample used
in this experiment (sample 1) is a dextrorotatory (C+) crystal
whose photo is shown in Fig. 3(d). Note that the mag-
netic structure of ferroquadrupole ordered Pb(TiO)Cu4(PO4)4

(Fig. 1) is characterized by the modulation wave vector k =
(0, 0, 0) [5]. Thus, the order will affect reflection 100. The fol-
lowing experiment was carried out at Eph = 930 eV. Sample
1 was cooled down to temperatures around TN. Figures 3(a)
and 3(b) show the H-scan profiles of reflection 100 obtained
by using circularly polarized incident x rays at 7.8 K (> TN)
and 6 K (<TN), respectively. During the cooling process and
the measurement, no electric and magnetic fields were ap-
plied. The azimuth angle was set to ψ = 0◦ to maximize the
contribution from the ATS scattering. As seen in Fig. 3(a),
no circular dichroic signal was observed in the paramagnetic
phase. By contrast, the profile in the ferroquadrupole ordered
phase clearly shows circular dichroism in which the LCP
data are larger than the RCP data [Fig. 3(b)]. Figure 3(c)
displays the flipping ratio (FR) defined as a normalized dif-
ference of the integrated intensity between the LCP and RCP
data, (ILCP − IRCP)/(IRCP + ILCP), as a function of tempera-
ture, which shows that the circular dichroism appears at TN

and develops with decreasing temperature. This indicates that
the magnetic order is responsible for the circular dichroism of
reflection 100.

We also investigated spatial distributions of the observed
circular dichroism by scanning a focused x-ray beam on the
surface of sample 1 [an area surrounded by a red broken
box of Fig. 3(d)]. The beam size is described in Sec. II. The
results are displayed in Figs. 3(e) and 3(f), which plot two-
dimensional maps of FR taken at room temperature (>TN)
and 6 K (<TN), respectively. The former map is white in

174409-5



MISAWA, UEDA, KIMURA, TANAKA, AND KIMURA PHYSICAL REVIEW B 103, 174409 (2021)

FIG. 3. Circular dichroism of resonant x-ray diffraction below TN = 7 K at ψ = 0◦ in a dextrorotatory (C+) crystal (sample 1). (a), (b)
Comparison of the H-scan profiles around 100 obtained with LCP and RCP incident x rays at (a) 7.8 K and (b) 6 K. (c) Temperature dependence
of flipping ratio (ILCP − IRCP )/(ILCP + IRCP ) obtained with LCP and RCP incident x rays. The red curve is the fitting using the function of the
order parameter in the second order transition [ζ (T ) = γ (TN − T )δ where γ = 0.106, δ = 0.627, TN = 6.77] and is a guide to the eye. (d)
A photograph of sample 1. Two-dimensional maps of the flipping ratio of reflection 100 at (e) 298 K and (f) 6 K. The red-dashed box in (d)
roughly represents the observation area.

color while the latter is red. This shows that in the map at
room temperature [Fig. 3(e)] the magnitude of FR is neg-
ligibly small at the whole area, meaning that there is no
significant circular dichroism. At 6 K (<TN) [Fig. 3(f)], by
contrast, substantial circular dichroism is present over the
whole area of the sample. It is noted that the sign and the mag-
nitude of FR are nearly independent of sample position (FR
≈ 0.06).

C. Formulation of cross section for resonant x-ray scattering

To clarify the origin of the observed circular dichroism at
reflection 100 below TN, we formulate the cross section for
RXD of Pb(TiO)Cu4(PO4)4. Following the derivation given
in [12,21], we simplify Eq. (3) and obtain the scattering am-
plitude operator as

f =
(

0 bFm · q̂ + A

−bFm · q̂′ + A bFm · (
q̂′ × q̂

)), (10)

where b = −( 3
4πq )i(F 1

−1−F 1
+1) and A =

cos θ (F1 sin ψ−iF2 cos ψ ). f is represented by using the

unit (I) and Pauli (σ) matrices [12],

f = Iβ + α · σ =
(

β + α3 α1 − iα2

α1 + iα2 β − α3

)
, (11)

where α[= (α1, α2, α3)] and β are complex number coeffi-
cients. The expectation value of f † f gives the formulated
polarization-dependent cross section dσ/d� by taking the
trace of μ f † f ,

dσ

d�
=α† · α+β∗β + β∗(P · α) + (P · α†)β + iP · (α† × α).

(12)

Here, μ is the density operator of the polarization state
defined as μ = 1

2 (I + P · σ ), where P [= (P1, P2, P3)] is the
Poincaré-Stokes parameters [30] representing the polarization
states of x rays. The first and second terms in Eq. (12) are
independent of the polarization state, while the others depend
on the polarization state. Comparing Eqs. (10) and (11), the
following relations are obtained:

2β = bFm · (q̂′ × q̂),
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2α1 = bFm · (q̂ − q̂′) + 2A,

2α2 = ibFm · (q̂ + q̂′),

2α3 = −bFm · (q̂′ × q̂). (13)

Then, one can derive the respective terms in Eq. (12). From
the first and the second terms, the polarization-independent
cross section is

dσ

d� indep
= |b|2

2
(|Fm · q̂|2 + |Fm · (q̂′ × q̂)|2 + |Fm · q̂′|2)

+ |A|2 + Re[A∗bFm] · (q̂ − q̂′). (14)

When incident x rays are circularly polarized with P =
(0, P2, 0), the third, fourth, and fifth terms of Eq. (12) lead
to the circular dichroic cross section:

dσ

d� circ
= P2|b|2Im[Fm · (q̂′ × q̂)F∗

m · q̂′]

− P2Im[A∗bFm · (q̂′ × q̂)]. (15)

In the present experimental setup where τ = (1 0 0),
Eqs. (14) and (15) give

dσ

d� indep
= |b|2

2
[2|(iFmb cos ψ + Fmc sin ψ ) cos θ |2

+ |(Fmc cos ψ − iFmb sin ψ ) sin 2θ |2]

+ |F1 sin ψ cos θ − iF2 cos ψ cos θ |2, (16)

dσ

d� circ
= P2|b|2 cos θ sin 2θ Im[(Fmc cos ψ + iFmb sin ψ )

× (iFmb cos ψ − Fmc sin ψ )]

− P2 cos θ sin 2θ Im[(iF2 cos ψ + F1 sin ψ )

× b(Fmc cos ψ − iFmb sin ψ )]. (17)

At ψ = 0◦,

dσ

d� indep
= F 2

2 cos2θ + |b|2
2

(
2F 2

mbcos2θ + F 2
mcsin22θ

)
, (18)

dσ

d� circ
= P2 cos θ sin 2θ

(
FmcFmb|b|2 − FmcF2Re[b]

)
. (19)

The first term of Eq. (18) is the contribution of the ATS
scattering, which is observed even above TN. The second
and third terms of Eq. (18) represent the contribution of the
magnetic scattering and thus develop below TN. The first term
of Eq. (19) is a product of the two magnetic components Fmc

and Fmb in Eq. (9) while the second one is that of Fmc and the
component in the ATS scattering F2. Thus, the circular polar-
ization dependence of the scattering intensity is attributed to
these interference effects. Note that dσ

d� circ at ψ = 180◦ is the
same as Eq. (19), meaning that FR at ψ = 180◦ is expected
to be the same as that at ψ = 0◦. Experimental results are
roughly consistent with this expectation [see the blue and the
purple data in Fig. 5(e)].

TABLE I. Effects of the sign reversal of the chirality C and the
magnetic quadrupole order Q on some components in form factors
and those on the first and the second terms in Eq. (17). The asterisk
(*) denotes the sign reversal of each component accompanied by that
of C or Q.

Order First term in Second term in
parameter F2 Fmb Fmc

dσ

d� circ
(∝ FmcFmb) dσ

d� circ
(∝ FmcF2)

C � � � �
Q � � �

D. Effects of crystal chirality and magnetic quadrupole order
on circular dichroism

Considering Eq. (17), we examine the effect of the
crystal chirality and the magnetic quadrupole order on the
circular dichroism of reflection 100. Pb(TiO)Cu4(PO4)4 has
a pair of enantiomorphic C− and C+ structures [Fig. 1(b)]
with its chirality. Both structures are transformed to each
other by the mirror operation m⊥[110], which reverses the
sign of F2 : F2 = 4(Tzx sin 2πx − Tyz sin 2πy) ↔ F2 =
−4(Tzx sin 2πx − Tyz sin 2πy) = 4(Tyz sin 2πy − Tzx sin 2πx),
with an exchange of the x and y coordinates. (Note that the
tensor Ti j is symmetric upon permutation of indices.) Below
TN, Pb(TiO)Cu4(PO4)4 undergoes an AFM order which
involves a ferroic order of magnetic quadrupole moments
(Fig. 1). Since the magnetic quadrupole order breaks the
time-reversal symmetry, there is a pair of domains related
by the time-reversal operation 1′ [compare upper and lower
panels of Fig. 1(b)]. This operation reverses the signs of Fmb

and Fmc simultaneously. Furthermore, the mirror operation
m⊥[110], which reverses crystal and magnetic chirality,
reverses the sign of Fmb but not Fmc, keeping the same sign of
the quadrupole order. Table I summarizes the sign reversal of
the first and the second terms in Eq. (17) together with those
of F2, Fmb, and Fmc accompanied by the sign reversal of the
chirality C and the magnetic quadrupole order Q. This table
clearly indicates that the signs of both the crystal chirality
and the magnetic quadrupole order reflect circular dichroic
signals of reflection 100. Since both the first and the second
terms of Eq. (17) are odd against the sign change of the
chirality C, the sign of circular dichroic signals depends on
the handedness of the crystal chirality. By contrast, only the
second term in Eq. (17) is odd against the sign change of
magnetic quadrupole order Q, which changes the magnitude
of circular dichroic signals by switching the sign of Q. Thus,
in principle, the crystal chirality and the magnetic quadrupole
domains can be resolved by measuring circular dichroism of
reflection 100 at the resonance condition.

E. Experimental results of chirality-dependent circular
dichroism

To see the effect of the crystal chirality on circular dichro-
ism, similar experiments as described in Sec. IV B were
performed on a levorotatory (C−) crystal (sample 2). The
result is shown in Fig. 4. Reflection 100 at Eph = 930 eV and
ψ = 0◦ was observed at temperatures both above and below
TN [Figs. 4(a) and 4(b)] as observed in a dextrorotatory (C+)
crystal (sample 1). In addition, the circular dichroism develops
below TN [Fig. 4(b)], but with the opposite sign of the circular
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FIG. 4. Circular dichroism of resonant x-ray diffraction (RXD) of several samples. (a), (b) The H-scan profiles around 100 for a levorotatory
(C−) crystal (sample 2). The data were taken at (a) 7.5 K and (b) 6 K using LCP and RCP incident x rays. (c) Two-dimensional map of the
flipping ratio [FR = (ILCP − IRCP )/(ILCP + IRCP )]. The data were taken at ψ = 0◦ and 6 K. (d) Temperature dependence of FR obtained at
reflection 100. The red curve is the fitting using the function of the order parameter in the second order transition [ζ (T ) = γ (TN − T )δ where
γ = −0.0518, δ = 0.503, and TN = 6.99] and is a guide to the eye. (e) Temperature dependence of FR of reflection 100 in different samples
(samples 1–4). For all the samples, the sign of FR below TN corresponds with that of the crystallographic chirality. For sample 1 (C+ crystal),
both the data at ψ = 0◦ and 180 ° show the positive sign of FR, which is consistent with Eq. (19).

dichroism. It is also evident by comparing Figs. 3(c) and 4(d).
Below TN, FR in sample 1 is positive [Fig. 3(c)] while that in
sample 2 is negative [Fig. 4(d)]. Furthermore, we measured
a two-dimensional map of FR for reflection 100 of sample
2. Figure 4(c) displays the result and clearly shows nearly
a uniform spatial distribution of FR, but the sign of FR is
opposite to that in sample 1 [compare colors of the maps
shown in Figs. 3(f) and 4(c)]. These results suggest that the
crystallographic chirality reflects the circular dichroism. To
further confirm the one-to-one correspondence between the
sign of crystal chirality and that of circular dichroism, we
performed the measurements on several crystals. The results
are shown in Fig. 4(e) in which the sign of FR is closely
correlated with the crystal chirality. This matches up nicely
with the discussion given in Sec. IV D at which the sign of the
circular dichroic cross section given in Eq. (17) is reversed
by the sign change of the chirality (see Table I) in the case
that the second term is smaller than the first term in Eq. (17).
Thus the relation between crystal chirality C and Fmb provides
the one-to-one correspondence. In other words, the crystal
chirality which induces the chirality in magnetic structure
contributes to circular dichroism of RXD at reflection 100.

F. Experimental results of circular dichroism ascribed to
magnetic quadrupole order

Here we examine the effect of the magnetic quadruple
order on the circular dichroism observed below TN. Q+ and
Q− domain states [upper and lower panels of Fig. 1(b)] are

energetically degenerated in the absence of B and E. There-
fore, these two states will coexist below TN when the sample
is cooled from the paramagnetic state in the absence of B and
E, meaning that the experiments in the previous sections have
been done in the multidomain state with both Q+ and Q−
domains. Such a state is not ideal to examine the contribu-
tion of the magnetic quadrupole order. In Pb(TiO)Cu4(PO4)4

showing a linear ME effect [5], a monodomain state of Q+
or Q− is achieved by the simultaneous application of a poling
electric field (Epole) and a poling magnetic field (Bpole) during
cooling from the paramagnetic phase to the AFM phase (ME
cooling) [8]. Therefore, we carried out RXD measurements
after poling in both Epole and Bpole applied along the [010] di-
rection. This ME-cooling procedure stabilizes a monodomain
state, which has been confirmed by a previous ME measure-
ment on Pb(TiO)Cu4(PO4)4 [5].

Figure 5(a) shows the effect of Epole and Bpole on the
temperature dependence of the reflection intensity at 100 ob-
served at Eph = 930 eV and ψ = 0◦ for a levorotatory (C−)
crystal (sample 4). In this measurement, Bpole(||[010]) was
fixed at about 0.1 T and an unfocused x-ray beam with the
irradiation area of approximately 1 mm × 1 mm was used.
It is expected that this unfocused x-ray beam provides an
averaged signal from a multidomain state of Q+ and Q−
to some extent. For the data of Epole = 0 (zero-field cool-
ing) [green lines in Fig. 5(a)], substantial circular dichroism
with (ILCP − IRCP) < 0 is observed, which is qualitatively
consistent with the result of other C− crystals [see Fig. 4(e)].
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FIG. 5. Magnetoelectric-cooling effect on circular dichroism be-
low TN at ψ = 0◦ observed in sample 4. (a) Temperature dependence
of the diffracted intensity of reflection 100 with different poling
electric fields (Epole) along the [010] direction. The poling magnetic
field along [010] was fixed at 0.1 T in all the measurements. (b) Epole

dependence of the diffracted intensity at 6.6 K. The data obtained
with RCP x rays are adopted.

As seen in Fig. 5(a), the ME cooling explicitly affects the
reflection intensity. In the data of Epole = +1.6 MV m–1, IRCP

increases while ILCP decreases. By contrast, in the data of
Epole = −1.6 MV m–1, IRCP decreases while ILCP increases.
Thus, the circular dichroic signal is enhanced (suppressed)
by applying a positive (negative) poling electric field. Fig-
ure 5(b) shows IRCP at 6.6 K as a function of Epole. IRCP

depends linearly on Epole in the range of −0.4 MV m–1 <

Epole < +1.2 MV m–1. However, it becomes nearly saturated
at Epole < −0.4 MV m–1 and Epole > +1.2 MV m–1. This fea-
ture suggests that either Q+ or Q− monodomain state is
achieved in these Epole regions. The observed ME cooling
effect on circular dichroism is well explained by the second
term in Eq. (17), which is smaller than the first term, and

ascribed to the change of domain population of the magnetic
quadrupole order. This result clearly shows that we can probe
the order parameter of magnetic quadrupole order qualita-
tively by measuring circularly polarized RXD through the
interference between the ATS and the magnetic scatterings.
Note that the data shown in Fig. 5(b) is not symmetric with re-
spect to Epole (bias field ≈ + 0.5 MV m–1) though the fraction
of Q+ and Q− domains is ideally equal with each other when
a sample is zero-field cooled. We consider that the observed
bias effect could be related to a memory effect of the domain
structure previously reported in Pb(TiO)Cu4(PO4)4 [8] whose
domains are likely pinned by defects formed during crystal
growth or other reasons such as local thermal inhomogeneity
created in the sample.

V. SUMMARY

In summary, we demonstrate that the circularly polarized
resonant x-ray diffraction at the Cu L3 edge enables us to
examine both crystal chirality and magnetic quadrupole or-
der in a chiral antiferromagnet Pb(TiO)Cu4(PO4)4. Circular
dichroism on the diffraction intensity of a forbidden reflection
was observed in the ordered phase. We found that the sign of
the circular dichroic signal in a levorotatory crystal is opposite
to that of a dextrorotatory crystal. This circular dichroism is
ascribed to the magnetic chirality induced by the crystallo-
graphic chirality in this compound. Besides, the magnitude
of the circular dichroic signal systematically changes with
varying fraction of the magnetic quadrupole domains, which
was demonstrated by measuring after magnetoelectric cool-
ing. The observed circular dichroism on the resonant x-ray
diffraction is interpreted as the interference between the ATS
and the magnetic scatterings, which allows for probing both
the magnetic chirality dominated by the crystallographic one
and the order parameter of the magnetic quadrupole order.
The present study proves the effectiveness of resonant x-ray
diffraction for the investigation of chiral magnetism embed-
ded on the crystallographic chirality as well as parity- and
time-odd multipoles. Furthermore, we show that the crystallo-
graphic chirality contributes to magnetic and ME phenomena
in systems with ferroic order of such multipoles.
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