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The random g-state quantum Potts model is studied on hypercubic lattices in dimensions 2 and 3 using
the numerical implementation of the strong disorder renormalization group introduced by Kovacs and Igléi
[Phys. Rev. B 82, 054437 (2010)]. Critical exponents v, df, and v at the infinite disorder fixed point are
estimated by finite-size scaling for several numbers of states g between 2 and 50. When scaling corrections
are not taken into account, the estimates of both d; and v systematically increase with g. It is shown, however,
that g-dependent scaling corrections are present and that the exponents are compatible within error bars, or
close to each other, when these corrections are taken into account. This provides evidence of the existence of a
superuniversality of all two- and three-dimensional random Potts models.

DOI: 10.1103/PhysRevB.103.174207

I. INTRODUCTION

Random quantum ferromagnets are known to undergo a
very peculiar phase transition for which quantum fluctuations,
which drive the transition in the absence of disorder, are
dominated by disorder fluctuations. Thanks to this peculiarity,
the properties of the infinite-disorder fixed point (IDFP) that
governs the critical behavior at the transition can be studied
using a rather simple real-space renormalization group, intro-
duced by Ma and Dasgupta [1], referred to as a strong disorder
renormalization group (SDRG). In the case of the random
transverse-field Ising chain (RTIM), Fisher was able to find
the asymptotic solution of the flow equations and determine
the critical exponents exactly [2-5]. In particular, the dynam-
ical exponent z is infinite at the fixed point, whereas z = 1 for
the pure RTIM. The excitation gap AE displays an activated
scaling corresponding to an essential singularity AE ~ e~
with lattice size L, where the critical exponent is ¥ = 1/2.
The average magnetization density follows a power law m ~
L%~ with a fractal dimension d; = d — ¢ and a magnetic
critical exponent ¢ equal to the golden number (1 + +/5)/2.
These exponents are expected to be exact. Away from the
critical point, in the so-called Griffiths phases, the dynamics is
dominated by rare macroscopic clusters of strong (resp. weak)
couplings that are ordered (resp. disordered) while the rest of
the system is in the disordered (resp. ordered) phase [6]. As
a consequence, the dynamical exponent is larger than 1 and
diverges with the control parameter § as 1/|§| as the IDFP
is approached [7]. Finally, the correlation length diverges as
& ~ |6]7" with v = 2 for the average spin-spin correlations,
while it is v = 1 for the typical ones.

The universality class of the RTIM turned out to be quite
robust: the number of states g of the 1D random quantum
Potts model was shown to be an irrelevant parameter in the
SDRG flow equations [8]. Therefore the critical behavior is
described by the same IDFP as the RTIM for all values of
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the number of states ¢, in contrast to what is observed in the
classical case where the magnetic critical exponent increases
smoothly with g [9-12]. For a sufficiently strong disorder, the
critical behavior of the random g-state quantum clock model
is also expected to be governed by the same IDFP as the RTIM
[8,13]. The random contact process, whose SDRG flow equa-
tions are identical to those of the RTIM, also belongs to the
universality class of the RTIM [14-16]. The random quantum
N-color Ashkin-Teller chain, equivalent to N coupled Ising
chains, has attracted much attention in the last decade. In the
case N = 2, the phase diagram is qualitatively unchanged by
the introduction of disorder [13]. Along the self-dual transi-
tion line, the interchain coupling is an irrelevant parameter
in the SDRG flow equations [17]. As a consequence, the
critical behavior is again the same as for the random RTIM,
whereas exponents vary along the line in the pure case. For
strong interchain coupling, the transition line splits into two
lines, enclosing a new intermediate phase acting as a double-
Griffiths phase [18,19]. Despite the fact that the interchain
coupling flows towards an infinite value during renormaliza-
tion, the critical behavior is still in the RTIM universality
class along these two lines [18]. In the case N > 3, the pure
Ashkin-Teller chain undergoes a first-order phase transition,
as in the Potts model with g > 4, which becomes continuous
in presence of disorder [17,20-23]. The critical behavior is in
the RTIM universality class at weak interchain coupling but
seems to be governed by a distinct IDFP at stronger interchain
coupling [21].

In this paper we address the question of whether the ro-
bustness of the universality class of the RTIM is specific to
the one-dimensional (1D) case or exists also in higher dimen-
sions. Much less is known about two- or three-dimensional
(2D, 3D) random quantum ferromagnets. The extension of
the SDRG to higher dimensions is trivial, but the flow equa-
tions are then too complicated for an analytical solution to be
found. The numerical implementation of the SDRG rules is
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complicated by the fact that the topology of the lattice changes
during the renormalization. A single site, or cluster, is coupled
to a large number of other spins after only a few iterations.
Nevertheless, the critical behavior of the 2D RTIM could be
shown to be governed by an IDFP [24]. An efficient algorithm,
allowing for accurate estimates of the critical exponents, was
introduced by Kovacs and Igléi [25-27]. They were able to
show that the critical exponents of the random RTIM depend
on the dimension of the lattice. Recently, the critical behavior
of the 2D quantum Potts model with a quasiperiodic modula-
tion of the couplings was shown to be governed by an infinite
quasiperiodicity fixed point, distinct from an IDFP but with
an infinite dynamical exponent like an IDFP [28,29]. Inter-
estingly, the critical exponents are compatible within error
bars for all numbers of states ¢ > 3. Later on, Kang et al.
discussed the IDFP of the random quantum Potts model in
light of a mapping onto a discrete gauge model, where the
size of the gauge group is equal to the number of states g
of the Potts model [30]. Quantum Monte Carlo simulations
were performed for the two-dimensional random quantum
Ising model and the three-state Potts model. The numerical
estimates of the critical exponents of the two models are in
good agreement, providing evidence of an independence on ¢
and the superuniversality of the IDFP in two dimensions.

In this work, the g-state random quantum Potts model is
considered in two and three dimensions. Since in the classi-
cal 2D random Potts model, the magnetic critical exponent
increases slowly with g, we considered number of states up
to g = 50. Critical exponents are estimated numerically using
the Kovacs-Igléi algorithm. In the first section of this paper,
the model and the algorithm are presented. The determination
of the location of the critical points is detailed in Sec. III. The
correlation length exponent v is extracted from the statistics
of the pseudocritical points. In Sec. IV, the magnetic frac-
tal dimension d; is estimated from the finite-size scaling of
the average magnetic moment. In Sec. V, the exponent
is estimated from the analysis of the average energy gap.
Conclusions follow.

II. POTTS MODEL AND SDRG ALGORITHM

A. The random quantum Potts model

The g-state quantum Potts model is defined on a lattice
A = (V, E) by the Hamiltonian [31,32]

Hpgys = — Z JiiDj j — ézhiMi (nH

(i,))eE icV

acting on the Hilbert space spanned by the states ),y 1)
withn; =0, ..., g — 1. The first sum extends over the set E of
edges of the lattice A, and the matrix elements of the diagonal
operator D; ; vanish unless n; = n;, in which case they are
equal to 1. A representation of this operator in terms of local
operators is given by
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where ©; = 1971 @ Q ® 1%V~ (N is the number of sites of
the lattice) and €2 is a diagonal g x g matrix whose diagonal

elements are " with @ = ¢*7/9. In the pure case, i.e., J;; =
J > 0, the first term of the Hamiltonian favors a ferromagnetic
ordering of the spins, i.e., n; = n Vi. The second sum of the
Hamiltonian (1) extends over the set V of sites of the lattice
Aand M; =191 @ M ® 1®V~, with M the g x g matrix
whose elements are all equal to 1. In the pure case, h; = h, the
second term of the Hamiltonian destroys the ferromagnetic or-
dering and is associated to quantum fluctuations. When g = 2,
the Potts model is equivalent to the RTIM, whose Hamiltonian

takes the simpler form
> Jjoioi = hio}, 3)

(i,j)eE ieV

Hlsing = -

where o"*

% are Pauli matrices acting on site i of the lattice.
In the one-dimensional case, only the Ising model is ex-
actly solvable when J;; =J and h; = h. Duality arguments
predict that the transition point is located at J = & for any
number of states g. The pure Potts chain undergoes a second-
order phase transition when ¢ < ¢g.(1) =4 and a first-order
transition when g > ¢g.(1). At higher dimensions d > 1, the
transition point is not known exactly. The number of states
q.(d) separating the regime of the first- and second-order
phase transition is also not known exactly for d > 1.

In the following, the Potts model with quenched disorder
is considered. The exchange couplings J;; and the transverse
fields h; are independent random variables distributed accord-
ing to the distributions Py(J;;) and Qg(h;). As mentioned in
the Introduction, the critical exponents of the random RTIM
(¢ = 2) has been determined exactly by Fisher. In dimensions
d = 2,3, and 4, they were estimated numerically by Kovacs
and Igléi. In the following, the RTIM will be used as a test
bed for our implementation of the SDRG algorithm and for
the analysis of the numerical data. In the regime g > q.(d),
the first-order phase transition of the pure Potts model is
expected to be rounded by disorder and turned into a contin-
uous transition, as first discussed by Goswami et al. [17]. A
rigorous proof was later given that an infinitesimal amount of
disorder is sufficient to round any first-order phase transitions
in quantum systems in dimensions d < 2 [33,34]. Ford > 2,
the first-order phase transition may survive at weak disorder,
as in the classical case for d > 3, for example, in the random
3D four-state classical Potts model [35,36].

In this work, several probability distributions were consid-
ered. The uniform distribution

Py(Jij) = ©U;)O — Jij), “

where © is the Heaviside function for the exchange couplings
and

Q(h) = OOy — ) )
for the transverse fields. The Potts model is in the ferromag-
netic phase for a sufficiently small parameter 6 = log hy,.x and
in the paramagnetic phase for large 6. The distributions (4)
and (5) are referred to as weak disorder in the following. These
distributions are expected to evolve along the renormalization
group (RG) flow and become broader and broader. Because
the distributions Py and Q, are far from the distributions at
the IDFP, corrections to scaling are expected for small lattice
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sizes and therefore small numbers of RG steps. To minimize
these corrections, power-law distributions

Po(yj) ~ T2,
Qo(hy) ~ hi™2,

(0 < Jlj < ])
(0 < hi < hmax) (6)

were also considered for several numbers of states g of the
Potts model. The value A = 2/3 is referred to as a medium
disorder and A = 4/5 as a strong disorder.

B. SDRG algorithm

The strong disorder renormalization group is a real-
space decimation scheme where the strongest coupling 2 =
max({J;;}, {h;}) is decimated at each iteration [2—4]. The case
of the RTIM is discussed first. If the strongest coupling is
an exchange coupling, say 2 = J;;, the two spins i and j are
merged into a new effective cluster whose magnetic moment
W = p; + p; is the sum of the moments w; and p; of the
two spins i and j. Second-order perturbation theory shows that
this new cluster is coupled to an effective transverse field &' =

% and to any other spin k # i, j by an exchange coupling
Ji, = Jiu + Jj. If the strongest coupling €2 is a transverse
field, say h;, the spin i is decimated. An effective coupling
is induced between all pairs of spins k and / that were both
coupled to site i. To second order in perturbation theory,
this effective coupling is J;;, = Ju + 12—{1 As this scheme is
iterated, the probability distributions P(J) and Q(h) of the
couplings become broader and broader so that second-order
perturbation theory is expected to become exact at the IDFP.
The sum rule can then be replaced by a maximum rule: at
the IDFP, it is sufficient to write the exchange coupling of a
spin k with the new effective cluster at site i as the maximum
J}, = max(Ji, Jjx) instead of the sum. Similarly, the effective
exchange coupling J;, induced by the decimation of the site i

can be simplified as J;, = max(Jy, J"‘/ iL). For the Potts model,

h
the SDRG rules are shown to be [8]

 hih
=7

Ty = g+ T o)
s ki — Jkl K/’l,'

h/

where k = g/2. These rules are the same for any dimension d
of the lattice. However, the main difficulty in implementing
them numerically when d > 1 comes from the increasing
number of couplings J;; that are generated at each decima-
tion. Finding the largest coupling requires more and more
CPU time, and even storing all the couplings restricts the
application to small lattice sizes. A crucial simplification was
introduced by Kovics and Igléi [25-27]. They showed that
many couplings are actually irrelevant at the IDFP. The re-
sulting algorithm and the details of our implementation for
the Potts model are discussed in the following.

The Hamiltonian can be seen as a weighted graph. A
weight

ri = — In hi (8)
is attached to each node i, and an edge with a distance

d,-,:djl-z—an,-' (9)

is defined between each pair (i, j) of nodes of the graph for
which J;; # 0. With the above definitions, the SDRG rules
become the following:

(a) If r; is the global minimum, equivalently, if %; is the
global maximum, then the node i is removed. For all pairs
of sites (k, ) connected to i, i.e., such that Jy, J; # 0, the
distance dy, is updated as

dy, = min(dy, d; + dy — r; + Ink), (10)

which is equivalent to (7) when replacing the sum rule by the
maximum rule.

(b) If d;; is the global minimum, or equivalently, if J;; is
the global maximum, then the two nodes i and j are merged
into a single node i, whose weight is

ri=ri+r;—dj+Ink, (11

which is again equivalent to (7). For each node k previously
connected to both i and j, i.e., Jix, Jjx # 0, the distance to the
new site 7 is updated as d;, = min(dy, dji).

Several improvements can be implemented. First, instead
of removing the node i when the spin is decimated (2 = k),
it is set as inactive. The definition (9) of the distances d;; is
modified to

[; [
d,'j = dj,' = —111.],']' + E ln(Kh,-) + Ejln(/ch_,-), (12)

where [; is the activation status of the node i, which takes
the value /; = 0 when the node has not been decimated yet
(the node is then said to be active) and 1 otherwise (the
node is inactive). By setting the node i as inactive instead
of removing it when Q = h;, it is not necessary anymore
to add new edges associated to the effective couplings that
are generated by second-order perturbation theory. Instead,
the exchange coupling between two active sites k and [ is
computed on the fly when necessary as Ji = e %, where
8i; is the shortest distance of all paths of the graph joining
sites k and / and going through inactive sites only. If no
path connects k and I, then Ji; = 0. The condition of the
shortest distance is equivalent to the maximum rule and the
SDRG rule is recovered. Indeed, when the site i is deci-
mated, 8;; = di; + dy; = —InJy; + In(kh;) — In J; so that the
effective exchange coupling is J;, = e % = %, as expected.
The advantage of this implementation is that the number of
edges does not grow during site decimation. Inactive sites are
removed during edge decimation: if £ = §;;, sites i and j are
merged into a new cluster on site, say i. All inactive sites k
belonging to the shortest path between sites i and j can now be
removed, and all edges dy; are added to d;; using the minimum
rule d; = min(8;, dix + d).

The computation of the shortest distance §;; between two
sites can be time-consuming. Hopefully, the shortest distance
can be determined efficiently using the Dijkstra algorithm
[37]. Note that the Dijkstra algorithm requires the distances
to be positive. The distance d;; = —InJ;; between two ac-
tive sites can be made positive by initially choosing all
exchange couplings J;; smaller than or equal to 1. When « >
1, the SDRG rules imply that J;; < 1 after renormalization.
If the site j is inactive while i 1s active, the distance d;; =
—InJ;; + %ln(/ch ;) is positive, too, because the decimation
of the node j has been possible only if h; > J;;. It fol-
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lows that —InJ;; + %lnhj + %IHK > —% InJ;; + % Ink>0,
which completes the proof that d;; > 0 when « > 1 and
Jij < 1. However, the distance d;; can be negative when the
two sites are inactive. When this is the case, any path reaching
site i will then go to site j. As a consequence, for any neighbor
k # i of site j, one can create or update the distance between
i and k as d), = min(dy, d;; + dj) and remove the site j and
all edges dj.

The second improvement concerns the choice of the next
coupling to be renormalized. It is not necessary to find the
global minimum. Finding and decimating a local minimum is
sufficient if the local minimum is defined as follows:

(i) r;is alocal minimum if r; < §; for all k such that there
exists at least one path between i and k. No edge involving the
node i can therefore be decimated before the node i.

(ii) &;; is a local minimum if §;; < r;, r; and if §;; < 6y
or §;; < 8 when there exists at least one path between i or j
and k.

These definitions ensure that a local minimum remains a
local minimum when any another node or edge is decimated
first. The proof follows from the following fact:

(1) If the node j is decimated first, which implies that r; <
8 i for all sites k for which there exists at least one path joining
Jj and k, the site j is set inactive. The distances between the site
Jj and its neighbors / are updated to d;l =dj — %rj + %ln K.
The shortest distance 8 is therefore unchanged if the shortest
path does not go through the site j and becomes §;, = §;; +
3jx — rj + Ink otherwise. Since r; < §jx and r; < §;;if r;is a
local minimum, the new value &), is necessarily larger than r;.
r; remains therefore a local minimum.

(ii) If the edge 8 is decimated first, the distance between
asite i # j, k and the new site, say j, is updated to the value
8 ;= min(d;;, 8; ). If r; is a local minimum, the condition r; <
8;j, 8ix holds. It follows that r; < §; ; and therefore, r; remains
a local minimum.

Similarly, the distance §;; remains a local minimum in the
following situations:

(i) If the node k is decimated first, which implies that r;, <
811, for all sites [ for which there exists at least one path joining
k and [, the shortest distance §;; is unchanged if the shortest
path does not go through the site k and becomes &; ;= Sk +
8jx — ri + Ink otherwise. Since r, < 8j, 8x and 8;; < 8 or
8ij < 8x if &;; is a local minimum, the effective distance §; ;=
dik + 8k — 1 + Ink is larger than §;;. The latter will therefore
remain a local minimum.

(i1) If the edge &y, is decimated first, the distance between
a site i # k, [ and the new site, say k, is updated to the value
8}, = min(8y, 8;). If the §;; was a local minimum with the
condition &;; < 8, 81, then §;; < &/, and therefore §;; remains
a local minimum.

(iii) If the edge 6 j is decimated first, the weight of the new
node j becomes r; =rj+r;— 8 +Ink. Since §j; < 1y, the
inequality r; > r; holds. Therefore if §;; is a local minimum,
the condition §;; < r; is preserved when the edge §; is deci-
mated. Distances will also be modified. In particular, §;; will
be replaced by min(;;, d;). Since 8, was decimated first,
3k < dij, so the condition §;; < &; for all /, for which there
exists a path between i and /, should hold for §;; to be local
minimum. In particular, §;; < §; and therefore the value of §;;
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FIG. 1. Average value of the magnetic moment p of the last
decimated cluster of the 3D ¢ = 10 Potts model with respect to
the number of disordered samples. The four graphs correspond to
different lattice sizes L. Note that the number of samples given on the
x axis has to be multiplied by 10° (L = 13, top left), 10* (L = 40, top
right), 10* (L = 80, bottom left), and 10 (L = 160, bottom right).

will not be modified by the decimation of § ;. For [ # k, §; is
unchanged because a path joining i and / can only go through
inactive sites, so neither j or k. In conclusion, §;; will remain
a local minimum after the decimation of 8 j.

Local minimum can be decimated in any order. One can
check that the same decimations as in the original SDRG will
take place. Only the order differs. A lot of computation time is
saved in looking for local minimum instead of the global one.
The drawback of this method is that the renormalization flow
being modified, one cannot study anymore the evolution of the
total magnetic moment or the number of sites as a function of
Q. Instead, the critical exponents should be estimated from the
behavior of the magnetic moment or the transverse field of the
last decimated site in the original SDRG. In our implementa-
tion, this site could have been decimated anywhere in the RG
flow, so one has to keep track of the smallest transverse field
at each decimation.

III. CRITICAL POINT

The random g-state Potts model is studied on 2D and 3D
hypercubic lattices with the above-detailed algorithm. The
data have been averaged over more than 3000 disordered
configurations for the largest lattice sizes and up to 10° for
the smallest ones. These numbers were chosen in order to
achieve a good convergence of average quantities. In Fig. 1
the average magnetic moment of the last decimated cluster
during the original SDRG is plotted versus the number of
samples in the case of the 3D ten-state Potts model. Rare
events with a large contribution, usually expected in random
systems, do not seem to have any influence on the plateau
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reached by the average magnetic moment. As can be seen in
Fig. 1 in the case of the 3D ten-state Potts model, the relative
fluctuations of i are, in the worst case L = 160, of order
% ~ 1/150 < 1%. The estimation of the error as /Var t/N,
where Var p is the variance of the data and N the number
of disordered configurations, leads to a relative error of 0.6%
for the 3D ten-state Potts model at L = 160. For the critical
exponents that will be estimated in the following, the error
due to the finite number of disordered configurations is a small
contribution compared to the error coming from the fits.

A pseudocritical point §/(L) = InA'(L) is determined for
each disordered sample i using the doubling method [25,26].
Two identical replicas of the same system, i.e., with the same
exchange couplings and transverse fields, are glued together
with some specific boundary conditions. When the SDRG
procedure is applied to both the joint system of size 2L and
the initial one of size L, the ratio w(2L)/u(L) of the mag-
netic moments of the last decimated cluster is expected to
show a jump at the pseudocritical point. In the paramagnetic
phase, 6 > 9£(L), the decimated cluster is located in one of
the two replicas and w(2L) = w(L). In contrast, in the ferro-
magnetic phase, 6 < 6/(L), the last decimated cluster spans
the two replicas and p©(2L) = 2u(L). In practice, the system
is considered to be in the ferromagnetic phase if the last
decimated cluster contains the same sites in both replicas. To
locate the pseudocritical point, an interval [0}, 6,] is manually
chosen and is refined by performing additional simulations
atg = %(91 + 6,) until the targeted accuracy € = |6, — 0] is
reached. In the following, the accuracy on the pseudocritical
point 6/(L) is 107>,

As the lattice size is increased, the pseudocritical points
6i(L) are expected to converge to the critical point 6, of the
infinite system as

0i(L) — 6| ~ L7, (13)

where v is the correlation length exponent. As a consequence,
the probability distribution of the pseudocritical points 6/ (L)
should be independent of the lattice size L when plotted
with respect to the rescaled distance to the critical point u =
L'YV|0i(L) — 6.]/6.. This plot is shown in Fig. 2 for the 2D
and 3D ten-state Potts models. As expected, all points fall
nicely on the same curve when the two parameters 6, and
v are appropriately chosen. To determine the values leading
to the best collapse of the probability distributions Py (u) for
different lattice sizes L, the following cost function,

2
1 Umax 1
= /umm ZL: |:PL(M) - ZL:PL(M):| du,
(14)

was numerically minimized using the Powell method. Only
N = 4 lattice sizes were considered. upy, and upy.; are the
smallest and largest values of u in the dataset. The optimal
values of the parameters 6, and v are collected in Table I for
the 2D and 3D Potts models. The estimates of the correlation
length exponent v are compatible within error bars for the 2D
(resp. 3D) Potts model, independently of the number of states
q of the Potts model.

The correlation length exponent v was also estimated
by performing a nonlinear fit of the shift of the average pseu-

100 10°
¢"t“¢' . +
+ ' . *
10-1 : ' 10-1 '
+ ¥
H “ : ‘f
102{ ‘ 10-2] ¢ !
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1073 * ©o1073).
+ +
N
- L=512 L=64
- L=1280 L=128
-5 -5
10 ~a 2 10 -2 0
Bi(L) — 6, OL(L) — 6,
u=pil = =Lzt

c c

FIG. 2. Probability distribution P(u) of the rescaled distance
u = L""[6/(L) — 6,]/6. to the critical point for the four largest lattice
sizes that were considered in the minimization of the cost function
Eq. (14). On the left, the data for the 2D ten-state Potts model
are plotted with the parameters v = 1.2594 and 6, = 1.457. On the
right, the data for the 3D ten-state Potts model are plotted with the
parameters v = 1.008, 6, = 2.332.

docritical point 6.(L) as |6.(L) — 6.| = aL~'/%, where 6., a,
and v, are free parameters. The notation v, is used here to
distinguish this estimate from that obtained from the collapse
of the probability distribution. The average pseudocritical
point is plotted in Fig. 3 for the 2D and 3D ten-state Potts
models. For the other values of the number of states g that
were considered (¢ = 3, 5, 20, and 50), the curves are simi-
lar. We tried to take into account possible algebraic scaling
corrections by performing a nonlinear fit of the data with the
function |0,(L) — 6.| = aL~'/¥<(1 4+ bL~®), where now 6., a,
Vs, b, and w are free parameters. Due to the small number of
degrees of freedom, this fit turned out to be quite unstable,
different fitting algorithms leading to incompatible values. An
indirect method was therefore applied to estimate the true
exponent vy: the nonlinear fit |6.(L) — 6.| = aL~'/" was per-
formed on various ranges of lattice sizes. A Ly, -dependent
effective exponent v;(Lpn,) is then estimated by a nonlinear
fit restricted to the lattice sizes L > L. As can be seen in
Fig. 4 for ¢ = 10, this effective exponent is relatively stable
for small Ly, but displays large fluctuations at large Ly,

TABLE I. Estimates of the critical point 8, and correlation length
exponent v of the 2D and 3D random Potts models. 6. and v were
obtained by imposing the collapse of the probability distribution
P(u).

2D g=2 3 5 10 20 50
6. 1.678(1) 1.563(1) 1.495(1) 1457(1) 1.442(1) 1.435(1)
vo1252) 1.24(2)  1252) 126(2) 1242) 1.25(2)
3D g=2 3 5 10 20 50

0. 2.532(1) 2.420(1) 2.359(1) 2.332(1) 2.325(1) 2.327(1)
v 1.01(1) 1.004(10) 1.001(10) 1.008(10) 1.004(10) 1.005(10)

174207-5



VALENTIN ANFRAY AND CHRISTOPHE CHATELAIN

PHYSICAL REVIEW B 103, 174207 (2021)

2.3
1.44
2.2
1.42
2.1
3 1.40 -
< ~ 2.0
(v») (0s)
1.38 1.9
1.36 18
1719
1.34
102 103 10! 102
L L

FIG. 3. Average critical point 8,(L) vs the lattice size L of the 2D
(left) and 3D (right) ¢ = 10 Potts model. The blue curve corresponds
to a simple fit without any correction, while the red curve corre-
sponds to a fit with an algebraic correction. They can be distinguished
on the figure for small L in the 3D case.

because of a number of degrees of freedom of the fit becoming
smaller and smaller. The error bars on vs(Ly,) correspond
to the standard deviation of the fit. They do not take into
account the accuracy on 6.(L), equal to 107, which leads to a
much smaller contribution [or order O(1073)] to the error on
Vs(Lmin)- In the 2D case, the effective exponents do not vary
significantly with Ly, which means that scaling corrections
are weak. The exponents for different numbers of states g of
the Potts model are compatible within error bars. In contrast,
for the 3D Potts model, the influence of a correction is clearly

1.5
«Ising - q=10 « Ising - q=10
«gq=3 - q=20 +q=3 =20
«g=5 - q=50 1.157 . g=5 . g=50
1.4
1.10
1.3 . 4
144 144 4 :
. 1.05 + ‘e
1.2 Ty i)
1.001 7 |
1.1
0.95
1.0
I L
- low 0.90 - low
0.9 = medium = medium
« strong « strong
1072 1071
1/L /L

FIG. 4. Effective exponent v, vs the smallest lattice size Ly,
entering into the fit for the 2D (left) and 3D (right) Potts models.
The different colors correspond to different numbers of states g of
the Potts model. The different symbols correspond to different initial
probability distributions of the couplings.

-25 -Lo
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g -4.0 <
£ £ -30
—4.5 -35
-5.0 —4.0
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FIG. 5. Standard deviation of the critical point A6.(L) vs the
lattice size L of the 2D (left) and 3D (right) ¢ = 10 Potts models.
The blue curve is a linear fit.

seen as a stronger dependence of the effective exponents on
1/Lpn. For small Ly;,, the exponents v, of the g-state Potts
models increase with ¢ and are fully incompatible. As Ly,
is increased, the exponents take smaller values and their dis-
persion shrinks, although their fluctuations increase. For large
Liin, a plateau seems to be reached at around v; ~ 1.00.
Finally, a third estimate of the correlation exponent
v was obtained from the standard deviation A6.(L) =

VOX(L) — (B.(L))2. The latter is expected to scale as L~!/"
with the lattice size. A linear fit (in log-log scale) with only
two free parameters is therefore sufficient in this case. To dis-
tinguish from the previous estimates, the exponent estimated
from the standard deviation A&.(L) will be denoted as v,, in
the following. An example for the 2D and 3D ten-state Potts
model is presented in Fig. 5. The presence of scaling correc-
tions is observed in the 3D case. Effective exponents vy, (Lpin),
estimated by restricting the fit to lattice sizes L > Ly, are
shown on Fig. 6. In the 2D case, the effective exponents v,
are spread around the value 1.25 for small Ly, i.e., for fits
over all or most of the lattice sizes, and are compatible within
error bars. However, different evolutions are observed as Ly;,
is increased. Some exponents increase while others decrease.
Note that the effective exponents v, (Lpy;,) for a given number
of states ¢ and a given initial distribution of the couplings are
highly correlated because they were computed with fits over
the same set of data. We were not able to identify a correlation
between these different behaviors and the number of states g
of the Potts model or the strength of disorder in the initial
distribution of the couplings. These different evolutions at
large Ly, are therefore probably statistical fluctuations. The
3D case is hopefully a bit clearer. The effective exponents
decrease with Ly, and are compatible within error bars or
close to the value v,, >~ 0.98 in the limit 1 /L, — 0. We have
no reason to believe that different Potts models belong to a
different universality class.
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FIG. 6. Effective exponent v,, vs the smallest lattice size Ly,
entering into the fit for the 2D (left) and 3D (right) Potts models.
The different colors correspond to different numbers of states g of
the Potts model. The different symbols correspond to different initial
probability distributions of the couplings.

From the effective exponents at large Ly, a rough estimate
of the correlation lengths exponents can be inferred: vy =~
1.25(6) and v,, >~ 1.25(3) in the 2D case, and v, >~ 1.01(5)
and v, >~ 0.985(10) in the 3D case. These estimates are com-
patible within error bars with the values of the literature for
the Ising model: 1.24(2) in the 2D case [25] and v, = 0.99(2)
and v,, = 0.97(5) in the 3D case [26].

IV. MAGNETIC EXPONENT

The computation of the magnetic moment u of the last
decimated cluster has revealed unexpected difficulties: for a
given sample, p often displays a jump at the pseudocritical
point. This jump is rare and quite small for the Ising model
but more frequent and larger when the number of states g of
the Potts model is increased. Since the pseudocritical points
0£(L) of each sample are estimated with an accuracy of 1072,
the estimates of the magnetic moment take randomly the value
at the left or at the right of the jump. The average magnetic
moment is therefore equal to the mean of the values at the
left and at the right of the jump. We have checked that the
relative width of this jump decreases with the lattice size
L. For power-law initial distributions of the couplings (6),
broader than the uniform ones, smaller jumps were observed.

The fractal dimension d; of magnetization is estimated
from the finite-size scaling

i~ LY (15)

of the average magnetic moment ji of the last decimated
cluster at the pseudocritical point 6. (L) of each sample. Even
though magnetization is a non-self-averaging quantity, as

7.0
6.5 5
6.0
4
5.5
3 3
3 3
£50 £
3
4.5
4.0 >
3.5
3.0 1
4 6 2 4
InL InL

FIG. 7. Average magnetic moment of the last decimated cluster
(L) vs the lattice size L of the 2D (left) and 3D (right) ¢ = 10 Potts
model. In the 3D case, the light-blue curve corresponds to a simple
fit without any correction, while the red curve corresponds to a fit
with an algebraic correction.

shown by a nonzero critical width R, = “21_:2’12 (in the range
0.12-0.13 for the 2D Potts model and 0.15-0.19 in 3D), the
finite-size scaling Eq. (15) must be asymptotically satisfied
by each sample, in contrast to the correlation length, which is
a local quantity and whose average and typical values scale
differently. Wiseman and Domany [38] have shown that it is a
more efficient strategy to measure p at 6 (L) rather than at 6,
because in the former case the sample-to-sample fluctuations
are drastically reduced. The average magnetic moment fi is
plotted in Fig. 7 for the 2D and 3D ten-state Potts models.
For the other values of the number of states g that were
considered (¢ = 3, 5, 20, and 50), the curves are similar. The
blue curve is the result of a linear fit of In & with In L. In both
the 2D and 3D cases, the estimated fractal dimensions d; are
incompatible and systematically increase with the number of
states g of the Potts model. A nonlinear fit with an algebraic
correction, it = aL% (1 4+ bL=?), was performed, but none of
the algorithms that were used gave a stable estimate of dy. To
nevertheless take into account possible g-dependent scaling
corrections, the fit was performed on various ranges of lattice
sizes. As for the correlation length exponent, a L,i,-dependent
effective exponent dy(Liyin), is estimated by a fit restricted to
the lattice sizes L > Ly,. This effective exponent is shown
in Fig. 8. The influence of a correction is clearly seen as a
dependence with 1/L,,. In the case of the 2D random Potts
model, the fractal dimension d; increases with Ly, for the
Ising model, is roughly stable for ¢ = 3 and decreases for
q = 4. As a consequence, the spreading of the effective expo-
nents d (L, ) decreases with Ly,;,. Even though all exponents
are not compatible within error bars, the superuniversality of
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FIG. 8. Effective exponent d; vs the smallest lattice size L,
entering into the fit for the 2D (left) and 3D (right) Potts models.
The different colors correspond to different numbers of states g of
the Potts model. The different symbols correspond to different initial
probability distributions of the couplings.

the 2D random Potts models seems much more plausible than
without taking into account scaling corrections. In the case
of the 3D random Potts model, the scenario is similar. When
scaling corrections are not taken into account, the estimates
of the fractal dimensions d; are fully incompatible. As Lyin
is increased, the spreading of the effective exponents d s (Ly;n)
shrinks and the fractal dimensions are finally compatible with
the value 1.155. Two exceptions can be noticed: the Ising
model and the ¢ = 50 Potts model with weak disorder, whose
exponents are still far from 1.155 at large L,;,. However,
at medium disorder, the exponents are remarkably closer to
others and are compatible with 1.155 at large L.

From the effective exponents at large Ly, the fractal di-
mensions can be estimated to be dy ~ 1.021(5) for the 2D
random Potts model and 1.155(8) for the 3D model. These
estimates are compatible within error bars with the values of
the literature for the Ising model: 1.018(16) for the 2D Ising
model [25] and 1.161(15) for the 3D Ising model [26].

V. ENERGY EXCITATION

At the IDFP, the largest energy scale €2 decreases as

5.5 4.5
4.0
5.0
3.5
- -
4.5 s
£ £
3.0
4.0
2.5
3.5 2.0
102 103 10! 102
L L

FIG. 9. Average energy gap ¢ = — In AE of the last decimated
cluster vs the lattice size L of the 2D (left) and 3D (right) ¢ = 10
Potts model. The curve is the nonlinear fit —In AE = a + bLV.

lattice sizes L > Ly, to estimate an effective critical exponent
Y (Lmin)- The latter is shown in Fig. 10. Note that there are
three free parameters in this fit, so the accuracy will be smaller
than for v, and dy. In the 2D case, the effective exponents

—_cLV
Q ~ Qe

&1 = LY
0 _— Y —
gQO

(16)

0.550
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.qu .qug 0.55 .qu 'qf§8
0.525 g d ‘ g !
osool il 0%y
‘ { ISR ErT P
0.475 *}*li&aa... 4::*"
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0.450 LY
0.425 0.40
L
0.400
| |
0.35
- low - low
0.375 » medium » medium
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1072 1071
1/L 1/L

during the SDRG flow. The same relation is expected to hold
for the energy gap AE of the last decimated cluster, i.e., the
smallest transverse field that was decimated in our imple-
mentation of the SDRG. On Fig. 9, the numerical data are
presented for the ten-state 2D and 3D random Potts models.
A nonlinear fit of —In AE = a + bLY is performed over the

FIG. 10. Effective exponent i vs the smallest lattice size Ly,
entering into the fit for the 2D (left) and 3D (right) Potts models.
The different colors correspond to different numbers of states g of
the Potts model. The different symbols correspond to different initial
probability distributions of the couplings.
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¥ (Lmin) are incompatible and increase with the number of
states g of the Potts model for small L;,. However, for large
Lnin, the g dependence becomes smaller and the exponents
are finally compatible within error bars with the value 0.485.
In the 3D case, the exponents ¥ are also incompatible and
increase with the number of states g of the Potts model at
small Lp,. As in the 2D case, the spreading shrinks at large
Lpin but not enough for the exponents to become compatible
with error bars. Larger lattices sizes would be helpful to reach
a definitive conclusion.

From the effective exponents at large Ly,, the exponent
Y can be estimated to ¥ >~ 0.48(2) for the 2D random Potts
model and 0.46(4) for the 3D model. These estimates are
compatible within error bars with the values of the literature
for the Ising model: 0.46(2) for the 2D Ising model [25] and
0.48(2) for the 3D Ising model [26].

VI. CONCLUSIONS

When scaling corrections are not taken into account, the
critical exponents d; and v were shown to take, both in 2D
and 3D, incompatible values that increase with the number
of states g of the Potts model. Since nonlinear fits involving
algebraic scaling corrections are unstable, effective exponents
were estimated over shrinking ranges of lattice sizes L > L.
The limit 1/L,;, — O of these effective exponents is expected
to give the critical exponent at the IDFP. The analysis is,
however, hampered by the large fluctuations of the effective
exponents due to the smaller number of degrees of freedom
in the fit at large Lp,. Nevertheless, scaling corrections are
clearly observed. While the latter do not seem to depend on
q for the correlation length exponent (apart from v; in the 3D
case), the corrections on the magnetic fractal dimension d are

TABLE II. Summary of the estimates of the critical exponents of
the 2D and 3D random Potts models.

Vg Vi dy 4
2D 1.25(6) 1.25(3) 1.021(5) 0.48(2)
3D 1.01(5) 0.985(10) 1.155(8) 0.46(4)

strongly g dependent. A shrinking of the dispersion of the ef-
fective exponents for different numbers of states g is observed
when Ly, is increased, providing evidence of the existence
of a superuniversality class. This conclusion is in agreement
with Ref. [30], where the superuniversality of the 2D random
Potts model is shown by means of a mapping onto a lattice
gauge model. The effective exponents ¥ display a behavior
similar to dy, although less pronounced and with a residual
dispersion of the exponents in the limit 1/L,;, — 0. Our final
estimates of the critical exponents at the IDFP are summarized
in Table II. As noticed in the text, they are compatible with
previous estimates obtained for the Ising model.

The question of the extension of the random quantum Ising
universality class naturally arises. The 1D case was discussed
in the Introduction. In dimensions d > 2, it is not known
whether the Ashkin-Teller model or the clock model also
belong to the Ising universality class. These are some of the
open questions that we will try to address in the future.
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