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Glassy and ballistic dynamics in collision cascades in amorphous TiO2: Combined molecular
dynamics and Monte Carlo based studies across energy scales
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Kinetics in amorphous TiO2 driven by ion irradiation are discussed in the framework computer simulations.
Thermal spike like regions along the path of incident ions are identified and their effects on the glassy system
are described. Benefiting from the complementary approaches of purely ballistic TRIM (transport in matter)
simulations and molecular dynamics simulations, a distinction between characteristic scales for short-range
diffusive relocations (�4.5 Å) and long-range ballistic relocations is achieved. It is found that diffusion dynamics
within thermally activated cascade zones sets in at the critical temperature Tc, identified as the critical temperature
of the mode coupling theory, while the mean relocation limit for thermal diffusion in the glassy system
is attributed to an overlap between the energy regime of purely ballistic and thermally activated relocation
processes.
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I. INTRODUCTION

In view of many promising applications, e.g., degra-
dation of environmental pollutants, photocatalyst for CO2

conversion, light induced water splitting, and even tissue culti-
vation, the transition metal oxide TiO2 receives a considerable
amount of interest [1–4]. Especially amorphous nanostruc-
tures, such as nanoparticles or nanotube arrays, open up
the way for advanced technologies [5,6]. Tailoring electronic
features is relevant for many of those applications, e.g., to
increase the efficiency of photoactivity or increasing conduc-
tivity [3,7,8]. Ion irradiation is a reliable method to achieve
this, e.g., by introducing dopants. With this method, however,
there is a number of specific effects to be discussed in the
context of the induced kinetics, which can influence thermal
and structural stability of the amorphous system. Numerous
studies on irradiating metallic glasses were performed in re-
cent decades, based on both experimentally and modeling
techniques [9–11]. The fundamental advantage of atomistic
simulations is the ability to describe characteristic length and
time scales to be associated with the underlying response
mechanisms due to irradiation with energetic ions. Those are
(i) local thermal activation, (ii) generation and annihilation of
point defects as a consequence of energetic collisions, and (iii)
the combination of both effects [12]. Thermal activation, also
referred to as thermal spikes, occur as a collective process in-
side of volumes of interacting atoms affected by the collision
cascade [13,14]. The scales of expansion and lifetimes of such
spikes is of particular importance for structural relaxation pro-
cesses of often metastable glassy systems [15]. The origin of
those thermal regions is the kinetic energy dissipation of bal-
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listically propagating energetic particles. Such collisions also
have the potential to generate point defects, whose relocation
dynamics scale differently from those of thermal diffusion,
thus raising questions on combined effects due to the intrinsic
entanglement of both mechanisms [10,12]. In turn, the dif-
fusivity can also be effected by defects. The generalization
of close Frenkel pairs in crystalline to amorphous systems
are close dilution-compression centers [10,16–19]. Benefiting
from such structures, high mobility characteristics can be in-
duced. On top of that, the breaking of lattice symmetry, when
comparing crystalline and amorphous structures, poses further
difficulties when trying to predict long-range defect migration
in highly random and long-range disordered glass structures.

In this paper we employ molecular dynamics and Monte
Carlo based atomistic computer simulations to describe these
highly localized processes on atomic scales. Complementary
to models about thermal spikes and displacement energies
in crystalline titanium oxides and steady state properties
of glasses under irradiation, it is intended to reproduce ef-
fects comparable to scales of ion irradiation in experiments
[20–22]. Addressing amorphous TiO2, in the present work
first we provide a scheme to obtain displacement energies for
the amorphous structure, from which the corresponding val-
ues for the different atomic species are determined. Properties
of the amorphous system, obtained from molecular dynamics
(MD) simulations, were used as input to compute recoil en-
ergy spectra using the established TRIM (transport in matter
simulations) software [23]. Owing to the nanodimensionality
of the application-relevant materials described above, small
penetration depths are of interest for implantation processes
and thus implantation energies in the low keV regime. The
determined spectra cover relevant energies over a range of
three orders of magnitude. At each scale, one representative
energy is picked to describe effects along the path of an irra-
diation induced collision cascade. With the onset of the purely
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thermal regime at the end of a collision cascade, volumes are
identified which occupy atoms of elevated kinetic energy due
to collision processes. The temperature in these volumes is
evaluated by comparing the observed velocity distributions
to according Maxwell-Boltzmann distributions and tracked vs
time. Consequences of the thermal activation on the glassy
system were studied by evaluating relocation statistics and re-
ferring their evoking mechanism to the competing underlying
physical processes. In doing so, the results from MD and the
stochastic results from TRIM simulations are used as comple-
mentary tools. Eventually, the results are discussed, focusing
on glassy dynamics within the thermal spikes, referencing the
critical temperature for such collective processes in the glassy
system, and pointing out characteristic time and length scales
for both the thermal and the ballistic regime. Throughout this
work, the term relocation refers to atomic displacements due
to the effects of energetic collision cascades.

II. METHODS

Classical molecular dynamics (MD) simulations, based on
the LAMMPS code, were employed to study the cascade
dynamics in amorphous TiO2 [24]. The atomic interaction was
implemented by fitting two potentials of different classes to-
gether, each describing a characteristic regime, depending on
the interatomic separation. The equilibrium part of the atomic
interaction was modeled with the Matsui-Akaogi (MA) poten-
tial, which reliably describes the structure of the three crystal
polymorphs of TiO2: rutile, anatase, and brookite [25]. The
parameters for the potential are chosen to be the same as those
proposed in the original work. For taking into account the
high-energy part of the potential, the approach of Robinson
et al. was implemented, viz. using the appropriate Ziegler-
Biersack-Littmark (ZBL) potentials to describe interactions
at small atomic separations [21,23]. The interpolation to the
equilibrium part of the potential was achieved with an expo-
nential function of the form

SI = exp

(
5∑

i=0

ai xi

)
(1)

to ensure continuity of the potentials as well as their first
and second order derivatives at the borders of the interpola-
tion interval [26]. The interpolation intervals are taken from
Robinson et al. [21]: ITi-Ti = [0.4, 1.0] Å, ITi-O = [0.4, 2.4] Å,
and IO-O = [0.6, 1.6] Å. To account for Coulomb interaction,
the damped shifted force model described by Fennell is used
[27]. To handle the Coulomb part separately by optimized
LAMMPS routines, the ZBL potential was corrected by sub-
tracting the Coulomb contribution before splining to avoid
double counting of the Coulomb contributions.

Subprocesses of the irradiation induced collision cascades
were modeled using the primary knock-on atom (PKA)
method [28]. In doing so, the energy of either a Ti or O
atom of the bulk in the simulation cell with periodic bound-
ary conditions was set to the desired value in the low keV
regime. To exclude the bias of thermo- and barostat al-
gorithms, when studying cascade dynamics the simulated
system was treated as a microcanonical ensemble (NVE)
referring to conservation of the atom number, the volume,

and the total energy, including the additional kinetic energy
contribution of the PKA. Due to the high particle number,
fluctuations occurring in this ensemble are distributed accord-
ing to Maxwell-Boltzmann, as will be shown later. In the
kinetic energy regime of keV, the steep slope in the repulsive
part of the potential demands a small time step in order to
ensure the conservation of energy. Therefore, an adaptive time
step was used, such that the maximum distance to an updated
position was �0.5 pm. Consequently, the time step increases
with the amount of transferred kinetic energy from the PKA
to the embedding system. With a simulation cell containing
≈2 × 106 atoms, a mean kinetic energy of 5 meV is dissipated
among the atoms in the simulation cell for PKA energies of
10 keV, causing no severe heating (≈30 K) of the simulation
cell in NVE ensemble and restricts self-interaction due to the
finite size of the simulation cell. When simulating systems
at predefined temperature and vanishing pressure (whenever
there is no PKA cascade involved), both these quantities
were controlled by Nose-Hoover thermo- and barostats, im-
plemented according to the equations of motion of Shinoda
et al. and the time integration schemes according to Tucker-
man et al. [29–32]. For both the Nose-Hoover thermo- and
barostate the coupling time constants were 30 fs and chain
lengths of three were used.

The purely ballistic, Monte Carlo based simulations were
performed with the TRIM software [23]. The density of the
500 Å expanding layer was adopted from the amorphous MD
simulation cell, as well as the displacement energies obtained
for Ti and O (see results). The angle of incidence for the
projectile particles (Ti and O) was 0◦ and their initial energies
were pointed out where needed. Remaining parameters were
kept at default values of the program. The calculation type
of “monolayer collisions” was chosen in order to generate
the complete “collision” text file. From the recoil atoms tra-
jectory, the relocation distributions for the purely ballistic
displacement cascades were determined.

III. RESULTS AND DISCUSSION

A. Simulation cell and glass temperature

The simulation cells with an amorphous structure were
generated by melting a rutile structure at a temperature suffi-
ciently high above the expected melting temperature (5000 K)
for a few picoseconds. The melt was then thermalized at
3000 K over a period of 30 ps and subsequently quenched
at rates of 10 K/ps and 100 K/ps down to 300 K at zero
pressure. The glass transition and consequently the caloric
glass temperature Tg depend on the specific cooling rate of the
quench [10,33]. For the quench rate of 100 K/ps the related
glass temperature is ≈1435 K and ≈1530 K for the rate of
10 K/ps (the corresponding graphs can be found in the Sup-
plemental Material [34]). The amorphous structure resulting
from the lower quench rate is used as the initial configuration
for subsequent simulations.

The amorphous structure of the simulation cell was ad-
ditionally analyzed with the averaged Steinhardt bond-order
parameter, according to Lechner and Dellago, to ensure the
absence of crystalline clusters or nanocrystallites [35]. The
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FIG. 1. (a) Probability of finding an atom displaced by at least 2.25 Å vs the provided kinetic energy. From extrapolating the tangents, the
displacement energies, Ed are estimated. The inset shows the radial distribution function of the amorphous simulation cell. (b) Spectrum of the
recoil energies, Er , due to ion irradiation. The energy scales for subsequent subcascade simulations employing Ti and O as primary knock-on
atoms are highlighted.

corresponding graphics for this analysis are shown in the
Supplemental Material [34].

As demonstrated previously, diffusion is intrinsically not
related to Tg but the critical temperature of the mode cou-
pling theory Tc instead [36]. The suitability of this approach
has been demonstrated previously by numerous experimental
studies (see Ref. [[10]] for an overview). As will be shown
in Sec. III D, 1492(32) K is determined to be the critical tem-
perature of the mode coupling theory for the amorphous TiO2

system.

B. Displacement energy

In describing cascade induced thermal spikes, volumes
of high energy density are considered in which the maxi-
mum energy of a constituting atom is below a characteristic
threshold value for ballistic displacements. In this regime, the
energy can no further be transferred via ballistic transport
processes, but thermally. The threshold value for the energy
used in this work is displacement energy Ed . In crystals, a
common definition for displacement or relocation thresholds
is the creation of a stable Frenkel pair [21]. In the presently
studied amorphous system, however, a threshold was defined
as an atomic displacement of at least 2.25 Å, which is roughly
the first minimum in the radial distribution function (RDF)
after the amorphous nearest neighbor peak, shown in the
inset of Fig. 1(a). This scenario is closely related to the crys-
talline vacancy-interstitial characteristic, see also Ref. [37].
Systematically, the displacement energy was determined by
calculating the difference between an arbitrarily picked atoms
mean position rc,0 in the thermalized simulation cell before
and after it was provided with the desired kinetic energy
rc,1. In order to determine a threshold value, several kinetic
energy values need to be tested, chosen within a range around
the expected threshold value. The kinetic energy to be tested
was specified by scaling the velocity of the atom considered
accordingly. The mean positions were computed by averaging
over the atoms trajectory, covering 1 ps in the microcanonical
ensemble for the thermalized cell and 0.3 ps to 0.7 ps after

the velocity was set (depending on the energy: shorter time
steps adept to higher energies). Eventually, the displacement
(|rc,1 − rc,2|) vs the kinetic energy for that atom is evalu-
ated, shown in Fig. 1(a). This procedure was independently
repeated for every Ti (2880) and O (1440) atom in the amor-
phous test simulation cell. Other than in crystal, there is no
preferential direction in an amorphous system; it is therefore
considered to be sufficient to only committing to a single
direction of orientation for the energetically driven displace-
ment. Values for the displacement energy were estimated to be
Ed,Ti � 26 eV and Ed,O � 13 eV by evaluating the inter-
section points of the tangents. Comparing these displacement
energies in the amorphous system to those obtained from
studying crystalline TiO2, one finds that the values for oxy-
gen are similar [21]. However, the determined displacement
energy for Ti is about three times smaller than in rutile, which
the authors attribute to the nature of the amorphous structure,
viz. the absence of long-range order, directional dependencies
due to crystal symmetry and different coordination. As shown
in Ref. [34], 18.8% of the Ti atom experience an underco-
ordination of O, whereas only 10.7% of the O atoms are
undercoordinated.

C. Temperature development in thermal spike like regions

During the transition from the higher energetic ballistic
regime, thermal events occur at the end of collision cascades
[38]. When focusing on these, to be shown important ef-
fects it is reasonable to find a suitable decomposition of the
whole irradiation induced cascade to avoid unnecessary use
of computational resources and improve statistics. Concluding
from the recoil energy spectrum generated by 100 keV purely
ballistic TRIM cascades, a relevant subset of energies was
identified: 100 eV, 1 keV, and 10 keV, shown in Fig. 1(b).
Those are used as incident energies for the modeling of high
energy collision cascade subprocesses. The 100 keV input
energy and cross section of different ionic species for the
TRIM cascades were chosen as arbitrary representatives for
low keV implantation experiments.
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FIG. 2. (a) Temperature development in visually predetermined thermal spike like regions of highest energy density due to dissipated
energy of the collision cascade in the microcanonical ensemble, discriminating the responses to Ti and O primary knock-on atoms. The fit
corresponds to the time development of the heat kernel. Tc � 1492(32) K denotes the critical temperature of the mode coupling theory. The
temperature is represented by the Maxwell-Boltzmann velocity distribution of the thermally activated atoms. (b) Development of the atomic
mean squared displacement in the predefined thermal spike volumes due to 10 keV Ti and O PKAs. The time-temperature relationship is
established by the fit, shown in (a).

From visual inspection of the collision cascades at a cer-
tain time step, one can identify centers of energy which is
due to the PKA having already covered a certain distance
in the simulation cell and lost energy to atomic collisions.
The volumes of interest are around these centers, where the
temperatures above Tc occur as a consequence of high energy
density [9]. Such volumes caused by 100 eV PKA energies
expand over a diameter of approximately 25 Å in every spatial
direction, whereas volumes caused by 1 keV and 10 keV PKA
energies expand over ≈30 Å. Notably, the 10 keV cascades
produce multiple volumes of high energy density, whereas
only single volumes of elevated energy density are observed
for the lower energies studied. Therefore, at incident energies
above 10 keV but still in the low keV regime, self-similarities
are expected [39,40]. An exemplary snapshot of a simulation
cell displaying the path of a 10 keV PKA is shown in the Sup-
plemental Material [34]. Due to generally irregular shapes,
the volumes of high energy density were approximated with
spherical regions of 15 Å radius around a center of energy
identified by visual inspection, covering ≈1300 atoms. To
address temperature, the velocity based kinetic definition is
used, which establishes the connection between kinetic energy
Ek and temperature

Ek = 3
2 kBT, (2)

where kB is the Boltzmann constant and T the temperature.
However, single particle dynamics differ from the thermody-
namics of ensembles. Therefore, similar to the scheme of Zhu,
Averback, and Nastasi [38], to characterize temperatures and
their development in such a cascade core volume, its prop-
erties were compared to the appropriate Maxwell-Boltzmann
(MB) statistics for the velocity distributions:

fT (v) = 4π
( mTi/O

2π kBT

) 3
2 |vTi/O|2 exp

(
−mTi/O |vTi/O|2

2 kBT

)
(3)

at different time steps, where mTi/O is the mass of the respec-
tive Ti or O subsystem and vTi/O the corresponding velocity.

Thermal spikes of a particular temperature are identified as
regions that reveal a Maxwell-Boltzmann distribution of that
particular temperature. The starting point for the computation
of the velocity distribution time series was determined by the
event of the maximum kinetic energy of an atom associated
with the thermal spike dropping below the lowest displace-
ment energy, which is Ed,O. An example for such a velocity
distribution can be found in the Supplemental Material [34].

Initially, the observed distributions appear as a com-
bination of two superposed MB distributions at different
temperatures, corresponding to two regions. The hot region
is characterized by temperatures exceeding several hundred
Kelvin. This is a manifestation of high kinetic energies due
to preceding recoil events of the collision cascade and conse-
quently the thermal spike. The cold region is interpreted as a
part of the unaffected environment being inside the spherical
core volume due to the irregular shape of the actual cascade.
After ≈1 ps, the shoulder, indicating a separation between
hot and cold region, disappears as the velocity distributions
approach the shape of a single MB distribution due to ther-
malization.

The thermal spike shows a temperature decrease in periods
of several picoseconds. An analysis via fitting of the decaying
temperature reveals that the temperature development can be
described by the fundamental solution to the heat equation,
also referred to as a heat kernel

K (t, x, y) = 1

(4πt )d/2
exp

(−|x − y|2
4Ct

)
, (4)

with d being the dimension, t the time, x and y representing
spatial coordinates, and C a constant of dimension m2s−1

to ensure correct dimensionality [41]. The fitting function
depicted in Fig. 2(a) was obtained by setting the appropriate
dimension and focusing on the center of the thermal exci-
tation, |x − y| = 0. Within the transition period from the
ballistic to the thermal regime in the cascade volumes inves-
tigated, temperatures of up to 3500 K are observed for the
10 keV collision cascades, 2500 K for the 1 keV cascades,
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FIG. 3. (a) Relocation distributions obtained from purely ballistic TRIM trajectories and an exemplary MD distribution for direct compari-
son. Long-range relocations in MD are only single events, resembling poor statistics. (b) Schematic representation for the decomposition of the
entire relocation distribution into several subdistributions for thermally activated random walk propagation and ballistic propagation. (c) Mean
relocation distributions after 100 completed O and Ti MD collision cascades induced by primary knock-on atoms at different energies. As the
fit, Eq. (11), indicates, the distribution in the range fitted resembles a superposition of ballistic and thermally activated diffusion. The error bars
represent the standard deviation of the average.

and 2000 K for the 100 eV cascades. For the 1 keV and
10 keV cascades, these values unambiguously exceed the crit-
ical temperature of the mode coupling theory. However, in the
further course of the development rapid cooling is observed
in all cases studied. After approximately 1.8 ps to 2.6 ps the
thermal spike temperature fell below the critical temperature
in the 10 keV collision cascades and after 0.5 ps to 0.6 ps in
the case of 1 keV cascades, shown in Fig. 2(a). Within the
margin of accuracy, for the 100 eV cascade one can only state
that thermal activation near the critical temperature occurs for
a few hundred femtoseconds.

The duration of the thermal spike being above Tc differs
marginally depending on the primary knock-on atoms species:
When using O PKAs, the cooling is slightly faster compared
to Ti PKAs. General differences in terms of PKA species
can, on one hand, be accounted for by the highly stochastic
character of individual cascades and melt volumes around
collision centers. On the other hand, however, the qualitative
differences, e.g., in cooling rates between Ti and O PKA in-
duced cascades, shown in Fig. 2(a), and total number of atoms
relocated, shown in Fig. 3(a), can also be explained by the
difference in scattering cross sections of Ti and O atoms. As a

simple approximation the model of colliding hard spheres of
diameter d1,2 is applied

σ1,2 = π

4
(d1 + d2)2 with 1,2 = Ti,O. (5)

When using the nuclear radii of Ti and O one obtains: σO-O =
4.52 Å2, σTi-O = 13.46 Å2, and σTi-Ti = 27.15 Å2. This
means that over the same mean path, the probability of Ti
atoms to scatter with other atoms is higher than for O. When
comparing cascade volumes, the energy density therefore is
higher in thermally activated volumes due to Ti PKAs as a
result of the increased number of collisions. Consequently,
the temperature gradient between the surface of the high en-
ergy thermal spike volume and the environmental atoms takes
longer to reach the inner part of the volume, which, hence,
decreases the cooling rate of the thermal spike.

The close range structure remains undisturbed by the ther-
mal spike, as concluded from comparing partial RDFs of the
thermal spike region before and after the collision cascade
took place [34]. Additionally, a topological analysis based
on the above described averaged version of the Steinhardt
bond-order parameter shows that there is no formation of
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crystalline clusters as a consequence of the considered thermal
spikes [34].

D. Distinguishing relocation mechanisms

The temperature analysis indicates that the contribution of
purely thermal diffusion to relocation dynamics must be re-
stricted to times of a few picoseconds and volumes composed
of several hundred atoms. To further evaluate the irradiation
induced effects and point out the impact of thermal diffusion,
the atomic relocations compared to the initial configuration
were determined after 100 eV, 1 keV, and 10 keV collision
cascades at 0 K. To improve statistics, the average over multi-
ple cascades was considered for each energy and PKA species.
For TRIM simulations, 105 collision cascades were realized
and 100 for MD. The resulting distributions are shown in
Fig. 3.

When comparing the obtained distributions from MD to
crystalline systems, one recognizes the absence of the oscil-
latory behavior for relocations within a few lattice constants
[12]. This is attributed to the glass state of the system: With
the absence of lattice periodicity there are no preferential
relocation sites. The majority of the simulated atoms are in a
displacement range close to 0 Å, shown in Figs. 3(b) and 3(c),
indicating that they were not relocated in the sense of produc-
ing a defect that significantly affects coordination properties.
Small relocations can be attributed to athermal processes, such
as accommodation of local stresses arising from ballistically
induced defects.

As shown in the distributions in Fig. 3(c) due to collision
cascades induced by 1 keV and 10 keV PKAs, larger relo-
cation distances can be further decomposed into an athermal
ballistic part and a diffusive part due to thermal activation. The
incorporated relocation mechanisms for diffusive and ballistic
propagation are of physically fundamentally different nature,
thus evoking different characteristic length scales [12]. Bal-
listic diffusion refers to particles with kinetic energies which
are above the displacement energy, such that they are able to
propagate along their trajectory in between scattering events.
An extensive description can be found in Ref. [42]. This is
compared to the mechanism of thermally activated diffusion.
As a consequence of cooperative motion, particles show the
characteristics of random walk behavior. In collision cascades
of sufficiently high energy, both mechanisms are encountered
[12].

For ballistic relocations the associated distribution follows
an exponential decay behavior [9,12,43,44].

WB(rTi/O) = B exp

(
−|rTi/O|

Lb

)
, (6)

where rTi/O are relocation distances observed for the Ti or O
subsystem, the coefficient B acts as a parameter, describing
the number of constituents to the distribution, and Lb has the
physical interpretation of a mean relocation distance. Purely
ballistic cascade dynamics were first examined with TRIM
simulations, as the stochastic approach lacks the influence
of temperature and ensemble dynamics. The resulting distri-
butions after 105 simulated cascades are shown in Fig. 3(a),
agreeing with the assumption of the exponentially decaying
distribution [Eq. (6)].

Also displayed, in the inset of this figure, there is the direct
comparison between normalized MD and TRIM relocation
distributions due to 10 keV PKAs, achieved by overlaying.
One obtains an interval ranging from approximately 5 Å to
15 Å, in which the exponential decay coincides. Beyond this
interval, there are only single relocations contributing to the
MD histogram due to insufficient sampling of long-range
displacement events during the total of 100 MD collision
cascades simulated. The higher number of realized TRIM
cascades improves the statistic for long-range relocations sig-
nificantly.

At lower distances the thermal effects dominate the reloca-
tion distribution in the MD data. Thermally activated diffusion
shows the characteristics of random walk propagation, which
can be described by a r2

Ti/O weighted Gaussian-type distribu-
tion, also referred to as the angular integral of the Van Hove
self correlation function [45,46]

WRW(rTi/O) = A r2
Ti/O exp

(
− r2

Ti/O

R2
RW

)
. (7)

The coefficient A, again, acts as a parameter, describing the
number of constituents to the distribution, and R2

RW is a
characteristic relocation distance of dimension m2. Physi-
cal interpretation of the R2

RW parameter is substantiated by
calculating the expectation value for the mean squared dis-
placement 〈r2〉 (MSD) as well as the position of the maximum
rm according to the statistic in Eq. (7). The solution yields

〈
r2

Ti/O

〉 =
∫ ∞

0 r2
Ti/O · WRW(rTi/O) dr∫ ∞

0 WRW(rTi/O) dr
= 3

2
R2

RW (8)

rm,Ti/O =
√

R2
RW (9)

and shows that both quantities are predetermined by R2
RW.

To discriminate between the thermal and athermal pro-
cesses and gain enhanced understanding of the physics
underlying the relocation mechanisms evoked by the kinetics
in the collision cascades, a comprehensive analysis of the MD
distributions, shown in Fig. 3(c), is performed. Preliminary,
the diffusive part has to be understood as a superposition
of random walk distributions differing in their coefficients A
and characteristic mean relocations governed by R2

RW. This is
due to the spectrum of thermal activation along the path of
the collision cascade. Thermal-spike-like regions intrinsically
differ in size and temperature. On this premise, a complex
distribution composed of multiple random walk distributions
has to be considered

WRW,i(rTi/O) =
∑

i

Ai r2
Ti/O exp

(
− r2

Ti/O

R2
i

)
. (10)

An example for such a combined distribution with few ar-
bitrarily chosen R2

RW modes and coefficients is shown in
Fig. 3(b). The term mode is adapted in this context to dis-
criminate between random walk distributions with different
values for R2

RW. As a conclusion from the proposed scheme
of superposed distributions one can identify a characteristic
mode, further on R2

C. This mode is distinguishable by the
coefficient and high R2

RW value, when applied to the observed
relocation distributions. The combination of this characteristic
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TABLE I. Characteristic coefficients and mean relocation distances as parameters of the fit according to the relocation distributions in
Eq. (6) for the purely ballistic part and Eq. (11) for the combination of the ballistic thermal diffusion part. It is distinguished between primary
knock-on atom type and displacements within the atomic subsystem (δTi/O). The intervals for fitting are described in the text. The errors result
from the least squares fit routine.

B/Å−1 Lb/Å A/Å−1 R2
RW/Å2

1 keV Ti PKA
δTi 12.5(13) 1.81(2) 28(1) 1.89(3)
δO 11.5(9) 2.87(3) 58(1) 2.98(3)

1 keV O PKA
δTi 9.1(11) 1.74(2) 20(1) 1.78(4)
δO 8.6(6) 2.85(5) 46(2) 3.00(6)

10 keV Ti PKA
δTi 18.8(12) 3.12(26) 328(10) 2.24(2)
δO 26.5(17) 4.67(66) 803(15) 2.81(2)

10 keV O PKA
δTi 10.6(9) 2.95(26) 286(11) 2.01(3)
δO 13.2(8) 4.53(66) 588(10) 2.98(3)

mode, representing the long-range limit for thermal diffusion,
and the ballistic part is used to derive a model for fitting to the
averaged MD relocation distributions

Wreloc(rTi/O) = WRW,R2
c
(rTi/O) + WB(rTi/O) (11)

to compare thermal and athermal influences. The fit procedure
for the curves displayed in the graphs of Fig. 3(c) can be
summed up with: (i) obtain the exponential decay Lb from
TRIM data, (ii) fit the ballistic tail from 8 Å to 15 Å to obtain
the ballistic coefficient B suitable for the data of relocations
from MD, and (iii) fit the combined distribution in the interval
from 1.8 Å to 15 Å to get R2

c and A, identifying the parameters
for the characteristic mode of thermal relocation dynamics.
The parameter values can be found in Table I.

Within the boundaries of the fit model, the contribution
of thermally activated diffusion to the relocation distributions
can be estimated by relating the coefficients, A and B, of the
underlying distributions. One obtains that the percentage of
diffusive random walk behavior is in the range of roughly 95%
for PKA energies of 10 keV and 80% for PKA energies of
1 keV. The mean squared displacements corresponding to the
highest thermal relocation mode is similar for both energies
discussed, which is ≈2.3 Å to 3.2 Å for the Ti subsystem and
≈4.5 Å for O. Above 6 Å the relocations solely result from
ballistic processes, as the distribution exceeds the steep decay
of the random walk propagation and the decay matches the
ballistic relocation decay. For PKAs with 100 eV, the iden-
tification of a dominant high temperature contribution is not
possible, and therefore no subdivision into thermally activated
and diffusive part. From the corresponding distribution in
Fig. 3(c), however, it is assumed that only ballistic effects
contribute significantly to the observed relocations, as the
guide to the eye also indicates by comparing to the decay to
ballistic distributions from TRIM.

As for PKA energies above 1 keV diffusion account for a
large fraction to the relocation dynamics, the diffusivity itself
as the cause for relocations is analyzed in more detail. For this
purpose an auxiliary system in bulk amorphous TiO2 struc-
ture was prepared, consisting of 17 280 atoms, resembling an
isobaric and isothermal ensemble. For the constituting Ti and

O atoms of this ensemble, the atomic displacements between
their initial positions and their positions after certain time
intervals were statistically evaluated and related to the char-
acteristic random walk statistic [Eq. (7)]. This was repeated
at different temperatures and for different times covered by
the simulation. As expected, in the regime of purely random
motion, which is the case for liquid diffusion at high tempera-
tures, the contribution of each particle’s random walk leads to
the corresponding distribution. Examples can be found in the
Supplemental Material file [34].

The advantage of the R2
RW parameter to determine the

MSD over common averaging is an enhanced accuracy due
to deriving the desired quantity directly from the underlying
physical distribution. Additionally, this opens up the possibil-
ity to directly compare the parameters of statistic models and
observed relocation distributions of both the collision cascade
and the auxiliary system. For glassy systems in the diffusive
regime, it was already shown by Kluge and Schober [47] that
the MSD shows linear behavior vs time. According to Eq. (8),
the time dependence of R2

RW is also expected to be linear
in time, when diffusion is the case. In the plots shown in
Fig. 4(a) the time developments of R2

RW parameters at differ-
ent temperatures are displayed. From the time development of
R2

RW in the linear regime for sufficiently long times (between
1 ns and 10 ns in the present study), and hence the MSDs, the
diffusivity is determined by the well known relation to the
MSD (〈r2(t )〉Ti/O)

DTi/O = lim
t→∞ 1/6 ∂t

〈
r2

Ti/O(t )
〉
Ti/O

. (12)

As shown in the Arrhenius plot in Fig. 4(b), the critical tem-
perature of the mode coupling theory is determined by fitting
the diffusivity in the high temperature regime to the equation
obtained by mode coupling theory [36]

DTi/O(T ) ∝ |T − Tc,Ti/O|γTi/O . (13)

It predicts a Tc of 1492(32) K for both Ti and O, γTi = 2.0(1)
and γO = 1.7(1).

Based on this analysis, one can proceed with identifying
the temperature regime responsible for the relocation behavior
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FIG. 4. (a) Time development of the mean relocation parameter R from Eq. (7) at different temperatures. The error bars correspond to the
errors according to the least squares fits of the distributions. The dashed line indicates the parameter value thermal relocation limit obtained
from the MD simulations. (b) Arrhenius plot of the diffusion coefficients. The critical temperature of the mode-coupling theory, obtained by
fitting to Eq. (13), characterizes the transition region of low-temperature and high-temperature diffusive behavior.

observed in the cascades. This can be achieved by comparing
the R2

c parameter to those R2
RW parameters obtained from

fitting to the random walk statistics of the auxiliary glassy
bulk system. In the final completely thermalized state of the
simulation cell, R2

c carries the information of the long-range
limit of thermally induced relocations. The numerical values
for R2

c , as listed in Table I, are 1.78 Å2 to 2.24 Å2 for the Ti
atomic subsystem and 2.81 Å2 to 3.00 Å2 for the O atomic
subsystem. These values cannot be attributed to thermal spike
temperatures occurring during the completely thermal phase
of the collision cascades. The short times of thermal excitation
in those are insufficient to develop relocation distributions that
match the high values of R2

c .
This observation is substantiated by evaluating the time

development of the atomic mean squared displacement inside
a thermal spike. Beginning at the end of ballistic phases due
to 10 keV PKAs, in Fig. 2(b) the MSD is plotted vs the tem-
perature. The major contribution to particle displacements,
being above 92% of the thermalized values, is accomplished
before the ensemble temperature drops below Tc. Therefore,
diffusivity in the thermal regime of the collision cascade
shows significant dependence on Tc. The absolute MSD values
obtained from this analysis, again, do not compare with those
predicted by the characteristic mode R2

c for the thermal relo-
cation limit. However, relocations evoked during the purely
thermal phase can be attributed to different modes in the
short range part of the MD relocation distribution, shown in
Fig. 3(b). Those employ smaller R2

RW parameter values in the
range of approximately 1.0 Å, as deduced from the MSD in
Fig. 2(b) and according to Eq. (8).

Concluding from both the analysis of the R parameter
and the MSD, relocation dynamics in the purely thermal
part at the end of the collision cascade cannot explain the
characteristic mode for random walk relocation dynamics oc-
curring during the 1 keV and 10 keV cascades. Being in line
with the framework of defect induced diffusivity in crystals
and glasses, the authors point out the established mecha-

nism which combines energies of the ballistic regime and
cooperative motion: radiation enhanced diffusion [17–19,48].
The reason for pointing out this mechanism is the distinct
interval in the MD relocation distributions, which shows the
characteristics of thermally activated random walk statistics
on one hand, yet being distinguishable from purely ballistic
displacements on the other hand. This suggests cooperative
motion within collision cascade volumes, despite being in the
energy regime associated with ballistic propagation processes,
as thermal diffusion at temperatures related to the observed
thermal spike temperatures cannot explain relocations associ-
ated with the observed distributions. For such mechanisms,
however, high energy densities are required, which can be
exemplified by the 100 eV PKA induced cascades, since in
these cases no significant thermal activation occurs.

IV. CONCLUSION

Thermal spikes and atomic relocations as response to
100 eV, 1 keV, and 10 keV ion irradiation of amorphous TiO2

were studied. Pointing out characteristic ranges, displace-
ments above �6 Å are attributed to ballistic processes only.
Up to this threshold, displacements are evoked by radiation
enhanced diffusion as an interplay of cooperative ballistic
propagation and thermal diffusion. The later process shows
dependencies on the critical temperature of the mode cou-
pling theory, which is determined to be 1492(32) K. However,
lifetimes of thermal spikes do not exceed 2.6 ps even for the
highest energy densities due to 10 keV collision cascades.
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