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Elimination of the linearization error in APW/LAPW basis set: Dirac-Kohn-Sham equations
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A detailed account of the implementation of equations of the relativistic density functional theory (RDFT)
using basis sets of APW/LAPW type with flexible extensions provided by local orbitals is given. Earlier
discoveries of the importance of the high derivative local orbital (HDLO) extension of the APW /LAPW basis set
for enhancing the accuracy of DFT calculations are confirmed using a fully relativistic approach and «-U as an
example. High energy local orbitals (HELO’s), however indispensable for GW calculations, are considerably less
efficient in enhancing the accuracy of DFT applications. It is shown that a simplified approach to the relativistic
effects, namely considering them only inside the muffin-tin (MT) spheres, produces basically identical results
(as compared to fully relativistic approach) for the electronic free energy of the five materials considered in
this work. By comparing the effect of the simplified approach on the electronic free energy with its effect on
the electronic kinetic energy we conclude that the insensitivity of the free energy to the way we describe the
relativistic effects in the interstitial region is related to the variational property of this quantity.
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I. INTRODUCTION

The importance of correct treatment of relativistic effects
in solids was well known already at the beginning of the era
of computer codes creation. In a general context of the density
functional theory (DFT) [1], its equations were generalized
to fully relativistic form by Rajagopal, Callaway, Vosko, and
Ramana [2-5]. In the context of specific basis set formula-
tions, an introduction of a new methodology for calculation of
electronic band structure (usually in nonrelativistic form) was
quickly followed by its generalization to fully relativistic form
based on Dirac equation. Loucks [6] generalized nonlinear
Augmented Plane Wave (APW) method originally proposed
by Slater [7]. Another popular method with a long history,
KKR, proposed by Korringa, Kohn, and Rostoker [8,9] was
generalized by Huhne et al. [10] to fully relativistic and full
potential form. Introduction of the linearized augmented plane
wave (LAPW) and linearized muffin-tin orbitals (LMTO)
band structure methods by O.K. Andersen [11] was followed
by generalizations of LAPW (Takeda [12], MacDonald et al.
[13]) and of LMTO (Ebert et al. [14]).

Relativistic formulation of the band structure approach
makes it, however, a bit more complicated as the corre-
sponding equations are considerably more involved than their
nonrelativistic counterparts. This fact makes it more difficult
to include effects beyond DFT, such as, for instance, Hedin’s
GW approximation [15] if one works in fully relativistic
framework. Also, the size of the basis set is normally doubled
in the relativistic case which means nearly tenfold increase
of the computer time needed to accomplish the calculation.
These circumstances lead to the development of the band
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structure methods in the last 20-30 years mostly along the
path of increasing efficiency, and new effects were added
mostly at the nonrelativistic level. Thus, in terms of proper ac-
counting of the relativistic effects there was a certain sacrifice
of accuracy as many codes accepted a “standard” approach
which is scalar relativistic (SR) approximation [total neglect
of spin-orbit coupling (SOC)] with optional treatment of SOC
as a perturbation (abbreviation SR+SOC). For instance, the
most popular and most cited codes such as WIEN2K [16] and
VASP [17] were developed along this path. Certainly, for many
materials where relativistic effects are weak the above sim-
plification is well justified. Its validity, however, is doubtful
for materials which have atoms with heavy nucleus, such as
actinides. For instance, total inadequacy of SR+SOC when
addressing the equilibrium volume in actinides was discov-
ered some time ago [18]. The issue revealed itself as strong
dependence of the calculated total energy (and particularly its
volume dependence) on the selected muffin-tin radius, making
it practically impossible to predict unique equilibrium vol-
ume in actinides using the SR+SOC approach to relativistic
effects. A simple solution of the problem which seems to
work well for actinides is to discard SOC for the p states
[19]. A more involved solution is to include the Dirac 6p;»
orbitals with the basis set of SR orbitals [20]. This remedy (we
will use abbreviation SR + SOC + p;; for it), though quite
useful (as subsequent applications have shown), brings certain
inhomogeneity in the basis set making it difficult for further
developments (such as GW formulation). Also its accuracy as
compared to full Dirac equation implementation is not quite
clear, because the effect of SR approximation for the rest
(excluding 6p;/, orbitals) of the basis set has not yet been
thoroughly investigated. For instance, recent research [21]
was using SR + SOC + p;; as a standard to test other ap-
proximations for SOC (such as non-self-consistent treatment).

©2021 American Physical Society
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Another recent work [22] introduces Dirac equation based
implementation of the LMTO method, but compares it only to
SR+SOC results, avoiding comparison to SR + SOC + py,
results.

Thus, the importance of development (and updating of the
already existing) computer codes based on the Dirac equation
should be obvious. Their role is not confined to the DFT
realm. More advanced theories (such as GW approximation)
or DFT+DMFT [23] when applied to materials with strong
relativistic effects should include relativistic effects on equal
footing with the effects of electron correlation.

This work was mostly inspired by recent developments
aimed at the elimination of the linearization error in ap-
proaches based on the LAPW basis set. Local orbitals
extensions of LAPW designed to describe semicore and high
energy states [24] [we will call them high energy local orbitals
(HELO)] have been known for more than 25 years and was
included in older versions of the FlapwMBPT code [25].
Important recent advances such as APW+lo extension [26]
and high derivative local orbitals (HDLO) extension [27-29]
brought, however, considerable enhancements in the accuracy
of the LAPW/APW schemes basically eliminating the lin-
earization error. They, to the best of the author’s knowledge,
have not been formulated for the Dirac equation yet.

This work pursues two principal goals. First, it aims at
filling the gap in fully relativistic generalizations of modern
approaches to the electronic structure of solids. Namely, the
recent advances, APW+lo and HDLO, are formulated for
the Dirac equation in a flexible combination where APW,
APW+lo, and LAPW can be supplemented with HDLO or
HELO in different ways depending on L channel and atom.
This formulation is based on the older implementation with
the LAPW+HELO basis set [25]. Present work particularly
stresses the importance of the Schlosser-Marcus (SM) varia-
tional principle [6,30] which becomes especially useful when
one goes from the LAPW-+HELO basis set (which is only
slightly discontinued at the muffin-tin boundaries via the fi-
nite number of spherical harmonics in the expansion inside
MT) towards APW+lo (every term in spherical harmonics
expansion has discontinuities). Whereas older work [25] was
also based on this principle, it was not critical and, corre-
spondingly, was not specifically addressed. This goal includes
thorough testing of the implementation and its accuracy using
o uranium as an example.

J

The second goal is to provide evidence of usefulness of
an approximate treatment of the full Dirac equation. This
approximate form (we will use the term SRA for it, where
S stands for simplified) consists of neglecting the relativis-
tic effects in the interstitial region while retaining the full
Dirac treatment inside MT. The full Dirac approach will be
abbreviated as FRA. SRA retains more relativistic effects as
compared to SR + SOC + py,, which not only accepts non-
relativistic description in the interstitial region but also uses
an additional approximation inside MT. The SRA approach
was in fact used in our formulation of the fully self-consistent
GW method [31], and the GW+ Vertex scheme [32] has also
been generalized to the SRA level [33], but its comparison
with the full Dirac approach was never (even at DFT level)
published. The second goal includes comparison with the
results [21] obtained with SR + SOC and SR + SOC + p;,»
for a few compounds and, by doing it, to provide more in-
formation on the quality of SR + SOC + p;,, approximation.
Finally we will compare calculated magnetic anisotropy en-
ergies (MAE) for FePt with results available in the literature
(on both levels: full Dirac and simplified) to make conclu-
sions on the validity of the simplified form in the applications
to MAE.

II. METHODOLOGY

A. Relativistic spin-polarized density functional theory

An approximation for a joint description of relativistic and
magnetic effects within relativistic density functional theory
(RDFT), convenient for realistic applications, was developed
in works by Rajagopal, Callaway, Vosko, and Ramana [2-5].
The essential ingredient of this formalism consists of the
so-called no-pair approximation, i.e., in the neglect of all
effects related to the existence of negative states in the rela-
tivistic theory. Another important step is splitting of the total
four-current (by use of the Gordon decomposition) into the
paramagnetic and the spin components and the neglect of
the paramagnetic part. Principal equations of this theory are
briefly capitalized in this section for completeness. As we
will consider the electronic finite temperature, it is natural
to begin by writing down the expression for electronic free
energy. Electronic free energy of a solid with electronic den-
sity n(r) and magnetization density m(r) can be written as the
following:

Fln,m]= —T Y In(l+e @) 4 uN — | dr{n(r)Veu(r) + m(@) - Begr(r)] + Eny
kX Qo
+ f X[V () + M(r) - Boy(1)] + f dr f dr ’"frr)"(::' Eyeln, ml, ()
Q0 Q0 -

where T stands for the temperature, the sum runs over the
Brillouin zone points k and band indexes A, ef{ is the band
energy, i is the chemical potential, and N is the total number
of electrons in the unit cell. 2y is the volume of the primitive
unit cell and 2 is the volume of the whole solid. Atomic units
are assumed with Rydbergs being the units of energy. Effec-

(

tive scalar potential Vg(r) is a sum of the external scalar field
and induced fields (electrostatic and exchange correlation):

n(r’)

Ir —r|

8 Exc[n(r), m(r)]

Sn(r) ’
2

Verr(r) = Vexe(r) + 2/ dr’
Q
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whereas the effective magnetic field B.g(r) represents a sum
of external and induced magnetic fields:
dExc[n(r), m(r)]
By (r) + —————. (3)
ém(r)

E.n in (1) is nucleus-nucleus Coulomb interaction energy
and E,. stands for the exchange-correlation energy which is
a functional of n(r) and m(r). One-electron energies e/'\‘ are
the eigenvalues of the following equations (Dirac-Kohn-Sham
equations):

(K + Vesr(r) + BT - Begr(r)WF(r) = ex Wi (r), (4

with the Dirac form of the kinetic energy operator K (electron
rest energy has been subtracted),

Besi(r) =

A 6‘2
K=cap+(B-D. )

\I—'}\‘(r) stands for Bloch periodic band function, c is for light
velocity (¢ = 274.074 in our unit system), p is the momen-
tum operator (= —iV), a, B are Dirac matrices in standard
representation, I is the unit 4 x 4 matrix. In (4), o are 4 x 4
matrices, combined from the Pauli matrices o

o= (g 2) (©6)

With the electron energies and band state functions available,
one can evaluate electronic and magnetization densities as the
following:

n(r) =y fFukewk), )
ki
and
m(r) =Y [ E)pFwir), ®)
kX

with ka being the Fermi-Dirac distribution function ( ka =
1

In expression (1), there are three divergent terms: elec-
trostatic electron-electron, electron-nucleus, and nucleus-
nucleus interactions. The divergencies, however, mutually
cancel providing us with suitable for evaluation expression:

Enn+/ drn(r)Vext(r)+/ fd ,n(r)n(r/)
Qo Q0

Ir — 1’|
L B A NA 9
_E/QO rn(r) C(r)_EXI: zc()’ ()

where vectors t represent atomic coordinates, Z; is the nucleus
charge of atom ¢, V¢ (r) is total Coulomb potential, and V/.(t)
is Coulomb potential at the center of atom ¢ excluding nucleus
charge contribution of that atom.

The self-consistent solution of the above equations begins
with providing an initial distribution of the electronic density.
Normally it is a sum of overlapping atomic densities. Initial
magnetization is taken to be zero, but in order to obtain a
possible magnetic solution an initial (acting only at the first
iteration) external magnetic field is provided. The effective
potential is evaluated according to (2). Then equations (4) are
solved. Having found the band energies and corresponding

Bloch functions, one searches for the chemical potential (to be
obtained from the electroneutrality condition) and evaluates
n(r) and m(r) according to (7) and (8). After that (if the
self-consistency is not yet attained) one evaluates Vg (r) and
Bs(r) according to (2) and (3), which closes the iteration
loop.

The equations presented in this section serve as a basis for
the present work. A detailed account of the implementation
specific to one chosen in the code FlapwMBPT basis set is
provided in the following sections.

B. Representation of n(r), V(r), m(r), B(r)

In the LAPW family of the basis sets, the space is divided
into nonoverlapping muffin-tin (MT) spheres of volume €2,
and radius S;, and the interstitial region with volume £2;.
In accordance with dual representation for Bloch functions
(i.e., expansion in spherical harmonics inside the MT spheres
and expansion in plane waves in the interstitial region) one
uses similar representation for other quantities: charge density
n(r), effective scalar potential V(r), magnetization density
m(r), and magnetic field B(r). For scalar quantities one has,
accordingly,

rel
reMT’

ZG VGeiGr_
2t Vim ()Y 1 (0, @)

and for the vector quantities similar representation holds for
all components of the vector:

ZG BGeiGr
Zlm Blm(r)Ylm(ea <P)
where we use over-line symbols for real-valued spherical har-

monics in order to distinguish them from the complex-valued
spherical harmonics.

Vi) = { (10)

rel

remr, D

B(r) = {

C. Evaluation of V,.(r) and B(r)

Quantities Vi (r) and Beg(r) are evaluated in real space.
Inside the MT spheres, for each value of the radial variable
(distance from the nucleus), the density and the magnetization
[also the space derivatives if we use the generalized gradient
approximation (GGA)] are evaluated on a grid of two angular
variables. Then V,.(r) and B (r) are evaluated on the same
grid and their representation in terms of spherical harmonics
is found by numerical angular integration. In the interstitial
region, one uses a similar procedure. The only difference is
that a 3D regular grid in the unit cell is used and the trans-
formation between the real space and the reciprocal space is
accomplished with the fast Fourier transforms (FFT).

D. Basis functions in fully relativistic implementation
of the FlapwMBPT code

A few different basis functions are generally used in Flap-
wMBPT. They can be divided into two types: augmented
waves and local functions. In order to distinguish between
them we will use generic symbol IT for augmented waves and
symbol A for local functions. Below these two types of the
basis functions are discussed in detail. We will also introduce
a simplified approach for the relativistic effects (SRA) by
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pointing out the differences with full approach (FRA) when-
ever they are relevant.

1. Augmented waves as a first type of basis functions

Basis functions of the augmented type are in their own turn
subdivided into linearized augmented plane waves (LAPW)
and augmented plane waves (APW). Both LAPW and APW
are characterized by relativistic plane waves (Loucks [6]) in
the interstitial region:

Netg Us
—F— | co-k+G) u

V&0 \emais

where G are vectors of reciprocal lattice, €, LG 18 positive
relativistic energy associated with wave vector k + G, i.e.,
26 ¢ = —c* 4 cy/c? + 4(k + G)?, Nsg stands for the nor-
malization factor, and u; is spinor function with spin index
s = :l:%. In the simplified approach we just neglect by small
components in the interstitial region:

Mg, (Ole, = ) expli(k +G)-r], (12)

1 (Ms
Vo \0
Inside the MT spheres, the construction is different for
LAPW and APW. Let us first discuss the LAPW type. In this
case, basis functions inside MT are constructed from solutions

of the Dirac equation with a spherical-only component of the
scalar effective potential V{(r) and with B = 0

'gr,‘[(r) Qi;l;u(ea ®)
fa () Q2.0 @)

g, (0)lg, = ) expli(k + G) - r]. (13)

(7' (r) — 65,]( ) =0, (14
and from their derivatives with respect to energy, which one
finds from the equation

t _ g);((r) Qi;l;u(gv (/)) )
) eil] (f ,'t[ (r) in;l+2i;u @, )

_ g‘il(r) Qi (0, @) )
B (ﬁ 1) Q0. 9)) (15

In these equations, /' (r) = T + Vi (r), and €/, are energy
parameters which one finds self-consistently. £2;,.,(6, ¢) are
spin-angular functions, / is orbital momentum, i defines total
momentum j via j=[+1i (i = :I:%, not to mess with the
complex number i). u is z projection of the total momentum.
Relativistic quantum number « is related to [ and i by the

following definitions

=

k=1, i
k=-1—-1, i

=

Spin-angular functions are built according to the general
scheme of angular momenta coupling:

Qi (0, 9) = Y Cil'Viyu 50, @), (16)
s::l:%

where Y}, (0, ¢) are complex spherical harmonics [34]. Cils;“
are Clebsch-Gordan coefficients conveniently defined with the

use of a parameter u;, = /(I +1/2):

L L

! C,l,l C,ll
HO— 272 22
c - 1A I3
c C/

272 22

1 V14w
_ﬁ(\/l—ulﬂ

Spin-angular functions are orthonormalized:

7)

/ Q) (0. )0, @) sin 0d0dp = 8;8118,,0.  (18)

Radial functions g, (r) and f}(r) are the solutions to the
following system of differential equations:

2 t t
K c+e;, =V

d(rg,
(drl) — _;(rg’ﬂ) + 3 (rfy) (19)
d(rf!
WISy = (=)o), o)
For the energy derivatives the following system is solved
d(rg"[.) K, - cz+€§ -Vt . 1
drl 2_7(”82'1)"' Cé = (r itl)—"_c_z(r i) 2D
d rff K, - .
UI) _ % o) - (-0 - ). @)
It is better to use normalized radial functions:
&)+ () =1, (23)
which means the orthogonality to their energy derivatives:
(glg) + (f1)/¢* = 0. (24)

It is convenient to build two linear combinations Rl(]l;’ (r)
and Rglzli’ (r) from the solutions of (14) and (15):

g)} (r) Qi;l; (CND)
ngll;t(r) — al(ll)t(i l; 12 )
“fam)  Qiuy2i(0, 9)
_’_bgl)t(gti{(r) Qi;l;/x(e,(P) > 25)
TLA) Qi (0, 9)
and
; Q4:1,.(0, @)
RO (p) — o lg’,;(") L
in =G Cp ) Qi 200, 9)

o Qi (0, @)
o ( By dip ., (26
T\ 2. e) 0
in a special way which is slightly different for FRA and SRA.

In the case of FRA, the following two conditions are met at
the boundary of the MT sphere:

1 Quu(0,9)
le S) — 2 > 27
in S =1 Q_iir12iu(0, @) 0

and

0 Qu®,
Rgf;f(st):@_l A ) (28)

Q12000 @)
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In the case of SRA, we impose the conditions on the big
component and its radial derivative (instead of small compo-
nent):

1 Qi (0, @)
) il
Rll/tt(st) = (L . f(l) Q_i~l+;i'u(97 ¢)>’
c o (29)
RO (s, 0 S0, ¢)
tlu 80 = f’(l) in;l+2i;u(9’ ®)
and
@ _ 0 Qi;l; (9, <P)
Rll//,t(st) - (L . f(z) Q_i-l+l;i'/,¢(9’ (p) '
c o (30)
/(2)t S 1 Qi;l;u(ev (P)
Ry, (So) = Lof@ Q0. 9))

As one can see, in the SRA case we do not impose any special
conditions on the small components at the sphere boundaries.

Now we are in a position to write down our basis functions
of the first type inside the MT spheres as linear combinations

of R} (r) and R (r)

2
I, (D, = ™ Y ") Yk, R (r). 31

ilp w=1

Coefficients yt(;‘;/):fGS are also different for FRA and SRA. For
the FRA case, the following expansion of the relativistic plane
wave in spherical spinors is useful in obtaining them:

Nt (
co- (k+G)

VAN 2tel 6

Nk+G
A MY (K +G)

~ ik+Glp)
N\ ISk (K + Gl

el ctel,

) expli(k + G) - r]

Qi;l;u @, 9)
Q 2000, 0) )
(32)

withv; = 1 fori = —1/2 and v; = —1 fori = 1/2, which one
can combine in v; = —2i.

The coefficients, correspondingly, are obtained from (32),
the conditions (27, 28), and the continuity requirement for the
big and small components of functions, defined in (12) and

@31):

ikes = i Nl
x ji(k + GIS)Y,_,(k+G)
yt([2l)ﬁl:;cs — % 120 5iGt Ny C!“
2k + GI

Zre Jr+2i(k + GISHY;, _(k + k+G). (33)

k+G
In the SRA case, we require the continuity of the big compo-
nent and its derivative at the MT boundary. So, the simplified
expansion of the relativistic plane wave is used:

1
0

'y (k+G)

zl/J.

" <j1(|k +Glr)

0 Qi (0, (P)> (34)

The coefficients are obtained from (34), the conditions (29,
30), and the continuity requirement for the big component and
its radial derivative:

4, ) .
Vigs = ﬁz’e St ik + GISHY,_ (K + G)

4 L/
Yok = —=il T j(k + GIS)Y,_ (K +G). (35

Vi SZ
To simplify the notations, it is convenient to combine the
definitions of the augmentation coefficients for FRA and SRA.

. . . —=(1 =2
For this purpose, we introduce functions ]§,> and ]El) accord-
ing to the following definitions:

—=(1 .
7Dk + GIS) = Merai(k + GIS,)

2 36)
2 A’k + G (
1(1)(|k+G|SZ) —Nk+GVz—2+E+

Jir2i([k + GISy),
k+G
for the FRA case, and

1
7V (k+GIS) = ji(k + GIS))

2
7 (k+GIS) = ji(k +GIS)
for the SRA case.

With these definitions, the equations (33) and (35) can be
combined into one:

(37

47 w —

Vi, = 7 1St T (k + GIS)Y_ (k+ G). (38)
In the case of APW, the only augmentation requirement is the
continuity of the big component at the MT boundary. For this,
we need only the solutions to the Eq. (14). Thus, for the APW
type of augmentation equation (31) has only a w = 1 term in
the sum.

At this point it is a good time to point out that LAPW and
APW augmentations can be combined flexibly. Namely, in the
sum over / in Eq. (31), one can use APW augmentation for
some /’s and LAPW augmentation for the rest. Equation (31)
can, correspondingly, be generalized by introducing the upper
limit N} = 1 (for those ¢/ where APW augmentation is used)
and NZ’ = 2 (for those t/ where LAPW augmentation is used):

N
MEMle, =YD yira R, ®. (G9)
ilp w=l1
The function R;l“/i:l)'(r) for the APW augmentation is found

from the corresponding augmentation constraint:

R g (r) Q1.0 @)
i (1) = 8’;‘1(St)<ﬁ a(r) Qi;1+2i:u(9’¢)>' @0

The APW augmentation is less restrictive as compared
to the LAPW augmentation and, as a result, plane wave
expansion in the interstitial region converges faster if the APW
augmentation is used [26]. This enhanced efficiency in the
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interstitial region has, however, a price. The fact that in the
APW case only the solution of radial equations is used but not
its energy derivative makes the APW basis set less flexible
inside the MT spheres as compared to the LAPW case. Mad-
sen et al. [26] proposed to supplement APW with a special
combination of solutions and their energy derivatives (we will
use a common term for them: lo) which is not zero only
inside the MT spheres and, as was shown in Ref. [26], is very
efficient in making this extended basis set (APW+lo) even
more flexible inside the MT than the LAPW. The definition of
these local orbitals in the FRA/SRA case, together with other
types of local orbitals, is described in the next section.

2. Local functions as a second type of basis functions

Basis functions of the second type are local functions. They
are defined only inside the MT spheres and can be used to
enhance the variational freedom for the valence (conduction)
states and to describe the semicore states on the same footing
as the valence states. Let us begin with local orbitals (lo)
which were briefly introduced in the previous section. In this
case, the combination of the solutions of radial equations and
their energy derivatives is constructed:

RI () = aglo)z(gtil(r) Qi (0, @) >
e ! é itl(r) Q—i;l+2i;u(9’ ®)
pllox ( gfi{(”) Qi (0, @) ) @)
! é ,‘[/(r) in;l+2i;[4(93 ®) '

where the coefficients af}o)l and bf,}o)l are defined from a con-
dition that the combination has zero big component at the
MT boundary and normalized. The solutions and their energy
derivatives are found from the same equations (14) and (15)
and with the same energy parameters €], as augmentation
functions in the LAPW /APW case. It is important to mention
that the above construction of 10’s leaves their small compo-
nents (FRA) or their radial derivatives (SRA) arbitrary. This
fact brings in additional discontinuities in the basis set which
will be discussed later in the section devoted to the evaluation
of matrix elements.

The next type of local functions is high derivative local
orbitals (HDLO). They are defined as the following linear
combination

RUIPLOY () __ ,(HDLOY < & (i (0, 9) )
il i (120 (0, @)

gfil(r)Qi;l;u(e, ®) )
é ,’Tl(r)in;lei;u(ev (/’)

8 (r)Qiu (6, ¢)
+C§[I;ILDLO)t<i zl?t 1 18, ¢ ) (42)
[ Q426 6, @)

il

4 pHDLOX (

with the requirement that both big and small components (big
component and its derivative in SRA) of this combination are
zero at the MT boundary and the combination is normalized.
One can show that in the FRA case the coefficient bg’IDLO)’
is identically zero. In the SRA case, however, it is small but
not zero. So we keep it for generality. Second derivatives are

obtained as solutions to the following system:
ol r Q, 0,
-] <,» £ 0.9) )
c [[(r)in;H*Zi;ﬂ(ea ®)
S (r Q, 9,
:2(i £1(1)u10. 0 > )
- i[(r)Q—i;l+2i;M(9a ®)

with the radial components being the solutions to the follow-
ing equations:

d(rd)) ok, . e =V o]

— = rdy) + () + 5 ()
d(r 'l.’ K, - .

W) () (-0 - 208). @)

High energy local orbitals (HELO) are defined exactly as
HDLO with the only difference being that the solutions of ra-
dial equations, together with their first and second derivatives
entering the linear combination, are all found with energy
parameters €., corresponding to high energy states or to the
semicore energy. In order to distinguish HELO from HDLO,
we use additional index n for HELO’s which specifies princi-
pal quantum number. One has to mention that the definition
of HELO’s in this work is slightly different from the con-
struction in Refs. [28,29]. Namely, the HELO’s commonly are
constructed as linear combinations of the solution and its first
derivative found at the same €/, as the augmentation functions
and the solution found at the high energy €. Both variants
have been implemented in the FlapwMBPT code. A few tests
have shown very little difference in performance. Thus, it was
decided to use in this work the implementation introduced
above (with all functions found with the same high energy)
and to use abbreviation HELO for it.

For any type of local orbitals (LOC) we use formal Bloch’s

sums of the functions R;IL.I(ZC)’
K iK(t+R) p(LOC
AR (0) =) MRRIOO (), (45)
R

as the basis functions of the second type. Here R are lattice
translation vectors and r; stands for the vector measured from
the center of atom ¢: r; =r — t.

Now one can write down the solution of the Dirac-Kohn-
Sham equations (4) as linear combination of the functions of
the first and second type:

WE) = Y AGTIE®) + Y Bl Ak, (X).  (46)
Gs tnilp

Coefficients A§ ., BX . are to be found variationally.

E. Matrix elements of Hamiltonian and overlap matrices

Solution of the Dirac-Kohn-Sham equations (4) for a solid
with the use of representation (46) leads to the generalized
eigenvalue problem:

Hu Hi ||A] _ [0 Oy Al 47
HBA HBB B OBA OBB B

where the indexes were discarded for brevity. Matrix ele-
ments of the matrices O and H (overlap and Hamiltonian
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correspondingly) can be divided into interstitial and MT
components. Furthermore, the MT component can be di-
vided into a spherical part (matrix elements of kinetic
energy and [ =0 part of the scalar effective potential)
and nonspherical part which includes full magnetic field
contribution.

J

N N ’ Jpp, c
k k+GIVk+G G—G
Ogsoley =—5— e T dr] 8y +

Q

Q

1. Interstitial part of the matrix elements of H and O

The interstitial part contributes only to the matrix elements
between functions of the first type. Its evaluation in the FRA
case is based on the definition of basis functions in the inter-
stitial region (12) and properties of the Pauli matrices. Final
result for the overlap integral:

2

(@ +€6,6)( +65g)

x[(kK+G) - (k+ Gy + il(k+ G) x (K+ G)] - (usla|ug)1}. (48)

In the evaluation of matrix elements of the kinetic energy operator, the average should be taken [as follows from Eq. (A6)]:

1
k k
KGX;G’.V’ |Ql = 5 (El:r-&-(} + EI?—&-G’)OGS;G’AV’ |Q/' (49)

Scalar potential and magnetic field matrix elements:

VE gola, = NereNisa / Verr (£)¢" €= O (8, + -
Gs;G's' 191 Qo Q ot Y+ 61-5_(;)(02 + Elj-i-G’)
X[k +G) - (k+ Gy +il(k + G) x (k+ G - (wslorlus)]Th 0
Nir6Nisa ©
Bésaylo = %@k“},/{\z Begr (r)e" S~ dr{ng - (usloluy)
1

6‘2

(P H L)@t g)

[(np - (k + G)((k + G) - (us|ouy))

+mp - (k+ Gk +G) - (uslofuy)) — (k+G) - (k+ G))(ng - (us|oluy))
—ing - [(k + G) x (k + G131}, 61V}

where vector ng indicates the direction of the magnetic field.
In the SRA case, the formulas are considerably simpler:
Overlap integral

(Ssx’

2| GGy, (52)
Qo Jg,

k
OGs;G’s’ |Ql =

Kinetic energy
K&oolo = (K + G2 + [k + G/ )0k gyla,.  (53)
Scalar potential matrix elements

355’

Vk. //|Q = -
Gs;G's' 1821 Q()

/ Ve (r)e' €= gr. (54)
Q
Magnetic field matrix elements

1 G
Bisglor = Q0 / Bei(r)e"“ =" drng - (u|ouy).
Q
(55)

2. MT part of the matrix elements of overlap and spherical part
of Hamiltonian

Overlap matrix and the matrix of the spherical part of the
Hamiltonian in MT spheres are diagonal in indexes (il ). Let
us consider first the AA block of the matrices which is formed
by two augmentation functions. Using representation (39) one
obtains the volume integral contribution to the Hamiltonian

(

matrix:

N
k — fwk | (w)k til
HG‘?;G/S’ - Z Z Z ytilu;nytil;L;G’s’hul)w" (56)

tilp (ww)=1

with 7% = LGRS IRRS Y, + (R [0 IRY™),), and the
contribution to the overlap matrix

N
k — f(wk (wHk il
OGs;G’s’ - Z Z Z ytilu;Gsytilu;G’s’Oww” (57)

t ilp (ww')=1

. i t "t
with 01 = (R} RS,

In these formulas, the integrals 4/ , and ¢/, do not de-
pend on the projection of total momentum . So, one can sum
over the projection and do it analytically with the help of the
following identity [can be proved based on the explicit form
of Clebsch-Gordan coefficients (17) and addition theorem for

the spherical harmonics]:

Sty k+ G _ (K +G)
n

= mPl(k +E’-k\+ G/)(Sss’
4
[(k+ G) x (k+ G')] - (slo|s)
k+ G| |k+ G| ’
(58)

iSe _
+—Pk+Gk+G)
4
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where the relativistic quantum number x = I(l + 1) — j(j +

1) —1/4 and S, is the sign of x. Denoting this sum as
1=Dgl and using definition (38) we can perform the sum-
matlon over projections of the total momentum in (56) and
57):

Hk 4 A(G—Gt Dkzl
Gs;G’s’ - QO Gs:G's

x Z 7K+ GIsHL

(ww’)=1

(Ik + G/IS)HH),,

—til
= ZFG, G ZD"’I oohee (59)
with
Fo o = _4n (G=6)

N/
—til w —(w i
Tog = 3 0k +GISHTT (K + GISR,, (60)

(ww’)=1

and, similarly,

Oy = ZFG/

Z DL o0 (61)
with

/
dle = > Tk +GISHT (K + GIS)d,. (62)
(ww')=1

Generally, for the AA block of the Hamiltonian matrix
there is also surface contribution as it follows from (A9).
Looking at the structure of the surface terms, one can real-
ize that their contribution can be comblned with the volume
contribution by modifying the quantities hGG/

—til
hee —

il S —=(1) —(1)

hge + 5 215807y (k+ GIS)Ty (K + G'1S,)
_.] —,2

— 70k + GISHTY (K + GIS)

(2) —(1)

—Ji (k+GIS)j; (k+G'|S)}. (63)

This modification only exists for those ¢/ for which the
augmentation is performed via APW scheme. For the SRA
case, the small component f},(S;) should be replaced with the
radial derivative of the big component.

Let us now consider the contribution to BA block. Using
representation (45) and representation (39) one obtains the
volume integral contribution to the Hamiltonian matrix:

NI
I_Itmlu Gls T Z t(;;L)kG’g hfllzlu’s (64)
w'=1
with
Mo = 5 (R [ [RE), + (R 1 [R),), - ©69)

and the contribution to the overlap matrix

(w)k til
tnllu, G's” — z : tllp_ G's'Onuw' (66)

with o/, = (REOON RWy,.

In the above formulas, LOC can be any of ‘lo,” ‘HDLO,” or
‘HELO.” Similar to the consideration of the AA block, there is
a surface contribution in case LOC="‘lo.” Surface contribution
can be combined with volume contribution by modifying the
quantities A'il:

.82
it = Wt + = £ (S0)- (67)
Finally, contribution to the block BB comes only from the
volume integrals:

Htl}(ﬂlu an'ilp — = % [((RSIII‘ZOC)t }hl ‘RS‘[?C” )f

+ (R W RG] @)
and
Otmlu il — (R;II‘IOC)I |RI(1LI(Z)C)I >z : (69)

3. Matrix elements of the nonspherical part of effective scalar
potential and magnetic field in MT spheres

The contribution from nonspherical effective potential and
from the full magnetic field is evaluated in accordance with
the following formulas:

HGs;G’s/ (k)lNMT

N
=2 D D Vimediecs

todp'l’p (ww')=1

/ Rlz(:) (r )ﬂNMTR(,'I‘, "(r)dr. (70)
Q,

Hinity:crs (k)|NMT

(w)k
Z Z Yiivw:cry

/I lL/ j—
/ R0 () AnwrRS ) ()d, (71)
&
thilu;l’n’i/l/“/(k)|NMT

nilp n'i'l’

'y / RO () AR (1ydr. (72)
Q,

In the above equations the integrals are evaluated with the use
of the representation:

Hywr(r) = ) V()Y () + ZBC“(r)Ysz (73)

10m
and definitions (25, 26, 42) and the identity (16).

III. PERFORMANCE TESTS

This section presents results of the calculations. In order
to make the presentation more compact, principal structural
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TABLE I. Structural parameters of the solids considered in this
work. Lattice parameters are in Angstroms, MT radii are in atomic
units (1 Bohr radius), and the atomic positions are relative to the three
primitive translation vectors. If a certain parameter is changing in a
specific test, it is detailed in the text.

Space Atomic

Solid group a b c positions Rur

a-U 63 2854 5.869 4955 0;0.1025;0.25 2.602333

HgSe 216 6.0854 Hg: 0;0;0 Hg, Se: 2.3113
Se: 1/4;1/4;1/4

HgTe 216 6.4588 Hg: 0;0;0 Hg, Te: 2.4531
Te: 1/4;1/4;1/4

FePt 123 2.7248 3.78 Fe: 0;0;0 Fe, Pt: 2.55
Pt: 1/2;1/2;1/2

Th 225 5.0842 0;0;0 3.39685

parameters for studied solids have been collected in Table I
and most important setup parameters have been collected in
Table II. All calculations have been performed with T =
300 K. Whenever the simplified approach for relativistic ef-
fects appears below in tables or figures, it will be marked
with (SRA). The local density approximation (LDA) as
parametrized by Perdew and Wang [35] was used in all cal-
culations (if not specified otherwise).

The essential part of this work is dedicated to checking of
the performance of LAPW/APW-lo basis sets supplemented
with different kind of local orbitals (HDLO and/or HELO)
as implemented in the fully relativistic branch of the Flap-
wMBPT code. In some of the figures, the abbreviation HELO
comes together with a factor, like HELO*n. It simply means
that n sets of HELO’s was added to each orbital channel which
exists in a free atom. For instance, for actinides it would be
s, p, d, and f channels. Most of the calculations have been
performed for o uranium which combines strong relativistic
effects and a sufficiently large interstitial region (the biggest
fraction of the MT volume is 52.7% which one can compare
to the fracture of 74% in the face centered cubic structure).
The first circumstance makes it important to use an approach
based on Dirac’s equation. The second circumstance makes it
important to use basis sets with flexible representation of the
interstitial region, such as APW/LAPW.

Let us begin exploring which orbital channels (s, p, d, f,
or all of them) are needed to be supplemented with HDLO

TABLE II. Principal setup parameters of the studied solids are
given. If a certain parameter is changing, it is detailed in the text.

Core Linax Linax
Solid states Semicore W/p,V APW+lo RK .«
a-U [Xeldf 6s, 6p, 5d 12/8 3 11.824
HgSe Hg: [Krl4d Hg: 5s,5p,5d,4f  10/6 Hg:3 6.946
Se: [Ne] Se: 3s,3p, 3d Se: 2
HgTe Hg: [Kr]4d Hg: 5s,5p,5d, 4f 10/6 Hg:3 6.946
Te: [Ar]3d Te: 4s, 4p, 4d Te: 2
FePt  Fe: [Ne] Fe: 3s,3p 10/8 Fe: 3 12.0
Pt: [Kr]4d Pt: 5s,5p, 4f Pt: 3
Th [Xe] Ss,6s,5p, 6p,5d,4f 10/10 3 12.0

25 — T T : T
\ APW+lo+HDLO ——
\ LAPW+HDLO - = -
20 1
B
o
s 15 b
>
3
£
g 10 1
£
'8
T
5 L 4
0 L L L L L L L L ]

-2 -1 0 1 2 3 4 5 6
The highest L for which HDLO has been added

FIG. 1. Effect of adding the HDLO orbitals to LAPW/APW+lo
basis set for a-U. HDLO orbitals were added subsequently for L =
0,1,2,3,4, and 5. Value L = —1 at the x axis means there were no
HDLO added. The constant Fp;, = —112276.465428 Ry was used
for all lines.

orbitals. Remarkable improvements in accuracy discovered
by the authors of Ref. [28] and by the authors of Ref. [29]
with the addition of HDLO’s makes it important to consider
this extension every time when one wishes to reach well con-
verged results. However, conclusions on how exactly HDLO’s
have to be added are somewhat different in Ref. [28] and
in Ref. [29]. In the first paper, HDLO’s were added to all
important channels (spdf) using cerium as an example. In the
second paper, authors recommend to use HDLO’s only for d
or f channel and when the MT radius is sufficiently large (2.5
a.u. or larger). This recommendation is based on their study
of a number of materials representing different blocks of the
periodic table. In this work, the question was addressed by
adding HDLO’s in step by step fashion, namely, by adding
them first to s orbitals, then to p orbitals (keeping them in
s orbitals), and so on, until L = 5. The results are presented
in Fig. 1. As one can see, the most dramatic effect on the
electronic free energy was obtained when HDLO of s type
was added which can be considered as a contradiction to the
rule established in Ref. [29]. Actually, the effect of addition of
f-type HDLO is quite moderate in the case of «-U. Also, the
HDLO’s with L > 3 were of no effect and, correspondingly,
were not included in all subsequent calculations.

The next graph (Fig. 2) demonstrates the effect of adding
the high energy local orbitals (HELO). Semicore states were
always included and they are not studied here. As one can
easily conclude, the addition of HELO’s should be done only
when a set of HDLO’s is already in the basis set. Without
HDLO’s being already included, both LAPW and APW+lo
show very slow convergence when they are being supple-
mented with an increasing number of HELO’s. It looks like
the authors of Ref. [28] have dismissed an opportunity to add
HDLO’s to the APW+lo basis set before adding HELO’s.
It is true that the LAPW+HDLO basis set and APW+lo
basis set are of the same size, which might suggest pro-
ceeding with adding HELO’s to both of them. However, for
instance, LAPW+HDLO+HELO*1 and APW+lo+HDLO
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FIG. 2. Effect of adding the high energy HELO orbitals to differ-
ent basis sets for ¢-U. HELO orbitals were added by groups. Each
group was included by a simultaneously adding HELO’s to the basis
set for L =0, 1, 2, and 3 (i.e. 32 functions per atom). Total number
of local orbitals (x axis) includes semicore 6s, 6p, and 5d states.
Different starting values of the curves correspond to the fact that
LAPW basis (without high energy HELO’s) has only semicore states,
whereas APW+lo has, in addition, 32 ‘lo’ orbitals, LAPW+HDLO
has, in addition, 32 HDLO’s, and APW+lo+HDLO has, in addition,
64 ‘1o,HDLO’ functions. The constant Fp;, = —112276.466738 Ry
was used for all lines.

are also of the same size with the second set being
more efficient. The addition of more HELO’s eventually
makes the difference between LAPW+HDLO+HELOQO’s and
APW+lo+HDLO+HELO’s disappear, but the rate of conver-
gence is higher with APW+lo as the original basis set.
Figure 3 shows the convergence of the total energy with
respect to the parameter RK,x which governs the size of the
basis set in the interstitial region. In this figure, one can see
how an addition of HDLO/HELO to LAPW and APW+lo
affects the convergence with respect to the RK,.x. Because
of stricter augmentation constraints, the LAPW basis set is
prone to linear dependencies at large RK,,x which reveals

20 T T T

T

LAPW+HELO*3 ——
LAPW+HELO*6 - - -
LAPW+HDLO -----
£ 15 ¢ LAPW+HDLO+HELO*3 1
s APW-+l0+HELO*3
5 APW+l0+HDLO — —
€ 10 APW-+l0+HDLO+HELO*3 1
= N
13 N S
w RN
w 51 A .. ~ )
SO . S~ o
SN el S - - - - _ __ -
| TEEEmmmmae |

FIG. 3. Dependence of the electronic free energy on the parame-
ter RK,,,x which defines basis set in the interstitial region. «-U case.
The constant F,;, = —112276.466738 Ry was used for all lines.

itself here by a slight upturn of the curves LAPW+HELO*3
and LAPW+HELO*6. Adding more of the HELO’s reduces
upturn but very slowly. This drawback of the LAPW basis
set essentially disappears when one includes HDLO’s to the
basis set. As one can see, the curve LAPW+HDLO (without
any HELO’s) is below the curve LAPW+HELO*6 (with six
sets of HELO’s). APW+-lo seems to be a better starting point
for adding LO’s. It doesn’t show upturns, i.e., it is a lot less
prone to linear dependencies. It is interesting, however, that
with HDLO'’s in the basis, the differences between LAPW and
APW+lo gradually disappear (at large RK,,,x and a sufficient
number of HELQ’s). Still, the calculations based on APW+lo
show faster convergence with respect to RK.x. As it was said
before, this is a result of additional flexibility of APW’s as
compared to LAPW’s related to less restrictive augmentation
[26]. Obviously, this conclusion depends on the radius of the
MT spheres. For solids with a smaller fraction of the MT
volume, the advantage of APW+-lo increases and vice versa.

In order to shed some light on the reasons why the addition
of HDLO’s should precede the addition of HELO’s the study
of the so-called representation error A;(E) which was intro-
duced by authors of Ref. [28] has been performed. The same
definition of A;(E) as in Ref. [28] is used, namely

Smr
A(E) =\// drr*[w;i(r, E) —i;(r, E)], (74
0

where u;;(r, E) is a solution of radial equation for a given en-
ergy E, whereas #i;;(r, E) is the best representation of u;;(r, E)
in terms of the basis functions inside a given MT sphere.
Representation error (74) does not take into account the details
of the augmentation restriction and, as a result, provides only a
lower bound of the error. In particular, it should not be used for
comparing LAPW and APW+lo accuracy because augmen-
tation restrictions are different. It is useful, however, to find
out about problematic / channels when one uses a specific,
LAPW for instance, augmentation. Figure 4 provides such
analysis in the case of LAPW supplemented with different
local functions. One can see that the accuracy of the LAPW
basis set is poor in the region of semicore energies (d and
f orbitals) and at high energies (all orbitals). High energies
are not important when one considers DFT free energy, but
the semicore region is very important. It is obvious from the
figure that the addition of HDLO’s is better than the addition
of HELO’s, because the HDLO’s basically remove the error in
the semicore region whereas HELO’s only reduce it. Also, in
the high energy region, addition of the HELO’s leaves a hump
at about 5 Ry whereas addition of the HDLO’s consistently
pushes up the limit of energies where the basis is complete. It
is important to note (for GW applications) that three HELO’s
allow considering the basis set as complete up to 32 Ry for f
states and even up to higher energies for spd states.

One more example of the importance of HDLO orbitals
provides the study of a dependence of the calculated electronic
free energy on the MT radius (Fig. 5). Considering that ura-
nium has a big core, the reducing of the radius by more than
30% represents a very stringent test of the basis set and of
the numerical algorithms implemented in the code. For this
particular test, parameter RK,,x was increased to 12.5, and
core orbitals 5s and 5p were moved to the semicore list. Basis
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FIG. 4. Representation errors of the basis sets. Top left graph is for s orbitals, top right is for p orbitals, bottom left is for d orbitals, and

bottom right is for f orbitals. The case of a-U'.

sets LAPW and also APW+lo, which normally are considered
as quite accurate, demonstrate their insufficiency at small MT
radiuses. Remarkably, however, that addition of just one set of
HDLO orbitals essentially removes dependence on the choice
of radius of the MT sphere. A detailed graph (right-hand
side) shows that three sets of HELO’s improve the accuracy
of energy only very moderately. Deviation from the smooth
behavior seen in this graph is related to two factors. The first
factor is that the rule “constant RK;,,x should be kept when
radius changes” begins to break at very small MT radii. At
very small radii one should take more plane waves than this
rule dictates. The second factor is that 4 f core level becomes
not exactly confined inside the MT sphere and should be
included in the semicore states in very precise calculations.
For our present discussion, however, the level of accuracy
presented in Fig. 5 is sufficient.

The above discussion shows that the modern extensions of
the APW+1o/LAPW basis set, such as HDLO and HELO,
allow reaching very high accuracy. The fact that they allow
essentially eliminating the representation (linearization) error
(Fig. 4) means that the dependence on the exact positions of
the traditional LAPW linearization centers (energies which
we use to solve the radial equations) can be made to be very
weak or to be totally negligible. However, the computer code
still has to decide where to place them. Plus, there might

be situations when the user, for some reason, wants to use a
“good old” variant of the basis set without modern extensions.
In this case, it is important to place the centers carefully. Also,
irrespective of the accuracy level, one has to be careful in
order to avoid linear dependence between the orbitals cor-
responding to different linearization centers but to the same
orbital momentum channel. In this respect, the FlapwMBPT
code, as many other codes, has the default option. In the
FlapwMBPT code, the linear dependence is avoided by using
one linearization center for each principal quantum number
(for each orbital momentum L). This is easily achieved by the
requirement that the logarithmic derivative of the solution (of
the radial equation) should be the same for all principal quan-
tum numbers included (but the number of zeros in the solution
is different, of course). By default, the value -L-1 is used for
the logarithmic derivative D, but this can be changed by a user.
When only one linearization center is used (for a given L) the
results can still be dependent on the specific choice of D, even
with APW+lo+HDLO/LAPW-+HDLO. But the dependence
is much smaller than in the original LAPW basis set. When
one adds a few high energy LO’s (HELO’s), the dependence
disappears. The reason is clearly seen from Fig. 4.

Figure 5 also presents the results obtained with simplified
treatment of the relativistic effects. As one can see, the effect
of simplification is extremely small and can be considered as
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FIG. 5. Dependence of the electronic free energy on the radius of
MT sphere for «-U. The constant F,;, = —112276.468421 Ry was
used for all lines.

negligible in this case. In order to show that this conclusion
might be quite general, three more materials were included
in the study. For mercury selenide (HgSe) and mercury tel-
luride (HgTe) the effect of spin-orbit splitting was studied
(Table IIT). Theoretical calculations at DFT level underesti-
mate the spin-orbit splitting (especially in the case of HgSe)
which suggests importance of many-body effects not included
at this level of theory. For our study, however, it is important
that the results obtained are consistent with other theoretical
studies, particularly with the results obtained in Ref. [21]
using the SR+SOC+-p1/, approach which is the closest (in
terms of inclusion of the relativistic effects) to the Dirac
equation based approach used in the present work. Even more
important is the fact that again, simplified treatment of the
relativistic effects make practically no difference as compared
to the fully relativistic calculations.

The next test of the applicability of the simplified approach
for relativistic effects was conducted for the case of magnetic
crystalline anisotropy effect in FePt. This particular property
of FePt was studied many times both theoretically [36-38]
and experimentally [37,38]. Theoretical results obtained at
DFT level consistently overestimate the experimental data
(2.258-3.2 meV versus 0.88—1.3 meV) which, again, suggests
the importance of many-body effects beyond DFT. However,

TABLE III. Comparison of the calculated spin-orbit splitting (A)
and inverse direct band gap (E,) at the I" point for HgSe and Hgte.
All results are in eV. LDA and GGA results are separated by a slash
(LDA/GGA). If only an LDA (GGA) result is available, it is given
on the left (right) side of the slash correspondingly. FRA and SRA
results differ only by 1/2 meV, so they are identical with the number
of digits presented in this table.

HgSe HgTe

E, A E, A
SR+SOC [39] —1.23/ 0.23/ —1.17/ 0.80/
SR+SOC [40] —1.18/ 0.24/ —1.20/ 0.78/
SR+SOC [41] —-1.27/ 0.23/ —1.20/ 0.78/
SR+SOC [21] /0.22 /0.71
SR+SOC+p [21] /0.23 /0.78
Dirac,
this work —1.27/—1.03 0.24/0.22 —1.19/—0.98 0.80/0.77
Experiment [42] —0.32 0.91
Experiment [43] —0.273  0.39+0.01

as Table IV shows, the results obtained in this work are con-
sistent with previous studies. Also, as in the case of o-U and
HgSe/HgTe, simplified (SRA) inclusion of relativistic effects
works remarkably well here, closely following the fully rela-
tivistic approach when the number of k points in the Brillouin
zone changes.

Motivated by rather small deviations between the results
obtained in FRA and in SRA for «-U, HgSe, HgTe, and FePt,
a deeper analysis of these two approaches (FRA and SRA)
was conducted using actinide metal Th as an example. Tho-
rium was selected because it is usually used as a test bed for
an assessment of the quality of approximations for the spin-
orbit interaction [18,20,22,25] and also because it has simple
crystal structure. Anticipating small differences between FRA
and SRA at volumes close to the equilibrium one, the calcula-
tions were performed up to very high compression (the lowest
V/V, considered was 0.3). As variants of the calculation, we
included not only FRA and SRA but also the calculations per-
formed with fixed fraction (FF) of the MT volume (touching
MT spheres) and with fixed MT radius (FR) which was the
radius of the touching MT spheres at V/Vy = 0.3. To be in
line with other works which study Th, the generalized gradi-
ent approximation (GGA) as parametrized in Ref. [44] was
used as the exchange correlation potential for this analysis.
The Brillouin zone was sampled with a 9 x 9 x 9 mesh of
k points. Other setup parameters are summarized in Tables I
and II. In Fig. 6 we present the results of the analysis. The first

TABLE IV. Magnetocrystalline anisotropy energy (meV) of FePt
calculated with a fully relativistic approach and with an approximate
account of the relativistic effects where they were neglected in the
interstitial region. Dependence of the results on the total number of
points in the Brillouin zone is given.

Number of k points 384 800 1296 2156 3072 6000

Dirac eq-n in full unitcell 2.71 2.88 3.35 3.10 3.24 298
Dirac eq-n in MT 269 287 335 3.10 324 298
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FIG. 6. Results for Thorium. Top left: Electronic free energy versus relative volume (V/V;). Constant value —53073.499953 Ry has been
subtracted from all energies. Top right: Difference of the electronic free energy obtained in FRA with fixed fraction (FF) and fixed MT radius
(FR) versus V/V,. Bottom left: Difference of the electronic free energy obtained in FRA and in SRA versus V/V,. Bottom right: Difference
of the electronic kinetic energy (K) obtained in FRA and in SRA versus V/Vj.

graph (top left) shows electronic free energy as a function of
the relative volume. On the scale of this curve, the differences
between the variants of calculation are absolutely negligible.
This curve is included mostly for the purpose of reference and
for giving an idea of the scale of energy differences in our
analysis. The second graph (top right) represents the differ-
ence in the electronic free energy between FF and FR variants
of the calculation. It shows one more time the high level of
the accuracy which one can attain with the FlapwMBPT code.
Even with very large differences between the MT radii in the
FF and in FR variants at extended volumes, the free energy
difference remains less than 10~ Ry. It is worth pointing out
that in similar tests performed with FPLMTO code [22], the
fixed MT radius was selected at V/Vy = 0.82. Correspond-
ingly, in FPLMTO calculations, the differences between the
MT radii in the FF and in FR variants were relatively small.
The energy differences, however, were larger than in our case
as one can judge from Fig. 2 in Ref. [22]. Two more graphs,
presented in Fig. 6, show the most interesting information for
our analysis of the SRA. In the bottom left graph, one can
see the difference between the electronic free energy obtained
in the FRA and in the SRA. In the bottom right graph, one
can see the difference between the electronic kinetic energy,

obtained in the same approximations. The reason for present-
ing the kinetic energy is twofold: (i) it is well known that total
(free) energy, being a variational quantity, is very stable to the
variations in a basis set, numerical algorithms, etc., whereas
its components (such as kinetic energy) are not variational
and, as a result, they fluctuate a lot stronger when one changes
the calculation setup; (ii) kinetic energy is, actually, a direct
measure of the relativistic effects as one can see from Eq. (5).
Looking at the graph with the electronic free energy, one can
appreciate how little the FRA and the SRA results differ. Their
difference is less than 10~ Ry for most volumes. Only when
the relative volume becomes less than 0.4 the difference starts
to increase indicating the fact that we finally are hitting the
area near the nucleus where relativistic effects are strong. As
one can see from the graph which shows the kinetic energy,
the FRA and the SRA results differ a lot more than in the
case of the free energy, on average by a factor of 10 000.
Thus, from this comparison, one can draw the following con-
clusion. The effect of neglecting the relativistic effects in the
interstitial region, measured directly by the difference in the
kinetic energy, is noticeable (0.001-0.01 Ry, depending on
the volume). However, in all practical applications, we are
interested, in fact, in its effect not on the kinetic but rather
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on the total (free) energy which is a variational quantity. So,
from the practical point of view, the effect is rather small,
and it can be considered almost negligible up to a very high
pressure.

The analysis of the relativistic effects in the interstitial
region conducted above reveals noticeable contradictions with
conclusions of the authors of Ref. [22]. This contradiction has
to be discussed. The reason why authors of Ref. [22] study the
subject is that they noticed the problem with 6p states of Tho-
rium in their SR+SOC calculations. The problem, however,
has already been known for a very long time, since the work
by Nordstrom et al. [18]. In essence, the problem appears
because the SR 6p basis functions have qualitatively different
behavior near the nucleus as compared to the relativistic (from
the Dirac equation) 6p;,, functions. Correspondingly, when
these SR 6p states are used as a basis for the estimation of
SOC, the result appears to be unstable and sensitive to the
boundary conditions at the MT sphere. That is why the change
in the MT radius triggers the change basically in everything in
SR+SOC calculations: total energy, bands, density of states
etc. A beautiful solution (so might be not entirely perfect)
for the problem was found by authors of the work [20]. They
show that the problem disappears if one adds Dirac’s 6p;/,
functions in the basis set keeping the rest of the basis set
in SR form. This simple solution actually tells us that the
problem has nothing to do with the interstitial region. Rather,
the problem is located quite near the nucleus where SR 6p
and the Dirac’s 6py, states differ most. Later, this conclusion
was confirmed in the work [25] using the Dirac equation.
Thus, the authors of Ref. [22] draw incorrect conclusions
when they make the statements (at least three times in their
Conclusion section) like the following: “We also find that
the SR + SO 6p/, energy levels depend strongly on the
muffin-tin radius, due to the neglect of the SO term in the
interstitial.” I believe the above reminder about older works
resolves the contradictions between the present work and Ref.
[22]. Also, the analysis conducted in the present work serves
as a simple and rather direct confirmation of the validity
of the older works [20,25] on the subject of 6p states in
Thorium.

IV. CONCLUSIONS

The presented work gives a detailed account of the im-
plementation of RDFT using basis sets of APW/LAPW type
with flexible extensions provided by local orbitals. It is shown
that the addition of high derivative local orbitals (HDLO’s)
is extremely efficient in enhancing the accuracy of DFT
calculations for «-U, as it was earlier discovered for other
materials [28,29]. High energy local orbitals (HELO’s), how-
ever indispensable for GW calculations, are considerably less
efficient in enhancing the accuracy of DFT applications. It was
confirmed, using five materials as examples, that simplified
handling of the relativistic effects (SRA), namely, considering
them only inside the MT spheres, represents a very good
approximation. Deeper analysis of the SRA conducted for the
electronic free energy of Thorium revealed that high quality of
the SRA for this quantity is rooted in the variational property
of the free energy.
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APPENDIX: VARIATIONAL SCHLOSSER-MARCUS
PRINCIPLE AND ITS EXTENSIONS

In the LAPW/APW family of methods, basis functions
generally have discontinuities. In this case, the usual expres-
sion for one-electron energies E and wave functions W:

E / dr¥*(r)¥(r) = /drlIJ*(r)H\IJ(r), (A1)
is not variational any more. In order to make it variational, one
has to add surface terms. Specific form of the correction sur-
face terms depends on the explicit expression for the kinetic
energy operator. In the nonrelativistic case the variational
expression was derived by Schlosser and Marcus [30]:

E / dr¥* (r)¥(r) = / dr¥*(r)[—V? + V(r)|¥(r)
1 * *
3 Z/ dS{[¥; (r) + ¥ (0)[V¥;(r) — VW (r)]

= [V () + VI )] [ (r) — W, ()]}, (A2)

where the sum runs over all MT surfaces of a solid. Subscripts
I and ¢ are used to distinguish, correspondingly, the interstitial
and MT representations of the wave functions. Normal vector
is directed outside the MT spheres. In the FlapwMBPT code
a slightly modified form of (A2) is used. The modification is
obtained with use of the second Green’s identity and reads as
the following:

E/dr\IJ*(r)\IJ(r)= /dr\ll*(r)V(r)lIJ(r)
+ % / dre{W*(r)[- V2 W(r) + W(r)[— V2 ]¥*(r)}

1
-3 Z/S dS{¥/ (r)V¥;(r) — V¥ (r)¥(r)

— W)V () + VU (1) (1), (A3)

This expression is used in nonrelativistic and scalar-
relativistic branches of the FlapwMBPT code. We will call
this expression as Variational Schlosser-Marcus (VSM) ex-
pression. It is also used for SRA implementation with two
differences: (i) in the volume integral, the relativistic expres-
sion for kinetic energy is used inside MT, and (ii) in the
surface terms the values and derivatives of the big components
are assumed. In (A3) the spherical harmonics expansion of the
surface terms is explicitly limited to the highest L (Lyax) in the
expansion inside MT. In the LAPW case, where functions and
the first derivatives are continuous at the MT boundary up to
Limax, the surface terms identically disappear. In other words,
in the LAPW case, the application of VSM is reduced to
using the symmetrized matrix elements of the kinetic energy
operator.
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In the fully relativistic case, the generalized VSM expres-
sion was introduced by Loucks [6] and reads as the following:

E / dr¥ (r)W(r)
2
- /dr\y*(r)[—ica V4 (B — 1)% 1% V(E)]W(r)

+ % XI: /S dS[W, (1) + W] ()]e[ W, (r) — ¥y (r)].
(A4)

With the help of the identity
f drU" (r)[—ico - V]T (r)

= /dr{T*(r)[—ica VU (r)}* —ic/dSUT(r)ocT(r),
’ (AS)

the expression (A4) can be transformed to the following
equivalent form:

2
E / dr¥(r)¥(r)= / drv’ (r)[(B — 1)% + 1% V(r)]¥(r)

+ Re / dr¥ ' (r)[—ice - VIW(r)

_ %Z /S dS¥/ (r)aw,(r)
ie -r
X Z /S SV @a . (A6)

This form of the relativistic VSM is used in the Flap-
wMBPT code. It is helpful to give the surface correction term
further consideration. For every term in the expansion of the
surface term in spherical spinors we can write

t ic g ))* (g',m(r))
T o= _ %
ilp ) _/S, dS( ll#( ) o-n ll'u( )
glm( )) (gt,[p,(r)>
+ 2 S dS( zlu( ) on zlu(r)
1 n .
=5 [ aslihu o nfl 0 - £ wa-ndl, @)

2
— g (e -nfy, @)+ f;! (O - ng;, ()]

52 X
[g,,ﬂ(sz)flﬂ(sz) Fih (S84, (St)

— il (SO, (50 + fil (S84, (SD)]- (A7)

In this form, the surface contribution looks exactly as the
surface contribution in nonrelativistic (or SRA) expression
(A3) if one interchanges the radial derivatives with small
components. For applications, it is important to understand
that in the last line of equation (A7) the left component of
each product comes from the original conjugated spinor. In
order to clarify the statement, let us give a couple of examples
of evaluation of the 7i/;u component of the surface term. In
the first example, let both original spinors (U'" and W) belong
to APW type, i.e., we are evaluating the surface correction
to the matrix element of kinetic energy between Hg‘x(r) and
MK, (r). In this case, the correspondence of the quantities
appearing in the last line of (A7) and realistic quantities is
the following:

Dk 1 @k
gll;/,(Sl) - yttlp, ;Gs? fil;L(Sl) - ylil/J,;G’s/

“(Dk . (Dk
f;lpt(Sl) d fll(Sf)yttlu ;Gs? g{[u(S’) - ytilu;G’s’

*(Dk t (Dk
gth(S’) - ytzlu ;:Gs? ll;/.(Sf) - il(Sf)ytilM;G’s’
2)k Dk
fm(St) - yn(lu) Gs’® gfim(St) - yt(il)u;G’X" (A8)
With the above correspondence, the total contribution is

SZ
*(Dk 2k
_E [ytll;L GYytll;L ;G

*Qk (Dk
+yfll},b Gvyrtlu G ] (A9)
which is used in deriving equation (63) of the main text.
In the second example let us think that we are evaluating
correction to the matrix element of local function of ‘lo’ type

and l'[lé,_v, (r) which now can be APW or LAPW type. In this
case the correspondence is the following:

t *(Dk - (Dk
2fil(Sf )yttlu GYytll;l. :G's'

8itu(S) = 0 f1,(S) = Yigy

£ (S = fY S g, (S = 3
i (S) = 05 f1.(S) — fi(S)

[l () = 05 €4, (S) = Yy

With the above correspondence, the total contribution is

(A10)

(Lot (Dk
f Sk

which is used in derlvmg equation (67) of the main text.
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