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Quantum Monte Carlo simulation of BEC-impurity tunneling
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Polaron tunneling is a prominent example of a problem characterized by different energy scales, for which
the standard quantum Monte Carlo methods face a slowdown problem. We propose a quantum-tunneling
Monte Carlo (QTMC) method which is free from this issue and can be used for a wide range of tunneling
phenomena. We apply it to study an impurity interacting with a one-dimensional Bose-Einstein condensate and
simultaneously trapped in an external double-well potential. Our scheme works for an arbitrary coupling between
the particle and condensate and, at the same time, allows for an account of tunneling effects. We discover two
distinct quasiparticle peaks associated, respectively, with the phonon-assisted tunneling and the self-trapping of
the impurity, which are in a crossover regime for the system modeled. We observe and analyze changes in the
weights and spectral positions of the peaks (or, equally, effective masses of the quasiparticles) when the coupling
strength is increased. Possible experimental realizations using cold atoms are discussed.
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I. INTRODUCTION

The dynamics of a single mobile impurity interacting with
a reservoir is one of the fundamental problems in condensed
matter physics. The corresponding model, the so-called po-
laron model, was introduced to describe the coupling between
electrons and lattice phonons in a dielectric crystal [1]. Nowa-
days, the polaronic effects have been extensively studied for
impurities in Bose-Einstein condensates (BECs) [2-5], where
a tunable interaction between impurities and host atoms via
the Feshbach resonance goes beyond the parameter range
relevant for solids [6]. However, theoretical techniques based
on perturbation theory [7,8] and variational approaches [9—13]
result in different predictions at the strong interaction even for
the one dimensional polarons [14]. Nevertheless, this model
became a sound benchmark for various many-body techniques
[6,15] with an unprecedented opportunity for their experi-
mental testing [16—19]. The transport of impurities interacting
with a many-body environment has been also investigated in
optical lattices [20-24]. Apart from that, progress in this area
is also important for a deeper understanding of the physics
of neutral atoms in optical traps [25,26] and quantum dots
[27,28], especially in the context of quantum information
theory.

Generally, the incoherent tunneling effect [29,30] with a
nonlinear coupling is hard to study with analytical and nu-
merical approaches. A tunneling particle interacting with a
bath has at least two different energy scales—a barrier height
(related to the tunneling energy splitting) and the interaction
strength. Path-integral quantum Monte Carlo (QMC) methods
can be applied to this problem since they are commonly used
to study quantum impurity models [31,32]. Moreover, the
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QMC studies of tunneling processes have gained an increased
interest in the field of adiabatic quantum computing [33,34].
However, the straightforward application of the QMC algo-
rithm for the simulation of tunneling is limited by its high
computational complexity [35-38]. This slowdown problem
is related to a complex energy landscape for the Feynman path
integral.

In this paper, we propose a special modification of the
path-integral QMC method for incoherent impurity tunneling
and apply it to the polaron problem. We investigate tunneling
of a single impurity immersed in a one-dimensional BEC and
trapped in a double-well potential. Our method is based on
splitting the path-integral computation into two independent
parts. The first one corresponds to the process of tunnel-
ing through a double-well barrier, which can be efficiently
estimated, and the second one corresponds to a retarded inter-
action with the bath. We consider a particle in a double-well
potential in a numerically exact way, and BEC excitations
are determined by integrating out the bosonic modes. The
method relies on the assumption that the typical energy of
the BEC-impurity interaction is comparable with the tunnel
splitting, but much smaller than the barrier height. By per-
forming an analytical continuation of the computed impurity’s
correlation functions, we calculate the density of states for
different interaction strengths in the low-temperature limit.
Moreover, we identify emergent peaks in the density of states
as quasiparticle peaks and estimate their effective mass. Using
the proposed QMC method, we discover the crossover in the
BEC-impurity system from phonon-assisted tunneling [39,40]
at a weak coupling to self-trapping in a strong interaction case
[41].

The paper is organized as follows. In Sec. II we discuss
the general formalism as well as the model and the pro-
posed method. Section III contains details of the proposed
QMC scheme for the BEC-polaron tunneling in the case of
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a two-mode bath, a comparison with the exact diagonalization
method, and results for a model with the continuous spectrum
of the bath. We provide conclusions in Sec. IV.

II. MODEL AND METHOD
A. Frohlich-Bogoliubov model

We use the Frohlich Hamiltonian, which describes the
impurity in a Bose-Einstein condensate in the Bogoliubov
approximation [2,3,9],
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where p and £ are momentum and position operators of the
impurity atom with mass my, l;;c is the creation operator of
the Bogoliubov excitation with momentum k and frequency
wg, Vi is the interaction strength of phonon modes with the
impurity atom, ¢ and & are the speed of sound in BEC and its
healing length, respectively, a;p is the boson-impurity scatter-
ing length, ng is the BEC density, and M~ = mgl + m;l is
the reduced mass, where mp is the mass of a host atom.

To study the equilibrium properties of the polaron tunnel-
ing we consider the impurity in the double-well potential,
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where we set /i, e, d to unity (e = c¢/& is the energy in the
polaronic units [11], and 2d is the distance between wells of
the double-well potential).

B. Quantum-tunneling Monte Carlo method

The Feynman path integral defines a transition amplitude
as a sum of all possible paths between given initial and
final configurations of a quantum system. The standard path-
integral quantum Monte Carlo method utilizes this idea in a
sampling of a large number of discrete trajectories in imag-
inary time [42]. On every step of the algorithm, the current
trajectory is changed according to the Metropolis condition
[43]. As more steps of the method are applied, the closer the
result becomes to the exact one.

For tunneling problems with multiple minima of the energy
landscape the standard QMC sampling of valuable trajecto-
ries leads to the exponential growth of computational time
[36-38,44]. In other words, the standard path-integral QMC
cannot reach any stable result in a reasonable amount of time.
The reason for the QMC scheme failure is that the tunneling
time is much larger than the timescale of the interaction. For
BEC, this gives ii/k < hiM/a;p\/ng, and as a consequence,
the calculation requires a very fine grid for the trajectories.
To overcome this problem, we proposed another algorithm—
the quantum-tunneling Monte Carlo method (QTMC). Our
approach separates the path-integral computation into two
parts. The impurity tunneling in a double-well contribution
is accounted for through a numerically exact calculation of its
propagator and the BEC excitations are integrated out in the

low-temperature limit, which results in the following retarded
action,
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where S;[x] is the action of the impurity in a double-well
potential, Sg[x] is the action related to the impurity in the
BEC, and Sg[x] is the retarded polaronic action,
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where ®(7) is the Heaviside step function, 8 is an inverse
temperature, and 8t is a time slice.

The action of the impurity S;[x] can be defined through
the Feynman propagator—the probability amplitude to find a
particle at the position x” from x in the time interval 8t [45].
We exactly diagonalize the Hamiltonian for the particle in
the double-well potential and obtain the eigenfunctions and
eigenvalues ¢;, E; to estimate the propagator via

K(x,x',87) =) ¢ (x)pi(x)e 5. (5)

We use the finite-difference method to compute the eigenfunc-
tions and eigenvalues ¢;, E;.

Now we discuss the algorithm of the QTMC procedure
in more detail: (1) an explicit calculation of the propagator
of the noninteracting impurity K(x’, x, ) in a numerically
exact way; (2) a numerical evaluation of the retarded action
S for different values of x(t) — x(t’); and (3) a Monte Carlo
sampling of the impurity’s trajectories using the calculated
propagator K (x', x, t) and the retarded action Sg.

Thus, we reduce the initial many-body problem to a single-
particle problem with the effective retarded action, which
includes correlations of all orders in a numerically exact way.
Our QTMC scheme samples the impurity trajectories in imag-
inary time with periodic boundary conditions on a coarse time
grid with the step 7 ~ AE~!.

We apply the QTMC algorithm to find the correlation func-
tions (xpx;) of the impurity in the imaginary time. Using the
QTMC data, we obtain a density of states (DOS) on a real axis
through a Fourier transform [46,47],

1 00 =0T _‘_efw(ﬂfr)
(xox:) = E/o Wﬂ(a))dw- (6)
The integral (6) is restricted to the positive frequencies w,
which is possible since (xox;) = (xoxg—;) [47].

We note that there are certain similarities between our
approach and the strategy used in Refs. [48-50] to simulate
hard-core interactions in quantum bosonic fluids. In these
works, the exact propagators for the single particle in a trap
are also used for the effective sampling of configurations.
However, we stress that Refs. [48—-50] use the two-particle
approximation for the density matrix, whereas our approach
is formally numerically exact and preserves correlations at all
orders.
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C. Maximum entropy method

Generally, finding the analytical continuation p(w) from
the imaginary-time Green’s function (xpx;) is an ill-
conditioned problem [51], i.e., the solution is highly sensitive
to noise of the input data. The maximum entropy method
(MaxEnt) is a widely used approach to extract the analytical
continuation p(w) from the correlation functions (xpx;). The
main idea of the MaxEnt method is to minimize the cost
function % x — aS[p], where y is the quadratic loss function
of (xpx;), S[p] is the Shannon entropy term, and « is a regu-
larization parameter [47]. The distribution that maximizes the
information entropy is the one that is statistically most favored
[52]. In other words, the less known about a target spectral
function p(w), the higher is its Shannon entropy. The proper
initial guess for the distribution—the default model—helps to
reconstruct the unique analytical continuation. Thus, solving
the nonlinear optimization problem, we find a finite, smooth,
and positive spectral function p(w) without overfitting the
correlation function’s noise [46].

III. RESULTS

Here, we present the numerical results for the system with
the parameters corresponding to a K tunneling impurity
in the 3’Rb condensate. First, we benchmark the proposed
quantum-tunneling Monte Carlo algorithm on the model (2)
with the two resonance modes of the Bogoliubov excitations.
We solve this problem by the exact diagonalization (ED)
method and the QTMC scheme [with ten eigenfunctions ¢;
held in Eq. (5)] for the different coupling strengths or equiv-
alently the boson-impurity scattering lengths a;5 (see Fig. 1).
The exact diagonalization algorithm provides the solution as
a set of delta-function peaks for this problem. In Fig. 1 these
peaks are slightly broadened for easier visualization. The
QTMC correlation functions (xpx;) were transformed into
the density of states by the MaxEnt method. This procedure
approximates the DOS by Gaussian peaks of a fixed width,
defined by the accuracy of QTMC calculations. Nevertheless,
significant features of the density of states, namely a peak
position and its amplitude, can be obtained without any re-
strictions on the boson-impurity scattering length a;5. We note
that the calculation time slightly grows with the coupling a;p
since it is necessary to use a finer time grid in the strong-
coupling regime.

For a free impurity in the double-well potential, we find
a single peak in the DOS, corresponding to the tunneling
splitting AE [Fig. 1(a)]. At the small coupling, this peak
splits into two [Fig. 1(b)]. As the interaction grows, the right
peak shifts to the higher frequencies and its amplitude de-
creases, while the left DOS peak grows higher and shifts to the
lower frequencies. Finally, the lower-energy peak dominates
for strong coupling, which might indicate a self-trapping of
the impurity [Fig. 1(c)]. There are slight differences in p(w)
between the ED and QTMC peaks due to the finite accuracy
of the MaxEnt procedure (see Sec. I C for details). Also, our
scheme cannot resolve the smallest DOS peaks for the strong
coupling [Fig. 1(c)], but we believe that these peaks do not
significantly influence the impurity tunneling.
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FIG. 1. Correlation functions (xox,;) and spectral densities of
states p(w) for a K impurity, which interacts with the two reso-
nance modes of Bogoliubov excitations (k = +0.805, w, = AE ~
0.057) of the ¥Rb condensate (the healing length & = 2.5) and
trapped in a double-well potential with k = 10.24 for different values
of the scattering length: (a) a;3 = 0.0, (b) a;3 = 0.08, and (¢) a;3 =
0.34. Dotted and dashed lines correspond to the QTMC simulation
with 100 steps, and solid lines are the exact diagonalization results,
B = 100.

Now let us discuss the QTMC results for the model (2)
of the *K tunneling impurity with the continuous bosonic
spectrum of Bogoliubov excitations (the healing length & =
2.5, and the inverse temperature 8 = 100 corresponding to
T = 160 nK), which does not allow the ED treatment. Fig-
ure 2 shows the obtained spectral density of the states from
the QTMC data. The spectrum of the bosonic modes was
cut off at knax = 1.5, which corresponds to the frequency cut
w(kmax) = 3AE. We checked that the obtained results do not
depend on the specific choice of the cut. The DOS behavior is
qualitatively similar to that of the two-mode problem. There
is a single DOS peak for zero coupling, which is related to
the energy level splitting for the particle in a double-well
potential wy = AE (vertical line in Fig. 2). In other words, a
particle is tunneling from one well of the potential to another
for tunneling time ¢+ = 7 /AE. For a small interaction strength
(scattering length a;p < 0.04), the tunneling DOS peak shifts
to higher frequencies, and another small DOS peak appears.
The amplitude of the right DOS peak decreases with cou-
pling, but its position continues to move to higher frequencies,
which means the decreasing impurity tunneling time in the
presence of resonant phonons, i.e., phonon-assisted tunneling.
Simultaneously, the left DOS peak grows and shifts to lower
frequencies. For the scattering length a;p > 0.06, this peak
becomes a dominating feature of the DOS, i.e., the tunnel-
ing time grows (Fig. 2). It means that the impurity does not
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FIG. 2. Spectral densities of states p(w) for a **K tunneling im-
purity, which interacts with the continuous spectrum of Bogoliubov
excitations in the ¥ Rb condensate (the healing length & = 2.5), k =
10.24, B = 100, 10'° QTMC steps. The vertical line corresponds to
the tunneling energy splitting for zero interaction a;5 = 0.

transfer into another well of the potential or, in other words, it
is self-trapped in the strong interaction regime. This process is
interpreted as the formation of a heavy phonon cloud around
the particle at which a bound state of the impurity emerges.
For the obtained QTMC data, the MaxEnt method does not
signal any change in the widths of the DOS peaks. Since the
DOS peaks are narrow, we can interpret them as quasiparticle
peaks and define their effective masses as functions of scat-
tering length (Fig. 3). For a given double-well potential (with
k = 10.24 in our case), we can employ the exact diagonal-
ization to obtain a dependence of the tunneling splitting AE
on a particle mass. This dependence can be used to estimate
an effective mass for each DOS peak. We see that for a
small interaction strength, which we refer to as a phonon-
assisted tunneling region, the effective mass decreases (circles
in Fig. 3). For large coupling, we observe an increase of the
effective mass, which indicates that the impurity is localized
in this regime (squares in Fig. 3). In the intermediate case,
there is a crossover region, where two DOS peaks have nearly

[} [l -
181" phonon- | |
16/ assisted | crossover | "
tunneling | | =
S n
S 1.4
~ | o |
= = .
g 129 CE | self-trapping
| |
1.01 @ ° °
| ® ° oI
0.8 | | o 5
T T T | T T \I T T T
o 1 2 3 4 5 6 1 8

FIG. 3. Effective mass corresponding to the quasiparticle peaks
of the density of states for a 3K tunneling impurity in the ¥Rb
condensate (the healing length £ = 2.5); circles represent the higher-
frequency peaks, squares the lower-frequency ones; solid (open)
marks are dominant (lesser) peaks; x = 10.24, g = 100.
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FIG. 4. Impurity trajectories x(t ) in imaginary time for different
values of interaction strength with the ®’Rb condensate (the healing
length & = 2.5): (a) a;p = 0.01, (b) a;5 = 0.05, and (¢) a;5 = 0.09;
dashed lines correspond to the minima of the double-well potential,
k =10.24, g = 100.

the same amplitude, and these two phenomena coexist. We
emphasize that the defined effective masses are not directly
related to the impurity effective mass in the BEC in the ab-
sence of the tunneling potential [32] and further investigation
is needed to elaborate on their connection.

In Fig. 4 we also show the sampled imaginary-time
trajectories for the different scattering lengths a;p. For a
small interaction strength, the impurity tunnels freely from
one well to another [Fig. 4(a)]. In the crossover region,
the impurity tunneling starts to lessen, which results in a
slightly asymmetric probability distribution [Fig. 4(b)]. For a
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strong coupling, the tunneling process is almost suppressed,
which indicates the self-trapping of the impurity in one of the
wells [Fig. 4(c)].

IV. CONCLUSIONS

In the present work we propose a special modification of
the quantum Monte Carlo method for the tunneling problems
(QTMC) in an external environment, which can simulate equi-
librium dynamics beyond perturbation theory. The QTMC
scheme enables us to investigate how the bosonic bath af-
fects tunneling without an exponential slowdown usual for
the standard QMC method. We apply this approach to study
the tunneling of the BEC impurity in one dimension in the
Frohlich-Bogolubov approximation. The impurity’s correla-
tion functions were calculated by the QTMC scheme and
transformed into the density of states using the MaxEnt
procedure. We verified our method by employing exact diag-
onalization for the model bath with two resonance modes of
the bosonic field.

For the continuous bosonic spectrum, we found that
the BEC impurity undergoes a crossover between the

phonon-assisted tunneling at the weak coupling and self-
trapping for the strong interaction. Also, we found the
quasiparticle peaks in DOS and estimate their effective mass.
These phenomena might be observed in the recent experiment
realization [16,17] with an addition of two close harmonic op-
tical dipole traps for the impurity [53,54]. A spectral response
of the tunneling impurity in the BEC on radio-frequency
pulses might be used for the observation of the crossover
between the phonon-assisted tunneling and the self-trapping
regimes. Moreover, it was shown that the inhomogeneous
BEC could produce the effective double-well potential for
the impurity during quench dynamics [55,56]. These works
motivate a further study of the dynamical phenomena in the
explored BEC-impurity model and its extensions.
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