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Electron-phonon hydrodynamics
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We developed the theory of hydrodynamics of an isotropic Fermi liquid of electrons coupled to isotropic
acoustic phonons, assuming that umklapp processes may be neglected. At low temperatures, the fluid is approxi-
mately Galilean invariant; at high temperatures, the fluid is nearly relativistic; at intermediate temperatures, there
are seven additional temperature regimes with unconventional thermodynamic properties and hydrodynamic
transport coefficients in a three-dimensional system. We predict qualitative signatures of electron-phonon fluids
in incoherent transport coefficients, shear and Hall viscosity, and plasmon dispersion relations. Our theory may
be relevant for numerous quantum materials where strong electron-phonon scattering has been proposed to
underlie a hydrodynamic regime, including WTe,, WP,, and PtSn,.
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I. INTRODUCTION

The hydrodynamics of correlated electron liquids, theo-
rized many decades ago [1], has recently become increasingly
observable in experiments in a broad range of materials,
including graphene [2—-10] and GaAs [11,12]; see [13] for a re-
cent review, and [14-21] for recent theoretical developments.
More speculatively, proposed evidence for hydrodynamics has
been put forth in WTe, [22], WP, [23-26], PtSny [27], and
PdCo0; [28,29]. In these more complicated material systems,
the electron’s Fermi surface is highly anisotropic (and may be
multiple sheeted). Moreover, in many of these materials, it is
believed that electron-phonon scattering cannot be neglected,
and might even be largely responsible for the experimental
signatures of hydrodynamics. Can exotic hydrodynamics arise
in these material systems, with phenomenology beyond the
canonical (Galilean-invariant) hydrodynamics?

To begin to address this question, we revisit the hydrody-
namics of a coupled fluid of electrons and acoustic phonons,
in more than one spatial dimension d > 1. This problem
has arisen in the older solid-state literature [30,31], with a
recent work [32] revisiting this theory in light of the more
recent experimental developments cited above. The focus of
this earlier literature is largely on low temperature dynamics,
with a notable exception of [33,34] studying high temperature
phonon-dominated hydrodynamics. The purpose of this paper
is to show that there are at least seven distinct temperature
regimes of coupled electron-phonon fluids, exhibiting qualita-
tively distinct behaviors, that can arise at temperatures below
the Fermi temperature in d = 2, and at least nine different
temperature regimes in d > 2. These distinct temperature
regimes arise even with the simplest electron-phonon scatter-
ing integrals, and ignoring a multitude of possible microscopic
effects such as optical phonon scattering, anisotropy, or mul-
tisheeted Fermi surfaces. These distinct temperature regimes
are distinguishable when the ratio of the phonon velocity and

“xiaoyang.huang @colorado.edu
fandrew.j.lucas @colorado.edu

2469-9950/2021/103(15)/155128(26)

155128-1

the Fermi velocity is parametrically small. In practice, this
ratio might typically be around 0.01 to 0.1, which is small
enough to distinguish at least a few of the different fluids we
will describe (though distinguishing all nine regimes cleanly
would be difficult in principle and in practice). The previ-
ous literature [30-32,34] which focuses on electron-phonon
coupled fluids (as far as we could tell) studies only one of
these temperature regimes, which arises at the very lowest
temperatures.

However, we will argue, based on our theory and ex-
perimental data from the relevant materials, that this is not
the range of temperatures most relevant for understanding
signatures of hydrodynamics in experiments in many of the
material systems listed above. The main results of this pa-
per are the unique signatures of the hybrid electron-phonon
fluid as a function of temperature and/or magnetic field de-
pendence of numerous coefficients, including shear and Hall
viscosity, incoherent conductivity, and plasmon dispersion.
As we will discuss, these phenomena can be probed ex-
perimentally in the near future via numerous experimental
techniques, including conductance measurements in narrow
channels or constrictions [5,14], imaging methods [8—10], or
the properties of collective modes such as plasmons [35,36].
Our predictions are not unique to one class of material such
as WP;; instead, they follow only from the assumption that
electron-phonon (rather than electron-electron) scattering is
responsible for electron hydrodynamics.

II. SUMMARY OF RESULTS

We now broadly summarize our results. We first introduce
the model of interest. We consider an isotropic and weakly
interacting electron Fermi liquid, with an isotropic dispersion
relation. We suppose that the Fermi temperature is Tp, the
Fermi momentum is pg, and the Fermi velocity is vg. We
assume the electronic density of states at the Fermi energy
is given by
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where 2,_; is the area of the unit sphere in d — 1 dimensions
and m is an effective quasiparticle mass. Working in units
where kg = 1, the single-particle fermion dispersion relation
near the Fermi surface is
dpVr 2

€p) =T + ve(lpl — pp) + —=(Ipl = pp)" + -+ . (2.2)
Similarly, we consider isotropic acoustic phonons whose fre-
quency is given by

w(p) = vpn|p|. (2.3)

We restrict our calculations to temperatures 7 < Tg, and will
generally suppress all subleading corrections in the small
parameter T /Ty except where stated. In usual metals (Tr ~
10000 K) the criterion is impossible to violate, but for low
density systems it is possible, e.g., in graphene [3,6] and GaAs
[12,37,38]. The system we consider is d dimensional with
d > 1. Experimental systems exist with both d = 2 (exactly
or approximately) and d = 3.

For phonon modes to be effectively two dimensional in a
layered heterostructure, it is sufficient to have the thickness
of the material in the third dimension larger than hvp, /kgT .
Although in principle this seems easily achieved in GaAs,
where [12] T ~ 1 K and vy, ~ 4 x 10° m/s is appropriate for
the hydrodynamic regime (the desired thickness is of order
30 nm), in practice the phonons may not be sharply bound
to the GaAs layer in a heterostructure. Alternatively, one
may consider van der Waals heterostructures as a natural ex-
perimental playground for two-dimensional electron-phonon
hydrodynamics. A possible complication in these systems
(especially in suspended monolayer graphene) will be the
addition of low energy flexural phonons [39,40], which we
have not included in our calculation.'

Note that all of the materials WP,, WTe,, PtSny, and
PdCoO, are anisotropic. Moreover, analyses of models with
electron-electron scattering [29] demonstrate new phenomena
arising from anisotropy. Nevertheless, we focus on the simpler
setting of isotropic liquids in this paper. As we will see, this
simpler setting is already extremely complex. We anticipate
that nearly all of the qualitative features of our model will
continue to hold in anisotropic models, with the likely ex-
ception of the low temperature scaling of incoherent conduct-
ivity [29].

As such, we press on with our minimal model. There are
three dimensionless numbers that will prove particularly im-
portant in our analysis. First, there is the small parameter

a aT
PF \/gvaF’

which represents the smallness of thermal fluctuations of
the electrons about their Fermi surface—specifically, the en-
hancement of the momentum carried by thermal fluctuations

a

(2.4)

"We nevertheless anticipate that the hydrodynamics of electrons
interacting with flexural phonons is, in many respects, rather similar
to what is described in this work, albeit with numerous crossover
temperatures modified, and temperature dependencies modified.

of electrons. Second, we have the ratio

w 1(d) Td+

w = =

PEVI2  pe/V/2 v

where I(d) is a dimensionless number defined in (A2). w
represents the ratio of the momentum carried by phonons to
momentum carried by electrons in equilibrium. As @ becomes
larger with increasing temperature, the fluid’s properties qual-
itatively change. w <« 1 and w > 1 are both limits which
can be achieved in experimental devices, as we will soon see.
Finally, there is the small ratio

(2.5)

L (2.6)
UR
characterizing the small ratio of quasiparticle velocities be-
tween phonons and electrons. We assume that the dispersion
relation is sufficiently simple so that 7z ~ ppvr, in which case
we also obtain the following useful scaling relation:

T\ oy a4DR
D~ [ — -2 T
w <TF) r T 2.7

The main result of this paper is the calculation of
hydrodynamic transport coefficients in electron-phonon hy-
drodynamics. We summarize the results in Table 1. As a
function of temperature 7', in d > 2 spatial dimensions there
is a zoo of temperature scales at which certain properties

change, which we list below:

i
i
©

Ty = rei Ty, (2.82)
T, = ria Ty, (2.8b)
Ty = rii Ty, (2.8¢)
Ty = ria Ty, (2.8d)
T5 = Tpg = rTr, (2.8¢)
Ty = rivi Ty, (2.80)
Ty = rivi Ty, (2.82)
Ty = rici Ty, (2.8h)

When temperature is low enough (7" < T;), the phonon
modes essentially become irrelevant, except for providing a
scattering mechanism for the electrons. This is the regime
studied in previous papers [30,32].

However, above temperature 7, the phonons begin to play
a more interesting role. For the discussion that follows, let us
assume the ballpark estimates 7r ~ 10000 K and r = 0.03,
and consider a metal in d = 3. In this cartoon metal, 77 ~ 2 K.
When T > T, the phonons begin to dominate the incoherent
part of the charge conductivity, which now becomes anoma-
lously large, even for an isotropic fluid.> However, in an

2Note that in an anisotropic fluid [29], the incoherent conductivity
will be large even in the lower temperature regimes, in which case
this temperature scale becomes more dramatic.
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TABLEI. A summary of the hydrodynamic properties of a coupled electron-phonon fluid. The ratio r is defined in (2.6) and the temperature

crossovers are defined in (2.8).

T <T Ti to Tz |Ts to T3 |T5 to Ty |Ty to Tea |Tea to Ts|Ts to T7|T7 to Ts|Ts to Tr
regime I 11 111 1A% vV VI VII VIII X
sound velocity vF/\/El vF/ﬂ)\/E vph/\/Zl
charge current |coherent (|Jinc) o (1)| coherent (|Jinc) o< W) incoherent
heat current incoherent | coherent
energy current coherent | incoherent ‘coherent
electron scattering small angle large angle
bulk viscosity by |2)e \by |1)pn by [1e
Y vs.n X <n X >n

isotropic fluid, the effect will be fairly small. At temperature
T, (about 10 K), the bulk viscosity becomes dominated by
phonons, although again the correction is quite small. At
T (about 60 K) and beyond, the bulk viscosity becomes
dominated by electrons again, but is not suppressed for any
electronic dispersion relation.?

The fluid completely begins to change its character at 7,
(in our cartoon, about 140 K). At this temperature, w ~ 1,
and so the momentum of the coupled fluid begins to be-
come phonon dominated. This leads to a number of crucial
changes, including a rapid decrease in the sound speed (v ~
T—@+D/2) "3 large incoherent electrical conductivity, and a
sound mode whose decay is dominated by incoherent con-
ductivity rather than viscosity. As we describe later, such
changes may be visible in experiments by studying changes
to the plasmon dispersion relation. At 75 = Tpg, the Bloch-
Griineisen temperature,* there are surprisingly few changes
to the hydrodynamic properties of the fluid, beyond a possible
sharp decrease in the shear viscosity. In our numerical cartoon,
Tsg ~ 300 K is room temperature.

The final dramatic change arises at temperature 75 (about
800 K in our cartoon), where the phonons dominate the sound
mode, which now propagates at its high temperature velocity
of

Uph
Vs i
At temperature 77 (about 1800 K in our cartoon), the heat
current becomes approximately coherent; at temperature T3
(about 4000 K in our cartoon) the energy current becomes
coherent. Once the energy current becomes coherent, the

(2.9)

3If the electrons had € o p?, then the bulk viscosity (in the absence
of phonons carrying momentum) exactly vanishes. For T < T; this
implies the bulk viscosity is much smaller than it would be for
a generic Fermi liquid. Admittedly, this effect is very hard to see
experimentally; this is simply an interesting theoretical observation.

“The Bloch-Griineisen temperature Tpg arises when the phonon-
limited resistivity shows a dramatic change from p ~ T9*2top ~ T
[41] (in the absence of phonon drag, at least). It can be understood
from the bosonic nature of phonon modes: when 7' < Tgg, the vol-
ume of phonon momentum integration is restricted to the T /vy,
window; when T' > Ty, the phonons are more like a classical gas
with equipartition distribution.

hydrodynamics of the coupled electron-phonon fluid becomes
essentially a nearly charge neutral relativistic fluid [42]: the
energy current and momentum density are approximately
equivalent, and the charge current is incoherent while the
energy/heat currents are nearly coherent. Interestingly
enough, the speed of sound of the fluid is also compatible
with a conformal fluid, since at high temperatures v, plays
the role of an approximate speed of light for the dominant
species. However, the fluid has the largest bulk viscosity at
these high temperatures, so it is not ultimately a conformal
fluid, even approximately [43].

In Sec. III we summarize the kinetic theory approach that
we use to derive electron-phonon hydrodynamics. While our
kinetic approach is the standard one, we have nevertheless
uncovered numerous phenomena (described above) that have
previously been overlooked. We further give brief arguments
that the presence of rapid phonon-phonon scattering at high
temperatures does not change many qualitative features of
the hybrid electron-phonon fluid. Section IV then derives
the main results about hydrodynamics that we summarized
above.

In Sec. V we review the thermoelectric transport properties
of an electron-phonon fluid in the presence of momentum re-
laxation [44], in light of the eight different temperature scales
described in (2.8). Although the precise temperature scales at
which the WF law fails are sensitive to the precise rates of mo-
mentum relaxation, we will see that the qualitative features of
thermoelectric transport in an electron-phonon hydrodynamic
metal can look quite similar to a nonhydrodynamic metal. We
will explain why, and give a qualitative overview of how the
different temperature scales in (2.8) relate to features in the
Lorenz ratio. Since typical electron-phonon fluids exhibit vio-
lations of the Wiedemann-Franz law just below Tpg and many
of the signatures of electron-phonon hydrodynamics in mate-
rials such as WP, and PtSny arises at temperatures just as L
dips below Ly, it may be reasonable to estimate many electron-
phonon fluids as being in the temperature regime 7y < T <
Tsg- A more careful consideration of basic experimental data
in Sec. V confirms this expectation. We hope, therefore, that
many of the exotic hydrodynamic phenomena described above
could (in principle) be observable. For example, in thin films,
the exotic sound speed might be observable by careful studies
of the temperature dependence of the real part of plasmon
dispersion relations, as we will describe in Sec. IV E. The
imaginary part of the plasmon dispersion relation also will
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obtain (in two dimensions) a highly unusual imaginary part
[45] arising from the large incoherent conductivity.

In Sec. VI we briefly describe hydrodynamics and transport
of the electron-phonon fluid in a background magnetic field.
For simplicity we focus on the case of two-dimensional sys-
tems. Depending on microscopic details of phonon-phonon
scattering, the relationship between shear viscosity and Hall
viscosity can either mirror a conventional Fermi liquid with
negligible electron-phonon scattering [46] or appear rather
unconventional.

We also note there is an extensive and decades-old lit-
erature on the hydrodynamics of phonons alone, including
the propagation of hydrodynamic “second sound” and other
hydrodynamic phenomena of interacting phonons [47-53].
This phonon-only hydrodynamics typically arises in electrical
insulators. We do not expect that the model of this paper is
directly applicable to such systems, if there is a small number
of thermally excited electrons or holes, because our model as-
sumes that the electrons are nondegenerate, and that T < Tr.
It could be interesting to generalize our results to study this
alternative regime.

III. KINETIC THEORY

In this section we review a general formalism to solve the
transport problem. Our notation follows [54-56].

A. Formalism

Consider a Fermi liquid with weak interactions. For the
moment, let us imagine a single species of particle—we will
relax this shortly. We can describe transport by determining
the response of the distribution function f(x, p), which can
roughly be interpreted as the number of quasiparticles of mo-
mentum p near the spatial point x. Since these quasiparticles
are assumed to be long lived, this interpretation is sensible.
The evolution of f is governed by the Boltzmann equation
[57]:

Of +vp - 0f + Fex - 9pf =CLf], 3.1

where

vp = 0p€p (3.2)

is the quasiparticle velocity, F ¢ is the external force, and
C[f] accounts for the multiparticle scattering events arising
due to interactions between quasiparticles. We assume the
electron band €, to be inversion symmetric and time reversal
symmetric and neglect the spin degree of freedom for simplic-
ity. We write

d
f(xs P) = fO(x9p) +8f(xs P) = fO(xs P) + (_B;Z')cb(xf p)s

(3.3)
where fj is the equilibrium distribution function, and § f is the
infinitesimal correction due to the deviation from equilibrium.
Within linear response, (3.1) reduces to

0 0f +vp - 0:0f + SF exi - 0pfo = 8CIS f],

where the right-hand side is, in general, a nonlocal function in
p- The external force is given by

(3.4)

VT

OF e = —eBE + (€ = p)—— (3.5)

and arises due to external electric fields and temperature
gradients.

We interpret ®(x, p) as a vector, with the p dependence
abstracted into Dirac bra-ket notation. Hence we write

|®) = / d’po(x, p)lp), (3.6)
and define the inner product
O RVA e 8
{plp’) = < ae> e (3.7)

The charge and thermal current, when evaluated on a given
distribution function f, can be written as inner products

Jix) = (@) = —e (z”f:,f)d vi(—g)m,m,
) == [ d'puop). (3.8)
0,(x) = (9]0)) = / 4p (e—u)w(—ﬁ)cb(x,p),
2 h)d de
10:) = / dp (e — wvi(p)Ip), (3.8b)

since in equilibrium there is no charge or heat current. We
define the linearized collision integral W to be the map in
the vector space W : |p) — |p’) giving the linearized collision
integral

5Cp = (pIW|®D). (3.9)
The linearized Boltzmann equation becomes
v.T
0| ®) + vp - 0| @) — Eil i) + ——1Qi) = —W[®). (3.10)

We remind readers that the equilibrium distribution for the
fermionic electronic quasiparticles is
1

0 —
RW®) = T G.11)
while for the bosonic acoustic phonons it is
1
0 —
P = o (3.12)
The velocity of the electrons is
vV, = 0p€, = Vp— (3.13)
p = %C€p |
and the velocity of the phonons is
p
v, = dpw(p) = vph—|. (3.14)

p

B. Thermodynamics

We assume that the system is rotationally invariant, i.e.,
both the dispersion relation and collision integral are rotation-
ally invariant. Then, a convenient basis could be applied

i, m). = /ddp(p—PF)"Ym(Gl,---,del)lp),

|7, m)pn = /ddqanm(Gl,--.,94_1)|q>, (3.15)

where Y, is the spherical harmonics with “angle” m =
(my,...,mg_1). In the above equation, and henceforth,
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p=1pl, 01, ...,04-1 indicate the angular coordinates of p,
and we will use two-dimensional spherical harmonic Y,, =
¢™? for illustration in the rest of this subsection. The gen-
eralization to higher dimension is straightforward. The angle
indices are omitted when indicating typical relaxation rate
from then on. However, these basis vectors are not normalized
in the radial direction, so we use the standard Gram-Schmidt
method to obtain an orthonormal basis |, m). ph, denoted with
no tildes. The most important normalization factors are listed
below (see Appendix A):

(()7 m’|(~), m)e = V(Sm,m/’ (3.16a)
(1, m/ |1, me = va*8 (3.16b)
(1, m/ |1, myph = 2w - (3.16¢)

In our example of d = 2, we can write the total momentum,
the charge current, and the thermal current as

Ip<) £ ilpy) = prl0, £1)e + [T, £1)e 4 T, £1)pn,

(3.17a)
W) £ ildy) = —e(vpl0, £1)e + vp|T, £1)e + - --),
(3.17b)
10:) £ilQy) = vE|T, £ 1)e + -+ + v [T, £1)ph.
(3.17¢)

The momentum operator is exact while the current oper-
ators are only written to leading order in 7' /7r. Besides, the
energy density vector |€) and charge density vector |p) are
given by

l€) = ulp) +1&) = /,L|(), 0)e + UF|1’ 0)e + Uph|Iv O)ph +--,
(3.18)

where |€) is the energy density part orthogonal to den-
sity. Based on the above identities, important thermodynamic
properties including momentum susceptibility M (mass den-
sity in a Galilean-invariant fluid), specific heat ¢, charge
density p, and energy density € could be calculated explicitly,

L) 2 -2
M = (p:|px) = EPF(I +a° +w), (3.19a)
¢ =Tore = (|¢) = gvgp{;(az + P20 +---),  (3.19b)
(Jxlpx) v _
p="P o 5 VePELL + (prdp Invp)a + -1,
(3.19¢)
(Oxlpx) v _ _
€=—0p = ﬁvﬁpé(az + P 4.
(3.19d)

C. Electron-phonon collision integral
‘We now describe the collision integrals, beginning with the
electron-phonon interactions. The dominant such interaction
is a single phonon emission/absorption event [32,58]:

Hepn =Y Mgy io(ag + a' e cu. (3.20)

The Boltzmann equations for electrons and phonons are

O fe +Vp - Ocfe +F - Vpfp = Cepn,
o fg + Uph - Oefg +F - foB = Cph—ev

(3.21a)
(3.21b)

where
Copn = f dqdley | AP — Ky — )5 (et — ety — )

X frw (1 = frw,) fog — frra (1 = frn ) (1 + fg)}-
(3.22)

Con-c is given by the same equation but with an integral over
ki, k. In the long-wavelength limit, the transition probability
is approximated by [59]

|A%| ~ Depnlgl. (3.23)

Following (3.3), we are able to linearize the Boltzmann equa-
tion (see explicit derivation in Appendix B)

(P|We.pn| D)
=8 / d?qd?k\dk> | A|*8(ky — ki — )8

x (ex, — €, — 0g) (1 = fons) fir fg|Pry — i + (Dq|2-
(3.24)

However, after linearization, (3.21) are still coupled integrod-
ifferential equations which are difficult to solve analytically.
Nevertheless, a typical relaxation rate is good enough to es-
timate the scalings of overall prefactors of hydrodynamics
and thermodynamic properties of thermoelectric transport. To
obtain the typical scattering rate for electron (phonon) modes,
we set the ansatz @, = 0 (P = 0). We summarize the re-
sults here, and refer readers to the explicit calculations in
Appendix B:

_ _Jy T <Tges
Ye = (0[Wepn|0)e = {]-/ Tog < T < Tp, (3.25a)
2,52
; _Jyr/ja T < Tgg,
Ye = (HWepnll)e = {)—/ Tog < T < T, (3.25b)
_ _Jy/@* T < T,
Yph = <1|We—ph|1>ph - {)_//17)2 TBG <T < T, (325(3)

where y and j are celebrated electron-phonon scattering rates
separated by Bloch-Griineisen temperature [41]:

2 T d+1 T
y — a2(2)_2Td+2 ~ y()(_) <_> o Td+2,
VDE Tsc Tk
(3.26a)
- 2 2 T
y =« (2)—2T ~yl|l=)xT, (3.26b)
VPE Tr
where
d
Yo = De—ph&~ (3.27)
Uph

So far, the results are exact, and they consist of diagonal
terms of the collision integral. To account for the momentum
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conservation, we multiply the collision integral with projec-
tors:

|Px) {(Px]
(pxlpx)

The explicit expression can be found in Appendix C by ig-
noring impurity scattering there. The projector above has two
physical meanings: first, it makes the total momentum a null
vector of the collision integral, i.e., the total momentum has
no relaxation; second, the projector gives (approximately) off-
diagonal terms of the collision integral by mixing the diagonal
terms, taking into account the fact that either electron or
phonon momentum could be transferred to each other through
electron-phonon scattering even if the total momentum is
conserved. Nevertheless, thanks to the semipositivity of the
collision integral (given directly by the second-law of ther-
modynamics), the off-diagonal terms cannot be qualitatively
important, that is, using diagonal terms is good enough to
determine the scaling in hydrodynamics.

W,y = (1 —P)Wepn(l—P), P=

€

(3.28)

D. Phonon-phonon collision integral

When the temperature is greater than the Bloch-Griineisen
temperature 7gg, high momentum phonon modes g > pg are
allowed to appear in electron phonon fluid. However, if there
is only electron-phonon interaction, they effectively cannot
be scattered via the coupling in (3.20) due to the simulta-
neous momentum conservation and energy conservation (no
two electrons can be connected by such a large momentum
transfer). A priori, this might seem to lead to the conclu-
sion that there is some noninteracting part of phonon modes
that does not participate in hydrodynamics, at least until
higher order scattering processes are considered. Another
practical solution is simply to account for phonon-phonon
scattering processes. For simplicity we also ignore umklapp
phonon-phonon processes, so that momentum remains exactly
conserved in the absence of impurities. In what follows, we
analyze the phonon-phonon interaction schematically. Our
primary goal is to show that the phonon-phonon interaction
will couple high energy phonons to low energy phonons, and
hence not lead to any additional long-lived degrees of freedom
in the hydrodynamic description.

Due to the relativistic dispersion relation of acoustic
phonon modes, momentum and energy conservation together
imply fast collinear scattering [13,60]. To see this explicitly,
we take a “random” ansatz in phonon subspace

7\4!
|®) = /ddCI|q>phv (P[D) ~ l’d(ﬁ> . (3.29)
The first order phonon-phonon interaction
Hpnph = ) U (g, K)a} , ,aga + Hee. (3.30)

q.k

gives rise to the linearized collision integral under the random
ansatz

(@[Wph-pn | P)

_ / dq,d 2d’ s U P3(g, — g — 43)8

1
x (Iq; — lgo] — |q3|>v—hﬁfsql(1 + f3g,) (1 + fogs)
P

T /vpn T2D h
= / d’q2d" 43512 + 431 — 14| — 1g51) ! =,
ph
(3.31)

where we have noted that the phonon-phonon interaction typ-
ically takes the form [59]

[UI* ~ Dpnlq,11g,11g5]. (3.32)

Obviously the § function is only satisfied when the mo-
mentums stay parallel, i.e., realizing collinear scattering.
Schematically we denote the high momentum phonon modes
(g > pr) and low momentum phonon modes (¢ < pr) to be
[H)ph and |L)pn (normalized). Since collinear scattering pre-
serves momentum, it cannot relax the phonon momentum, but
can mix |L),p and [H),, effectively. We identify the typical
relaxation rate for |H),, to relax to |L)p, as the collinear
scattering rate Yph-ph,coll = {P|Wph-ph,cott| P)/{P|P). Let

q2 = (q2ﬂ O)a q3 = (q37 qj_)v (333)

where we assume ¢, = 0and g3, = ¢, < g3 for collinear
scattering. Then the delta function in (3.31) becomes

2 2
q q
3(1g2 + q31 — o] — Igs]) = 28(—L — —i)

P+q93 g3
2
_ (g2 ;%)% 5. (334)

The collision integral is estimated through

g 2(q2 + q3)q3 T*Dpn,
3

4
vph

T 5
X /dd_lCILC]J__IS(CIL) ~ r—7<_>
Tr

y log(l/a) d =2,
const. d>?2,

T /vpn
<(D|th—ph,coll |<D) = / dQQd

(3.35)

where the integral has a logarithm divergence in d = 2 [60]
with o« — O the cutoff from self-energy correction [61]. It
is known as collinear scattering singularity [13], which is
not truly divergent as long as the scattering amplitude |U |>
vanishes for collinear scattering. Then the collinear scattering
rate is given by Ypn-ph.coll & TAph-ph.coll With
=7

Aph—ph,coll ~ DphTI;_h_S
being the dimensionless parameter characterizing the typical
amplitude of the collinear phonon-phonon scattering. For T >
T, we can also write the electron-phonon scattering rate for
phonon modes as Yepnh & TAcph With

(3.36)

_ d+1
2p2(d n p2d vl
Ao X Doy —E— — A A Doy 2 (3.37
e e-pl vvﬁ- Uph P! e-pl UI% Td+1 ( )

and we find Aph.phcoll > Aeph at T > Tpg, assuming that De.pp
and Dy, are similar magnitude and approximately momentum
independent. It suggests that due to the phonon-phonon in-
teraction, the rate for [H)pp to relax to |L)pn is much faster
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TABLE II. Summary of scattering rate in different temperature regimes. ypn.pn is short hand for phonon-phonon scattering rate.

T <T; T t0 Ty T, to Ty Tgg to Tg
Scalings Ye=y ~ T, v =yrt/a@ ~ v, T, Yon = v /W ~ v T Ye=V.=7~T, vy =p/®* ~ o474
Relations Ye < Ve < Vph Ye < Yoh < Ve Yoh < Ve < Ve Yoh < Ye = ¥e K Vphoph

than that for the |1),, (effectively |L),p) to relax out due to
electron-phonon interaction. In other words, the total electron
and phonon momentum remains a good conserved quantity
at the timescale of y;plh, thus the electron-phonon fluid is
well defined at T > Tgg. For concreteness, let us write the
momentum as

|P) o< c2|0)e + c1c2|L)ph + c1[H)ph, (3.38)

where c| » are dimensionless constants. The collision integral
with momentum conservation is of the form

(DL, — 1 D)’

(O, — c,®p)?
1+ c% '

1+ c%

(3.39)
In the limit Of Ye.pn/¥Vph-pheon <K (1 4 c)(1 + ¢3), the eigen-
values of W are given by {0, Veph, Yph-pheoll} approxi-
mately. The null eigenvalue comes from momentum con-
servation. Notice that we obtain a looser constraint on
Ye-ph/ Vph-ph,coll SiNCE ¢ > 1 at high temperature. The eigen-
state, corresponding to the eigenvalue yphpn, is c(1 +
c%)_l (Ve—ph/yph—ph,coll)m)e - |L>ph + |H>ph7 SO that’ in accor-
dance with (3.38), electron modes are strongly suppressed
in phonon-phonon collinear scattering, coinciding with the
previous argument.

Observe that the modes |T,m)p}1 (which represent the
phonon momentum) are exact null vectors of the linearized
phonon-phonon collision integral for m = 0 due to conserva-
tion of phonon energy in phonon-phonon collisions, and when
m = %1 due to conservation of momentum. Once |m| > 1,
1, m > 1) ph, will scatter noncollinearly and experience a non-
collinear phonon-phonon scattering rate

(WD) = Ye-ph + Vph-ph,coll

%h(Ty%WQ Dyl (3.40)
Vph-ph,noncoll ™~ — — ~ Dph—75- .
@ o) v T

Formally, in the hydrodynamic calculations, the collision in-
tegral becomes

W = W/ph + (Vph -ph,noncoll + Vph-ph, coll (1 — IFDL H)) Z P,,
|m|>1
(3.41)
where P, = [1, m)pn (1, m|pp is the normalized projector onto
phonon modes with angle m, and Py is the projection within

J

phonon sector making phonon momentum a null vector to the
collision integral.

Results of scattering rates computed in Secs. III C and III D
are summarized in Table II.

IV. HYDRODYNAMICS

Having developed the kinetic theory of electron phonon
fluid, we can study its universal properties in the hydrody-
namic limit of 9, < min We’_ph. Hydrodynamics is an effective
theory approach and describes the late time dynamics of the
conserved quantities. In our rotationally invariant electron-
phonon fluid, there are charge, energy, and momentum:

O p +0iJ;i =0, (4.1a)

0re + 0Jgi =0, (4.1b)

atp,- + 8j‘C,'j = O, (410)

and
Ji\ Y
(1) = (Lp)-mafr) o
2
Tij = —n 8,‘1/11‘ + Bjui — g&jakuk
— §8,<J-8kuk+8,-jP+-~- ) (42)

where X is the incoherent conductivity matrix [42,62,63], n
is the shear viscosity, and ¢ is the bulk viscosity. The hydrody-
namic quasinormal modes, which are the degrees of freedom
of the effective theory, are found by substituting a plane wave
ansatz into (4.1). We obtain a sound mode

w = vk — iTk* + OK>), (4.3)

where vg is the sound velocity, and I' is the sound wave’s
“diffusion constant.” Apart from the sound mode, the per-
pendicular components of the velocity field (the transverse
momentum) obey a diffusion equation controlled by the shear
viscosity:

w=—i ikz.

M

For convenience we introduce operators: ps = (p, €), g =
(u, T), A=1,2. Assisted with kinetic formalism, we could
calculate explicitly the transport coefficients in hydrodynamic
equations in the following subsections.

“4.4)

A. Speed of sound
Based on (3.19¢) and (3.19d) we can derive the susceptibility matrix

ap dv
— [ om 2,5
=\ 9e i(quu )
3# o\ 2T

%( 0 vpaz)

2
p d-1 = - < dy
)=~ (o)
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(b) S T (@) r
T4 N P meee- n/M
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T2 (d+1) DI N T!
= a | TN - (d+2)
! = . I
= Saae S~
T6 ~ : \\\ .
coherent = incoherent Saa
. . . . . © i
Ty Tgc Ts T T3 T)/r Ty Tee Ts
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FIG. 1. Hydrodynamics of electron-phonon fluid. (a) Log-log plot of sound velocity against temperature. (b) Log-log plot of bulk viscosity
over shear viscosity against temperature. (¢) Log-log plot of diffusion constant (orange thick line), shear viscosity (red dashed line), and
incoherent conductivity (blue dot-dashed line) against temperature. In (c), the vertical green line separates the fluid into coherent and
incoherent.

where

d (r? dTe-!
det y ~ — 7T_v2+12 v]. 4.6)
2\ 6 vgh

Note that det x switches from being dominated by electrons to dominated by phonons at T ~ T3. Keeping the leading order in
T /T, the sound wave velocity of the quasinormal mode is given by

-1 2 222 2,522
PAXABPB 1 v (@* + rrw?) _ _
Vg = \/— I~ \/<_v2M2 —+ 2d<?v%p12:> T@tx /l)zplz;;(l +a2 + wz)

wo_ v
dpt — Jd T <TL.

~ W

M=t hi<T<T 4.7)
2,2
= L<T<T

where repeated indices are summed. To obtain the last phonon-limited sound velocity, we have used the identity (2.5) to replace
constant / with dimensionless @. The scaling is shown in Fig. 1(a). We observe that when temperature is low enough, electron
phonon fluid is more like a Fermi liquid with sound velocity given by the Fermi velocity. When the temperature rises over 7y,
the phonon momentum starts to dominate over the total momentum such that the sound velocity is corrected by a factor of
1/w < 1. With Fermi velocity and phonon momentum weight appearing in the same expression, this regime cannot be thought
of as phonon dominated or electron dominated, but electrons and phonons together flow as a single unified fluid. When the
temperature is higher than T, the sound velocity is controlled by the phonon velocity v,/ V.

B. Shear viscosity

To calculate the shear viscosity, we first write down the momentum current (stress tensor) operator. Focusing on d = 2 for
ease of presentation:

|Tw) — |Tyy) = / d?ppv, cos20|p) + vpn / d?qq cos26|q)

1 ~ ~ ~ -
= E[pFUF|O» 2)e + (Ve + prdpvp)|l, 2)e 4+ 0pvEl2, 2)e + - - - + Vpnl1, 2)pn + (m = =2)]. (4.8)

In the above equation, all the modes are in m = =£2 sector, thus there is no good conservation law. We then approximate that the
collision integral in this sector is diagonal, and obtain

vty ! T < Tgg,

vt (77 + r2ﬂ)zypﬁ_lph) T < T L Tr.
(4.9)

The change in 1 manifests in Bloch-Griineisen effect with y — j. Note that when T > Tpg, the shear viscosity may still be

dominated by the electron modes due to the fast phonon-phonon scattering (including both collinear and noncollinear scattering).

However, it is also plausible that, depending on microscopic details, above 7' > Tpg phonons can dominate the shear viscosity.

N =((Tal = (DWW (7a) = I1y) ~ vy + g (Von + Vonpn) ™! w{
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C. Bulk viscosity

Unlike the shear viscosity, to estimate the bulk viscosity, we need to search for the nonconserved part of the trace of the
momentum current. Again writing formulas in d = 2 for illustrative purposes, we obtain

|Ter) + |Tyy) = fddPPUpU’) + Vph / ddqqm) = vaF|()7 0)e + (vp + pFava)ﬂa 0)e + 8va|z» O)e+---+ vphli, 0)ph

(4.10)
To this end we consider the incoherent momentum current
(El(Tax) +1T9p)) o (plUTax) + [Tyy))
(JTw) + |fyy>)inc = [Ty) + |7:yy> - oo 2 |€) — E lo)
(€1€) (plp)
2r2w? . a? ~ -
A WUFH,O)Q—@vphll,O)pth---—i—IZO)e. 4.11)

While vanishing for a quadratic electron band, the |2, 0), contribution above is present for a generic dispersion relation. Above
we omit the temperature-independent (also vpy-independent) prefactor to simplify the scaling analysis. The bulk viscosity is
given by

r4a2w4y/ |+r2a4w2y —2ra U)’;J/e/ ;h 4 1 4)///71 (4.12)
@+ a7y O

¢ = (Tl + (fy\|)mc eph(|fxx> + |TV}))11’IC = V(vaF) |:

where y" = (2|Wepnl2)e & r*a?y when T < T (see Appendix B). After some algebra we find that

v(uppp)?y ~lr4at ~ nr (T /Tr)® T <D,

¢~ |PEPY IR g CEDT TR T < T < T, Wiy
v(vap)2 ‘r 2a“ ~ (T )Tr)* T < T < Ty,
v(vepe)*y~tr2at ~ r (T T)* Tgc < T K Tr.

The first two critical temperatures are unique to the bulk viscosity [see Fig. 1(b)]. T; is the critical temperature below which
the incoherent momentum current, i.e., the nonconserved part of the momentum current, is predominated by |§, 0)c. This is the
regime where electron-phonon fluid is completely dominated by the electron modes. However, unlike a generic Fermi liquid,
the relation ¢ /n ~ (T/Tr)* is not satisfied in such electron-phonon fluid even T < 75 because y,.” # y. for electron-phonon
interaction. After all, the radial deformations of the Fermi surface decay quite differently from radially uniform deformations.
The electron-phonon fluid is intrinsically different from the Fermi liquid dominated by electron-electron interactions, even if
transport is dominated by the electron modes. T3 is the critical temperature above which the phonon energy starts to dominate
the total energy.

Note that the bulk viscosity is much smaller than the shear viscosity at low temperatures. Interestingly, since shear viscosity
is suppressed at high temperature due to the noncollinear phonon-phonon scattering, in principle the bulk viscosity can exceed
the shear viscosity at sufficiently high temperature. The nonvanishing of bulk viscosity at high temperatures also implies that the
relativistic electron-phonon fluid at high temperature is strongly nonconformal, as conformal symmetry fixes { = 0 [43]. Note
that a phonon fluid on its own, however, would have { = 0 since (|7x) + |Tyy))inc = 0, as can readily be seen from (4.1 1.7

D. Incoherent conductivities

To calculate the incoherent conductivities, we need first to compute the incoherent currents. The incoherent charge current is

given by
_ (Px|~] b 2-2 (UF + pFavadz)2
el = 1) = =25 1P (Ve + PROpURE’) = 5 o
v/2e|proyvp — vrla ~ T [Tk T <T,
~ { SV 2evpi ~ rm DT TV T < T < Ty, (4.14)
Vv /2evg ~ 7O T, < T < Tg.

As |[IJo Nl = /v/2eve ~ T°, we find that when T < T, the charge current is coherent; when 7' > T, the charge current is
incoherent. To understand this, we note that 7; is the temperature above which the phonon momentum starts to dominate the
total momentum, however, the charge is fully carried by the electron momentum, and such mismatch in charge current and
momentum operator results in an incoherent current. Note that when charge current is coherent, the incoherent current has

3This remains true until we consider subleading p* corrections to the acoustic phonon dispersion relation (3.14).
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different scalings from |Ji,c) ~ a to |Jine) ~ W signaled by the critical temperature 7;. This comes from the competition between
relative weights of total momentum in Fermi surface fluctuation and phonon momentum.
Next, the incoherent heat current is given by

@ + a2y
~ EPFUF @ +r*w?) — W 2pFU a2 ~T/Ts, T <KL Tg. (4.15)

Japiota ~ 1/T; r=h (4.16)
N e e SCACI Sy g

we find that when 7' < 77 the heat current is incoherent; when 7' >> T; the heat current is coherent. In contrast, the energy
current

(Px1Qx)
(Px|Px)

1Qinc) | = H|Qx> - |px)

Since

N = \/ SPRUE(@ + rti?) &

) = %ux) +104) @17

is dominated by the charge current when 7' < T4 (and is thus trivially coherent); moreover, |Jg,) & w|J;) has the same coherent-
incoherent transition at 7 ~ T;. When T > Tg, however, |[Jg,) ~ |Qy). Because when T' > Ty, the sound velocity vs & vgp/ Jd
arises from a thermodynamic equation of state which is dominated by the phonons, and there is a small incoherent thermal
conductivity, we claim that the fluid behaves as a nearly charge-neutral, approximately relativistic [64] fluid.

Within the framework of kinetic theory formalism, the incoherent conductivity matrix X, can be written as

one  Ta el
Yap = nc Yine | _ nc J; ‘ , 18
A (Tainc TKm) ((Qim|> Weon (e |Qinc)) (4.18)

where all the quantities point to x direction. Explicit expressions and scalings of each element are

vty .
Oine & m{[(l prdy In )@ + B2y + 1 — (14 22)ppd, In ve?a?y ! + wzypil} (4.19a)
& (vp — prdpop vy ~lr?at ~ (T )™ T < T/,
202vEvy Tt ~ 2@ (T Tr)d Ti/r <T < Ty,
~ 2e2v2vy ~l ~ (T T)~ @2 T, <T < Tga,
26201%\))7_1 ~ (T /Te)™! T < T K T,
_ VP;':Ué ) 2-2\2. —1 _2\2-2 /-1 2 -22-2 -1
TKinc%m{(a +rwT )y, +{+w)ay + —a)wVph} (4.19b)

=4
vty TG ~ (T TR) TR T < Tig,
ViR y @ ~ T/ T Tye < T < T,

evvépp
(14 a> + w?)?

+11 = (1 + @*)ped, Invel (1 + @)@y~ + (% —a)i’y,,'}

Ttine & — {[d = prd, Invp)a® + w21(@ + r*a)y,”

—evvipr(vr — prdyvR)y ~rtat ~ r (T /Tp) 972 T < T,

—2evvipry PPt ~ r2@(T ) TR)d T<T <Ty, 4.190)
A 19¢

—2evvipry 't ~ rX(T /Tr) =4+ T, <T < Tgg,

evvipryla® ~ T /T Tog < T < Tr.

We observe that one might naively expect that for a Galilean dispersion relation in which vg — prd,vg = 0, that both o, and
oine must vanish identically since there is no incoherent current: electrical current and momentum are proportional [42]. However,
this is not true, because the presence of phonons dispersion relation necessarily leads to breaking of Galilean invariance. Notice
that naive estimation like oj, ~ ¥ ~'|||J;)||* suitable for Fermi liquid is no longer true for electron-phonon fluids because of the
multiple scattering rates.

Now we are ready to compute the diffusion constant

2&0y +
r= THC”LM’ (4.20)
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where
—1 —1
b))
> = MC—ZDXDB’)B 421
vS
is a contribution to the decay rate arising from incoherent conductivities. After some algebra, we find that
y '~ (T Tp)™ @2 T < Tgc,
I~y ~(T/Te)™! Tye < T < Tg, (4.22)

p ot ~ r (T T 9 Ty < T < T,

The scaling is shown in Fig. 1(c). When T < T4, the shear viscosity, given by the electron modes, controls the diffusion of the
fluid, i.e., n > ¥. When T > T, the diffusion constant starts to be dominated by the incoherent conductivity, i.e., n < X, but
the scaling do not change. The interplay between shear viscosity and incoherent conductivity implies a transition from coherent
to incoherent, giving rise to a breakdown of Galilean invariance.

E. Plasmons

2
. . o —iwM8u; + ikpadpa + (n + C)kzt?ui =0,
Although short-range interactions between individual elec-

trons are assumed to be negligible in our model (for (4.25b)
pedagogical purposes), the long-range Coulomb interaction,

responsible for the density-density interaction gives rise to

qualitative changes in the hydrodynamic dispersion relations, where we assume k is parallel to Su and

and so we will briefly address what happens in the presence
of unscreened and long-range Coulomb interactions. We ac-

count for the long-range Coulomb interaction by replacing the pr=U+U®VIon P2 =2,

chemical potential with the external electrochemical potential Sa=[14+UEWIZa, i = Zuo, (4.26)

[45,65,66]
it — it — Fuxrs (4.23) with F (k) = —ikU (k)véu. Note that for tilded operators,
only components related to the chemical potential are cor-
where rected by the long-range Coulomb interaction. We take d = 2

2 for illustration. For small wave vector we can approximate
Fei = —3ifddy [p(y) = pol. (4.24)
lx =yl

Fourier transforming (4.2), we obtain the frequency- [1+ Uk)Ik* ~ 2me?vik|. 4.27)
momentum space hydrodynamic equation

—iwxapdip + ikpadu; + k? Sapdup =0, (4.25a) Solving (4.25) we have the dispersion relation of plasmons
J

~ -1 .l _1
2(d —1 )y
@Wplasmon = + PAXap LB k2 - i< ( )n + Paac CDXDBpB)kZ

M am PAXas PB

+ revlk] — vy TR 4@t Qretv)k] T < T,

ij}—%m— vy K 4+ w* 2 e?v)|k|] T\ <T <T,,

-t metvlk] — iy K /07 + Q)] T < T < Tia, (4.28)
iw%\/m_ v’y k2 Jw? 4+ Qre*v)lk|]] Teg < T < Tg,
iw%\/zﬂezﬂﬂ—i-rzﬂ)zkz—MMW Te <T < T

y  2metv+riw?lk|

%

(

In this expression we have used the fact that n >> ¢ to simplify note we have used the identity (2.1). Importantly, however,

the result. the prefactor of |k| is also affected by the large contribu-
For T < T, wplasmon ™ vk manifests the conventional  tion of phonons to M (and therefore the effective value of
plasmon dispersion relation [67-69] m) above T > Ty, and so it will exhibit the same dramatic

T dependence as the sound velocity (4.7). This provides a
clear difference with the usual electron fluid where electron-

2reln electron interactions dominate [45,70]. When the temperature
Wplasmon = p” k| 43 (429)  is below T, the hydrodynamic is coherent, and the imaginary
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FIG. 2. Plasmon dispersion relation for electron-phonon fluid in
the regime Tg < T <K T.

part, known as the plasmon decay, is the usual sound wave
decay (4.20), but with a crossover to the more severe plasmon
decay Swplasmon ™~ —iy~ k| at ultralow k. However, when

J

:ETFV47re2v —ivuly~
:i:TF\/47're2 —ivpuly!

Oplasmon ~ [\/471621) — v’y !
Varety — vyt

f
\/W
u/[ dme?v + rrwk

The plasmon dispersion relation becomes k independent,
and due to the incoherent conductivity, it also picks up a
k-independent finite lifetime (above 77). This might explain
the rapid plasmon decay in recent experiments on 3D strongly
correlated electron systems [35,36], if the electron-phonon
interaction is not negligible.

We emphasize that the imaginary part of the plasmon dis-
persion relation is also affected by impurities, recombination
processes, etc., beyond our kinetic theory treatment. So it may
be much easier to look for the unconventional real dispersion
relation modification that we predict above in a near-term
experiment.

V. THERMOELECTRIC TRANSPORT

In this section we carefully address the interplay of both
the electron- and phonon-impurity scattering and the electron-
phonon scattering, but neglect the electron-electron scattering,
as we have previously. We first summarize our results, and
then compare to existing experimental data and compare and
contrast our results from transport with our predictions in
Sec. IV for other types of experiment.

A. Formal results

We remind the reader that the vector without tilde is the
orthonormal basis after Gram-Schmidt method [see (3.16)],

T > Ty, this plasmon decay starts to dominate indicating the
increasingly incoherent nature of the charge current.

As the temperature keeps increasing, the plasmon mode
starts to transform into the phonon-limited sound mode w ~
Uph/ Vd when T > Ts, at short enough distance scales. The
long distance physics with small enough k (r>w?|k| < 27 e®v)
is always controlled by the long-range Coulomb interactions.
Interestingly, the plasmon decay in the high temperature
regime shows a dramatically different behavior. In the regime
Ty < T < Ty, the second term @* in the imaginary part could
be neglected resulting in a k-independent plasmon decay
in d =2 at short distance. Similar behavior exists in hy-
drodynamics with momentum relaxed by impurities [42],
where such k-independent decay is given by —i Tir_nl . However,
here it is induced purely through the long-range Coulomb
interaction. Notice that such k-independent plasmon decay
will crossover to the incoherent plasmon decay ~ — ilk| at
long distance (same as the crossover in the real part), while
crossover to the sound wave decay ~ — ik? at short distance
(@*|k| > 2me?v). The behaviors are summarized in Fig. 2.

In three dimensions (d = 3), the generalization of the
above computation leads to

k? + a*(4me?v)] T <T,
(k2 + w*(dme?v)] Ty <T < Ty,
[k*/@? + (4me*v)] Ty < T < T, (4.30)
[K2/@? + (Ame*v)] T < T < Ts,
2 474 2.\2
mMLgne: T <T < Tk
{
and obtain
< | 1mp|0>e = Fe7 (513.)
( | 1mp|1>e = Fe» (Slb)
OIWE, 1), e 9%\ ) (510
= — e =D, .AC
1mp \/3 8/1« U]Z:
(LW 1 1)ph = Ton, (5.1d)

where I'¢ ,p is the impurity scattering rate based upon relax-
ation time approximation. We work in a simple limit

l—1e,ph < Y0,

according to (3.26), such that the electron-phonon scattering
rate could be greater than the impurity scattering rate at an
appropriate temperature. Recalling (3.28), the total collision
integral is given by

(5.2)

+wph

imp

W =W,

imp T A -ph (5.3)

where We’_ph denotes the momentum-conserving collision in-
tegral studied before. The thermoelectric conductivity matrix
can be written as [54]

Oxx T oy, _ (Sl _
<TO[XX Tk)ﬂ) B <(Qx|)W 1(|Jx> |QX>) (54)
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FIG. 3. Thermoelectric conductivity versus temperature with five different impurity scattering rates. (a) Log-log plot of electrical conduc-
tivity against temperature. The dot-dashed green line overlaps with the blue line. (b) Log-log plot of open-circuit thermal conductivity against
temperature. (c) Log-linear plot of Lorenz number versus temperature. The inset (log-log plot) shows that the dip is approaching 7 as lowering
from g. = gpn = 1073, 107*, to 103 (from top to bottom). The kink at T3 comes from the fact that the electron-phonon scattering rate in our
model has a jump there. We take r = 10~ for the plots.

The detailed expression can be found in Appendix C. Focusing on T < Tpg for simplicity, we observe that

v Ton + /02
on = € ik} +0O(T?), (5.50)
2 Ce(Tph + y/w?) + Tpny
=2 4 =2 r —(b— 2/ r 2 /=
Tk — KP%ULFt( @ riw (e +7) pa_——vr/ay + Tetyiyr/a ) (5.5b)
2 Ie + yr2/a2 l_‘e(l_‘ph + V/wz) + th)/ (Fe + Vrz/az)[re(rph + y/wZ) + thV]
2 ) (T 22b — vr2/a 2.2 /052
T(xxxz—eBp]z:v}%( — LUty b yrja) ty v/ aw )>. (5.50)
2 Fe(Con +y/w?)+Tpny  Te+yri/a (Te +yr?/a”)[Te(Tpn + y /W) + Tpny]

Several remarks follow the above equations. First, unlike the electron-electron interaction [54], the electrical conductivity can
be more strongly affected by the electron-phonon interaction if Iy is not negligible. More drastic is the correction to thermal
conductivity, as well as thermoelectric conductivity. Second, all the thermodynamic properties have a divergence in the limit
[epn — 0. This is a universal result for any hydrodynamic fluid with translation symmetry [42]. However, for the experimental
thermal conductivity

_ (T oty )? Vo, oy a2 rta?
Tioy = TRy — —2 ~ —p2o + , 5.6
o e 2P\ n @ T T+ /02 60

such divergence disappears consistently. Consequently, the ratio of the experimental thermal and electrical conductivity, i.e., the
Lorenz number L, approaches zero in the (hydrodynamic) limit I'; ,, — 0. In particular, a controlled way to estimate how clean
a material should be to have a divergent Lorenz number is to compare the nondiverging and diverging term inside the thermal
conductivity (5.5b). By assuming I'p, = 0 in the first place, we find that as long as

Ie S , T <Tpg (5.7)

~

le
the Lorenz number L < Lo, where Ly = 72 / 3e? is the noninteracting Lorenz number, and can become arbitrarily small. This
effect is well understood [42]: as I'e — 0, at any finite charge density o,, is divergent while «,, remains finite. Another feature
that our model holds is that in the noninteracting limit y — 0, which corresponds to 7 — 0, both the WF law and Mott law are
simultaneously recovered so long as the impurity scattering rate is not zero, as in a normal metal [54]. We determine the Lorenz
number with finite impurity scattering:

Lo( re<rph+y/fv2>+rphy2) 4 Fe<rph+y/w2>+rphy) T < Ty,

[ = K (Tetyr? /@) (Tpnty /B a (Tpn-ty /%) (5.8)
T Ton Pe(Tp A7/ Tpn? | ra? Tet7/0)+ T '
R ( Tt Ipt7/aD) T @~ Tty e Tyo < T < T
[
Defining the ratios [recall the definition of y; in (3.27)], we sketch out the electri-
cal and thermal conductivity, and the Lorenz number against
r. the temperature with various g pn in Fig. 3.
8e = —, (5.9a)
vo B. Comparison to canonical transport theory
goh = h (5.9b) Let us now compare our predictions to the standard theory
Vo of thermoelectric transport in metals with electron-phonon
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scattering. The qualitative shape of these curves is extremely
similar to conventional metals [59], as we now explain. First,
at low temperatures, assuming g, # 0, we see that

vervi

2l

and L &~ Ly—this is because at low temperatures, electron-
impurity scattering controls transport. The Wiedemann-Franz
law holds, in accordance with experiments.

At intermediate temperatures approaching (but below) Tig,
we see a dip in L/Ly below 1. One of the primary reasons
for this is that the thermal conductivity obtains a correction
due to energy-relaxing scattering events that occur with rate
T3 (in d = 3 dimensions). This leads to &, ~ T'~¢, which
is the standard &, ~ T 2 scaling that arises at intermediate
temperatures in a standard metal. We identify the temperature
where L starts to deviate from L as

T ~ gé/dTBG.

, (5.10)

~
GXX ~

(5.11)

This comes from I'; &~ yr?/a* and should be compared with
T; in [44]. Meanwhile, the minimum value of L is located at
Tmin = xTgg where x is the solution of

—dge + (d + 2)gex® + 2x472 = 0. (5.12)

Both T* and Ty, are not universal and depend on the impurity
strength; they vanish in the clean limit g — 0, where L ~
Loa®/r* at low temperature scales as ~T2. On the other hand,
lowering gpn hardly affects L below Tpg, but makes L increase
more rapidly above Tgg. When T > Tpg, L will eventually
surpass Lo due to the plethora of phonon excitations.

In contrast, if we set go = 0, the electrical conductivity
o in the clean limit g. = 0 scales as ~T~9=2 below Tpg
while ~T~! above Tgg. The reason for this is essentially the
conventional one given in the literature: the phonons relax
away momentum, and the small-angle scattering of an elec-
tron by phonons dominates electrical transport. In contrast, for
T < Tgg, the thermal conductivity k ~ T~¢*!, for the same
reason described above. Similar plots can be found in [44].

One interesting result that is absent in the literature is
shown in the inset of Fig. 3(c). Instead of tuning g. down
alone, we gradually decrease g. ~ gpn together, and we find
that the minimum of L approaches 7;. Such behavior and
the scaling of L near 7 can been seen from the asymptotic
expression

LO# ~T4 T <T,,
L~ o (5.13)
OW ~ T T Z T4,

where we assumed I'p, ~ I'e < y. The change in T scal-
ing arises when w 2 1 at T = Ty, and so this physics arises
from the same mechanism which gives rise to the nontriv-
ial T dependence of the sound speed discussed in Sec. IV.
Hence, whenever the electron and phonon momentum relax-
ing scattering rates are comparable and small compared to
momentum-conserving scattering rates, we can unambigu-
ously state that 7, instead plays the role as a universal
temperature for the strong violation of WF law.

One difference between our work and [44] is what happens
at high 7. In [44] they argue that L/L; decreases due to
thermal smearing of the Fermi surface. This effect lies at

temperatures 7 ~ Tr which are not studied in this work. With-
out electron-phonon umklapp scattering, L/L will eventually
exceed 1; this arises when the phonons dominate the energy
density of the hybrid fluid, and the fluid becomes a nearly
charge-neutral relativistic fluid. The hydrodynamic equations
become similar to those describing the Dirac fluid in charge
neutral graphene [3].

A transport regimes that differs from the canonical ex-
pectations, but which we expect is not likely to realize in
experiment, can be found in Appendix D.

Overall, due to the similarity between our theory and
the conventional theory of transport in a metal with
electron-phonon interactions, we emphasize that extracting
hydrodynamic signatures of an electron-phonon fluid from
conventional transport measurements is delicate. Neverthe-
less, as we will discuss below, our theory above can still be
used to analyze experimental data in relevant materials, and
we will argue that many materials lie in the very interesting
regime Ty < T < Tpg-

C. Comparison to real materials

Having discussed the key predictions of our theory of ho-
mogeneous transport, let us now comment on experiments in
a number of materials where evidence for electron-phonon
hydrodynamics has been obtained. Our main conclusion is
that it is likely that at least PtSn, and WP, are hydrodynamic
at temperatures 7y < T < Tpg.

There are two caveats, common to both materials, that
we state upfront. (1) Because 7T, and Tpg are not orders of
magnitude apart, one should not expect parametric scaling
regimes like those of Sec. IV to be easily detected. One might
hope instead to see “kinks” in the T dependence of various
quantities whose relative signs/amplitudes are consistent with
Sec. IV. (2) These materials are highly anisotropic. We, like
other authors, are attempting to use an isotropic theory to ap-
proximately describe them; there is no quantitative guarantee
that anisotropy leads to only negligible corrections.

Having stated our main conclusions and their limitations,
we first turn to PtSny4, which was studied in [27]. Above T ~
25 K, the resistivity scales as p ~ T, manifesting the linear-
in-T behavior expected at T > Tgg [71]. Since the thermal
conductivity scaling ¥ ~ T~2 also ends at T & 25 K [recall
Fig. 3(b)], we conclude that Tz =~ 25 K. Below 7' ~ 8 K, the
resistivity saturates to the residual resistance, and the thermal
conductivity scales as ¥k ~ T. The WF law also remains valid
due to the dominant impurity scattering below 7' ~ 8 K. Thus
the relative electron impurity strength can be extracted from
this temperature turning point by noticing that the maximum
point of « is given by T & g!/4Tyg, the same as (5.11) where
the Lorenz number starts to go below Ly; we have g, =~ 0.04.
Then, (5.12) is solved to give the temperature of the minimum
Lorenz number at T, & 12.7 K. Interestingly, this minimum
is at 14 K in experiment [27], which is quite close to our
predictions (which did not account for the complication of the
Fermi surface geometry!). A careful study about the influence
of Fermi surface geometry will be a future work.

Now, let us see which temperature regime (Table I) such
transport phenomena would correspond to. Using the fol-
lowing experimental data [27]: effective mass meg =~ 0.2me,
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electron density n ~ 4 x 10%° cm~3, and Fermi velocity vg ~
4 % 10° m/s, we estimated that 7r is around 5000 to 10 000 K.
Hence we estimate r = Tgg/Tg ~ (2.5-5) x 1073, thus we
have Ty = r'/*Tyg ~ 5-6 K, and the violation of WF law in
PtSny is cleanly located within 7, < T < Tgg. This is ex-
pected from various hydrodynamic calculations in Sec. IV
(see also Fig. 1) where electrons and phonons flow as a single
unified fluid. In general, we argue that as long as the impurity
strength satisfies r?/+D < g the “strong hybrid” electron-
phonon fluid would be identified in the temperature regime
H <T < TBG~

Next, we turn to WP,: first we discuss data re-
ported in [23,26]. Taking pp ~ 5 x 107° Qcm, As ~ 4 x
1075 Qem K3, and By ~ 6.5 x 10712 Qem K—3[26], and
Tx = Er/kg ~ 6.8 x 10* K [23], we obtain

3 o —12
gel” = B3TF3’ ~24x 1077, (5.14a)
g’ = 2 ~86x 107", (5.14b)

T ASTS

Thus r~ 6 x 107 and g. ~ 0.01. Moreover, Tpg =
rTr = 40 K, and T, = 16 K by solving (5.12). Note that
our estimate of 40 K for Tgg is compatible with the ab initio
estimate for a Debye temperature in this material [24], which
plays qualitatively the same role of modifying the T depen-
dence in scattering mechanisms. We see that the temperature
for the minimum point of the Lorenz number well matches
the experimental results of [23]. Hence, it is plausible for
the transport in WP, to exist within electron-phonon hydro-
dynamics, especially when the violation of WF law happens
above Ty ~ 6 K.

Another recent experiment found somewhat similar results
[26], yet gave a quite different interpretation, suggesting that
electron-electron scattering is responsible for the deviation
from the WF law in WP,. First, [26] observes that at low
temperatures there is a mismatch between T2 prefactors in
electrical and thermal resistivity, suggesting that momentum-
conserving electron-electron scattering is important. This is
not in conflict with the ab initio proposal that phonons dom-
inate at higher temperatures [24]. Second, [26] argues that
the ratio of B3 and As is similar in WP, and Ag, while the
latter does not have a significant deviation in L/Ly at low
T. However, we emphasize that in our transport theory, the
coefficients A3 and Bs are robust and not sensitive to the
hydrodynamic regime; rather, it is the small values of I'. and
[ that induce electron-phonon hydrodynamics.

J

2 do
—e

(0, 11 Wi 0, m)e = fo -

- 0 .
in' <_6B€ijvj_ e = imweSm -
opi

Both experiments [23,26] agree on the scale at which L/L,
is minimal. If electron-phonon hydrodynamics does arise in
this material, it is likely in the range Ty < T < Tg (though we
note that phonon hydrodynamics above a Debye temperature
might look quite different to our model: in our model, TG is
below the Debye temperature).

We propose studying plasmon dispersion relations in both
of these materials, as the decreasing real part of the dispersion
with temperature is a crisp signature of our electron-phonon
hydrodynamics. At higher temperatures, it may also be pos-
sible to carry out nonlocal magnetotransport experiments
(similar to [7], see the next section) to crisply test our theory.

VI. MAGNETIC FIELDS

In this section we describe the hydrodynamic coefficients
upon turning on a relatively small, classical background
magnetic field. For simplicity, we restrict the discussion to
two-dimensional fluids, applying a magnetic field perpendic-
ular to the plane. The Boltzmann equation reads

% |P) + F g - Vp|P) + W|P) = EilJi), (6.1)
where F . is the Lorentz force acting merely on the electron
modes:

(Fmag)i = _eBEijUj(p)- (6.2)
We introduce the cyclotron frequency
B
we = S (6.3)
PF

We define the collision integral Wiag|®) = F g - Vp|P),
and note that (®|Wpae|P2) = —(P2|Winae|P1). Such anti-
symmetry of Wy, implies that these effects are, in some
sense, dissipationless—however, dissipative transport coeffi-
cients can and do become dependent on B.

A. Viscosity

Since the magnetic field necessarily breaks momentum
conservation, we must actually consider a “quasihydrody-
namic” [72] limit where the magnetic field is small: vyl
w_ ! such that the momentum is still a long-lived and approxi-
mately conserved quantity. The angle dependence of Wy,s on
a random ansatz follows:

6.4)

The shear viscosity (4.9) is modified by the magnetic field through

vu? 1 1
S| N

T 2 Ve + 2iw,

——1
Vﬂz(m + r2 % (ypn + yphfph)il) Tsg < T K< Tr.

Ve — 2w,

> + wzvgh(yph + Vph-ph)i1

—1
VM2(1+<22(—_),—1)2 + r217)2()/ph + yph—ph)il) T < Tgpg,

(6.5)
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However, if the phonon-phonon scattering is weak in the sense of Dpy, < De_ph, then the second term in the above equation could
contribute nontrivially, making the electron-phonon fluid under background magnetic field an exotic fluid with unconventional
shear viscosity. This is analogous, in many ways, to the emergence of incoherent conductivities spoiling the conventional Kohn’s

theorem [64]. The Hall viscosity is given by

1

_ 1
M = (Tol — (T Dy (7)) + 1) & z—ivu2<

and it takes the more conventional form [46] in a Fermi lig-
uid. Therefore, a simple test for the phonon contribution to
transport and viscosity in an electron-phonon fluid would be
to study the ratio
2 2
+
R(B) = T T 6.7)
which will be a decreasing function of B because of the
phonon contribution to shear viscosity.
Note that there are highly quantum effects which we have
not captured in our semiclassical treatment [73].

B. Magnetotransport

We study the magnetotransport phenomenon by consid-
ering the strong electron-phonon interaction, the impurities,
and the magnetic field together W=W+ Wimp + Winae. We
present the results of conductivities in the limit I'p, — 0, and
we will see that this limit preserves much of the interesting
quantitative behavior of conductivities, but will simplify the
expressions a lot. The complete expressions can be found in
Appendix E. First, we find that the electrical conductivity is
given by

v, T
XX = _ —’ 6.8
o e ZUFFZ—i—a)g (6.8a)
2V 5 W
Oy = € 2UFm (68b)

They are very similar to the form in clean Fermi liquid
[54]. As discussed in the nonmagnetic case, the o;; become

J

Ve + 2iw,

1 ) _UMZ 1+%;ZJVJ;')2 T < Tx (6.6)
Ye — 2iw, _——" Hfzwwﬁ Tsg < T < Tp,

(

independent of electron-phonon interactions if I'p, is negli-
gible, and coincide with the form in the noninteracting limit
(E4). The open-circuit thermal conductivities are given by
(T < Tgo)

> 2,2
v oy a(le+yri/a’) 4ty )
Try = pFUF<(F +)/V2/612)2 +(,()2 +rw , (6.92)

=2

T 2 (6.9b)
K . = 9 .
yx pF F (1—- + yr2/a2)2 (,()2
while the closed-circuit thermal conductivities are
_ I AC T W
Tioe = Thoe + EPFUFW, (6.10a)
4 =4
v, S [T
TRy = Tk + 5 Pjv P - (6.10b)

We see that in the limit B — 0, the closed-circuit thermal
conductivity diverges in the clean limit I'e — O while the
open-circuit thermal conductivity does not. As the Lorentz
force does not act on phonon modes, one may naively think
that phonon modes will not contribute to the Hall thermal
conductivity. This is true for open-circuit Hall thermal con-
ductivity, but not for closed circuit: in the latter case, the
hybrid electron-phonon fluid is charged and participates in
cyclotron motion, even when the energy density of the fluid
is dominated by phonons. The thermoelectric conductivity is
given by (T < Tpg)

. v 3< 2T, a(Te +yr2/a®)  _co Q2T+ yria)+ (b —2yr*/a)(T; — o + Feyr2/a2))
Oy = —€— — - s
2P My w2 T T+ /@R + o [(Te + yr2/@) + 2] (Te + 02
(6.11a)
v 3 rPilo, @ w, _ Qyr*/a—b)Q2T. + yrla®)w, + C(Fg — wf + Feyrz/c"lz)
Tay, = —ez prug >+ 2 /212 2 2 /=212 2 2 ’
2 Te+@?  (Te+yr2/a)? + o? [(Te +yr2/a?)? + ?](Te + w?)
(6.11b)

where c is the off-diagonal term in the magnetic collision integral (E3). For the Hall conductivities (in Appendix E) we show
their temperature dependence in Fig. 4, where we defined the dimensionless parameter

We

"Vo'

O =

6.12)

The behavior is quite similar to the dissipative conductivities but with the scaling sort of “doubled”: the diagonal matrix element
is squared in the determinant through the off-diagonal matrix element. Besides, the electric Hall conductivity well not diverge at
clean limit g. — 0 due to the cyclotron motion; the thermal Hall conductivity decreases as T-! above Tg.
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FIG. 4. Hall transport versus temperature with different field strengths and impurity scattering rates. (a) and (b) Log-log plot of electrical
and thermal Hall conductivity against temperature with @. = 0.05. kg does not depend on gp,. (¢) and (d) Log-linear plot of (Hall) Lorenz
number against temperature.

We summarize the main results by studying two Lorenz numbers. The normal Lorenz number with magnetic field is given by
(including I"py)

(Tetyr2/a®) P22/a@ \ [Te(Conty /) +Tpny P+ oty /02 w?

I — Kxx LO((Fe+yr2/a2)2+w§ th+y/w2) (Tpn+y /0H)Ce(Tpn+y /W) +Tpny ] T < Tz, (6.13)

T To Tet7) A2 )@\ [Te(Tpnt 7/ B+ T PR+ (T 47 /02?2 ’
“ \Lo(masita + Fatp o) ot e Ty e T Ty < T <Tr,
while the “Hall” Lorenz number is
[Ce(Tpnty /02 +Tpny P+ Cpnty /02 o?

Loy p )T p ph Y/ ¢ T < Tsg
K [(Cetyr?/a?)? +a|(Tpnty /©7)* ’

Ly = yx (Tetyr?/a* ) +oZ1(Tpnty /0?) (6.14)

T Toyn |y CeCpt7 /o T P (Tt 7/
o Lo [T 7 )2+l Tt 7 [ Iy < T < Tr.

(

At low temperature, L shows a nonmonotonic temperature small, their ratio is fixed. Interestingly, we find that if g,n = 0,
dependence when w,/I"c > 1. This is similar to the result Ly continues to decrease at higher temperatures. However, in
of interacting Fermi liquid [54], even though the underlying most experimental systems, we expect that g > 0, in which
scattering mechanism is quite different. A nonzero B field case we predict that near T ~ Tpg, Ly =~ Ly.
gives rise to a divergence for g¢ = 0 while shows little influ-

ence for gph = 0, gince ina hybrid electron-phonon fluid, only VIL. CONCLUSION
electrons directly interact with the B field. ' '
As shown in Fig. 4, the nondissipative Ly strictly decreases We have revisited the hydrodynamics and the thermoelec-

with increasing temperature at low temperatures, in contrast  tric transport of a fluid of coupled electrons and acoustic
to L. It is important to note that, in principle, we can study Ly ~ phonons in the presence of relatively strong electron-phonon
even as B — 0: although o, and k., individually become very interactions. Solving the quantum Boltzmann equation, we
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found nine different temperature regimes when d > 2, and
seven temperature regimes for d = 2, most of which exhibited
unconventional thermodynamic properties and/or hydrody-
namic transport coefficients such as viscosity or incoherent
conductivity.

An explicit and important example of unusual temperature
dependence that we discovered occurs in the fluid’s sound
velocity. In an intermediate temperature regime 7y < T <
Tg, vs &~ vpp/W X T—@+D/2 decreases with temperature, and
is a clear experimental signature for the strongly coupled
electron-phonon fluid. In particular, our model implies that
in two dimensions, the exotic sound wave above will lead
to an unusual plasmon dispersion relation, even in the pres-
ence of unscreened (or weakly screened) long-range Coulomb
interactions. The anomalous scaling of both the real and
imaginary parts of Wplasmon ™~ (Upn/ ﬂ))\/% — iy k| represent
unambiguous predictions that appear to us to be unique and
“smoking gun” signatures for electron-phonon hydrodynam-
ics. Since the real part of plasmon dispersion relations is quite
readily measurable, we hope that our theory can be immedi-
ately tested with present day experimental capabilities (should
an appropriate experimental candidate arise).

Another experimental test which might be possible (indi-
rectly) with present day experimental techniques is to look
for the unusual relationships between shear viscosity and Hall
viscosity, as both of these coefficients can indirectly be mea-
sured using nonlocal transport experiments [15,16,74]. Such
experiments have been successfully performed in graphene
[2,7]. We hope that similar indirect measurements for inco-
herent conductivity can soon be developed.

After including electron-impurity and phonon-impurity
scattering rates, we discussed the more conventionally studied
thermoelectric transport coefficients of the bulk material. As is
well known [44], we obtain a breakdown of the Wiedemann-
Franz law at an intermediate temperature regime. While this
effect is not unique to hydrodynamic theories of transport, it
does represent a key signature for what temperature regime an
experimental device may be operating in. In many materials
including WTe,, WP;, and PtSny, notable dips in L/Ly have
appeared at quite low temperatures ~30 K. Perhaps this cor-
responds in these materials to the temperature range T ~ Ty,
where the conventional electron-phonon hydrodynamics of
the literature—which is entirely dominated by electrons, with
phonons modifying only scattering rates—is not applicable?
Especially in materials where first-principles calculations [24]
are possible, it will be important to carefully estimate the
temperature scales T, ..., Tg in order to carefully match our
theoretical predictions to future experiments.

A promising platform in realizing the simplest electron-
phonon hydrodynamics developed in this paper should (at

J

least) satisfy the conditions of low electron density and high
mobility. The low density of electrons seems to demand a
small Fermi surface, so that umklapp scattering is weak.
At the same time, the impurity density must also be quite
low, to facilitate a high mobility sample with very long
momentum-relaxing mean free paths. They both contribute to
the dominant momentum-conserving electron-phonon inter-
action. Moreover, the low density semimetal/semiconductor
makes itself different from normal metal that 7gg drops
from ~300 to ~30 K. It is thus possible to have Tgg < Tp,
where Tp is the Debye temperature, such that the phonon-
drag peak temperature ~7p/10 [27] is more likely to be
located inside the highlighted regime 7Ty < T < Tg, indi-
cating an out-of-equilibrium phonon mode. Such a feature
has been widely used in experiments [27,75] to suggest a
strong electron-phonon interaction. Meanwhile, twisted bi-
layer graphene [71,76,77] is also a possible candidate system
with strong electron-phonon interactions, although in these
twisted samples, the ratio » (which controlled much of the
interesting physics) may become rather large. Lastly, a sys-
tem where very strong electron-electron and electron-phonon
interactions might both coexist is in the Si MOSFETs [78]
where both T and Tgg can be below 30 K. Since the hybrid
electron-phonon sound speed does not depend on scattering
rates, being intrinsically thermodynamic, such systems may
also exhibit this unusual behavior. As noted previously, the
main limitation to studying electron-phonon hydrodynamics
in these systems is the sample thickness; we hope that such
a materials-dependent limitation may be overcome in future
experiments.

Our work demonstrates an exciting possibility of uncov-
ering novel hydrodynamic phenomena and plasmonics in
quantum materials with correlated electrons and phonons.
We encourage experimentalists to carefully study plasmon
dispersion relations in ultrathin films of a number of com-
pounds including PtSny, PACoO,, WTe;, and WP;. In each of
these materials, electron-phonon scattering has been argued
to play a critical role in possibly unconventional transport
physics. However, all of these materials exhibit anisotropic
Fermi surfaces and, as in [29,79], this anisotropy may well
cause qualitative changes to our theory. This is an important
issue which we hope to address in the near future.
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APPENDIX A: NORMALIZATION FACTOR OF ROTATIONALLY INVARIANT BASIS

Following the definition in (3.15), we calculate the normalization for n < 1 to the leading order 7' /Tr. The higher n modes

are suppressed by even higher powers of T /Tg. They are

- a4 9
O.mo.m. = [ 2P v, v, (-2F
Q2mh)d

| =y 16 /—de d=15(e — 1) = Vo + O r
= Qu 1 Smm € — 1) = Vmm = )
g J'r = atoma | o hyd g’ H * T2

(Ala)
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APPENDIX B: EXPLICIT EXPRESSIONS OF ELECTRON-PHONON RELAXATION RATE

First, we compute the collision integral after linearization. The zeroth order of (3.22) vanishes due to the detailed balance
condition. Notice that

8fp afy

= (L= fe). =52 =ba(l+bg). (B1)

Then the first order of Cyp.c becomes

T8Ceph = { fins (1 = fita) (1 = S, ) (1 + big) + it fino (1 = fioks ) Doy } P
+ {—foro S, (1 = fow ) (14 bg) — frw, (1 — frwy) (1 — frwy) By | Py
+ { ot (1 = fr ) bg (1 + bog) — frr, (1 = frwo) bBg (1 + by ) } @
= (1 = fin,) fox bBg (P, — Pry) + (fie, — Sk, ) bBg(1 + bpg) @y

= (1 - kaz)kaleq(q)kz =@ — (I)q), (B2)

where in the last equation we use the energy conservation. (3.24) is obtained straightforwardly.
Next, we want to calculate the scaling on temperature of the collision integral. Based on the discussion below (3.24), we
separate our discussions into two temperature regimes: T < Tpg and 7 > Tpg.

1. T <TBG

We evaluate (3.24) in a general ground by assuming &’s being € dependent:

<(D|We—ph|q>>

~ B / |APS(ky — Ky — @)8(ex, — €1, — @) (1 — frws) frn, fgl I
ki .k

de; d9 'k
- f/ Iv(kz)l (271)41H BIAPS (e, — €to—g — @q) (1 = frio) fro—q foq| @I

de; lkH 2 Jri—g 2
// v(ks)] (2n)d' (6t = €tamg = @0)B(L = frta) fria 5 = fogl®!
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de g n2T? , -
- [ [ s G AP, — ey = 00) (@ -+ @ -+ ) gy o

lv(ks)| (27T)d T
44 1k|| 8(cosOp, — vpn/vF) 2 1 2y
De de| 8(ex — 8" (e — o)1)
ff Q2r ) phlq| Urq ePo 4 | ePo— | / Ez( (2 — )+ 3 (e — )+ >| |
dd 1 2T2 2
Depn /f (27 Y2 28(C059‘1ku vph/UF)—h(,B )/d62<5(62 W)+ 3 s (GZ—M)+~-~>|¢|
dd 1 H T[2T2 2
eph// (2 )d 28(C0S9qk” - Uph/UF)®(T — Uphq)fd€2(8(€2 _ /’L) + 8”(62 _ ,LL) +.. )|(I)|
D /T/Uph dd / dd—]k” 5(COSQ / )/d 8( ) N 7T2T2 8//( ) . |CD|2 (Bs)
e — Uph/V € € — € — .. )
e-ph o Qr )d Qn )dvl% qk| ph/ UF 2 2 — U 3 s — 1L

We find that 6, ~ 7 /2 implying that phonon momentum is approximately perpendicular to electron momentum. We then apply
the “Bloch ansatz” |®),, = 0, and replace the |®) mode with a rotationally invariant basis. We have

T/vew gd d—1 2
(O|Wepn|0)e ~ D, / " dlg [ AT Ky _5(cos O, — v Jop) L _oﬁ(z)ird+2 (B4a)
e e-phiVY/e e-ph 0 (Zﬂ)d (2 )d qk; — Uph/UF p}zz p}% s
. . T/vgn  gd ddflk” 2 V2
e (T Weph| T)e A De.ph /0 Gy (2n)dv%6(coseqk” /1)~ Fq =a?(2) I;TM (B4b)
. . T /vpn ddq dd—lk” v4h U4h
2| Weph|2)e & De. 8(cos Ogr, — LLgt = P (4) LTI, Bdc
e(2[We ph|2)e eph‘/0 (27 ) (277)‘11}1% ( qk, Uph/VF) Ué q a”( )Ué ( )
where
1 dd
o*(n) = Deg / i / L 8(c0S B, — v/ vr). (BS)
0 (m)d (271)0’1)F plj_ n

To derive the relaxation time for phonons, we set ®. = 0. Then the collision integral for phonon modes is given by

T/upl1 ddq dd—l

- - k n

ph {1 {Weph| L) pn = De-ph/ Gy | @y ! ~8(cos Og, — vpn/vr)(gq)* = a* ()T (B6)
0

2. T > TBG

We need to recalculate the collision integral (B3), and this time the phonon behaves more like a classical boson gas with
equipartition distribution:

272

dd_lk” 5 1 T
D|Weph| D) = Al°S — €py—g — —— | dex| §(ex —
< | € Ph| ) /; f (27.[ )dvF | | (Ekz €k, q w‘[) Sinh(ﬁa)q) / €2 < (62 M) +

D /kF dlq [ 47k 5(c )L /d 5( WY Y+ ) B2, BT
~ D, —€lyg — wg)— | dex| 8(e2 — € — .
e-ph 2x ) (27 )Yvp ko ka—q q Uph 2 2 — M 3 2 — M

We apply |®)p, = 0, and find

8”<ez—m+~-~>|<1>|2

k d d—1 2
~ ~ 4 d q d k“ T q ”n 1
O|We.pn|0)e = De. 1) — €ky—g — — = 2)—=T, B8
e( | ephl )e eph/ (27‘[)d (271)‘11)1: (sz €k —q wq) Uph [7%: « ( ) 12: ( a)
- - ke gd dk T 2
q [ 2 7 a
1 [Weopn|1)e = De. 1) — €kyg — —a = 2)—=T, B8b
(1] eph| Je eph/ (27‘[)d (Zﬂ)dv]: (ekz €ly—q w‘l) Upha a(2) % ( )
where
kr dd dd—lk n
7 q I q
= D.. 1) — €pyg — —. B9
a'“(n) phf 20y | @yt (€k, — €kr—q — @g) o (B9)
If we apply |®). = 0, we have
kr d d—1
. . A r »_ »
1| Wepn|1)ph & De. 1) — €fy—g — —q° = 2)T. B10
ph( | ephl )ph eph/ (27T)d (27[)‘11)1: (Ekz €k—q wq) vphq o ( ) ( )
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APPENDIX C: MATRIX ELEMENTS OF COLLISION
INTEGRALS WITHOUT MAGNETIC FIELD

According to (3.28) we have

b a?(—1+ o)+ r*(1 + w?)
YTV T A @ e

1+ @ —rHw? + o

As=—y— 22 1 22)?
2+a? —a — W w(l + a*> + w?)
w. .= -a 14+ @ —ab | ———— a(—1+ %) — r’(1 + w?
e-ph _C_l __If) ali)z (1+6_12+ﬂ}2)2 Ag =y ( _ )_ (_ )’
w aw l+a aw(l + a2 + w?2)?
a’> + w? —a — and for T > Tgg,
_ _2 P
| —a ttwn —an ) €D [t @ ot 4 a1+ 20)
— —aw l+a A =Te+7y 11 arp
We write 2% + (1 + w?)?
Ay =Te+ ?%,
A, As As (I+a*+w)
W=We + W+ W =4 A Ag]. (2 P +a@)(1 4+ a + w*)
As  A¢ Az ST T Y2 +ate
where for T < Tgg, B a(@ + 2w?)
Ay=b—yV —F——
[ +7 + @ + 07 (s oy
r a*+w
Ay =Te+y — (C3a) _ 1+a+ o
(I+a>+ w°) As =YV —— 3,
w(l + a2 + w?)?
r2(1 + @?)? ) 4
A2=Fe+ym, (C3b) A __Ez(l—i—c_l + w*)
e o VR0 +a@ + a2
Ay =Tp+y 11[](2(1—:1_1)2 :wwz)]z’ (C3c¢) The inverse of W matrix is given by
J
A)Az — A2 —A3A4 +AsAg —ArAs + A4Ag
W' =D —A3As + AsAg AjA; — A2 AsAs — AAq |,
—ArAs5 + A4A¢ A4As — A1Ag A1Ar — A%

where

D =detW = A1AxA; — A3A] — AxAZ + 2444546 — A AL.

We then approximate the W~! in the above two temperature regimes.
At T < Tgg we have the determinant

D~ (Te + ry /@) Te(Tpn + ¥/®?) + Ty 1,

and the collision integral becomes

Ton+y /@ —(Conty /W) b=y r*/@)+y*r* /@n*) y/®
Te(Tpn+y /@) +Tpny D Ce(Tpn+y /@2)+Tpny
Wl a | ZCoty/@Hb—yr?/a)+y?r/@i?) 1 —(b—yr?/a)y /D +(Lety)yr’/@n)
D Te+r2y /a2 D
v/ —(b=yr? /@)y [w+(Le+y)yr*/(@n) Cety
re(rph"!‘}’/ﬂ)z)"!‘rph}’ D Fe(rph+V/17J2)+th}’
while at T > Tgg we have the determinant
~ 5 5 )2 5
D~ (Fe + y)[re(rph + )//w ) + th)/],
and the collision integral becomes
Tont7 /0 —(Cpnt7 /) (b—pa)+72a/w? 7/
Fe(Tpnt+7 /W) +Tpn D Ce(Tpn+7/®2)+Tpny
w ~ | —Contr/@>)b—yay+ya/w? 1 —(b—y@)7 /w+(e+p)7a/D
D Tty D
7/® —(b—pa)p /w+(Le+p)pa/w Cety
Fe(Cpn+7 /) 4T D Ce(Tpn+7/®2)+Tpn 7

In above equations we keep the leading order in 7' /7.
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APPENDIX D: TRANSPORT WITH LOW
PHONON SCATTERING

When momentum relaxing phonon scattering is low
(gph — 0), drastic changes show up in the temperature scal-
ing of thermoelectric transport quantities (see Fig. 3). More
precisely, consider the limit

0 <Dy K/ = 0 < g < T/T. (D1)
Hence, we obtain, when T' < Tyg,
WV 5 1

Oxx(gph = 0) ~ e—v (D2a)

" 44
2 4 a r-w
. (D2b
pFUF(FeJr)/rz/c‘lzJr V) (D2b)

e + Cpnin? 44 Te 4 Cpni?
e +yr?/a>  a?

TKxx(gph g O)

L(gpn — 0)/Ly ~

.(D2c)

A similar calculation can be performed for 7' > Tpg.

The electrical conductivity does not depend on the
electron-phonon scattering strength y now; it saturates to
a constant when gpn = 0. The saturation is the canonical
Drude result in noninteracting electron systems [54] [see also
Fig. 3(a)]. The thermal conductivity is also affected by such
an ultraclean lattice as depicted in Fig. 3(b), where no plateau
appears above Tpg but a faster scaling ~T2*+!; the scaling
k ~ T~4%1 is also get corrected by the phonon contribution.
Although T*, which is the temperature where L starts to
deviate from Ly as defined in (5.11), is roughly not affected,
Tin = xTpg has changed and now the x is given by the solu-
tion of

—drge + (d + Dgpngex + gonx’™ = 0. (D3)

Significantly, lowering gpn does affect L below Tsg (Tin in-
creases) contrasting the case in the main text [see Fig. 3(c)].

APPENDIX E: MATRIX ELEMENTS OF COLLISION
INTEGRALS WITH MAGNETIC FIELD

We consider only Oy y)e, [1xy)e, and |1, ,)pn to keep track
of the leading order temperature dependence of all conductiv-
ities. Here the integers correspond to the radial modes (not the
angular modes). We focus on d = 2 spatial dimensions. We
write

where

Winag = @c(10)e(Ole + [1)e(1le) + c(|0)e(1]e 4 [1)e(Ole)
(E2)
and

nTeB(pFE) Vg — vF)
V3vppr

(E3)

Using (E1) we are allowed to invert the 6 x 6 collision matrix
to calculate the conductivities.

Let us begin by studying the noninteracting limit y — O.
After some algebra we have

2V, T
Oy R e =v E4a
o o (E4a)
~ 2V 2 c
Oy N € EUF 24w (E4b)
~2 4-2
% aTe
Tiy ~ Tk %—p}?}vé< >, (Edc)
py XX ) F62+w% th
2
_ v a‘w,
Tiye ~ TRy X = Prvg——, (E4d)
2 2+ w?

v L @T. _b(T? — w?) + 2cTew,
Taxx ~ —€Z PFUE P 5 a P s
27\ M2+ 02 (P2 + )
(E4e)
v a’w, c(F? — @?) — 2bT e,
T‘xyx ~ —EEPFUE: ) > a ( ) c .
Fe +o (Fg =+ a)f)
(E41)

In above equations we keep the leading order in the limit
T — 0. They are well reduced to the nonmagnetic cases as
discussed in the main text. We see that only (non-Hall) ther-
mal conductivity receives a phonon’s contribution which is
totally B irrelevant. This leads to two consequences. First, for
a large enough B, phonon modes will dominate the thermal
conductivity. Second, in the clean limit I'¢ p, — 0, the diver-
gence shows up in thermal conductivity through the phonon
modes.

Including the momentum-conserving electron-phonon in-

W =W ® 8+ W ® €}, (E1)  teraction, we obtain at T < Tyg,
J
-2 -2
O A 6221)2 (V + thw )[)/Fe +(+ 1—‘e)]—‘phw ] (ESa)
o 27"y2(P2+ w2) + 2y Tpn[Te(y + Te) + @2 ]? + T2 [(y + Te)? + w2 ]0*
: r = 2\2
Oy ¥ ZK 2 2 oly & phl: 22 2 2 2754 (ESD)
2 Y (F + o, )+2yrph[ e(y‘l're)‘l'wc]w +Fh[(y+re) +wc]w
- (@Te+r2y) N rfw?{@?y [Te(y4+Te)+@? [+ T [ (v +Te)*+?]} (E50)
Ky = — y C
. PZ+w2+2Tey r? /@ +y?rt/a* ~ y?(T24w2)+2y Tpn[Te(y +Te)+@2 2412 [(y +Te)*+w? |t
B Cc’zz r*w Y W,
Ty ~ pFUF 2 2 2772 44+222 217212 24 2]-4 |
(P24+w2)+2Tcyr?/a+y2ri/at  y?(D2+w?)+2y Tpn[Ce(y +Te)+w?2 | +th[(y+Fe) +w?]w

(E5d)
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Tay ~ —e" ppos y 2w’y Te+(y +Te)Cpntt’] N @ Tetr’y)
20F y2(Fg+wg)+2yrph[re(y+re)+w§]w2+rgh[(y+re)2+w3]w4 2402 42T yr2 /a2 +y2rtjat

a
* [(Ce +yr2/a®)? + o2 ]{[yTe + Tpn(y + T)?)? + 02(y + Fpnw?)?}
< {(y 4+ Tpp?)(—c[2y Tewe + Tpn(y + 2T )w ] + b{y (=T7 + @7) + Tp[~Te(y + Te) + o7 |0°})
—yr?/@*{coc(y + Tpn)’ + by Te + ¥ Ton(y + 2T + T (v + To)w*]}
—ayr* /@’y + Ty (-T¢ + @?) + Tpn[~Te(y + Te) + |07}

+ay*r*/a* 2y + Tpp?)[TeTpp@® + ¥ (Te + rpha)z)]}>, (E5e)
Vo3 wcyr?w(y + Fpn?)
Totyx%—ezpva 2(12 2 21,2 2 2y 14
Y2 (T2 + w?) + 2y Tpn[Te(y + Te) + @2]i? + TG [(y + Te)>H)i]
n a)ca2
(P2 + w2) + 2Teyr2/a® + y2r /at

a
i [(Te +yr?/a®)? + @2 ){[yTe + Tpn(y + Te)@?]? + @2(y + Tpniv?)?}

x {(y + Tpn@®) (=b2y Tewe + Tpn(y + 2w %] — efy (=2 + @?) + [ — Te(y + Te) + o2 %))
—yr? /@ {bo(y + Tpw)’ — c[y’Te + yTpn(y + 2T’ + Th(y + To)o*]}

+ayr’ /@ .2y + Tew*)[2yTe + (v + 2Te)Tpniv’]

+ay*rt/ato.Qy + Tpna?)(y + thw2)}>, (E5f)

and at T > Tgg,

2V 2 (7 + T @?)[PTe + (7 + Te)pnid?]
Oxx X €= VUp— T2 —> (E6a)
2 "2 4 w2) + 27 Tpn[Te(@ + Te) + w?]w? + T3 [(7 + Te)? + w2 ]t

O A 22 CUL(V + thw ) (E6b)
M 4 02) + 27T [Te(7 + Do) + 2] 0% + T4 [(7 + Do) + o]t
T& @(Ce+7) ro? {27 [Ce(y +To) + 2] + @' Ton [ (7 + T’ + 07]) (E6c)
" P24 @2 +207 + 77 72(T2 + 2) + 27Ty [Te(7 + o) + 02]@2 + T3 [(7 + To)? + 2]
) a r4ﬂ)4)72w
TRy RV - + ¢ , (B6d
Y. 2PF F(I‘g + w2 42l + 2 ?Z(Fg + a)g) + 2)—/th[[~6()—, +Te)+ wz]ﬂ,z + Fsh[(f/ + T2 + a)g]ﬂ)“ (E6d)
T LA priw’[pTe + (7 + Te)Tpnh’] @*(Te +7)
e TR PPN D202 ¥ wl) + 27 Ton[Te(7 + To) + 2] 02 r2 TP +wllot | T2t a2t 2ley 1772
P22 4 w2) + 27 Tpn[Te(? 4 Te) + @2]? + T4 [(7 + T2 + 2@t T2+ w2 + 207 +7
n a
[(Fe + 70 + @2]{[7Te + Tpn(¥ + T)@?]? + 02(¥ + Tpniv?)?}
x {(J‘/ + Tpn*) (=27 Tew, + Tpn(¥ + 2T @] + b{p (—T2 + @f) + Tpn[—Te(7 + Te) + o |0*})
—7{co + Tpn)® + b[7°Te + 7Tpn(7 + 2T)®* + T (7 + T }]
—ay (27 + Cpp@*){7 (= T2 + @?) + Tpn[~Te(7 + Te) + o2 ]?}
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0w (y + Con?) w.a

2

Toay, ~ —e

a

3
+
e2vaF(;‘/2(F§ + @2) + 27 Tpn[Te(7 + Te) + w2 ]@w? + TL[(7 + Te)? + w? ]

(T2 + w2) + 2Ty + 72

+[(Fe + 77 + @2 {[7Te + Tpn(7 + F)w?)> +

2(7 + Tpniw?)?}

x{(7 + Tpnw?)(=bI27 Tewe + Tpn (7 + 2T ) b?] — o7 (~T2 + @?) + Tpn[~Te(7 + Te) + ?]@?})
— 7{bwe(7 + Tpn)* — cl7°Te + PTpn(7 4 2T)i” + T (7 + T}

+ay w27 4+ Tew?)[27Te + (7 + 2T )]

+ap’w.27 + Cpn®) (7 + rphw2>}).

(E6f)

Notice that we still keep the leading order in 7'/7r. All the conductivities above can be checked to reduce to (5.5) when B = 0.

The experimental thermal conductivity is given by

v. 2. 4 (a Fe+r y) Ao
~ 2vaF(F2+w2+2reyr2/u2+y e th+y/z‘u2) T < Tgg,
T Z(Tet7) i (E7a)
[
2PFUF(F°+w2+2FLy+y th+;7/w2) Ipe < T < Tr,
v, 2.4 a*
ZPFUF( 2+w“)+2reyr2/a2+y e T < TBG7
Ticys & 24 of (E7b)
2pF F 2402427 +72 Tpg < T < T.

We find that the phonon modes contribute to the dissipative experimental thermal conductivity in a B-independent way, while

do not contribute to the experimental thermal Hall conductivity.
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