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Hydrodynamic sound and plasmons in three dimensions
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In a recent paper by Lucas and Das Sarma [Phys. Rev. B 97, 115449 (2018)], a solvable model of collective
modes in two-dimensional metals was considered in the hydrodynamic regime. In the current work, we gen-
eralize the hydrodynamic theory to three-dimensional (3D) metals for which the calculation of sound modes
in a strongly coupled quantum Coulomb plasma can be made explicit. The specific theoretical question of
interest is how the usual linearly dispersing hydrodynamic sound mode relates to the well-known gapped 3D
plasmon collective mode in the presence of long-range Coulomb interaction. We show analytically that both the
zero sound in the collisionless regime and the first sound in the hydrodynamic region become massive in three
dimensions, acquiring a finite gap because of the long-range Coulomb interaction, while their damping rates
become quadratic in momentum. We also discuss other types of long-range potential, where the dispersion of
sound modes is modified accordingly. The general result is that the leading-order hydrodynamic sound mode is
always given by the leading-order plasmon frequency in the presence of long-range Coulomb interaction, but the

next-to-leading-order dispersion corrections differ in hydrodynamic and collisionless regimes.

DOLI: 10.1103/PhysRevB.103.155101

I. INTRODUCTION

An interacting electron system could be in the strongly
interacting collision-dominated hydrodynamic regime where
frequent interparticle collisions lead to local thermodynamic
equilibrium so that the system should be thought of as
manifesting a collective hydrodynamic behavior rather than
the usual collisionless behavior of weak interactions where
the standard independent quasiparticle picture applies. The
analogy is to real liquids (e.g., water) whose macroscopic
long-wavelength flow properties hardly depend on the mi-
croscopic details of the molecular interactions which only
serve to determine the macroscopic hydrodynamic parame-
ters such as viscosity. Although the possibility of electron
hydrodynamics was suggested a long time ago [1], there has
been a great deal of recent interest in the subject arising from
the possibility of the experimental observation of electron
hydrodynamics in solid-state materials [2]. The current work
focuses on a specific theoretical question regarding electron
hydrodynamics.

The question we address is the interplay of the electronic
plasmon mode with the hydrodynamic sound mode: How
does the plasmon affect the hydrodynamic sound mode, and
does the electron system in the hydrodynamic regime undergo
collective plasmon oscillations at all?

The theoretical question was recently addressed for two-
dimensional (2D) metals in a recent work [3], and we
generalize the theory to three-dimensional (3D) metals. The
3D generalization is nontrivial and is of interest because of the
true long-range nature of electronic Coulomb interaction in
3D metals, leading to a collective plasmon mode with a finite
energy even in the long-wavelength limit [4]. This gapped

2469-9950/2021/103(15)/155101(9)

155101-1

massive nature of 3D plasmons arises from the 3D Coulomb
coupling going as 1/q*, where g is the wave number (or
momentum). By contrast, 2D Coulomb coupling goes as 1/g¢,
leading to the 2D plasmon going at long wavelength as g'/2.
Since the hydrodynamic sound mode (the so-called first sound
in the helium literature), which is the electron analog of the
ordinary acoustic sound, goes linear in g at long wavelength
by definition, the interplay of a gapped 3D plasmon going
as 0(q") with hydrodynamic sound going as O(q) is more
intriguing than the interplay between the hydrodynamic sound
and the 2D plasmon, both of which vanish at long wavelength,
albeit with different momentum scaling. If the hydrodynamic
sound mode in 3D metals develops a long-wavelength gap
by virtue of Coulomb interaction, this becomes reminiscent
of the Higgs mechanism with a linearly dispersing Goldstone
mode acquiring a mass by virtue of long-range coupling, al-
though the electron hydrodynamics problem does not involve
any symmetry breaking (or an underlying Higgs field) in order
to produce the gapped sound mode. In fact, this is precisely
what happens in a metallic superconductor where the ex-
pected linearly dispersing Goldstone mode associated with
the spontaneous breaking of the gauge symmetry acquires a
long-wavelength gap, becoming effectively the plasmon mode
in the presence of long-range Coulomb coupling instead of
the usual zero sound acoustic mode as in a neutral superfluid
where there is no long-range Coulomb coupling [5-9].

We show in this work that, indeed, 3D Coulomb coupling
leads to a mass or a gap in the hydrodynamic sound mode
in 3D metals, and the sound mode becomes the effective
long-wavelength plasmon mode in the hydrodynamic regime
of 3D metals. This is, however, true only in the leading or-
der in momentum, and the next-to-leading-order dispersion
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corrections in wave number are different for 3D plasmons
in the collisionless regime and the first sound in the hydro-
dynamic regime. We also study the damping or decay of the
plasmon mode (which is akin to the zero sound mode in the
helium literature) in the collisionless regime and the hydro-
dynamic first sound mode in the collision-dominated regime.
Our terminology in the paper uses “collisionless” to imply
the nonhydrodynamic regime of weak interparticle collisions
(where the standard “plasmon” or zero sound mode exists). By
contrast, the collision-dominated regime is the hydrodynamic
regime of rapid interparticle collisions where the first sound
mode exists. We study both regimes including effects of 3D
long-range Coulomb interaction.

The hydrodynamic description applies when the momen-
tum-conserving inelastic electron-electron interaction is much
stronger than any other momentum-relaxing elastic scattering
mechanisms which might be present in the system. In metals,
such momentum-nonconserving scattering processes arise
from electron-impurity and electron-phonon scattering, which
typically dominate at low and high temperatures, respectively,
making the hydrodynamic regime difficult to realize
experimentally in the laboratory, although, in principle, a
very clean metal should manifest electron hydrodynamics at
very low temperatures where the phonon scattering rate (in
terms of resistivity) is suppressed as 7> and the quasiparticle
scattering rate goes as T2, where T is the temperature [10].
Eventually, at low enough temperatures hydrodynamics is
cut off in metals by any residual impurity scattering. In
a metal with negligible impurity and phonon scattering,
electron-electron interactions should produce hydrodynamic
behavior at long wavelength and low frequency.

II. SUMMARY OF THE MAIN RESULTS

We extend the theory of [3] to three dimensions. Namely,
we construct a solvable model that admits the exact calcu-
lation of sound modes in both the collisionless regime and
hydrodynamic regime. The sound mode in the collisionless
regime is the zero sound mode or the plasmon, and the sound
mode in the hydrodynamic regime is the usual sound mode
(i.e., the first sound). In this section, we represent the main
results from the solvable model, including the effect of long-
range Coulomb interaction on the sound modes. We leave the
detailed derivation of the results to the following sections, but
the exactly solvable model already demonstrates the physics
clearly.

In this exactly solvable model consisting of spinless
fermions, we assume spherical symmetry and consider the
nonvanishing Landau parameter only in the s-wave channel.
We denote the dimensionless Landau parameter Fy, and we
consider repulsive interactions so that Fy > 0. The sound
mode is highly damped when the interaction is attractive and
may even lead to instabilities [11]. In any case, our interest is
3D metals in which the direct electron-electron interaction is
repulsive. These considerations make the calculations analyt-
ically tractable while maintaining the essential physics.

We first present the result in the clean limit where the sound
mode is not damped by impurity scattering, Yimp = 0. Vimp
is the scattering rate between quasiparticles and impurities.
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FIG. 1. The zero sound and first sound velocities as a function of
the Landau parameter, where the Fermi velocity is set to 1 as the unit.
The zero sound velocity is larger than the first sound velocity for all
F() > 0.

The zero sound in the collisionless regime w >> y, where y
denotes the scattering rate between quasiparticles, is given by

(Fo + 17 = 2(Fy — D)(%)” - 3(22)"
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where the second equation determines the zero sound ve-
locity. This equation is valid for all Fy > 0. For the weakly
interacting Fermi liquid, Fy < 1, and the zero sound veloc-
ity is nonperturbative in interaction strength, namely, vy =
vr (1 4+ e~ %/%0) It approaches the Fermi velocity as one should
anticipate for the free-electron gas. For Fy > 1, the dispersion
can be simplified as

F 3 . 2(5Fk +21)
===+ -vpq -y ——,
3 5 SFy(5F +3)
where vr is the Fermi velocity. Decreasing the frequency, the
system enters the collision-dominated hydrodynamic regime
where w < y. Then the zero sound crosses over smoothly to
the first sound,
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The linear term in momentum reveals the sound velocity. In

Fig. 1, one can see that the collisionless zero sound velocity
is always larger than the hydrodynamic first sound velocity,
vo > v;. For the asymptotically large Landau parameter, the
following inequality holds true, too, i.e.,

Fy+9/5
Yo _ u>1. 5)
V1 F+1

The imaginary part leads to the damping of sound modes. In
an interacting Fermi liquid, the scattering rate at low tem-
peratures is given by y oc T2. A crucial difference between
the zero sound and the first sound is that the damping rate is
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proportional to the interaction scattering rate, Im(w) o y, for
zero sound, while it is inversely proportional to the interaction
scattering rate, Im(w) o 7/_1, for the first sound. These results
are well known and also experimentally observed in normal
3He [12]. Reproducing these results presents a consistency
check of our solvable model.

When the impurity scattering is strong ¥imp > vrq, both
sound modes will be damped by impurity scattering at small
momentum. The propagating wave transitions to a quadratic
diffusion mode,

2 1+ K
o= iy =0, ©)
yimp 3

and a fully gapped one, @ = —iyimp. When the impurity scat-
tering is weak, yimp < Urg, its effect is an additional damping
of the zero sound mode (in addition to the damping induced
by quasiparticle interactions y); that is, the correction is
SIm(w) = %Vimp [also see (51)].

Now we discuss the effect of Coulomb interaction on the
sound mode. It is well known that the plasmon is fully gapped
in 3D metals because of Coulomb interaction [4]. Since both
the plasmon and the sound wave are density-fluctuating col-
lective modes in many-body systems, it is naturally expected
that the sound mode should also develop a finite gap due to
the Coulomb interaction. Since Coulomb interaction acts at
the s-wave channel, one can make the following replacement:

Fo— Ryt 22 7

rAzq?
where o = 4;; is the effective finite-structure constant for
the 3D metal (vp is the Fermi velocity) and Ap = 2Z is

ke
the Fermi wavelength. The Coulomb interaction [the second

term in (6)] should be understood as the effective one felt
by quasiparticles, where the effective fine- structure constant
captures all possible renormalization effects in going from
bare electrons to quasiparticles. This is a generalization from
the neutral Fermi liquid theory to the Landau-Silin theory
of a charged Fermi liquid [13]. Since we are interested in
the long-wavelength limit, where the Coulomb interaction
dominates over any short-range interaction, we focus on (3)
in the appropriate limit. After making this replacement, the

zero sound becomes
Sncx v 95+ F 2 )‘Fq

=+ — A 8

w ( o + — 4«/_ VFAFq 20 , (8

and the first sound becomes
1+ F
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It is instructive to compare the results with the plasmon
mode. The 3D plasmon dispersion is well known and is
determined by the following equation in random-phase ap-
proximation (RPA) calculations:

3 k2 w? &N,
a)zza)(z)_i__—g—(z) 2, a)é: . (10)
Sm?* w m
4n ki k3

where N, = = L is the electron density in three

3 2m)’ 62

dimensions, m = ’;—f is the effective mass of the quasiparticle,

and wyp is the well-known plasmon frequency. (Note a con-
ventional difference between the plasmon frequency in our
(10) and Eq. (14) in Ref. [4], which comes from the Coulomb
potential we define as (20) having an extra factor of 1/4m in
real space as we use the rationalized unit instead of the Gauss
unit.) If we expand the plasmon mode at long wavelength, its
dispersion reads

8 9
LA /2 UF)»qu,

5m2w07= AF 467
(1)

where in the second step, we change the parameters to better
compare with sound mode results. Comparing (11) to the zero
sound mode with Coulomb interaction (8), we find a correc-
tion to the quadratic dispersion from the Landau parameter
Fy and a quadratic damping due to the collisions. Comparing
(11) to the first sound mode with Coulomb interaction (9),
we conclude that in the hydrodynamic regime, the plasmon
dispersion gets corrected by a factor of 5/9 at the next-to-
leading ¢* order because of Coulomb coupling. Again, there
is a damping effect in (9) inherited from the first sound mode.

More generally, we can consider a formal long-range inter-
action given by a power law defined by ¢—2", where 1 = 1 for
3D Coulomb coupling, i.e.,

12)

where « is the effective interaction strength and the param-
eter n defines the form of the interaction. In real space, this
translates to a potential of the form "3, Forn > 1 (n < 1)
it is stronger (weaker) than the Coulomb potential. This type
of interaction leads to the zero sound mode

8ma vp | _ o (pg)?
Y R it 13
“ 3 a7 T 20na (13

and the first sound mode

_ 8o vp 1—n 2v2
w== 3 A q 15 q (14)
In this case, the sound mode has an interesting dispersion
resulting from the long-range interaction. Also note that
the damping rate for the “hydrodynamic plasmon” does not
change due to the specific form of the long-range interaction,
remaining independent of the range parameter 7.

III. REVIEW OF THE BOLTZMANN EQUATION
IN A 3D METAL

The collective mode is one of the fundamental excitations
of a many-body system. It emerges from coherent interac-
tions between quasiparticles and is fundamentally different
from single-particle electron-hole-type excitations. It is con-
venient to describe the collective mode by the distribution
function n(k, r, ¢) of the quasiparticle at given momentum k
and position r. As we are interested in the effect of Coulomb
interaction on the sound mode, we will restrict ourselves to
the spinless electron. Spin can be added straightforwardly at
the cost of making the notations cumbersome—we emphasize
that the modes we are discussing are charge density collective
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excitations which are independent of electron spin. The Boltz-
mann equation governing the dynamics of the distribution
function is [11]

dnk,r,t) dr 0 dk 0
— = A T T A k7 7t I )
dr ( dr or  di 8k>n( £ f) +21ln]

(15)
where the first term on the right-hand side is the drift term,

while the second term is the collision integral. The semiclas-
sical equation of motion of a quasiparticle is well known:

dk _ de(k,r,1)

s 16
dt or (16)
dr de(k,r, 1)
— =, (17
dt ok

where € (k, r, 1) is the energy of the quasiparticle. Since we are
interested in a conventional metal, it is sufficient to consider
the semiclassical description without external electromagnetic
field or Berry curvature. The quasiparticle energy should be
determined self-consistently from the Boltzmann equation.
We are going to solve the collective mode of a small variation
from the Fermi-Dirac distribution function, namely,

nk,r,t) =np(k) +dénlk, r,¢t), (18)

np(K) = npleg(k)] = 19)

eBleo®—ul 4 1°

where np (k) is the Fermi-Dirac distribution at equilibrium,
€o(k) is the bare energy of free electrons, § = 1/T is the
inverse temperature, and  denotes the chemical potential.

The total energy of the system with a small variation from
equilibrium is

ealt) = / r / eo)bn(k, ¥, 1)
k
+l/a’3r/ sn(k,r, 1) f(k, K)snK, r, 1)
2 KK

1 3.3, €2 1
+— | d’rd’r on(k,r,t)—
2 kK 47'[ |I' — r/|

x dn(K',r', 1), (20)

where [, = [ % and f(k, k') is the Landau parameter char-
acterizing the short-range quasiparticle interactions and the
second line represents the long-range Coulomb interaction.
The presence of both short-range and long-range interactions
is an important generalization to a charged Fermi liquid from
the neutral Fermi liquid theory. This generalization is also
often referred to as Landau-Silin Fermi liquid theory. Note
that throughout the paper, we use the rationalized unit, where
the factor of % appears in the real-space Coulomb potential.
Thus, by varying with respect to dn(k, r, ), we can get the
quasiparticle energy

ek, r, 1) = €y(k) +/ &, K)YdnK,r, 1)
k/

3 ,62 1 A
+ d’r — snK, ¥, 1). (21)
' 4 Ir — 1|

To get a wavelike collective mode, we assume in the usual
manner that the variation takes the plane wave form

sn(k, r, 1) = dn(k)e' 9T (22)
Actually, once we get the eigenmode from the plane wave
expansion, we can construct any arbitrary mode using linear

superposition and completeness. The energy for such a plane
wave excitation is

ek, r,t) = ¢o(k) +/ F(K, K)dn(K )eldr—ier
¥

3.0 ¢ 1 N, iqr —iwr
+ dr sn(K e (23)
/ 4 |r —r'|

2
= eo(k) + / (f(k, K) + %)amkqeiq-r—iw,
g
(24)

where in the second line, we have used the Fourier trans-
form of the Coulomb potential in three dimensions. A simple
derivation is given in Appendix A.

Now with the quasiparticle energy, the semiclassical equa-
tion of motion becomes

K ’ igr—i
=g / (ﬂk, k’>+%)5n<k/>e*q-f—w’, (25)
y
dr  deg(k
d_: - Egl({ ) — k). (26)

Putting this equation of motion into the Boltzmann equation,
we arrive at

wdn(k) = q - v(k)|:8n(k) — [ |€:€0(k)np (e)]

2
x / (f(k, k’)+%>8n(k’):| +iZln], 7)
g

where 0¢|._, ) means taking the derivative with respect to
€ and then setting € = €p(k). Since, at low temperatures, the
small variation én(k) concentrates near the Fermi surface
according to the factor

lim 0|, o) =dleo®) . (28)

B—o00

which tends to a § function localized at the Fermi sur-
face, it is easy to see that the solution to the equation
has the form én(k) = —[0e¢|e=c, () (€)I6n(0) = [€p(k) —
nldn(o). Here, o = (6, ¢) is determined by the vector k at the
Fermi surface. Hence, it is convenient to change the variable
from k to (¢¢(k), o). With the help of the identity

fd3k=/°°de/ do (29)
0 eo)=e V(K

where do denotes the measure over the Fermi surface and de
denotes the measure perpendicular to the Fermi surface, we

155101-4



HYDRODYNAMIC SOUND AND PLASMONS IN THREE ...

PHYSICAL REVIEW B 103, 155101 (2021)

arrive at

do’

wén(c) =q-vp(o) Sn(a)—i—; _
[Vr (o)

(2m)?
2
X (f(o, o)+ E)Sn(a/)] +iZ[n], (30)

where, due to the § function, the integration is restricted to
the Fermi surface and we use vy (o) to denote v(k) when Kk is
located at the Fermi surface, which is the Fermi velocity, and
we also use f(o, o’) to denote f(k, k") when both k and k' are
on the Fermi surface. The Coulomb interaction is independent
of the angle variable, and q is not a dynamical quantity, so one
can regard the Coulomb interaction as a modification of the
Landau parameter in the s-wave channel.

The Boltzmann equation (30) is the central equation that
governs the collective modes in a Fermi liquid, including
sound modes. It can describe the situation with either short-
range interaction or long-range interaction, treating the zero
sound, first sound, and plasmon equivalently within one for-
malism. In the next section, we construct a simple model
where the Boltzmann equation (30) can be solved exactly.

IV. A SOLVABLE MODEL

To proceed, let us assume the Fermi liquid in question has
spherical symmetry. This is the situation in simple 3D metals.
As a result the Fermi velocity is independent of angle, but
|vr(0)| = vr, and we can choose q = (0, 0, g) pointing along
the k, direction and use the spherical coordinate 2 = (6, ¢).
Then (30) becomes

17594
wdn(2) = qup cosB| én(2) + e
4

8o
2

F(Q,Q
«(reo+ s

>8n(§2’):| +iZ[n], 31

where we have used [do =k [dQ = k% [sin0d0d¢; kr
is the Fermi momentum, €y(kr) = u; and Ap is the cor-

responding Fermi wavelength, Ap = &, o = 4;21} is the

. . ke * = Amur .
effective fine-structure constant in the Fermi liquid defining

the interaction coupling strength. F (€2, Q') = % f(2,Q)
is the dimensionless Landau parameter arising from changing
the variables from momenta to angles at the Fermi surface. As
we mentioned in the previous section, the Coulomb interac-
tion is not a dynamical quantity in the Boltzmann equation.
We can absorb the Coulomb interaction into the Landau pa-
rameter in the s-wave channel and restore it back at the end of
the calculation.

In the following, we assume that the only nonvanishing
component of the Landau parameter is in the s-wave channel,
namely, the Landau parameter is a constant F (2, Q') = Fy.
We absorb the Coulomb interaction into the Landau param-
eter. This should be sufficient for our purpose to investigate
the effect of the Coulomb interaction on the sound mode in a
solvable mode. Without the collision integral, the Boltzmann

equation reduces to the following eigenequation:

/

3n(),

dQ2
(xg — c0s0)dn(R2) = FO/ 1

Xo=—, (32)
T qur

which can solved [11] by

cos 6 1
n(Q) = —,  xparccothxg =1+ —. (33)

Xo — cos 6 F
Since we ignore the collision integral, this solution represents,
by definition, the zero sound solution in the collisionless
regime. The second equation determines the velocity of the
zero sound. When Fy > 1, we get the approximate zero sound

B4 3
3775
Since (32) has spherical symmetry, we can study the

eigenequation using the spherical harmonics. Any solution
on(2) can be expanded in the basis of spherical harmonics,

velocity given by vy =

00 !
() =) Y Smn¥/"©,9), (34)

=0 m=—1

where Y"(6, ¢) is the spherical harmonic and ény,, is the
corresponding expansion coefficient. The sound modes are so-
lutions with zero magnetic quantum number m = 0. As the
eigenequation conserves the magnetic quantum number, we
consider the m = 0 sector where the equation can be cast into

5 S0+ —— s
Xoon; 0 = —F/——=0Nn;—1,0 —F————————0N41,0
A7 1 JAF12—1
R
+—=6m0,001,1. (35)

V3

The detailed derivation of this equation is given in
Appendix B. For [ > 2, it resembles a recurrence relation
of a series. Indeed, it is not hard to check that for [ > 2,
the following series of hypergeometric functions satisfies the
recurrence relation:

2A+1 1 TU+1)
al,m(x) = 27T(Sm,0 7 3
4 @r(+2)

I+1 1+2 31
X2Fl< > Ty §l+§§;>, [ >1.

(36)

This series is consistent with the eigenfunction (33). We
present the details of obtaining the series in Appendix B.
Thus, we have én; , = a; u(x0) for I > 1. The two equations
for/ =1 and [ = O read

8 L R 0+ ——s (37)
xXpdny 90 = ———én ——dny0,
0011,0 NG 0,0 715 2,0
1
xo8ng,0 = E(Snl,o, (33)
which lead to the following solution:
dnp,o = Zﬁ(xoarccothxo — 1), 39)
1
xparccothxg = 1 + —. 40)
K

This is, of course, consistent with the previous eigensolution
(33).
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To access the hydrodynamic regime, where the collision-
less zero sound crosses over to the hydrodynamic first sound,
the collision integral plays an essential role. We take the
collision integral to have the following form [3]:

. 0 =0,
I)y=—-Y wémo, vi={vm [=1, (@4
=0 y 122

where y is the collision rate from collisions between quasi-
particles and y;n, is the collision rate between quasiparticles
and impurities. Obviously, y is the key hydrodynamic inter-
action parameter. Because collisions between quasiparticles
conserve the particle number and their total momentum, the
pure quasiparticle collision rate for / = 0, 1 vanishes by virtue
of conservation laws. On the other hand, elastic collisions
between quasiparticles and quenched impurities relax the mo-
mentum, and therefore, yimp is nonzero for [ = 1. With this
collision integral, the Boltzmann equation in the basis of
spherical harmonics reduces to the following coupled equa-
tions:

[+1

xémyo = ny_1,0 + ————=—=5m11,0,
A2 1 JAlrr—1
1>2, (42)
P Lt R 0+ —2—s (43)
Ximpd71,0 = ——=08M0,0 + ——=38n2.0,
mpd71,0 NG 0,0 NG 2,0
1
Xodno,0 = %5711,0, (44)
w w—+iy ® + 1Yim
Xo=—, XxX= , Ximp = —— 2 (45)
qur quF qur

The series (36) again solves the first recurrence relation,
with x replacing xy. Thus, for [ > 1, én;,, = a; n(x). The
other two equations can be solved easily; namely, dng o =
2w i (xarccothx — 1), and

(Fo + 1 — 3x0Ximp)(xarccothx — 1)
+x0[(3x* — Darccothx — 3x] = 0. (46)

This is the main result of our paper. The eigendispersion of the
sound mode is determined by Eq. (46), where the definitions
of x’s are given by (45).

To investigate the sound mode, we can assume yip, = 0;
otherwise, the coherent propagating sound mode is damped.
In the collisionless regime, w >> y, we obtain the zero sound
mode or the plasmon in (1) as

(Fy+1)? = 2(Fy — 1)(2)” — 3(22)*

® = Fvgq — iy 5 v’
F[Ro +1-(3)]
47)
Vo Vo 1
—arccoth— =1+ —. (48)
Y2 Vfr FO

In the case of strong repulsion Fy > 1 (this is also the case for
Coulomb interaction in the long wavelength limit), the sound

mode can be simplified to

R 3 2(5F, +21)
= [y g — iyt 49
@ 3 5T Y SR GR +3) “49)

which is nothing but (3). On the other hand, in the collision-
dominated hydrodynamic regime w « y we get the first

sound,
F() 1 21)12; 2
=+/—4+ = —i—q, 50
0} \V 3 +3UFCI 115)/61 (50)
which is (4).

We can also consider the effect of the finite-impurity scat-
tering. For weak-impurity scattering, the effect is to modify
the damping defined by imaginary parts of the sound mode.
For the zero sound, we have

(Fo+1)* —2(F — ()" - 3()*
F[Fy+1— (2]
3 - 1]

Yim .
" Fo[Fo +1 — ()]

w = tvgg — iy

(S

For large Fy > 1, this reduces to a simple correction Im(w) =
%yimp. For strong-impurity scattering yimp > ¢, both sound
modes are overdamped into

Fy+1 )

w=—i Vg, ® = —1Yimp- (52)
3Vimp F "

V. CONCLUSIONS

We have discussed electronic sound modes in 3D met-
als in the presence of long-range Coulomb coupling via the
Boltzmann equation. A more microscopic approach to the col-
lective mode, like plasmons, would be to start from the
electron Hamiltonian with long-range interactions. Then the
collective mode results from integrating out the electron fluc-
tuations. In the lowest order, this is nothing but the RPA
approach. Here, we recapitulate how it works for 3D metals.
In the RPA approximation, the collective mode is determined
by the following eigenequation:

1 = V(TIl(q, ) =0, (53)

where V (q) is the interaction at momentum ¢ and the dynam-
ical electron polarization function is defined by

1 1
M(q, w) = —
SR e e

1
, 54
X—isz,,+§+§(k—g) G4
2 1
Q, = $, Ek) =) —p.  (55)

where €2, is the Matsubara frequency and o is the real
frequency. To proceed, we assume a spherical Fermi sur-

face with parabolic dispersion €y(k) = ;‘7; It is not hard

to get the 3D polarization function at zero temperature,

155101-6



HYDRODYNAMIC SOUND AND PLASMONS IN THREE ...

PHYSICAL REVIEW B 103, 155101 (2021)

namely,

I(q, w) =

312 qz) 4k 56)

Neg’
l+-—=5— = — )

mw? ( 5 m? w? 3 2r)}
where g = |q|. Putting the Coulomb potential given by
Veou(q) = ;—i and the polarization function (56) into
eigenequation (53), we obtain the conventional plasmon given
in (10).

We can also consider a short-range density-density interac-
tion potential that is independent of momentum, namely,

2
Vig) = Fy, (57)

where the prefactor originates from how the Landau parameter
is introduced via quasiparticle interactions at the Fermi sur-
2

face, i.e., frg mkV(q)- = [ 424V (Q)]---. For the
s-wave channel, it reduces to the above equation.

Using this interaction potential to replace the Coulomb
potential, we get the following linearly dispersing soundlike
collisionless collective mode:

2 vrFy N.q* 3 k}p q° F, 3
- 14229 ) pa+ [0 4+ 2.
@ tsmw) @ 3 T5vrd

4wk om
(58)

The second equation is exactly the zero sound mode in (3).
At zero temperature, within the RPA, there is no damping of
the electronic collective mode by quasiparticle collisions since
the collision rate vanishes as 72, but finite-impurity scattering
would still contribute to the damping in the way we discussed
earlier. At finite temperatures, quasiparticle collisions would
lead to Landau damping of the collective modes.

This simple calculation tells us that microscopically, the in-
teraction potential determines the dispersion of the electronic
collective modes. The zero sound mode for short-range inter-
actions becomes the gapped 3D plasmon mode in the presence
of long-range Coulomb coupling. (The first sound mode also
acquires a long-wavelength gap as discussed earlier.) Indeed,
from the perspective of symmetry, both sound modes and plas-
mons are density fluctuations that characterize the underlying
particle number conservation. So they are actually the same
collective mode, and it is not a surprise that they all develop
long-wavelength gaps because of the long-range Coulomb
interaction. Thus, the hydrodynamic sound in 3D metals is
not a sound mode at all since it has finite energy at zero
momentum defined by the 3D plasma frequency. We do note,
however, that the sound modes differ from the plasmon in their
next-to-leading-order dispersion corrections at finite momen-
tum. Although the 2D case is clearly addressed in Ref. [3], we
briefly discuss the RPA calculation in 2D for completeness.
The electron polarization function in two dimensions reads

kiq® 3k ¢
H(q,w)=m 1+Zn?a7 . (59)

Putting the short-range potential given by V(q) = %Fg and
the polarization function (59) into the eigenequation (53), we
recover the linear zero sound w = i(% + %)l/zqu. On the
other hand, using instead the 2D Coulomb potential given

by Veou(q) = %I%I [the factor of  comes from the two-
dimensional Fourier transform of the usual Coulomb potential
Veou(r) = L L] we obtain the following collective plasmon

Ix Tr]
mode:
/ 2
Tovg
w=+ . Iq]. (60)
F

Therefore, within the RPA calculation, one can already
see that the linear sound wave is modified to be w o /g
by replacing the short-range interaction by the long-range
Coulomb interaction. Going beyond the RPA framework, it
was shown in Ref. [3] that although both the first and second
sound waves exhibit the same plasmonlike dispersion, the
next-to-the-leading-order momentum dependence differs.
With this in mind, we now briefly discuss the one-
dimensional (1D) case. In one dimension, the Boltzmann
approach does not work simply because the Fermi liquid does
not exist in the presence of any finite interaction [14,15].
Thus, starting from the electron Hamiltonian including a
single-particle dispersion (we take a parabolic dispersion for
simplicity) and interaction potentials, V (q) like that given
above is a good and simple way to look for sound or plasmon
modes. The electron polarization function is now given by

[16]
2 2 _q\2 2
(m w (k 2) q ) 61)

mo? — (ke +4)'¢?

m
H(q, (,()) = E In

We expect a sound-wave-like (linear in momentum) mode
when the interaction is short range. Indeed, the short-range
potential V(q) = mvpFy leads to the zero sound mode in one
dimension,

w = +vpvFoq. (62)

How does the Coulomb interaction affect this sound mode?
The answer is simple; we just need to replace V (g) with the
1D Coulomb potential [16],

62 eiqr 82

— | dr—= = —2Ky(aq), 63
47r/ N/ olag). ()
where Ky(x) is the modified Bessel equation of the second
kind and a is a short-range cutoff introduced to make the
integral converge in one dimension (a can be thought of as
a lattice constant). Plugging the Coulomb potential and the
polarization function in one dimension into the eigenequation
(53), the resultant long-wavelength collective mode is

o=+ 0 ¥ ag <, (64)
TV 2 2

which is nothing but the well-known plasmon mode in one
dimension. Although we consider zero temperature, we expect
that the plasmon mode takes over the sound modes in one
dimension when the Coulomb interaction dominates since
the dispersion is largely independent of temperature. A more
physical argument is that from the symmetry perspective,
sound modes and plasmons are the very same mode, and the
different names just refer to whether the interaction potential
is short range or long range. The curious thing is that in 3D
systems, where the Coulomb coupling goes as g2, the sound

Veou(q) =
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mode is not acoustic at all since it acquires the plasmon mass
at zero momentum.

In conclusion, we constructed a solvable model in three
dimensions to obtain the sound modes in both the collisionless
regime and the collision-dominated hydrodynamic regime. In
particular, we discussed the effect of long-range Coulomb
interaction on the sound modes. We found that in the presence
of Coulomb interaction, both the zero sound and the first
sound obtain a finite gap equal to the plasmon frequency and
a damping rate which is quadratic in momentum. We also
discussed general long-range interactions that lead to unusual
plasmon dispersions. Finally, we clarified the collective mode
and sound mode dichotomy in one dimension.
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APPENDIX A: COULOMB POTENTIAL

In this Appendix, we present the Fourier transform of the
3D Coulomb potential. Since the Coulomb potential is spher-
ically symmetric, without loss of generality, we can choose
the momentum pointing to the z axis and make a coordinate
transform as follows:

/aﬁrieiq‘r =
Ir|

/ 4re™®" sm(|q|r) 4
= [dr ,
lql @t
(A2)

1,
/drd9d¢r2 Sine;et\qlrcosé)ﬂ?r (A1)

where in the second step we have added an infinitesimal
positive number ¢ to ensure the convergence. In the last step,
we can safely set € to zero.

APPENDIX B: SOME USEFUL MATHEMATICAL RESULTS

In this Appendix we present mathematical results that are
used in the main text. The spherical harmonics are defined by

@1+ 1)1 — m)! A
Y0, ¢) = #a’"(mse)em,

Im| <1, 120, (BI)

where P/"(x) is the associated Legendre polynomial and the
prefactor is chosen to make sure the spherical harmonics are
properly normalized,

/ dQY (0, PIY" 6, §)* = 8118 (B2)

where d2 = sin 6d0d¢ is the shorthand notation for the mea-
sure of a sphere. A useful recurrence formula of the associated
Legendre polynomial is

l—m+1 l+

xle(x): A+ 1 1+1( )+ Pml( ). (B3)

With this recurrence relation, we arrive at the following recur-
rence formula:

[+ 12 —m?
cos0Y," (0, ¢) = Et(lJr)Tml Y0, 9)

12— m2
+ 41 ] y” 1(9 ). (B4)

This is useful to transform the Boltzmann equation into the
harmonic basis.
We are interested in the expansion of the following func-
tion in the basis of spherical harmonics:
5110(S) cos 6 (B5)
n =—.
0 A —cos@
Since this function is independent of the angle ¢, its expan-
sion coefficient on Y'"# (0, @) vanishes. We can focus on
YO(Q ¢), which is related to the Legendre polynomial P;(x)
[by definition, the Legendre polynomial is a specific case of
the associated Legendre polynomial P;(x) = Pl’”:o(x)]. Let us
first evaluate the integral

1 1 1 ar
/dx P = fdx al o> — 1Y,
1 A—x 2l J_y A —xdx"

(B6)

where in the first step we have performed a coordinate trans-
formation cosf = x and in the second step we have used
Rodrigues’s formula P,(x) = zn”, M( 2 _1)". Forn =0, we
can directly evaluate the integral to get

1
X
/ dx
-1 A—Xx
For n > 1, we can repeatedly use integration by parts to
bring the 1ntegral into the form

Py(x) = 2(rarccothA — 1). (B7)

P,(x)

1 1 dn
/dx Y P = /dx )=y
1 A—x 2mp! dx" A —x

+[boundary terms]. (B8)

It is not hard to show that all boundary terms vanish. The nth
derivative of the function 8ny(2) is

ar  x nla
i = . (B9)
dx"»—x (L —x)nt!
Plugging this into the integral, we have
! X
/ dx P,(x) (B10)
—1 A—X
At a=x
= X —_— (B11)
on _1 ()\ _ x)n+1

JoT T(n+1) n+1 n+2 31
= F N T =5
2" T(n+3) 2 2 2722

(B12)
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where ,Fj(a, b; c; z) denotes the hypergeometric function. Finally, in terms of the spherical harmonics,

/dQ cosd Y76, $)*
A —cosf !

21
= 27800/ + /de e~

(B13)

Pl (cosB) (B14)

2l+1 1 T'(+1) I+1 [+2 31
= 275m.0y/ F : L+ )
T T 2 T (11 2) '( 2 2 Y Az)
Y0 Yoy SR OOY (O, $) is
8m.0 X 24/m (harccothd — 1)

The expansion coefficient of ny(2) =

snl" (L) =

(Sm,() x 277 21+l 1

rd+1)
BT (1)) °

(B15)

(B16)
R(S S5+ 55) 121
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