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High-temperature superconductivity in SrB;C; and BaB;C; predicted from first-principles
anisotropic Migdal-Eliashberg theory
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Very recently, carbon-boron clathrate SrB;C; has been successfully synthesized, in which carbon and boron
atoms form sp’-bonded truncated octahedral cages. Interestingly, the sp*-hybridized o-bonding bands are
partially occupied. This may drive SrB;C; into a superconducting state, like boron-doped diamond. By means
of density functional first-principles calculations and Wannier interpolation technique, we have investigated the
electron-phonon coupling and phonon-mediated superconductivity in SrB;Cs. Our calculations reveal that there
exists strong coupling between sp*-hybridized o-bonding bands and boron-associated E, phonon modes. Based
on the Migdal-Eliashberg theory, we self-consistently solve the anisotropic Eliashberg equations. It is found that
SrB;C; is a single-gap superconductor, with superconducting transition temperature being 40 K. The anisotropic
ratio of superconducting energy gap is computed to be 32.8%. Further replacing Sr with Ba, the transition
temperature can be boosted to 43 K in BaB;C; due to phonon softening. These findings suggest that SrB;C; and
BaB;C; are phonon-mediated high-temperature anisotropic s-wave superconductors.
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I. INTRODUCTION

Diamond is an indirect-gap insulator with the gap value be-
ing 5.5 eV [1]. In 2004, it was first reported that boron-doped
diamond synthesized at high pressure (8-9 GPa) and high
temperature (2500-2800 K) is a superconductor, with transi-
tion temperature (7;) close to 4 K [2]. The boron content that
incorporated into diamond is about 2.8% [2]. On the origin of
metallicity of boron-doped diamond, angle-resolved photoe-
mission spectroscopy (ARPES) measurements confirmed that
the charge carriers were introduced into the sp*-hybridized
o-bonding bands of diamond [3]. Based on virtual-crystal
approximation (VCA), it was shown by density-functional
theory (DFT) studies that the coupling between o -bonding va-
lence band and optical bond-stretching zone-center phonons
is quite strong, and the deformation potential caused by zone-
center bond-stretching phonon modes is at least 60% larger
than in MgB, [4,5]. This suggested that heavily boron-doped
diamond is a three-dimensional MgB,-type superconductor.
Beyond VCA, the local vibration of boron atom plays an es-
sential role in electron-phonon coupling (EPC) as revealed by
supercell computations [6,7]. In particular, the EPC constant
A and T, were determined to be 0.39 and 4.4 K, respectively,
in excellent agreement with experiment [7]. Compared with
MgB., the reason for weaker EPC and lower 7, in boron-
doped diamond was attributed to the smaller density of states
(DOS) at the Fermi level [5-7].

Therefore, increasing the boron concentration is a straight-
forward way to boost the 7, [8]. Indeed, boron concentration
can be promoted to 5% in diamond films via microwave
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plasma-assisted chemical vapor deposition method, yielding
a T, of 11.4 K [9]. As we know, boron cannot sustain the
diamond structure [10]. This indicates that heavier boron dop-
ing may trigger structural phase transition, owing to strong
EPC. Although several diamondlike compounds with large
boron content have been synthesized, exemplified by BCs
[11] and BCj [12], the evidence for superconductivity in these
materials is still unavailable. To date, even higher boron con-
centration in diamond, such as B:C equal to 1:1, has never
been achieved.

For carbon, diamond is the unique sp*-bonded structure
at ambient pressure. As the nearest neighbor of carbon in
group-IV elements, silicon takes diamond structure as its
ground state. However, aside from the diamond structure, all
silicon atoms in cagelike silicon clathrate are also covalently
bonded within a four-neighbor sp* environment [13]. Par-
ticularly, it was found that (Na,Ba),Siss and BagSiss, which
consist of Sipyp and Siy4 cages, can become phonon-mediated
superconductors at 4 K and 8 K, respectively [14—16]. Mo-
tivated by the superconductivity in silicon clathrate, EPC in
carbon clathrates under either n-type or p-type doping was
theoretically investigated [17,18]. Similar to boron-doped di-
amond, p-type doping was expected to drive carbon clathrate
into a high-7; state [18]. Nevertheless, carbon clathrate has
never been produced in experiment. Very recently, with the
guiding from particle-swarm structure prediction method [19],
Zhu et al. successfully synthesized a thermodynamically sta-
ble carbon-boron sp3-bonded clathrate, namely SrB;C; [20].
SrB3C; is composed of a cagelike carbon-boron truncated
octahedron with alternating C and B atoms at the vertices
of the cage and an intercalated Sr atom at the cage center
(Fig. 1). As shown by DFT calculations, the sp*-hybiridized
o-bonding bands are partially filled, due to one-electron short
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FIG. 1. Crystal structures for SrB;C; and BaB;Cj;. (a) Three-
dimensional view. (b) View along the [100] direction. The cyan,
green, and red balls represent strontium/barium, boron, and carbon
atoms, respectively. The solid black line denotes the unit cell.

in the intercalant [20]. Based on these observations, SrB;C;
clathrate is an analog of heavily boron-doped diamond with
B:C ratio being 1:1. So, it is quite interesting to know whether
SrB;C; clathrate is a high-7,. superconductor.
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It is known that MgB; is a two-band high-T; superconduc-
tor, associated with the partially occupied metallic o and &
bands [21-23]. According to previous calculations, SrB;Cs
has three incompletely filled bands [20]. Although, the T. of
SrB;C; has been evaluated via the McMillian-Allen-Dynes
formula [24], it is critical to investigate the influence of
multiband effect on EPC and phonon-mediated superconduc-
tivity of SrB3;C; by self-consistently solving the anisotropic
Eliashberg equations. In this work, based on first-principles
calculations in combination with Wannier interpolation, we
have investigated the electronic structure, lattice dynamics,
and EPC in SrB3;C; and isostructural BaB;C3. Our calcula-
tions reveal that the EPC mainly comes from the coupling
between C-2p orbitals and boron E, phonon modes. The
strengths of EPC are computed to be 0.92 and 0.96 for SrB;C3
and BaB3Cj, respectively. The enhanced EPC in BaB;C; is
resulted from softened phonons. By solving the anisotropic
Eliashberg equations, the strong EPC can pair electrons into
high-T7, states, with transition temperatures being 40 K and
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FIG. 2. (a)—(k) Electronic structure for SrB;C;. (a) Band structure. The red lines and blue circles denote the bands obtained by first-
principles calculation and interpolating the real-space Hamiltonian, respectively. The Fermi level is set to zero. (b) Total and orbital-resolved
DOS. The unit for DOS is states/spin/eV/cell. (c)—(e) Fermi surfaces, whereas the colors stand for the strength of EPC Ay,. (f)—(h) The
weights of C-2p orbitals on the Fermi surfaces. (i)-(k) The weights of B-2p orbitals on the Fermi surfaces. (1)~(v) Electronic structure for

BaB3C3.
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43 K for SrB;C; and BaB3Cs. At 5 K, the average supercon-
ducting gap and anisotropic ratio are computed as 6.31 meV
and 32.8% in SrB3Cs. In particular, these two quantities fur-
ther increase to 7.09 meV and 34.7% in BaB3;Cs. Our solid
calculations suggest that sp3-hybridized boron-carbon com-
pound, with B:C ratio being 1:1, can achieve a high-7, state
above 40 K.

II. RESULTS AND DISCUSSIONS

Figure 1 shows the crystal structure for SrB3C;. Sr atoms
occupy the center of cage-like carbon-boron truncated oc-
tahedron. The lattice constant for SrB;Cs; is optimized to
4.8776 A, in excellent agreement with the experiment [20].
The calculated band structure, partial DOS, and Fermi sur-
faces of SrB3;C; are presented in Fig. 2. As confirmed by
our calculation, SrB3;Cj3 is inherently metallic, with three
bands crossing the Fermi level [Fig. 2(a)]. There is an in-
direct gap of 1.70 eV. The first-principles band structure is
well reproduced by interpolating the real-space Hamiltonian
generated by MLWFs. This pledges the validity of subse-
quent MLWFs-based interpolation and unambiguously proves
that the partially filled bands are sp’-hybridized bonding
bands. The C-2p orbitals have larger contribution to the
DOS around the Fermi level [Fig. 2(b)], owing to stronger
electronegativity of carbon with respect to boron. On the
contrary, the DOS of empty bands, i.e., the antibonding bands,
is dominated by B-2p orbitals. Interestingly, the dispersion
for partially occupied bands along the high-symmetry X-M
direction is quite small, giving rise to a Van Hove singu-
larity in the DOS. There are three holelike Fermi surfaces,
including a cubic pocket [Fig. 2(c)], a multiterminal tube
[Fig. 2(d)], and eight Fermi sheets around the Brillouin zone
corner [Fig. 2(e)]. After mapping the momentum k- and band
index n-resolved EPC constant Ay, on the Fermi surfaces, we
find that the distribution of Ay, is of certain anisotropy. It is
noteworthy that the weight of C-2p orbitals on Fermi-surface
states behaves similarly to Ak, [Figs. 2(f)-2(k)]. This suggests
that electronic states associated with C-2p orbitals have strong
coupling with phonons.

The lattice constant of BaB;Cj5 is 5.0138 A, which expands
2.79% compared with SrB;C;. Consequently, the hopping
integrals are reduced, leading to the decrease of band widths
and increase of DOS at the Fermi level [Fig. 2(1)]. Specif-
ically, N(0), DOS at the Fermi level, is equal to 1.04
states/spin/eV/cell in BaB3;C; and 0.97 states/spin/eV/cell in
SrB;C;. Because the contribution of alkaline earth metals to
N(0) is negligible in SrB;Cs, BaB3;C;, and MgB,, we can
quantificationally compare the N(0) in these systems, as well
as in boron-doped diamond. In particular, we utilize the mod-
ified N(0), namely N,(0), whose unit is states/spin/eV/“two
atoms cell” [6]. Here, only boron and carbon atoms are taken
into consideration when countering the number of atoms. For
SrB;C3, BaB3C3, and MgB,, N,(0) equals to 0.16, 0.17, and
0.36 [25,26] states/spin/eV/“two atoms cell,” respectively. As
a comparison, N,(0) lies in 0.06-0.07 states/spin/eV/“two
atoms cell” for 2.5-3.0% boron-doped diamond [4,5,7]. Al-
though, N,(0) of SrB;Cj; is just about half that of MgB,,
it is already more than twice that of boron-doped diamond.
The Fermi surfaces of BaB3;Cs are almost the same as that of
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FIG. 3. Lattice dynamics of SrB;C; and BaB;C;. Phonon spec-
trum with a color representation of Aq,q, for (a) SrB;C; and
(c) BaB3C;. E, are the strongly coupled phonon modes. Projected
phonon DOS generated by quasiharmonic approximation for (b)
SrB;C; and (d) BaB;C;. (e)—(f) Phonon displacements for double
degenerate E, modes at the I" point. The displacements are denoted
by blue arrows.

SrB3C;. But, the rise of EPC strength can be clearly observed
according to Figs. 2(n)-2(p). The weights of C-2p and B-2p
orbitals on the Fermi surface remain unchanged [Figs. 2(q)—
2(v)], with respect to SrB;C;.

Figure 3 shows the lattice dynamics of SrB;C; and
BaB;Cs, whose stabilities are ascertained by the nonimagi-
nary phonon spectra [Figs. 3(a) and 3(c)]. The occupation of
o-bonding bands is critical to the stability of the compound.
For example, the o-bonding bands of graphene lie about
3 eV below the Fermi level [27]. In contrast, free-standing
honeycomb borophene does not exist because of the limited
occupation of ¢ bands [28]. Although honeycomb borophene
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FIG. 4. (a) Phonon DOS F(w), Eliashberg spectral function a>F (@), and accumulated A(w) for SrB;Cs. (b) Normalized superconducting
gap distributions of SrB;Cj at different temperatures. (c¢) F(w), @’F(w), and A(w) for BaB3;Cj. (d) Normalized superconducting gap

distributions of BaB;Cs. A(w) is computed using the formula 2 fow

o

a?F (o')dw’. The graduation of F(w) is omitted for clarity. The violet

lines in (c) and (d) represent the average Ay, for each temperature. (e)—(g) Distributions of superconducting gap Ay, on Fermi surfaces for
SrB;C; at 5 K. (h)—(j) Distributions of superconducting gap A, on Fermi surfaces for BaB;C; at 5 K. The screened Coulomb potential p* is

set to 0.1.

has been grown on the Al(111) surface [29], it was found that
the charge transfer from Al substrate is of extreme importance
to stabilize the honeycomb structure [29,30]. Similarly, it was
reported that the Sr atom transfers 1.32 electrons to the boron-
carbon clathrate [24]. This plays a vital role in holding the
structure of SrB3;C5. As evidence, we calculate the lattice vi-
bration of RbB3Cj3, which is one electron short compared with
SrB;C5. This means the occupation of o bands will be further
reduced. We find that the phonon spectrum of RbB3;C; has
substantial imaginary frequencies, with the maximal one be-
ing —25.20 meV. For SrB3C;3, there is a small frequency gap
around 25 meV, with the gap value being 2.42 meV [Fig. 3(a)].
A DOS peak can be clearly seen just below the gap, due to
nearly dispersionless phonon modes. These phonon modes
are attributed to the vibrations of Sr atoms, as indicated by
the projected phonon DOS obtained through quasiharmonic
approximation [Fig. 3(b)]. Double degenerate phonon modes
E, at the I' point possess strong coupling with electrons. Be-
sides E, modes, the acoustic modes between M and I" points
also have sizable coupling strength. To identify which element
can have dominant contribution to the EPC in the frequency
interval 0-25 meV, we calculate the phonon displacement for
q being (M-I")/2. We find that all the atoms participate in the
acoustic B; phonon mode, but the amplitudes of boron and

carbon atoms are significantly larger than that of Sr atoms.
Thus, boron and carbon atoms possess dominant contribu-
tion to EPC even in 0-25 meV. After the substitution of Ba
for Sr, the frequency gap expands to 8.99 meV [Fig. 3(c)].
Basically, the vast majority of phonon modes show slight soft-
ening, for example, the frequency of E, modes decrease from
73.97 meV to 65.33 meV. However, phonon modes around
40 meV are abnormally hardened. The frequencies of modes
below the gap are almost unaffected. The strongly coupled
acoustic modes disappear in BaB3;C;. Although boron and
carbon atoms have almost equal contribution to the phonon
DOS [Figs. 3(b) and 3(d)], the E, modes mainly involve the
movements of boron atoms within the boundary faces of the
cubic cell [Figs. 3(e) and 3(f)]. Hence, the EPC of SrB;C; and
BaB;C; stems from the couplings between C-2p orbitals and
the boron E, phonon modes.

Through MLWFs-based interpolation, we can obtain the
accurate isotropic Eliashberg spectral function o?F(w) for
SrB3;C3, as shown in Fig. 4(a). There are three peaks for
0?F (). According to the peak position, o?F () can be di-
vided into three regions, i.e., [25 meV, 50 meV], [50 meV,
80 meV], and [80 meV, 105 meV]. The highest peak lo-
cates around 70 meV, resulted from the strongly coupled
E, modes. The tiny proportion of &’F(w) below 25 meV
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indicates that Sr-associated phonons have weak couplings
with electrons, self-consistently with Fig. 3(a), in which
the strongly coupled phonons mainly locate above the fre-
quency gap. By integrating a’F (w), we find that the EPC
constant A and logarithmic average frequency wi,e are equal
to 0.92 and 46.87 meV, respectively. Utilizing the so-called
McMillian-Allen-Dynes formula [31] and setting the screened
Coulomb potential u* to 0.1, the T, of SrB;C; is computed
to be 32.9 K. As shown in Figs. 2(c)-2(e), the anisotropic
of Ag, cannot be neglected. It is more reasonable to deter-
mine the 7, by solving the anisotropic Eliashberg equations.
The normalized density of superconducting gap Ay, i.e.,
p(Ak,), at each temperature is given in Fig. 4(b). At 5 K,
the average Ay, is 6.31 meV. From our calculation, the
anisotropy ratio of superconducting gap, A, defined by
(AMX_AMINY /A — (7.29.522)/6.31 = 32.8%. The highest
temperature with nonvanished Ay, corresponds to the super-
conducting transition temperature, which is determined to be
40 K for SrB;Cs, slightly higher than in MgB,. The distri-
bution of Ak, on Fermi surfaces [Figs. 4(e)—4(g)] exhibits
similar characteristics of Ay, [Figs. 2(c)-2(e)]. Hence, SrB;C3
is a phonon-mediated high-7, anisotropic s-wave supercon-
ductor. It is obvious that the McMillian-Allen-Dynes formula
underestimates 7, by 18.0%. It is noticed that the McMillian-
Allen-Dynes T, was overestimated to 42 K at ambient pressure
[24]. To identify the role of Sr phonons in EPC, the remanent
X equals 0.79 if we neglect the Sr phonons. The 7, determined
by solving the anisotropic Eliashberg equations is slightly
reduced to 38 K.

Since phonon softening is propitious to conventional su-
perconductivity, the replacement of Sr with Ba can weaken
the interatomic force constants. As a consequence, both the
phonon DOS and «*F (w) are redshifted, especially the main
peak of o?F (w) [Fig. 4(c)]. Interestingly, the triple-peak be-
havior for a>F (w) of SrB;C; disappears in BaB3Cj, giving
rise to a single broadening peak. The EPC constant A, wj,, and
McMillian-Allen-Dynes 7, are found to be 0.96, 48.53 meV,
and 36.6 K, respectively. Generally, phonon softening will
lead to enhanced A and reduced wiog [32]. As we see, the peak
in interval [25 meV, 50 meV] exhibits significant blueshift,
which can account for the abnormal aggrandizement of wjeg.
As expected, BaB3;C3 has an improved T, of 43 K [Fig. 4(d)].
Similarly, the A™°=(8.27-5.81)/7.09=34.7%, slightly en-
larged with respect to SrB3;C3. By neglecting the Ba phonons,
we find that A and 7, are equal to 0.86 and 42 K for BaB;C3,
respectively. These observations mean that Sr and Ba have
little impact on the EPC and superconductivity.

There are two possible reasons for the enhancement of A in
BaB;C;, i.e., softened phonons and enlarged N(0). To clarify
which factor plays a dominant role, we further calculated
the Fermi surface nesting function & (q), EPC matrix element
weighted nesting function y (q), and q-resolved EPC constant
A(q). £(q) and y(q) are computed through
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FIG. 5. Comparisons of nesting function £(q), EPC matrix ele-
ment weighted nesting function y(q), and g-resolved EPC constant
X(q) for SrB;C; and BaB;C;. In these two compounds, £(q) and
y (q) are respectively normalized by £(I") and y (I") of SrB;C;.

respectively. Here wg, corresponds the phonon frequency and

k.qv represents the EPC matrix element. (n, m) and v denote
the indices of energy bands and phonon mode, respectively.
€ and g, are the eigenvalues of the electronic states with
respect to the Fermi energy. Ny is the total number of k points
in the fine mesh. A(q) = ZV Aqv, in which A4, reads

2 nm m
Aqp = hN(O)N Z |gk qv| 8(ek) (6k+q)- 3)

Although N(0) of BaB3;Cj; is slightly larger than that of
SrB3Cj, the nesting functions in these two compounds are
almost indistinguishable [Fig. 5(a)]. This clearly suggests that
the variations of N(0) and Fermi surfaces are not the major
factors that affect A. Compared with £(q), the discrepancy
in y(q) is visible between these two compounds [Fig. 5(b)].
The gap in A(q) is further amplified with respect to y(q),
especially along the X-M and the R-M lines [Fig. 5(c)]. As a
result, A(q) of BaB3;C; overwhelms that of SrB3C;. The only
difference between y(q) and A(q) comes from the denomi-
nator wg,, according to Eq. (2) and Eq. (3). If the strongly
coupled phonon mode has a relatively lower frequency, the
aggrandizement of A(q) will be obtained. Thus, the behaviors
of y(q) and A(q) strongly suggest that the softened phonons
can account for the increase of A in BaB3Cj3. As we see, there
is a peak in A(q) near the middle region between M and
I' points for SrB3Cs. This is closed related to the strongly
coupled acoustic phonons, which are absent in BaB3;Cj
[Figs. 3(a) and 3(b)].

III. CONCLUSION

In summary, we have presented the first-principles cal-
culations of electronic structure, lattice dynamics, and EPC
for recently synthesized carbon-boron clathrate SrB;C3. The
EPC strength X is accurately determined as strong as 0.92,
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based on state-of-the-art Wannier interpolation technique. We
find that the strong coupling between C-2p orbitals and boron
E, phonon modes can pair electrons into a high-7. state. By
taking the anisotropy of Fermi surface into consideration,
the superconducting transition temperature is calculated to
be 40 K after solving the anisotropic Eliashberg equations.
Furthermore, the 7, can be further boosted to 43 K by sub-
stituting Ba for Sr, resulted from softened phonons. At 5 K,
the anisotropic ratios of superconducting gap on the Fermi
surface are 32.8% and 34.7% for SrB;C; and BaBsCj, re-
spectively. Thus, these two compounds are phonon-mediated
high-T; anisotropic s-wave superconductors.
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APPENDIX A: COMPUTATIONAL METHODS

In our calculations, the first-principles package, QUANTUM-
ESPRESSO, was adopted [33]. We calculated the electronic
states and phonon perturbation potentials [34] using the
generalized gradient approximation (GGA) of Perdew-Burke-
Ernzerhof formula [35] and the optimized norm-conserving
Vanderbilt pseudopotentials [36]. After the convergence test,
the kinetic energy cutoff and the charge density cutoff were
chosen to be 80 Ry and 320 Ry, respectively. The charge den-
sities were calculated on an unshifted k mesh of 16x16x16
points in combination with a Methfessel-Paxton smearing [37]
of 0.02 Ry. The dynamical matrices and the perturbation po-
tentials were computed on a I'-centered 4 x4 x4 mesh, within
the framework of density-functional perturbation theory [38].

For SrB3;Cs, we chose 24 sp’-hybridized states localized
in the middle of boron-carbon bonds as the initial guess to
construct the maximally localized Wannier functions (ML-
WFs) [39]. In addition to these sp’-hybridized states, the 5p
orbitals of Ba were also included during the generation of
MLWFs for BaB3;C;. After optimization, these MLWFs ex-
hibit excellent localization in space. For example, the average
spatial spread of MLWFs for SrB3;C; and BaB;C; are 1.50
A? and 1.21 A2, respectively. The convergence test for EPC
constant A was carried out through fine electron (60 x60x 60)
and phonon (20x20x20) grids with EPW codes [40]. The
Dirac § functions for electrons and phonons were smeared
out by a Gaussian function with the widths of 100 meV and
0.5 meV, respectively. A fine electron grid of 40x40x40
points was employed in solving the anisotropic Eliashberg
equations. The sum over Matsubara frequencies was truncated
with w, = 1.0eV, about ten times that of the highest phonon
frequency. For the methodology of solving anisotropic Eliash-
berg equations, please see Refs. [22,23,40].
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FIG. 6. Convergence test of EPC constant A for SrB;C; (a) and
BaB;C; (b). Spatial decay of electronic Hamiltonian in the Wannier
representation for SrB;C; (c) and BaB;C; (d). Here, the absolute
value of hopping integral of the Hamiltonian is normalized by the
maximal one.

APPENDIX B: CONVERGENCE TEST OF EPC CONSTANT
A AND LOCALIZATION OF CONSTRUCTED
HAMILTONIAN IN WANNIER REPRESENTATION

For SrB3;Cs and BaB3;Cj;, the convergence tests for EPC
constant ) versus the density of k mesh are shown in Figs. 6(a)
and 6(b). Here, we chose three different k meshes for the
Brillouin zone sampling, i.e., 20x20x20, 40x40x40, and
60x60x60. We also extended the q mesh from 20x20x20
points to 30x30x 30 points to test the convergence. For large
smearing width o, the curves given by these three k meshes
coincide. When approaching the limit of o — 0, the sep-
aration for A determined by k meshes of 40x40x40 and
60x60x60 occurs at o = 0.1eV. This indicates that k mesh
of 60x60x60 points can give rise to a convergent EPC con-
stant A for o being 0.1 eV. Since the accuracy of Wannier
interpolation strongly relies on the localization of constructed
Hamiltonian in the Wannier representation, we also carefully
checked the spatial decay of hopping integrals for real-space
Hamiltonian [Figs. 6(c) and 6(d)]. The absolute value of the
hopping integral exhibits exponential decay. As mentioned in
the methods section, a k mesh of 4x4 x4 points was adopted
during the construction of MLWFs. This means that the length
of cubic crystal that we calculated is about 19.5 A with peri-
odic boundary condition. According to Fig. 6(c), the hopping
integral already decreases to 5.9x 107> for R = 16.9 A. This
guarantees the accuracy of Wannier-based interpolation.
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